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Introduction

A natural, but slowly emerging program. In his PhD thesis prepared under the su-
pervision of Graham Higman and defended in 1965 [122], and inthe article that fol-
lowed [123], F.A. Garside (1915–1988) solved the ConjugacyProblem of Artin’s braid
groupBn by introducing a submonoidB+

n of Bn and a distinguished element∆n of B+
n

that he called fundamental and showing that every element ofBn can be expressed as a
fraction of the form∆m

n g withm an integer andg an element ofB+
n . Moreover, he proved

that any two elements of the monoidB+
n admit a least common multiple, thus extending to

the non-Abelian groupsBn some of the standard tools available in a torsion-free Abelian
groupZn.

In the beginning of the 1970’s, it was soon realized by E. Brieskorn and K. Saito [36]
using an algebraic approach and by P. Deligne [100] using a more geometric approach
that Garside’s results extend to all generalized braid groups associated with finite Coxeter
groups, that is, all Artin (or, better, Artin–Tits) groups of spherical type.

The next step forward was the possibility of defining, for every element of the braid
monoidB+

n (and, more generally, of every spherical Artin–Tits monoid) a distinguished
decomposition involving the divisors of the fundamental element∆n: the point is that,
if g is an element ofB+

n , then there exists a (unique) greatest common divisorg1 for g
and∆n and, moreoverg 6= 1 impliesg1 6= 1: theng1 is a distinguished fragment ofg
(the “head” ofg); repeating the operation withg′ determined byg = g1g

′, we extract the
headg2 of g′ and, iterating, we end up with an expressiong1 ···gp of g in terms of divisors
of ∆n. Although F. Garside was very close to such a decomposition when he proved that
greatest common divisors exist inB+

n , the result does not appear in his work explicitly, and
it seems that the first instances of such distinguished decompositions, ornormal forms, go
back to the 1980’s in independent work by S. Adjan [2], M. El Rifai and H. Morton [115],
and W. Thurston (circulated notes [220], later appearing asChapter IX in the book [117]
by D. Epsteinet al.). The normal form was soon used to improve Garside’s solution of
the Conjugacy Problem [115] and, extended from the monoid tothe group, to serve as
a paradigmatic example in the then emerging theory of automatic groups of J. Cannon,
W. Thurston, and others. Sometimes called thegreedy normal form—or Garside normal
form, or Thurston normal form—it became a standard tool in the investigation of braids
and Artin–Tits monoids and groups from a viewpoint of geometric group theory and of
theory of representations, essential in particular in D. Krammer’s algebraic proof of the
linearity of braid groups [158, 159].

In the beginning of the 1990’s, it was realized by one of us that some ideas from
F. Garside’s approach to braid monoids can be applied in a different context to ana-
lyze a certain “geometry monoid”MLD that appears in the study of the so-called left-
selfdistributivity lawx(yz) = (xy)(xz). In particular, the criterion used by F. Garside to
establish that the braid monoidB+

n is left-cancellative (that is,gh = gh′ impliesh = h′)
can be adapted toMLD and a normal form reminiscent of the greedy normal form exists—
with the main difference that the pieces of the normal decompositions are not the divisors
of some unique element similar to the Garside braid∆n, but they are divisors of ele-
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ments∆T that depend on some objectT (actually a tree) attached to the element one
wishes to decompose. The approach led to results about the exotic left-selfdistributivity
law [72] and, more unexpectedly, about braids and their orderability when it turned out
that the monoidMLD naturally projects to the (infinite) braid monoidB+

∞ [71, 74, 76].

At the end of the 1990’s, following a suggestion by L. Paris, the idea arose of list-
ing the abstract properties of the monoidB+

n and the fundamental braid∆n that make
the algebraic theory ofBn possible. This resulted in the notions of aGarside monoid
and aGarside element[98]. In a sense, this is just reverse engineering, and establish-
ing the existence of derived normal decompositions with theexpected properties essen-
tially means checking that nothing has been forgotten in thedefinition. However, it
soon appeared that a number of new examples are eligible, and, specially after some
cleaning of the definitions was completed [79], that the new framework is really more
general than the original braid framework. One benefit of theapproach is that extend-
ing the results often resulted in discovering new improved arguments no longer rely-
ing on superfluous assumptions or specific properties. This program turned out to be
rather successful and it led to many developments by a numberof different authors
[8, 11, 12, 18, 19, 20, 56, 55, 67, 120, 127, 136, 137, 168, 167,176, 193, 205, ...]. Today
the study of Garside monoids is still far from complete, and many questions remain open.

However, in the meanwhile, it soon appeared that, although efficient, the framework
of Garside monoids as stabilized in the 1990s is far from optimal. Essentially, several
assumptions, in particular Noetherianity conditions, aresuperfluous and they just discard
further natural examples. Also, excluding nontrivial invertible elements appears as an
artificial limiting assumption. More importantly, one of us(DK) in a 2005 preprint sub-
sequently published as [161] and two of us (FD, JM) [108], as well as David Bessis in an
independent research [10], realized that normal forms similar to those involved in Gar-
side monoids can be developed and usefully applied in a context of categories, leading to
what they naturally calledGarside categories. By the way, similar structures are already
implicit in the 1976 paper [102] by P. Deligne and G. Lusztig,as well as in the above
mentioned monoidMLD [74, 76], and in EG’s PhD thesis [132].

It was therefore time around 2007 for the development of a new, unifying framework
that would include all the previously defined notions, remove all unneeded assumptions,
and allow for optimized arguments. This program was developed in particular during a
series of workshops and meetings between 2007 and 2012, and it resulted in the current
text. As the above description suggests, the emphasis is puton the normal form and its
mechanism, and the framework is that of a general category with only one assumption,
namely left-cancellativity. Then the central notion is that of a Garside family, defined
to be any family that gives rise to a normal form of the expected type. Then, of course,
every Garside element∆ in a Garside monoid provides an example of a Garside family,
namely the set of all divisors of∆, but many more Garside families may exist—and
they do, as we shall see in the text. Note that, in a sense, our current generalization
is the ultimate one since, by definition, no further extension may preserve the existence
of a greedy normal form. However, different approaches might be developed, either by
relaxing the definition of a greedy decomposition (see the Notes at the end of Chapter III)
or, more radically, by putting the emphasis on other aspectsof Garside groups rather than
on normal forms. Typically, several authors, including J. Crisp, J. McCammond and one
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of us (DK) proposed to view a Garside group mainly as a group acting on a lattice in
which certain intervals of the form[1,∆] play a distinguished role, thus paving the way
for other types of extensions.

Our hope—and our claim—is that the new framework so constructed is quite sat-
isfactory. By this, we mean that most of the properties previously established in more
particular contexts can be extended to larger contexts. It is not true that all properties
of, say, Garside monoids extend to arbitrary categories equipped with a Garside family
but, in most cases, addressing the question in an extended framework helps improving
the arguments and really capturing the essential features.Typically, almost all known
properties of Garside monoids do extend to categories that admit what we call a bounded
Garside family, and the proofs cover for free all previouslyconsidered notions of Garside
categories.

It is clear that a number future developments will continue to involve particular types
of monoids or categories only: we do not claim that our approach is universal... How-
ever, we would be happy if the new framework—and the associated terminology—could
become a useful reference for further works.

About this text. The aim of the current text is to give a state-of-the-art presentation of
this approach. Finding a proper name turned out to be not so obvious. On the one hand,
“Garside calculus” would be a natural title, as the greedy normal form and its variations
are central in this text: although algorithmic questions are not emphasized, most construc-
tions are effective and the mechanism of the normal form is indeed a sort of calculus. On
the other hand, many results, in particular those of structural nature, exploit the normal
form but are not reducible to it, making a title like “Garsidestructures” or “Garside the-
ory” more appropriate. But such a title is certainly too ambitious for what we can offer:
no genuine structure theory or no exhaustive classificationof, say, Garside families is to
be expected at the moment. What we do here is to develop a framework that, we think
and hope, can become a good base for a still-to-come theory. Another option could have
been “Garside categories”, but it will be soon observed thatno notion with that name is
introduced here: in view of the subsequent developments, a reasonable meaning could be
“a cancellative category that admits a Garside map”, but a number of variations are still
possible, and any particular choice could become quickly obsolete—as is, in some sense,
the notion of a Garside group. Finally, we hope that our current title, “Foundations of Gar-
side Theory”, reflects the current content in a proper way: the current text is an invitation
for further research, and does not aim at being exhaustive—reporting about all previous
results involving Garside structures would already be verydifficult—but concentrates on
what seems to be the core of the subject.

The text in divided into two parts. Part A is devoted to general results and offers a
careful treatment of the bases. Here complete proofs are given, and the results are illus-
trated with a few basic examples. By contrast, Part B consists of essentially independent
chapters explaining further examples or families of examples that are in general more
elaborate. Here some proofs are omitted, and the discussionis centered around what can
be called the Garside aspects in the considered structures.

Our general scheme will be to start from an analysis of normaldecompositions and
then to introduce Garside families as the framework guaranteeing the existence of nor-
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mal decompositions. Then the three main questions we shall address and a chart of the
corresponding chapters looks as follows:

• How do Garside structures work? (mechanism of normal decomposition)

Chapter III (domino rules, geometric aspects)
Chapter VII (compatibility with subcategories)
Chapter VIII (connection with conjugacy)

• When do Garside structures exist? (existence of normal decomposition)

Chapter IV (recognizing Garside families)
Chapter VI (recognizing Garside germs)
Chapter V (recognizing Garside maps)

• Why consider Garside structures? (examples and applications)

Chapter I (basic examples)
Chapter IX (braid groups)
Chapter X (Deligne–Luzstig varieties)
Chapter XI (selfdistributivity)
Chapter XII (ordered groups)
Chapter XIII (Yang–Baxter equation)
Chapter XIV (four more examples)

Above, and in various places, we use “Garside structure” as ageneric and informal way to
refer to the various objects occurring with the name “Garside”: Garside families, Garside
groups, Garside maps,etc.

The chapters. To make further reference easy, each chapter in Part A beginswith a
summary of the main results. At the end of each chapter, exercises are proposed, and a
note section provides historical references, comments, and questions for further research.

Chapter I is introductory and lists a few examples. The chapter starts with classical
examples of Garside monoids, such as free Abelian monoids orclassical and dual braid
monoids, and it continues with some examples of structures that are not Garside monoids
but nevertheless possess a normal form similar to that of Garside monoids, thus providing
a motivation for the construction of a new, extended framework.

Chapter II is another introductory chapter in which we fix some terminology and ba-
sic results about categories and derived notions, in particular connected with divisibility
relations that play an important rôle in the sequel. A few general results about Noetherian
categories and groupoids of fractions are established. Thefinal section describes an gen-
eral method called reversing for investigating a presentedcategory. As the question is not
central in our current approach (and although it owes much toF.A. Garside’s methods),
some proofs of this section are deferred to an appendix at theend of the book.

Chapter III is the one where the theory really starts. Here the notion of a normal de-
composition is introduced, as well as the notion of a Garsidefamily, abstractly introduced
as a family that guarantees the existence of an associated normal form. The mechanism
of the normal form is analyzed, both in the case of a category (“positive case”) and in the
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case of its enveloping groupoid (“signed case”): some simple diagrammatic patterns, the
domino rules, are crucial, and their local character directly implies various geometric con-
sequences, in particular a form of automaticity and the GridProperty, a strong convexity
statement.

Chapter IV is devoted to obtaining concrete characterizations of Garside families,
hence, in other words, conditions that guarantee the existence of normal decompositions.
In this chapter, one establishes external characterizations, meaning that we start with a
categoryC and look for conditions ensuring that a given subfamilyS of C is a Garside
family. Various answers are given, in a general context first, and then in particular contexts
where some conditions come for free: typically, if the ambient categoryC is Noetherian
and admits unique least common right-multiples, then a subfamily S of C is a Garside
family if and only if it generatesC is is closed under least common right-multiple and
right-divisor.

In Chapter V, we investigate particular Garside families that are called bounded. Es-
sentially, a Garside familyS is bounded is there exists a map∆ (an element in the case
of a monoid) such thatS consists of the divisors of∆ (in some convenient sense). Not all
Garside families are bounded, and, contrary to the existence of a Garside family, the exis-
tence of a bounded Garside family is not guaranteed in every category. Here we show that
a bounded Garside family is sufficient to prove most of the results previously established
for a Garside monoid, including the construction of∆-normal decompositions, a variant
of the symmetric normal decompositions used in groupoids offractions.

Chapter VI provides what can be called internal (or intrinsic) characterizations of
Garside families: here we start with a familyS equipped with a partial product, and we
wonder whether there exists a categoryC in which S embeds as a Garside family. The
good news is that such characterizations do exist, meaning that, when the conditions are
satisfied, all properties of the generated category can be read inside the initial familyS.
This local approach turns to be useful to construct examplesand, in particular, it can be
used to construct a sort of unfolded, torsion-free version of convenient groups, typically
braid groups starting from Coxeter groups.

Chapter VII is devoted to subcategories. Here one investigates natural questions such
as the following: ifS is a Garside family in a categoryC andC1 is a subcategory ofC, then
is S ∩ C1 a Garside family inC1 and, if so, what is the connection between the associated
normal decompositions? Of particular interest are the results involving subgerms, which
provide a possibility of reading inside a given Garside family S the potential properties
of the subcategories generated by the subfamilies ofS.

In Chapter VIII, we address conjugacy, first in the case of a category equipped with
an arbitrary Garside family, and then, mainly, in the case ofa category equipped with a
bounded Garside family. Here again, most of the results previously established for Gar-
side monoids can be extended, including the cycling, decycling, and sliding transforma-
tions which provide a decidability result for the ConjugacyProblem whenever convenient
finiteness assumptions are satisfied. We also extend the geometric methods of Bestvina to
describe periodic elements in this context.

Part B begins with Chapter IX devoted to (generalized) braidgroups. Here we show
how both the reversing approach of Chapter II and the germ approach of Chapter VI can
be applied to construct and analyze the classical and dual Artin–Tits monoids. We also
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mention the braid groups associated with complex reflectiongroups, as well as several
exotic Garside structures onBn. The applications of Garside structures in the context of
braid groups are too many to be described exhaustively, and we just list some of them in
the Notes section.

Chapter X is a direct continuation of Chapter IX. It reports about the use of Garside-
type methods in the study of Deligne–Lusztig varieties, an ongoing program that aims at
establishing by a direct proof some of the consequences of the Broué Conjectures about
finite reductive groups. Several questions in this approachdirectly involve conjugacy in
generalized braid groups, and the results of Chapter VIII are then crucial.

Chapter XI is an introduction to the Garside structure hidden in the above mentioned
algebraic lawx(yz) = (xy)(xz), a typical example where a categorical framework is
needed (or, at the least, the framework of Garside monoids isnot sufficient). Here a
promising contribution of the Garside approach is a naturalprogram possibly leading to
the so-called Embedding Conjecture, a deep structural result so far resisting all attempts.

In Chapter XII, we develop an approach to ordered groups based on divisibility prop-
erties and Garside elements, resulting in the constructionof groups with the property that
the associated space of orderings contains isolated points, which answers one of the natu-
ral questions of the area. Braid groups are typical examples, but considering what we call
triangular presentations leads to a number of different examples.

Chapter XIII is a self-contained introduction to set-theoretic solutions of the Yang–
Baxter equation and the associated structure groups, an important family of Garside
groups. The exposition is centered on the connection between the RC-law(xy)(xz) =
(yx)(yz) and the right-complement operation on the one hand, and whatis called the geo-
metricI-structure on the other hand. Here the Garside approach bothprovides a specially
efficient framework and leads to new results.

In Chapter XIV, we present four unrelated topics involving interesting Garside fam-
ilies: divided categories and decompositions categories with two applications, then an
extension of the framework of Chapter XIII to more general RC-systems, then what is
called the braid group ofZn, a sort of analog of Artin’s braid group in which permuta-
tions of{1, ... , n} are replaced with linear orderings ofZn, and, finally, an introduction
to groupoids of cell decompositions that arise when the mapping class group approach to
braid groups is extended by introducing sort of roots of the generatorsσi.

The final Appendix contains the postponed proofs of some technical statements from
Chapter II for which no complete reference exists in literature.

Exercises are proposed at the end of most chapters. Solutions to some of them, as well
as a few proofs rom the main text that are skipped in the book, can be found at the address

www.math.unicaen.fr/∼garside/Addenda.pdf
as well as on arXiv: 1412.XXXX.
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About notation

We use
• N : set of all nonnegative integers
• Z : set of all integers
• Q : set of all rational numbers
• R : set of all real numbers
• C : set of all complex numbers

As much as possible, different letters are used for different types of objects, according to
the following list:

• C : category
• S,X : generic subfamily of a category
• A : atom family in a category
• x, y, z: generic object of a category
• f, g, h: generic element (morphism) in a category, a monoid, or a group
• a, b, c, d, e: special element in a category (atom, endomorphism, etc.)
• ǫ: invertible element in a category
• r, s, t: element of a distinguished subfamily (generating, Garside, ...)
• i, j, k : integer variable (indices of sequences)
• ℓ,m, n, p, q: integer parameter (fixed, for instance, length of a sequence)
• a, b, c : constant element of a category or a monoid for concrete examples (a special

notation to distinguish from variables)
• u, v, w : path (or word)
• α, β, γ : binary address (in terms and binary trees)
• φ, ψ, π : functor
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Chapter I

Some examples

Our aim in this text is to unify and better understand a numberof a priori unrelated
examples and situations occurring in various frameworks. Before developing a general
approach, we describe here some basic examples, in particular the seminal example of
braids as analysed by F.A. Garside in the 1960’s, but also several other ones. These exam-
ples will be often referred to in the sequel. Our descriptionis informal: most proofs are
skipped, the emphasis being put on the features that will be developed in the subsequent
chapters.

The chapter is organized as follows. We begin in Section 1 with some examples that
can be called classical, in that they all have been considered previously and are the initial
examples from which earlier unifications grew. In Section 2,we present the now more
or less standard notion of a Garside monoid and a Garside group, as it emerged around
the end of the 1990’s. Finally, in Subsection 3, we mention other examples which do not
enter the framework of Garside monoids and nevertheless enjoy similar properties: as can
be expected, such examples will be typical candidates for the extended approach that will
be developed subsequently.

1 Classical examples

This section contains a quick introduction to three of the most well known examples of
Garside structures, namely the standard (Artin) braid monoids and the dual (Birman–Ko–
Lee) braid monoids, and, to start with an even more basic structure, free Abelian monoids.

1.1 Free Abelian monoids

Our first example, free Abelian monoids, is particularly simple, but it is fundamental as
it serves as a paradigm for the sequel: our goal will be to obtain for more complicated
structures a counterpart to a number of results that are trivial in the case of free Abelian
monoids.

REFERENCESTRUCTURE #1 (free Abelian group and monoid).—

• Forn > 1, an elementg of Zn is viewed as a map from{1, ... , n} to Z, and itskth entry
is denoted byg(k).

• Forf, g in Zn, we definefg by fg(k) = f(k)+g(k) for eachk (we use a multiplicative
notation for coherence with other examples).
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• PutNn = {g ∈ Zn | ∀k (g(k) > 0)}.

• Fork 6 n, defineai in Zn by ai(k) = 1 for k = i, and0 otherwise.

• Define∆n by ∆n(k) = 1 for everyk.

• PutSn = {s ∈ Zn | ∀k (s(k) ∈ {0, 1})}.

Then Zn equipped with the above-defined product is a free Abelian group admitting
{a1, ... , an} as a basis, that is, it is an Abelian group and, ifG is any Abelian group
andf is any map of{a1, ... , an} toG, there exists a (unique) way of extendingf into a
homomorphism ofZn toG—so, in particular, every Abelian group generated by at most
n elements is a quotient ofZn. The groupZn is generated bya1, ... , an and presented
by the relationsaiaj = ajai for all i, j. As for Nn, it is the submonoid of the groupZn

generated by{a1, ... , an}, and it is a free Abelian monoid based on{a1, ... , an}.

Now, here is an (easy) result about the groupZn. Forf, g in Nn, say thatf 6 g holds
if we havef(i) 6 g(i) for everyi in {1, ... , n}. Note thatSn is {s ∈ Nn | s 6 ∆n}.
Then we have

Proposition 1.1(normal decomposition). Every element ofZn admits a unique decom-
position of the form∆d

n s1 ···sp with d in Z and s1, ... , sp in Sn satisfyings1 6= ∆n,
sp 6= 1, and, for everyi < p,

(1.2) ∀g ∈ Nn\{1} ( g 6 si+1 ⇒ sig 66 ∆n ).

Condition (1.2) is a maximality statement: it says that, in the sequence(s1, ... , sp), it is
impossible to extract a nontrivial fragmentg from an entrysi+1 and incorporate it into
the previous entrysi without going beyond∆n. So each entrysi is in a sense maximal
with respect to the entry that lies at its right.

A direct proof of Proposition 1.1 is easy. However, we can derive the result from the
following order property.

Lemma 1.3. The relation6 of Proposition 1.1 is a lattice
order onNn, andSn is a finite sublattice with2n elements.

We recall that alattice orderis a partial order in which every
pair of elements admits a greatest lower bound and a lowest
upper bound. The diagram on the right displays the lattice
made of the eight elements that are smaller than∆3 in the
monoidN3, here a cube (a, b, c stand fora1, a2, a3). 1

a
b

c

ab
ac

bc

∆

Once Lemma 1.3 is available, Proposition 1.1 easily follows: indeed, starting fromg,
if g is not 1, there exists a maximal elements1 of Sn that satisfiess1 6 g. The latter
relation implies the existence ofg′ satisfyingg = s1g

′. If g′ is not 1, we iterate the
process withg′, findings2 andg′′, etc. The sequence(s1, s2, ...) so obtained then satisfies
the maximality condition of (1.2).

Example 1.4. Assumen = 3, and writea, b, c for a1, a2, a3. With this notation∆3

(hereafter written∆) is abc, andS3 has eight elements, namely1, a, b, c, ab, bc, ca,
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and∆. The Hasse diagram of the poset(S3,6) is the cube displayed on the right of
Lemma 1.3.

Let g = a3bc2—that is,g = (3, 1, 2). The maximal element ofS3 that lies belowg
is ∆, and we haveg = ∆ · a2c. The maximal element ofS3 that lies belowa2c is ac,
and we havea2c = ac · a. The latter element lies below∆. So the decomposition ofg
provided by Proposition 1.1 is∆ · ac · a, see Figure 1.

1 a

b

c

∆
a3bc2

Figure 1.The free Abelian monoid N3; the cube {g ∈ N3 | g 6 ∆} is in dark grey; among the many
possible ways to go from 1 to a3bc2, the distinguished decomposition of Proposition 1.1 consists in
choosing at each step the largest possible element below ∆ that lies below the considered element,
that is, to remain in the light grey domain.

1.2 Braid groups and monoids

Our second reference structure involves braids. As alreadymentioned, this fundamental
example is the basis we shall build on.

REFERENCESTRUCTURE #2 (braids).—

• Forn > 1, denote byBn the group of alln-strand braids.

• For1 6 i 6 n− 1, denote byσi the braid that corresponds to a crossing of thei+ 1st
strand over theith strand.

• Denote byB+
n the submonoid ofBn generated byσ1, ... , σn−1; its elements are called

positivebraids.

• Denote by∆n the isotopy class of the geometric braid corresponding to a positive half-
turn of then strands.

Here are some explanations. We refer to standard textbooks about braids [17, 99, 153]
for details and proofs. See also the Notes at the end of this chapter and Section XIV.4 for
alternative approaches that are not needed now.

Let Dn denote the disk ofR2 with diameter(0, 0), (n + 1, 0). An n-strand geometric
braid is a collection ofn disjoint curves living in the cylinderDn × [0, 1], connecting
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then points(i, 0, 0), 1 6 i 6 n, to then points(i, 0, 1), 1 6 i 6 n, and such that the
intersection with each planez = z0, 0 6 z0 6 1, consists ofn points exactly.

Two n-strand geometric braidsβ, β′ are said to beisotopic if there exists a continuous
family of geometric braids(βt)t∈[0,1] with β0 = β andβ1 = β′—or, equivalently, if there
exists a homeomorphism of the cylinderDn × [0, 1] into itself that is the identity on the
boundary and that deformsβ to β′.

There exists a natural product on geometric braids: ifβ1, β2 aren-strand geometric braids,
squeezing the image ofβ1 into the cylinderDn × [0, 1/2] and the image ofβ2 into
Dn × [1/2, 1] yields a new, well-defined geometric braid. This product induces a well
defined product on isotopy classes, and gives to the family ofall classes the structure of a
group: the class of the geometric braid consisting onn straight line segments is the neu-
tral element, and the inverse of the class of a geometric braid is the class of its reflection
in the planez = 1/2.

An n-strand braid diagramis a planar diagram obtained by concatenating one over the
other finitely many diagrams of the type

σi :

and σ−1
i :

1 i i+1 n

with 1 6 i 6 n − 1. An n-strand braid diagram is encoded in a word in the alphabet
{σ1, σ−1

1 , ... , σn−1, σ
−1
n−1}. Provided the ‘front–back’ information is translated intothe

segment breaks of theσi-diagrams, projection on the planey = 0 induces a surjective
map of the isotopy classes of the family of alln-strand geometric braids onto the family
of all n-strand braid diagrams: everyn-strand geometric braid is isotopic to one whose
projection is ann-strand braid diagram. The situation is summarized in the picture below,
in which we see a general4-strand geometric braid, an isotopic normalized version, the
corresponding4-strand braid diagram, and its decomposition in terms of theelementary
diagramsσi andσ−1

i , here encoded in the braid wordσ1σ3σ
−1
2 σ−1

1 σ2:

σ1
σ3
σ−1

2

σ−1
1

σ2

E. Artin proved in [4] that, conversely, twon-strand braid diagrams are the projection
of isotopic geometric braids if and only if they are connected by a finite sequence of
transformations of the following types:

- replacingσiσj with σjσi for somei, j satisfying|i− j| > 2,
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- replacingσiσjσi with σjσiσj for somei, j satisfying|i− j| = 1,

- deleting or inserting some factorσiσ
−1
i or σ−1

i σi,

in which case the braid diagrams—and the braid words that encode them—are called
equivalent. Geometrically, these relations correspond to the following three types of braid
diagrams equivalence:

σ1σ3 ≡ σ3σ1

σ1σ2σ1 ≡ σ2σ1σ2

σ1σ
−1
1 ≡ ε ≡ σ−1

1 σ1

namely moving remote crossings (herei = 1, j = 3), moving adjacent crossings (here
i = 1, j = 2), and removing/adding trivial factors (ε stands for the empty word). Clearly
the diagrams are projections of isotopic braids; Artin’s result says that, conversely, the
projection of every isotopy can be decomposed into a finite sequence of transformations
of the above types.

So the groupBn is both the group of isotopy classes ofn-strand geometric braids and the
group of equivalence classes ofn-strand braid diagrams. Its elements are calledn-strand
braids. By the above description,Bn admits the presentation

(1.5)

〈
σ1, ... , σn−1

∣∣∣∣
σiσj = σjσi for |i− j| > 2

σiσjσi = σjσiσj for |i− j| = 1

〉
.

It follows from the above description that the braids∆n are defined inductively by the
relations

(1.6) ∆1 = 1, ∆n = ∆n−1 σn−1 ···σ2σ1 for n > 2,

on the shape of

∆1
∆2

∆3
∆4

The submonoidB+
n of Bn turns out to admit, as a monoid, the presentation(1.5). This

is a nontrivial result, due to F.A. Garside in [123]: clearly, the relations of(1.5) hold
in B+

n but, conversely, there might a priori exist equivalent positive braid diagrams whose
equivalence cannot be established without introducing negative crossingsσ−1

i . What can
be proved—see Chapter IX below—is thatB+

n and the monoidB+

n that admits(1.5)as a
presentation are isomorphic.
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Everyn-strand braid diagram naturally defines a permutation of{1, ... , n}, namely the
permutation that specifies from which position the strand that finishes at positioni starts.
This permutation is invariant under isotopy, and induces a (non-injective) surjective ho-
momorphism fromBn onto the symmetric groupSn. The braids whose permutation is
the identity are calledpure, and the group of all puren strand braids is denoted byPBn.
By definition, we then have an exact sequence

(1.7) 1 → PBn → Bn → Sn → 1.

Here is now a (significant) result about the braid groupBn. Forf, g in B+
n , say thatf

left-dividesg, writtenf 4 g, if fg′ = g holds for someg′ lying in B+
n , and writeDiv(g)

for the family of all left-divisors ofg. Then we have

Proposition 1.8(normal decomposition). Everyn-strand braid admits a unique decom-
position of the form∆d

n s1 ···sp with d in Z ands1, ... , sp in Div(∆n) satisfyings1 6= ∆n,
sp 6= 1, and, for everyi,

(1.9) ∀g ∈ B+

n\{1} ( g 4 si+1 ⇒ sig 64 ∆n ).

Note the formal similarity between Proposition 1.1 and Proposition 1.8. In particu-
lar, the coordinatewise order6 of Proposition 1.1 is the left-divisibility relation of the
monoidNn, and Condition (1.9) is a copy of the maximality condition of(1.2): as the lat-
ter, it means that, at each step, one cannot extract a fragment of an entry and incorporate
it in the previous entry without going out from the family of left-divisors of∆n.

Contrary to Proposition 1.1 about free Abelian groups, Proposition 1.8 about braid
groups is not trivial, and it is even the key result in the algebraic investigation of braid
groups. In particular, it is directly connected with the decidability of the Word and Con-
jugacy Problems forBn—as will be seen in Chapters III and VIII.

However, although quite different both in difficulty and interest, Proposition 1.8 can
be proved using an argument that is similar to that explainedabove for Proposition 1.1,
namely investigating the submonoidB+

n generated byσ1, ... , σn−1 and establishing

Lemma 1.10.The left-divisibility relation onB+
n is a lattice order, and the familyDiv(∆n)

made by the left-divisors of∆n is a finite sublattice withn! elements.

In the current case, the finite lattice(Div(∆n),4) turns out to be isomorphic to what
is called the weak order on the symmetric groupSn, see Figure 2. Geometrically, the
elements ofDiv(∆n) correspond to the braid diagrams in which all crossings are positive
and any two strands cross at most once (‘simple braids’). It turns out that the restriction
of the surjective map fromBn to Sn to the left-divisors of∆n inB+

n is a bijection. Under
this bijection, the braid1 corresponds to the identity mapping, the braidσi corresponds to
the transposition(i, i+ 1), and the braid∆n corresponds to the symmetryi 7→ n+ 1− i.

Once Lemma 1.10 is available, the distinguished decomposition of Proposition 1.8
can be obtained for an elementg of B+

n by definings1 to be the greatest common left-
divisor of g and∆n, that is, the greatest lower bound ofg and∆n, and then using an
induction.
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1

∆4

Figure 2.The lattice (Div(∆4), 4) made by the 24 left-divisors of the braid ∆4 in the monoid B+
4 : a

copy of the permutahedron associated with the symmetric group S4 equipped with the weak order;
topologically, this is a 2-sphere tesselated by hexagons and squares which correspond to the relations
of (1.5).

As the left-divisors of∆n in B+
n correspond to the braid diagrams in which any

two strands cross at most once, extracting the maximal left-divisor of a braidg that lies
in Div(∆n) amounts to pushing the crossings upwards as much as possibleuntil every
pair of adjacent strands that later cross have already crossed. The geometric meaning of
Proposition 1.8 inB+

n is that this strategy leads to a unique well defined result.

Figure 3. Normalization of the braid σ2σ3σ2
2σ1σ2σ2

3 by pushing the crossings upwards in order to
maximize the first simple factors and minimize the number of simple factors: here we start with three
simple factors, and finish with two only.

Example 1.11. (See Figure 3.) Considerg = σ2σ3σ2σ2σ1σ2σ3σ3 in B+

4 . Looking to the
strands with repeated crossings leads to the decompositiong = σ2σ3σ2 · σ2σ1σ2σ3 · σ3.
However, the fourthσ2 crossing can be pushed upwards, becomingσ1 and leading to the
new decompositiong = σ2σ3σ2σ1 · σ2σ1σ3 · σ3. But then the secondσ3 crossing can be
pushed in turn, leading to the optimal decompositiong = σ1σ2σ3σ2σ1 · σ2σ1σ3.
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1.3 Dual braid monoids

Here is a third example, whose specificity is to involve the same group as Reference
Structure 2, but with a different generating family.

REFERENCESTRUCTURE #3 (dual braids).—

• Forn > 1, denote byBn the group ofn-strand braids.

• For 1 6 i < j 6 n, denote byai,j the braid that corresponds to a crossing of thejst
strand over theith strand, and under all possible intermediate strands.

• Denote byB+∗
n the submonoid ofBn generated by allai,j with 1 6 i < j 6 n.

• Put∆∗
n = a1,2 ···an−1,n.

A precise definition isai,j = σi ···σj−2σj−1σ
−1
j−2 ···σ−1

i , corresponding to the diagram

ai,j :

1 i j n

Note thatai,i+1 coincides withσi: the braidsai,j make a redundant family of generators
for the groupBn. Forn > 3, the braida1,3 does not belong to the monoidB+

n , and, there-
fore, the monoidB+∗

n , which is called then-strand dual braid monoidproperly includes
the braid monoidB+

n (Reference Structure 2, page 5).

The family of all braidsai,j enjoys nice invariance properties with respect to cyclic per-
mutations of the indices, which are better visualized when braid diagrams are represented
on a cylinder andai,j is associated with the chord that connects the verticesi andj in a
circle withn marked vertices, as suggested below:

1

2

3

4

5

6

4

5

6

1

4

3

2

1

4

1

5

6 2

3

a1,2

a5,6

a2,4a1,4

In terms of theai,j , the braids groupBn is presented by the relations

ai,jai′,j′ = ai′,j′ai,j for [i, j] and[i′, j′] disjoint or nested,(1.12)

ai,jaj,k = aj,kai,k = ai,kai,j for 1 6 i < j < k 6 n.(1.13)

In the chord representation, relations of type(1.12) say that the generators associated
with non-intersecting chords commute: for instance, in theabove picture, we see thata1,4
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anda5,6 commute. On the other hand, relations of type(1.13)say that, for each chord
triangle, the product of two adjacent edges taken clockwisedoes not depend on the edges:
in the above picture, the triangle(1, 2, 4) givesa1,2a2,4 = a2,4a1,4 = a1,4a1,2.

The following result should not be a surprise. Here again, weuse4 for the left-
divisibility relation of the considered monoid, hereB+∗

n : for f, g in B+∗
n , we say that

f 4 g holds if fg′ = g holds for someg′ belonging toB+∗
n . Note that the restriction of

this relation toB+
n is not the left-divisibility relation ofB+

n as, here, the quotient-element
is only required to belong toB+∗

n .

Proposition 1.14(normal decomposition). Every element ofBn admits a unique de-
composition of the form∆∗d

n s1 ···sp with d in Z and s1, ... , sp in Div(∆∗
n) satisfying

s1 6= ∆∗
n, sp 6= 1, and, for everyi,

(1.15) ∀g ∈ B+∗
n \{1} ( g 4 si+1 ⇒ sig 64 ∆∗

n ).

Proposition 1.14 is entirely similar to Propositions 1.1 and 1.8, and its proof is directly
connected with the following counterpart of Lemma 1.10.

Lemma 1.16.The left-divisibility relation onB+∗
n is a lattice order, and the familyDiv(∆∗

n)
made by the left-divisors of∆∗

n is a finite sublattice with 1
n+1

(
2n
n

)
elements.

In the current case, the finite lattice(Div(∆∗
n),4), whose size is thenth Catalan num-

ber, turns out to be isomorphic to lattice of so-called non-crossing partitions of{1, ... , n}
ordered by inclusion, see Figure 4.

a1,2 a2,3 a2,4 a1,3 a3,4 a1,4

1

∆∗
4

Figure 4. The lattice (Div(∆∗
4), 4) made by the left-divisors of the braid ∆∗

4 in the monoid B+∗
4 : a

copy of the inclusion lattice of the 14 non-crossing partitions of {1, ... ,4}.

As can be expected, going from Lemma 1.16 to Proposition 1.14is similar to going
from Lemma 1.10 to Proposition 1.8.
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2 Garside monoids and groups

The previous examples share many properties, and it is natural to extract the common
basic features that enable one to unify the developments. The notions of aGarside group
and aGarside monoidemerged in this way.

2.1 The notion of a Garside monoid

We introduced above the notion of a left-divisor in a monoid;right-divisors are defined
symmetrically: an elementf is said to be aright-divisor of g in the monoidM if there
existsg′ in M satisfyingg = g′f . Under mild assumptions, the left-divisibility relation
is a partial ordering, and, when is exists, a corresponding least common upper bound
(resp. greatest common lower bound) is usually called a least common right-multiple, or
right-lcm (resp. a greatest common left-divisor, or left-gcd). Left-lcms and right-gcds are
defined similarly from the right-divisibility relation.

Definition 2.1 (Garside monoid). A Garside monoidis a pair(M,∆) whereM is a
monoid and

•M is left- and right-cancellative,
• there existsλ : M → N satisfyingλ(fg) > λ(f) + λ(g) andg 6= 1 ⇒ λ(g) 6= 0,
• any two elements ofM have a left- and a right-lcm and a left- and a right-gcd,
• ∆ is a Garside elementof M , this meaning that the left- and right-divisors of∆

coincide and generateM ,
• the family of all divisors of∆ in M is finite.

We also fix a terminology for the following variant sometimesused:

Definition 2.2 (quasi-Garside monoid). A quasi-Garside monoidis a pair(M,∆) that
satisfies the conditions of Definition 2.1, except possibly the last one (finiteness of the
number of divisors of∆).

We recall that a groupG is said to be agroup of left-fractionsfor a monoidM if M
is included inG and every element ofG can be expressed asf−1g with f, g in M .

Definition 2.3 (Garside and quasi-Garside group).A groupG is said to be aGar-
side group(resp. quasi-Garside group) if there exists a Garside (resp. quasi-Garside)
monoid(M,∆) such thatG is a group of left-fractions forM .

In the above context, the terminology “(quasi)-Garside monoid” is frequently used for
the monoid alone. Then we mean thatM is a (quasi)-Garside monoid if there exists an
element∆ of M such that(M,∆) is a (quasi)-Garside monoid. In this context, it is also
common to say that(M,∆) provides aGarside structurefor the considered group.

Always using4 for the left-divisibility relation, one can show

Proposition 2.4 (normal decomposition). Assume thatG is a Garside group, group
of fractions for the Garside monoid(M,∆). Then every element ofG admits a unique
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decomposition of the form∆ds1 ···sp with d in Z and s1, ... , sp in Div(∆) satisfying
s1 6= ∆, sp 6= 1, and, for everyi,

(2.5) ∀g ∈M\{1} ( g 4 si+1 ⇒ sig 64 ∆ ).

Proof (sketch).The first, easy step is to go from elements of the groupG to elements of
the monoidM . To this aim, one observes thatM is invariant under conjugation by∆ as,
for everyg in M , there existsg′ in M satisfying∆g = g′∆. From there, one deduces
that every element of the monoidM is a right (and left) divisor of the element∆d for d
large enough. This implies that every elementg of G can be expressed as∆dg′ with d
in Z andg′ in M . Takingd maximal provides the expected uniqueness result.

From that point on, the problem is to show the existence and uniqueness of a conve-
nient decomposition for the elements ofM . So letg belong toM . If g is 1, the empty se-
quence provides the expected decomposition. Otherwise, as, by assumption,(Div(∆),4)
is a lattice, the elementsg and∆ admit a greatest lower bound, that is, a greatest common
left-divisor, says1. We writeg = s1g

′, and, ifg′ is not1, we iterate the process and write
g′ ass2g′′ with s2 the greatest common left-divisor ofg′ and∆, etc. As the left-divisors
of ∆ generateM , the elements1 cannot be1, which impliesλ(g′) < λ(g), whereλ is
the function ofM to N whose existence is assumed in the definition of a (quasi)-Garside
monoid. This guarantees the termination of the induction after finitely many steps. The
maximality of the choice ofs1, s2, ... implies (2.5), and the existence of the expected
decomposition follows.

As for uniqueness, there is a subtle point, which is crucial for applications, in par-
ticular in terms of the existence of an automatic structure.Indeed, Condition (2.5) is a
local condition in that it only involves two adjacent entries si, si+1 at a time, whereas
the greatest common divisor relation used in the construction is a global condition which
involvesg, g′, ..., whence all of the entriessi at a time. It is easy to show that, ifs1, s2 sat-
isfy (2.5), thens1 must be the greatest common divisor ofs1s2 and∆. However, it isnot
obvious that, if(s1, s2) and(s2, s3) satisfy (2.5), thens1 must be the greatest common
divisor ofs1s2s3 and∆. Proving this requires to use most of the properties of the Garside
element∆, in particular the assumption that the left- and right-divisors of∆ coincide and
the assumption that any two left-divisors of∆ admit a least upper bound with respect to
left-divisibility. Typically, the following grouping property

(2.6)
If s1, s2, s3 lies inDiv(∆) and(s1, s2) and(s2, s3) satisfy (2.5),

then(s1, s2s3) satisfies (2.5) as well.

holds whenever∆ is a Garside element in a Garside monoid, and it is crucial.

The framework of Garside groups successfully unifies the examples we have consid-
ered so far. Indeed, it is easy to check that, for everyn, the free Abelian groupZn has
the structure of a Garside group with the respect to the Garside monoid(Nn,∆n). Sim-
ilarly, one can check—and this is essentially what F.A. Garside did in [122, 123]—that
the braid groupBn has the structure of a Garside group with the respect to the Gar-
side monoid(B+

n ,∆n). Finally, one can check—and this is essentially what J. Birman,
K.Y. Ko, and S.J. Lee did in [21]—that the braid groupBn has the structure of a Garside
group with the respect to the Garside monoid(B+∗

n ,∆∗
n). Forn > 3, the monoidsB+

n
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andB+∗
n are not isomorphic and, therefore, the braid groupBn is an example of a group

that admits two genuinely different Garside structures in the sense that they involve dif-
ferent monoids—we shall see that, if(M,∆) is a Garside monoid, then so is(M,∆m)
for every positivem, so, for a given group, a Garside structure is (almost) neverunique
when it exists.

2.2 More examples

A number of Garside monoids have been described in literature, and a number of them
will be mentioned in the sequel of this text. For further reference, we introduce here two
more examples. The first one is a Garside group.

Example 2.7(torus-type groups). Forn > 1 andp1, ... , pn > 2, denote byTp1,... ,pn (or
simplyT ) the group generated byn elementsa1, ... , an with defining relations

a
p1
1 = a

p2
2 = ··· = apn

n .

Denote byT+
p1,... ,pn

the submonoid ofT generated bya1, ...,an, and define∆ to be the
elementap11 of T . Then(T+

p1,... ,pn
,∆) is a Garside monoid. The lattice of divisors of∆

is especially simple: it consists ofn chains of respective lengthsp1, ... , pn connecting the
minimal element1 to the maximal element∆. Calling such monoids and groups “of torus
type” is natural owing to the fact that the groupTp1,p2 is the fundamental group of the
complement of a(p1, p2)-torus knot.

The second one is a quasi-Garside group in which the Garside element has infinitely
many divisors.

Example 2.8(Hurwitz action on a free group). Forn > 1, letFn the free group based
onn generatorsa1, ... , an. We define an action of the braid groupBn onFnn by

(2.9) (s1, ... , sn) • σi = (s1, ... , si−1, sisi+1s
−1
i , si, si+2, ... , sn).

Then denote byOn the orbit of(a1, ... , an) under the action ofBn, and put

Sn = {g ∈ Fn | ∃(s1, ... , sn) ∈ On ∃i ∃j (i 6 j andg = si ···sj)}.

Now let F+
n be the submonoid ofFn generated bySn, and let∆n = a1 ···an. Then

(F+
n ,∆n) is a quasi-Garside monoid andFn is the associated group. In the casen = 2,

the orbitO2 looks like

...
σ17→ (Bab, BAbab)

σ17→ (b, Bab)
σ17→ (a, b)

σ17→ (abA, a)
σ17→ (abaBA, abA)

σ17→ ...

where we usea andb for the generators ofF2 andA, B for a−1 andb−1. The familyS2 is
a double infinite series

..., ababABA, abaBA, abA, a, b, Bab, BAbab, BABabab, ...
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in which the product of any two adjacent entries isab. For generaln, one can interpretFn
as the fundamental group of ann-punctured disk, withai corresponding to a simple loop
around theith puncture. Fix a loopγ with no self-intersection representing∆n. Then
the elements ofSn are the isotopy classes that contain at least one loop with noself-
intersection and whose interior is included in the interiorof γ, see Figure 5. The action of
n-strand braids on thenth power ofFn is known as the Hurwitz action onFn.

** * * *

a b c abAc A a2

γ γ γ
(i) (ii) (iii) (iv)

Figure 5. Geometric interpretation of the quasi-Garside structure on a free group F3 via the action
on a 3-punctured disk (see the final Notes of this chapter and Subsection XIV.4.1): (i) three loops
realizing the base generators, here denoted by a, b, c, and a loop γ realizing the element ∆3; (ii) a
loop realizing the element abAc: it has no self-intersection and its interior is included in the interior
of γ, hence abAc belongs to S3; (iii) no loop realizing A, that is, a−1, has its interior included in the
interior of γ, so A does not belong to S3; (iv) every loop realizing a2 has a self-intersection, so a2 does
not belong to S3.

Remark 2.10. Let us note here for further reference that the Hurwitz action of then-
strand braid groupBn on thenth power of a free group as introduced in (2.9) can be
defined by the same formula for thenth power ofanygroupG.

We refer to [98] for more examples.

3 Why a further extension?

We now describe four more examples showing that distinguished decompositions similar
to those of Proposition 2.4 may exist in cases that do not enter the framework of Garside
groups and monoids.

3.1 Infinite braids

First, easy examples arise when we consider certain monoidsof infinite type, that is,
which do not admit a finite generating family, but are closed to, typically direct limits of
finite type monoids.

For instance, letI be an arbitrary set and letZ(I) denote the free Abelian group con-
sisting of allI-indexed sequences of integers with finite support, that is,all sequencesg
such thatg(k) 6= 0 may hold for finitely many indicesk only. In this case, the definition
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of the Garside element∆n makes no longer sense. However, put

SI = {g ∈ Z(I) | ∀k ∈ I (g(k) ∈ {0, 1})}.
For I = {1, ... , n}, the setSI coincides with the divisors of∆n. Now, in all cases, the
decomposition result of Proposition 1.1 remains true withSI replacingDiv(∆n).

Here is a similar example involving braids.

REFERENCESTRUCTURE #4 (infinite braids) .—

• Denote byB∞ the group of all braids on infinitely many strands indexed by positive
integers (see precise definition below).

• For i > 1, denote byσi the braid that corresponds to a crossing of thei+1st strand over
theith strand.

• Denote byB+
∞ the submonoid ofB∞ generated by allσi’s with i > 1.

• PutS∞ =
⋃
n>1 Div(∆n), where∆n is then-strand braid introduced in Reference

Structure 2.

To make the above definitions precise, we observe that, for every n, the identity map
of {σ1, ... , σn−1} extends into a homomorphismιn,n+1 of Bn to Bn+1: geometrically,
this amounts to adding one unbraided strand at the right of ann-strand braid diagram.
ThenB∞ is the direct limit of the system so obtained. Asιn,n+1 is easily seen to be
injective, we can identifyBn with its image inBn+1. Up to this identification,B∞ is
simply the increasing union of all braid groupsBn and, similarly,B+

∞ is the union of all
braid monoidsB+

n .

In this context, the definition ofS∞ is unambiguous as∆n always divides∆n+1 and the
equalityDiv(∆n) = Div(∆n+1) ∩B+

n holds for everyn.

It is easy to see that the monoidB+
∞ contains no Garside element. Indeed,B+

∞ admits
no finite generating family since the crossings occurring ina finite subfamily ofB+

∞ can
only involve finitely many strands, whereasB+

∞ contains elements representing crossings
of strands with an arbitrarily large index. Hence it is impossible that the divisors of an
element ofB+

∞ generate the monoid, one of the requirements in the definition of a Garside
element. So, we cannot expect a full counterpart to Proposition 1.8. However, we have

Proposition 3.1(normal decomposition). Every braid inB+
∞ admits a unique decom-

position of the forms1 ···sp with s1, ... , sp in S∞ satisfyingsp 6= 1, and, for everyi,

(3.2) ∀g ∈ S∞\{1} ( g 4 si+1 ⇒ sig /∈ S∞ ).

So, here again, the results remain valid provided we replacethe family of divisors of
the Garside element with a larger family. These easy observations lead us to addressing
the question of finding the most general properties a subfamily S of a monoid has to sat-
isfy in order to guarantee the existence and uniqueness of a distinguished decomposition
such as the one of Proposition 2.4. Being the family of all divisors of a Garside element
is a sufficient condition, but the examples ofZ(I) with infinite I and ofB∞ show this is
not a necessary condition.
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3.2 The Klein bottle group

Another easy but interesting example is provided by the fundamental group of the Klein
bottle, hereafter called the Klein bottle group.

REFERENCESTRUCTURE #5 (Klein bottle monoid).—

• PutK = Z ⋊ Z, where the second copy ofZ acts nontrivially on the first copy, that is,
(0, 1) acts by mapping(p, 0) to (−p, 0) for everyp.

• Puta = (0, 1) andb = (1, 0), and letK+ be the submonoid ofK generated bya andb.

• Put∆ = a2, andS = {g ∈ K | 1 4 g 4∆}, wheref 4 g is declared to hold if there
existsg′ in K+ satisfyingfg′ = g.

• Call a word of{a, b}∗ canonicalif it is of the formapbq with p, q > 0 or apbqa with
p > 0 andq > 1.

• Forw a word in{a, b}∗, we denote by|w|a (resp. |w|b) the total number of occurrences
of a (resp. b) in w.

The groupK can be presented by〈a, b | ba = ab−1〉, or, equivalently,〈a, b | a = bab〉.
Every element ofK admits a unique expression of the formapbq, with the explicit mul-
tiplication

ap1bq1 · ap2bq2 = ap1+p2b(−1)p2q1+q2 .

We claim thatK+ admits the presentation〈a, b | a = bab〉+. Indeed, call the words of the
form apbq or apbqa canonical. Then the explicit formulas

apbq · a =

{
ap+1 for q = 0,

apbqa for q > 0,
apbq · b = apbq+1,

apbqa · a = ap+2bq, apbqa · b =

{
ap+1 for q = 1,

apbq−1a for q > 1.

show that every word of{a, b}∗ is equivalent to a canonical word modulo the relation
a = bab. On the other hand, canonical words receive pairwise distinct evaluations in the
groupK, and, therefore, the relationa = bab forces no equivalence between such words.
Hence the monoid〈a, b | a = bab〉+ is isomorphic toK+, and every element ofK+ has a
unique canonical expression.

Note that, asK+ admits a presentation involving the unique relationa = bab, whose left
and right terms contain one lettera each, the parameter|w|a on {a, b}∗ induces a well
defined function onK+. Forg in K+, we shall naturally denote by|g|a the common value
of |w|a for all wordsw representingg.

The left-divisibility relation ofK+ is a linear order: for any two elementsf, g, at least one
of f 4 g, g ≺ f holds. Indeed, the above formulas show thatf 4 g holds if and only if,
in Figure 6, the vertex associated withf lies below the vertex associated withg (that is,
|f |a < |g|a holds), or they lie on the same row and, if|f |a is odd (resp. even),f lies on
the left (resp. on the right) ofg.
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Symmetrically, the formulas

a · apbq = ap+1bq, b · apbq =





apbq+1 for p even,

ap−1ba for p odd andq = 0,

apbq−1 for p odd andq > 1,

a · apbqa = ap+1bqa, b · apbqa =

{
apbq+1a for p even,

apbq−1a for p odd

imply that the right-divisibility relation ofK+ is also a linear order:f 4̃g holds if and only
if, in Figure 6, (the vertex associated with)f lies below (the vertex associated with)g, or
they lie on the same row andf lies on the left ofg. Thus left- and right-divisibility agree
on even rows, and disagree on odd rows.

a−1b2 a−1b a−1 ba−1 b2a−1

b−2 b−1 1 b b2

ab2 ab a ba b2a

ab2a aba a2 a2b a2b2

Figure 6. Cayley graph of the Klein bottle monoid K+ embedded in the Klein bottle group K (in
grey). Simple arrows correspond to right-multiplication by b, double arrows to right-multiplication by a.
We can see that left-divisibility is a linear ordering. Left-multiplication by b always corresponds to a
horizontal right-oriented translation, whereas left-multiplication by a corresponds to a vertical bottom-
up translation followed by a symmetry with respect to the vertical axis through 1.

The Klein bottle monoid cannot provide a Garside monoid: a generating subset ofK+

must contain at least one elementg satisfying |g|a = 1, and every such element has
infinitely many left-divisors and, moreover, infinitely many left-divisors making an in-
creasing sequence for left-divisibility. However, checking the following result is easy.

Proposition 3.3(normal decomposition). Every element ofK admits a unique decom-
position of the form∆d s1 ···sp with d in Z ands1, ... , sp in Div(∆) satisfyings1 6= ∆,
sp 6= 1, and, for everyi,

(3.4) ∀g ∈ K+\{1} ( g 4 si+1 ⇒ sig 64 ∆ ).

As can be expected, Proposition 3.3 can be connected with thefact that the left-
divisibility relation onK+ is a lattice order, actually a quite simple one as it is a linear
order. So, in particular, the least upper bound of two elements is simply the larger.

Although very simple and rudimentary, the Klein bottle monoid will provide useful
counter-examples as its divisibility relations satisfy none of the Noetherianity conditions
that are valid in classical examples.
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3.3 Wreathed free Abelian groups

Here is again an example of a monoid that cannot be a Garside monoid as it contains
nontrivial invertible elements.

REFERENCESTRUCTURE #6 (wreathed free Abelian group).—

• Forn > 1 , defineZ̃n to be the set of all pairs(g, π) with g in Zn andπ in the symmetric
groupSn; for (s1, π1), (s2, π2) in Z̃n, we define(s1, π1)∗(s2, π2) = (s1(s2◦π−1

1 ), π1π2)
—here the product ofZn is written multiplicatively, as in Reference Structure 1.

• Putai = ((0, ... , 1, ... , 0), id), one1 in positioni, for 1 6 i 6 n; furthermore, we put
si = ((0, ... , 0), (i, i+ 1)) for 1 6 i < n; we put∆n = ((1, ... , 1), id).

• Denote byÑn the set of all pairs(g, π) in Z̃n satisfying∀k 6 n (g(k) > 0).

• Denote bySn the set of all pairs(g, id) in Ñn satisfying∀k 6 n (g(k) ∈ {0, 1}).
ThenZ̃n is a group, namely the wreath productZ ≀ Sn, that is, the semidirect product
of the free Abelian groupZn (Reference Structure 1) and the symmetric groupSn where
the latter acts on the coordinates, that is, we haveπg(k) = g(π−1(k)). As for Ñn, it is the
submonoid of̃Zn generated by the elementsai andsi. The mapι : Zn → Z̃n defined by
ι(g) = (g, id) is an embedding, as well as its restriction toNn, and we can identifyZn

with its image inZ̃n. The groupZ̃n is generated by the elementsai andsi, and it is
presented by the relations

(3.5)





aiaj = ajai for all i, j,

s2
i = 1, sisj = sjsi for |i− j| > 2, sisjsi = sjsisj for |i− j| = 1,

siaj = ajsi for j 6= i, i+ 1, siai = ai+1si, siai+1 = aisi,

which also make a monoid presentation of the monoidÑn.

For (g, π), (g′, π′) in Z̃n, let us write(g, π) 6 (g′, π′) for ∀k6n (g(k) 6 g′(k)).
Here is one more decomposition result.

Proposition 3.6(normal decomposition).Every element of the group̃Zn admits a unique
decomposition of the form∆d

n s1 ···sp with d in Z, s1, ... , sp−1 in Sn, andsp in SnSn

satisfyings1 6= ∆n, sp /∈ Sn, and, for everyi,
(3.7) ∀g ∈ Ñn\{1} ( g 6 si+1 ⇒ sig 66 ∆n ).

It is almost immediate to deduce Proposition 3.6 from Proposition 1.1 using the equal-
ity Z̃n = Zn ⋊ Sn. A direct verification is also possible, based on

Lemma 3.8. The relation6 of Proposition 3.6 is a lattice preorder oñNn, and the set
{g ∈ Ñn | g 6 ∆n} is a finite sublattice with2nn! elements.

By a lattice preorder, we mean a preorder, that is, a reflexiveand transitive relation,
such that any two elements admit a (non necessarily unique) greatest lower bound and a
(no necessarily unique) lowest upper bound.
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3.4 Ribbon categories

We conclude with one more example. This one is different fromthe previous ones as there
is no group or monoid involved, but instead a groupoid and a category—see Chapter II
for basic definitions.

REFERENCESTRUCTURE #7 (braid ribbons) .—

• For n > 2 and1 6 i, j < n, denote byBRn(i, j) the family of all braids ofBn that
contain an(i, j)-ribbon.

• Forn > 2, denote byBRn the groupoid ofn-strand braid ribbons, whose object set is
{1, ... , n− 1} and whose family of morphisms with sourcei and targetj isBRn(i, j).

• Forn > 2, denote byBR+
n the subcategory ofBRn in which the morphisms are required

to lie inB+
n .

• For 1 6 i < n, denote bySn(i) the family of all braids inB+
n that left-divide∆n and

contain an(i, j)-ribbon for somej.

• Denote bySn the union of all familiesSn(i) for i = 1, ... , n− 1.

We say that a geometricn-strand braidβ contains aribbonconnecting[i, i+1] to [j, j+1],
or simply an(i, j)-ribbon, if there exists in the cylinderDn × [0, 1] a surface whose
boundary consists of the strands ofβ that start at positionsi andi+ 1 plus the segments
[(i, 0, 0), (i + 1, 0, 0)] and[(j, 0, 1), (j + 1, 0, 1)], and that intersects no strand ofβ. A
braid is said to contain an(i, j)-ribbon if, among the geometric braids that represent it, at
least one contains such a ribbon. For instance, we see on the picture

that the braidσ1σ3σ
−1
2 σ−1

1 σ2 contains a(1, 2)-ribbon, but it contains no(2, 3)-ribbon,
although the strand starting at position2 finishes at position3 and the strand starting at
position2+1 finishes at position3+1: indeed, any surface whose boundary contains these
strands is pierced by at least another strand and therefore provides no ribbon.

The braidsβ that contain an(i, j)-ribbon turn out to coincide with the braids that satisfy
σiβ = βσj . One direction is clear, namely thatσiβ = βσj holds whenβ contains an
(i, j)-ribbon. Indeed, it suffices to push the additional crossingσi through the ribbon
to establish thatσiβ is isotopic toβσj . The converse direction is more delicate. First,
we observe that the braid∆n contains an(i, n − i)-ribbon for everyi, and, therefore,
for everyd, ann-strand braidβ contains an(i, j)-ribbon if and only if the braid∆d

nβ
contains one. For everyβ in Bn, there exists an integerd such that∆2d

n belongs toB+
n .
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So it suffices to prove that, ifβ belongs toB+
n andσiβ = βσj holds, thenβ contains an

(i, j)-ribbon. This is proved using induction on the number of generatorsσi occurring in
a decomposition ofβ. So writeβ = σkβ

′. Fork = i and for|k − i| > 2, the braidsσi
andσk commute and we deduceσiβ

′ = β′σj by left-cancellingσk. For |k − i| = 1, we
haveσiσkβ

′ = σkβ
′σj by asuumption, so we have a braid that is a right-multiple both

of σi andσk. It follows that it is a right-multiple of the least common right-multiple ofσi
andσk, namelyσiσkσi, which means thatβ′ is necessarilyσiβ

′′ for someβ′′, and we
deduceσkβ

′′ = β′′σj . So, in all cases, we found a shorter braid with the same property
and we can apply the induction hypothesis.

As before, we shall use4 for left-divisibility, now in the sense of the categoryBR+
n.

So, forf, g morphisms ofBR+
n, we havef 4 g if there exists a morphismg′ of BR+

n that
satisfiesfg′ = g. Then we have

Proposition 3.9(normal decomposition). Everyn-strand braid ribbon admits a unique
decomposition of the form∆d

n s1 ···sp with d in Z ands1, ... , sp morphisms ofSn satisfy-
ing s1 6= ∆n, sp 6= 1, and, for everyi,

(3.10) ∀g ∈ BR+

n\{1} ( g 4 si+1 ⇒ sig /∈ Sn ).

As in the case of Proposition 1.8, the proof of Proposition 3.9 mainly relies on the
following order property:

Lemma 3.11. For n > 2 and1 6 i < n, the structure(Sn(i),4) is a lattice order.

By construction, the lattice(Sn(i),4) is embedded in the lattice(Div(∆n),4) of
Lemma 1.10. However, the inclusion is strict in general, as we only allow those braids
that admit an(i, j)-ribbon for somej. For instance,S4(1), S4(2) andS4(3) have 12
elements, see Figure 7. Note that, iff, g belong toSn(i) andf 4 g holds inBR+

n, the
braidg′ witnessingfg′ = g need not belong toSn(i) in general, except in the particular
case whenf contains an(i, i)-ribbon.

Example 3.12(braid ribbons). Let us consider the4-strand braidg = σ2σ3σ2σ2σ1σ2σ3σ3
of Example 1.11 again. The braidg contains an(1, 3)-ribbon, so it belongs toBR4(1)
and admits a decomposition as in Proposition 3.9. This decomposition is not the decom-
positionσ1σ2σ3σ2σ1 · σ2σ1σ3 provided by Proposition 1.8, as the entries of the latter do
not contain ribbons. TheS4-decomposition ofg, which turns out to also have length two,
is σ1σ3σ2σ1 · σ2σ3σ2σ1. Note that the first entry lies inS4(1), whereas the second lies
in S4(2).

The study of the ribbon categoryBRn, and in particular Proposition 3.9, proves to be
crucial to determine centralisers and normalisers in braidgroups. Clearly, Propositions 3.1
and 3.9 are quite similar to Propositions 1.1, 1.8, or 1.14, although they do enter the
framework of Garside groups. In particular, no group or monoid is involved in the case of
ribbons, where introducing several objects to control composition is necessary.

Thus, the examples presented in this section show that the essential properties of Gar-
side groups as stated in Section 2 extend to a larger class of structures and, in particular,
that the assumptions that
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1 1

∆4 ∆4

Figure 7.The lattices S4(1) and S4(2), here embedded in the lattice (Div(∆4), 4) of Figure 2: the
missing braids contain no ribbon of the expected type. Note that the two lattices are isomorphic; they
both contain two hexagonal faces, and six squares.

- the structure is finitely generated,
- the structure is Noetherian (existence of a mapλ as in Definition 2.1),
- the structure has no nontrivial invertible elements,
- the multiplication is defined everywhere

are not necessary. It is therefore natural to build a new, extended framework that is relevant
for all examples at a time: this is our aim in this text. In one word, the idea will be to go
to a category framework, and to introduce a general notion ofGarside familyto play the
role of divisors of the element∆ of a Garside monoid. The nice point is that the extended
theory is in many respects more simple and elegant than the old approach.

Exercise

Exercise 1(braids). Let B+

n be the monoid presented by (1.5) (Reference Structure 2,
page 5). Define a braid word to be a word on the alphabet{σ1, σ2, ...}, and let≡+ be
the braid word equivalence associated with the relations of(1.5). Inductively define a
braid word∆n by ∆1 = ε and∆n = ∆n−1σn−1 ···σ2σ1. (i) Using the relations of (1.5),
show that, for everyn and everyi with 1 6 i 6 n − 1, there exists a braid wordwi,n
satisfyingσiwi,n ≡+ ∆n. (ii) Show thatσi∆n ≡+ ∆nσn−i holds for1 6 i 6 n − 1.
(iii) Prove that, for everyℓ and every sequencei1, ... , iℓ in {1, ... , n − 1}, there exists a
wordw satisfyingσi1 ···σiℓw ≡+ ∆ℓ

n. (iv) Conclude that any two elements inB+

n admit a
common right-multiple.
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Notes

Sources and comments.The basic theory of braid groups goes back to E. Artin in [4],
and its analysis in term of the braid monoidB+

n and the fundamental braid∆n is due
to F.A. Garside in [122, 123]. The explicit description of the normal form and the ge-
ometric interpretation of its computation as illustrated in Figure 3 appears in ElRifai–
Morton [115].

The introduction and analysis of the dual braid monoidB+∗
n goes back to Birman–

Ko–Lee [21].
The notions of a Garside monoid and a Garside group were introduced by the first

author and L. Paris in [98]. The initial definition was slightly more restricted than the one
of Definition 2.1 in that it included the additional assumption that the Garside element be
the least common multiple of the atoms. The current definition, which became classic in
literature, appears in [79].

Torus-type groups are mentioned in [98]. The Garside structure connected with the
Hurwitz action on a free group is due to D. Bessis in [11]. The description of the Klein
bottle group belongs to folklore, and so does the wreath product of Reference Structure 6,
page 19.

Categories of ribbons have been investigated by B. Brink andR.B. Howlett in [37],
and by E. Godelle in [132, 133], later extended in [136] and [137].

Further geometric interpretations of braids. Braids will often appear in this text as
a seminal example and, although this is needed neither in this introductory chapter nor
in most of the subsequent algebraic developments, it will beuseful to keep in mind a
few further geometrical points involving braids that we briefly mention now—see also
Subsection XIV.4.1.

First, a braid can be seen as a continuous functionf that attaches to eacht in [0, 1] a
set ofn distinct points ofDn, the intersection of then disjoint curves forming the braid
with the sliceDn × {t} of the cylinderDn × [0, 1]. Further, this functionf satisfies
f(0) = f(1) = {1, ... , n}. In other words, ifEn(Dn) is the topological space of subsets
of Dn of cardinalityn, a braid can be viewed as an element of the fundamental group
π1(En(Dn), {1, ... , n}).

There is a natural way to construct the spaceEn(Dn). First, since the complex plane
can be contracted to the diskDn, it is natural to replaceEn(Dn) by the spaceEn(C) of
subsets ofC of cardinalityn. A way of constructingEn(C) is by considering the space
Xreg
n of tuples of points(x1, ... , xn) of Cn with distinct coordinates, and quotienting by

the action of the symmetric groupSn. In other words, we setXreg
n = Cn \ ⋃i,j Hi,j

whereHi,j is the hyperplanexi = xj . There is a natural action ofSn on Cn by per-
muting the coordinates; thenHi,j can be interpreted as the fixed points of the transpo-
sitions (i, j) of Sn: thusXreg

n is the subspace ofCn where the action ofSn is reg-
ular, that is the images of a point are all distinct. We thus have a regular covering
Xreg
n → Xreg

n /Sn ≃ En(C) which gives rise to the exact sequence (1.7) wherePBn
appears here asπ1(X

reg
n , x) and the morphism fromBn to Sn is the natural morphism

mentioned in Reference Structure 2, page 5.
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General results about Garside monoids and groups.The aim of this text is not to
develop a complete theory of Garside monoids and Garside groups, but rather to show
how to extend the framework. So we shall just briefly mention here a few general results
about these structures that will not be developed in the sequel of this text. In some sense,
the current work shows that studying Garside monoids and groups is not so crucial, since
their definitions include superfluous conditions. However,even with these simplifying
conditions, we are still very far from a complete classification, and few general results are
known.

The examples provided by classical and dual Artin–
Tits monoids (see Chapter IX) show that the family of all
Garside monoids is quite large and, even in the case of
Garside monoids with two generators, the many examples
of Picantin [191] show that an exhaustive classification is
difficult. Let us mention〈a, b, c | acab = bca2, bca2c =
cabca〉+, which is indeed a Garside monoid but, contrary
to all more standard examples, has the property that the
lattice of divisors of∆, shown on the right, is not invari-
ant under top-bottom symmetry. Another similar (but not
homogeneous) example is〈a, b, c | a2 = bc, b3 = ca〉+,
whose group of fractions is the group of the(3, 4)-torus
knot. 1

∆

a
b

c

The only case when a (sort of) more complete classification isknown is the special
case of Garside monoids admitting a presentation withn generators and

(
n
2

)
relations

u = v with u andv of length two and at most one relation for eachu: as will be seen in
Proposition XIII.2.34 (characterization), such Garside monoids are in one-to-one corre-
spondence with the non-degenerate involutive set-theoretic solutions of the Yang–Baxter
equation—which however is not a genuine description as a classification of the latter so-
lutions is not known so far. See Question 38 and the discussion at the end of Chapter XIII
for hypothetical extensions. Also see [201] for an extension of the above correspondence
and a connection with lattice groups.

Some connections between Garside monoids and other families of monoids have been
described: for instance, a connection with divisibility monoids [163] is described in Pi-
cantin [195]; in another direction, the relation with the factorable groups of C. Bödighei-
mer and B. Visy [24, 221] was addressed by V. Ozornova in [186]. In another direction,
every torus knot group—or even every torus link group—is thegroup of fractions of var-
ious monoids, many of whom are Garside monoids, see Picantin[194]. Actually a knot
group is a Garside group if and only if it is a torus knot group.This follows from a more
general result from Picantin [190]:

Proposition. A one-relator group is a Garside group if and only if its center is not trivial.

The main general structural result about Garside monoids known so far is the fol-
lowing decomposition result, which extends the decomposition of an Artin–Tits group of
spherical type in terms of irreducible ones. By definition, aGarside monoid is generated
by atoms, which are elements that cannot be expressed as product of at least two non-
invertible elements. Say that an elementg is quasi-centralif, writing A for the atom set,
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we havegA = Ag. In a Garside monoid(M,∆), the Garside element∆ is always quasi-
central (and some power∆e is central). An Artin–Tits monoid of spherical type has an
infinite cyclic center if and only if it is irreducible, that is, the associated Coxeter graph is
connected (see Proposition IX.1.38).

Proposition (Picantin [192]). Every Garside monoid is an iterated Zappa-Szep product
of Garside monoids with an infinite cyclic center.

We recall that aZappa-Szep product(or bi-crossed product, orknit product) of groups
or monoids [224, 215] is the natural extension of a semidirect product in which both
groups (or monoids) act on one another, the semidirect product corresponding to the case
when one action is trivial, and the direct product to the casewhen both actions are trivial.
Thus the above result reduces the investigation of general Garside monoids and groups
to those in which the quasi-centre (family of all quasi-central elements) is infinite cyclic.
The proof of [192] relies on associating with atoms the element∆s that is the least
common right-multiple of all elementss\g for g in the monoid, wheres\g is the unique
elementg′ such thatsg′ is the least common right-multiple ofs andg, and establishing
that the elements∆s generate the quasi-centre.

As mentioned above, there exists a number of Garside monoidswith two generators.
However, the associated groups of fractions turn out to be simple.

Question 1. Is every Garside group with two generators either an Artin–Tits group of
dihedral type〈a, b | aba ··· = bab ···〉 or a torus-type group〈a, b | ap = bq〉?

At the moment, no example witnessing for a negative answer isknown; a positive
answer is conjectured in Picantin [191], but no proof is in view.

In another direction, it is known that the braid groupsBn and, more generally, (almost)
all Artin–Tits groups of spherical type are linear, that is,admit a faithful representation in
the linear group of a finite-dimensional vector space. It is therefore natural to raise

Question 2. Is every Garside group linear?

A negative answer is likely, but it would be desirable to find combinatorial neces-
sary conditions for a Garside group to be linear, more precisely, for it to have a faithful
representation over a totally ordered field which realises the Garside structure.



Chapter II

Preliminaries

The aim of this chapter is to provide some background for the subsequent developments.
Section 1 contains a general introduction to basic notions involving categories, in partic-
ular category presentations. We should immediately insistthat, in this text, a category
is just viewed as a sort of conditional monoid, in which the product need not be defined
everywhere: so, we shall use almost nothing from the theory of categories, but just the
language of categories.

In Section 2, we define the left- and right-divisibility relations associated with a cat-
egory, and discuss Noetherianity conditions possibly satisfied by these relations. Most
results here are completely standard, as are those of Section 3, where we define the en-
veloping groupoid of a category and recall Ore’s classical theorem about the embedding
of a category in a groupoid of fractions.

Finally, the aim of Section 4 is to provide practical criteria for establishing that a
presented monoid or category is possibly cancellative and/or admits least common multi-
ples. To this end, we develop a specific method called (right)-reversing, which is directly
reminiscent of what F.A. Garside did in the case of braids (using ideas he attributed to
G. Higman). This simple combinatorial method is, in a sense,“stupid” in that it exploits
no underlying structure as, for instance, the germ method ofChapter VI does, but it turns
out to be useful for dealing with a number of the practical examples we are interested in.

In order to reduce the length, some proofs in Sections 3 and 4 have been postponed to
the Appendix at the very end of this text.

Main definitions and results (in abridged form)

Definition 1.13 (invertible). The family of all invertible elements in a categoryC is
denoted byC×.

Notation 1.17 (relation=×). For C a category andg, g′ in C, we writeg =× g′ if there
existsǫ in C×satisfyingg′ = gǫ.

Definition 1.21 (family S♯). ForC a category andS ⊆ C, we putS♯ = SC×∪ C×.

Definition 2.1 (left-divisor, right-multiple). Forf, g in a categoryC, we say thatf is a
left-divisorof g, or thatg is aright-multipleof f , denoted byf 4 g, if there existsg′ in C
satisfyingfg′ = g.

Definition 2.9 (right-lcm, left-gcd). For h in a left-cancellative categoryC andS in-
cluded inC, we say thath is aright-lcm of S if h is a right-multiple of all elements ofS
and every element ofC that is a right-multiple of all elements ofS is a right-multiple
of h. We sayh is agreatest common left-divisor, or left-gcd, of S, if h is a left-divisor
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of all elements ofS and every element ofC that is a left-divisor of all elements ofS is a
left-divisor ofh.

Definition 2.26 (Noetherian). A subfamilyS of a categoryC is calledleft-Noetherian
(resp. right-Noetherian, resp. Noetherian) if the restriction toS of the proper left-divisibi-
lity relation (resp. right-divisibility relation,resp. factor relation) is well-founded, that is,
every nonempty subfamily has a smallest element.

Definition 2.52 (atom). An elementg of a left-cancellative categoryC is called anatom
if g is not invertible and every decomposition ofg contains at most one non-invertible
element.

Proposition 2.58 (atoms generate).Assume thatC is a left-cancellative category that is
Noetherian.(i) Every subfamily ofC that generatesC×and contains at least one element
in each=×-class of atoms generatesC. (ii) Conversely, every subfamily that generatesC
and satisfiesC×S ⊆ S♯ generatesC× and contains at least one element in each=×-class
of atoms.

Definition 3.3 (enveloping groupoid). Theenveloping groupoidEnv(C) of a categoryC
is the category〈 C ∪ C |Rel(C) ∪ Free(C) 〉+, whereRel(C) is the family of all relations
fg = h with f, g, h in C andFree(C) is the family of all relationsff = 1x andff = 1y
for f in C(x, y).

Definition 3.10 (Ore category). A categoryC is called aleft-Ore (resp. right-Ore) cat-
egory if it is cancellative and any two elements with the sametarget (resp. source) admit
a common left-multiple (resp. common right-multiple). AOre categoryis a category that
is both a left-Ore and a right-Ore category.

Proposition 3.11 (Ore’s theorem). For C a category, the following are equivalent:(i)
There exists an injective functorι fromC to Env(C) and every element ofEnv(C) has the
form ι(f)−1 ι(g) for somef, g in C. (ii) The categoryC is a left-Ore category.

Proposition 3.21 (torsion). Assume thatC is a right-Ore category that admits right-lcms.
Then the torsion elements ofEnv(C) are the elements of the formfhf−1 with f in C and
h a torsion element ofC.

Definition 4.1 (right-complemented presentation). A category presentation(S,R) is
calledright-complementedif R contains noε-relation (that is, no relationw = ε with w
nonempty), no relations... = s... with s in S and, fors 6= t in S, at most one relation
s... = t... .

Definition 4.14 (θ-cube condition). If (S,R) is a right-complemented presentation,
associated with the syntactic right-complementθ, andu, v, w areS-paths, we say that
thesharpθ-cube condition(resp. theθ-cube condition) is true for(u, v, w) if (4.15) Ei-
ther bothθ∗3(u, v, w) andθ∗3(v, u, w) are defined and they are equal (resp. they are≡+

R-
equivalent), or neither is defined, whereθ∗3(u, v, w) stands forθ∗(θ∗(u, v), θ∗(u,w)) with
θ∗ as in Lemma 4.6. ForX ⊆ S∗, we say that the (sharp)θ-cube condition is trueonX
if it is true for all (u, v, w) in X 3.

Proposition 4.16 (right-complemented). Assume that(S,R) is a right-complemented
presentation associated with the syntactic right-complement θ, and at least one of the
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following conditions is satisfied:(4.17)The presentation(S,R) contains only short rela-
tions and the sharpθ-cube condition is true for every triple of pairwise distinct elements
of S; (4.18) The presentation(S,R) is right-Noetherian and theθ-cube condition is
true for every triple of pairwise distinct elements ofS; (4.19)The presentation(S,R)
is maximal right-triangular. Then:(i) The category〈S |R〉+ is left-cancellative.(ii) The
category〈S |R〉+ admits conditional right-lcms, that is, any two elements of〈S |R〉+ that
have a common right-multiple have a right-lcm. More precisely, for all w,w′ in S∗, the
elements of〈S |R〉+ represented byu andv admit a common right-multiple if and only if
θ∗(u, v) exists and, in this case,uθ∗(u, v) represents the right-lcm of these elements.(iii)
Two elementsu, v ofS∗ represent the same element of〈S |R〉+ if and only if bothθ∗(u, v)
andθ∗(v, u) exist and are empty.

1 The category context

As explained at the end of Chapter I, it will be convenient to place our constructions in a
category framework. However, the only purpose of using categories here is to extend the
notion of a monoid so as to allow a product that would not be defined everywhere. So,
for us, a category is just a variant of a monoid in which objects are used to control which
elements can be multiplied: the product of two elementsg1, g2 exists if and only if the
target ofg1 coincides with the source ofg2. The reader who does not like categories may
well choose to read this text as a text about monoids and groups exclusively.

This section is a quick introduction to the needed basic notions. First we recall the ter-
minology of categories (Subsection 1.1), and of subcategories (Subsection 1.2). Then, in
Subsection 1.3 we gather some remarks about invertible elements. Finally, Subsection 1.4
is devoted to presentations.

1.1 Categories and monoids

We use the standard terminology of categories, as describedfor instance in [165]. We
shall resort to no nontrivial result or construction from the theory of categories and simply
use categories as a suitable framework for developing our constructions. An important
special case is that of monoids, which remained the only considered one for more than
one decade, and which includes some (but not all) of the most interesting examples.

A categoryC consists ofobjectsandmorphisms. The family of all objects inC is
denoted byObj(C), whereas the family of all morphisms, usually denoted byHom(C),
will be simply denoted byC here: this abuse of notation reflects our viewpoint that a
category is a family of elements (morphisms) equipped with apartial product, and that the
objects are additional data whose only purpose is to controlthe existence of the product.

Two objects are attached with each element of a category, namely its sourceand its
target. The family of all morphisms ofC with sourcex and targety will be denoted
by C(x, y). We useC(x,−) for the family of all elements with sourcex, and similarly
C(−, y) for the family of all elements with targety. For each objectx, there is a specific
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element ofC(x, x) attached withx, namely theidentity 1x. Identity-elements are also
called trivial , and the collection of all trivial elements inC is denoted by1C . A partial
binary operation is defined on elements, which associates with two elementsf, g such
that the target off coincides with the source ofg a new element denoted byfg, whose
source is the source off , and whose target is the target ofg.

Moreover, the following properties are assumed to hold. Iffg andgh are defined,
thenf(gh), as well as(fg)h, are defined, and one has

(1.1) f (g h) = (f g)h.

Also, for everyg in C(x, y), we have

(1.2) 1x g = g = g 1y.

Remark. The product we use is a reversed composition:fg means “f theng”. This
convention is coherent with the intuition that the elementsof a category act on the right,
which is convenient here.

If C is a category, thecomplete diagramof C is the labeled graph whose vertices are
the objects ofC and, for everyg in C(x, y) there is ag-labeled edge from the vertexx to
the vertexy. If S is a generating subfamily ofC, that is, every element ofC is a product
of elements ofS, thediagram ofC with respect toS is the subdiagram of the complete
diagram ofC in which one only keeps the edges with labels inS.

Example 1.3(monoid). Assume thatM is a monoid, that is,M is a set equipped with an
associative product that admits a neutral element (denotedby1 by default). One associates
a categoryM• with M by definingObj(M•) to consist of a single object•, and the
elements ofM• to be the elements ofM , with • being the source and the target of every
element.

Assume thatC is a category, andS is a subfamily ofC that generatesC, that is,
every element ofC that is not an identity-element is a product of elements ofS (see
Subsection 1.4 below). Another (multi)-graph associated with C is theCayley graphof C
with respect toS: the vertices are the elements ofC, and there is ag-labelled arrow fromf
to h if h = fg holds. See Figure 1 for an example. Note that the diagram of a monoid is
a bouquet (only one vertex), whereas its Cayley graph with respect to a generating family
is a connected graph.

If C, C′ are categories, afunctorof C to C′ is a mapφ of Obj(C) ∪ C to Obj(C′) ∪ C′

such thatφ maps objects to objects, elements to elements, and, for all objectsx, y and all
elementsf, g, h,

• g ∈ C(x, y) impliesφ(g) ∈ C′(φ(x), φ(y)),
• h = fg impliesφ(h) = φ(f)φ(g),
• φ(1x) = 1φ(x) holds.

A functor is calledinjective (resp. surjective, resp. bijective) if both its restrictions to
objects and elements are injective (resp. surjective,resp. bijective). A bijective functor of
a category into itself is also called anautomorphismof that category.
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Figure 1. Diagram (left) and Cayley graph with respect to {a, b} (right) for the category with two
objects 0, 1 and two non-identity elements a : 0 → 1 and b : 1 → 0 satisfying ab = 10 and ba = 11.

1.2 Subfamilies and subcategories

Whenever the morphisms of a categoryC are called the elements ofC, it is coherent to say
thatS is includedin C, or, equivalently, thatS is asubfamilyof C, if S is any collection of
elements ofC. However, as the elements ofC come equipped with a source and a target,
a more formal definition should include these data.

Definition 1.4 (precategory). A precategoryis a pair(O,S) plus two maps, source and
target, fromS to O. The elements ofO are called the objects, those ofS are called the
elements (or morphisms).

By definition, a category is a precategory, plus a composition map that obeys certain
rules. As in the case of a category, we usually identify a precategory with its family of
elements, and then denote byObj(S) the family of objects.

Note that a precategory can be equivalently defined as a (multi)graph, that is, a col-
lection of objects (or vertices), plus, for each pair(x, y) of objects, a family of elements
(or edges) with a sourcex and a targety attached to each element.

If C is a category, every subfamilyS of C becomes a precategory when equipped with
the restriction of the source and target maps, and we can thenput a formal definition:

Definition 1.5 (subfamily). If C is a category andS is included inC, the subfamily
(associated with)S is the precategory made ofS together with the restriction of the source
and target maps toS.

As already mentioned, we shall not distinguish in practice between a subfamily and
its family of elements.

Let us turn to subcategories. A subcategory of a categoryC is a categoryC1 included
in C and such that the operations ofC1 are induced by those ofC:

Definition 1.6 (subcategory). A categoryC1 is asubcategoryof a categoryC if we have
Obj(C1) ⊆ Obj(C) andC1 ⊆ C and, moreover,

(i) For everyx in Obj(C1), the identity-elements1x in C1 and inC coincide;
(ii) For everyg in C1, the sources and targets ofg in C1 and inC coincide;
(iii) For all f, g in C1, the productsfg in C1 and inC coincide.

In the case of a monoid, we naturally speak of asubmonoid.
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Example 1.7(subcategory). For everym, the setmN equipped with addition is a sub-
monoid of the additive monoidN, and so is every set of the form

∑
imiN.

Note that, in a proper categorical context, the family of objects of a subcategory may
be strictly included in the family of objects of the ambient category.

The following characterization of subcategories is straightforward.

Lemma 1.8. If C is a category, then a subfamilyS of C is a subcategory ofC if and only
if S is closed under identity-element and product inC, this meaning that1x belongs toS
wheneverx belongs toObj(S) and thatgh belongs toS wheneverg andh do andgh is
defined inC.

In the case of a monoid, a subsetS of a monoidM is a submonoid ofM if and only
if it contains1 and is closed under product. The condition about1 is not automatic: if a
monoidM1 is included in another monoidM but the identity-elements are not the same,
M1 is not a submonoid ofM .

Lemma 1.8 implies that, ifC is a category, every intersection of subcategories ofC
is a subcategory ofC and, therefore, for every subfamilyS of C, there exists a smallest
subcategory ofC that includesS, namely the intersection of all subcategories ofC that
includeS.

Notation 1.9 (generated subcategory).For S a subfamily of a categoryC, we denote
by SubC(S), or simplySub(S), the subcategory ofC generated byS.

A concrete description of the subcategorySub(S) is easy.

Notation 1.10(product of subfamilies). For C a category andS1,S2 included inC, we
write

(1.11) S1 S2 = {g ∈ C | ∃g1 ∈ S1 ∃g2 ∈ S2 (g = g1g2)}.

For S included inC, we writeS2 for SS, that is,{g ∈ C | ∃g1, g2 ∈ S (g = g1g2)};
for d > 1, we denote bySd the family of all elements ofC that can be expressed as the
product ofd elements ofS. The notation is extended with the convention thatS0 is the
family 1S of all identity-elements1x with x in Obj(S).

Lemma 1.12. For C a category andS included inC, the subcategorySub(S) is
⋃
p>0 Sp.

Proof. By Lemma 1.8,Sub(S) must include1S andSp for everyp > 1. Conversely,1S ∪⋃
p>1 Sp is closed under identity and product, so, by Lemma 1.8 again,it is a subcategory

includingS, hence it isSub(S) as it is included in every subcategory that includesS.

1.3 Invertible elements

We now fix some terminology and notation for invertible elements in a category. Most
examples of monoids and categories we shall consider in thistext admit no nontrivial in-
vertible element, that is, the identity-elements are the only invertible elements. However,
there is no reason for restricting to that particular case asallowing nontrivial invertible
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elements will never be a problem provided some mild compatibility conditions explained
below are satisfied. As in the case of categories, the reader who is not interested in invert-
ible elements may always forget about nontrivial invertible elements.

The main notion in this short subsection is the closureS♯ of a familyS with respect
to right-multiplication by invertible elements (Definition 1.21).

Definition 1.13 (inverse, invertible). If C is a category andg belongs toC(x, y), we say
that g′ is a left-inverse(resp. right-inverse) for g if g′ belongs toC(y, x) and we have
g′g = 1y (resp. gg′ = 1x). We say thatg′ is an inverseof g if it is both a left- and a
right-inverse ofg. An element is calledinvertibleif it admits an inverse. The family of all
invertible elements inC is denoted byC×; for x, y in Obj(C), the family of all invertible
elements with sourcex and targety is denoted byC×(x, y).

By construction,1C ⊆ C× always holds: each identity-element is its own inverse.
Identity-elements will be calledtrivial invertible elements and, therefore, a categoryC for
which the inclusion1C ⊆ C× is an equality will be said to have no nontrivial invertible
element. In the particular case of a monoid, this means that the unit1 is the only invertible
element.

Hereafter we shall almost always consider categories that satisfy cancellativity con-
ditions. More precisely, virtually all categories we consider will be assumed to be left-
cancellative—however we shall always mention it explicitly.

Definition 1.14 (cancellative). A categoryC is called left-cancellative(resp. right-
cancellative) if every relationfg = fg′ (resp. gf = g′f ) with f, g, g′ in C implies
g = g′. We say thatC is cancellativeif it is both left- and right-cancellative.

One of the (many) advantages of cancellativity assumptionsis that they force the
above notions of left- and right-inverse to coincide:

Lemma 1.15. If C is a left-cancellative category, then, for everyg in C, the following
conditions are equivalent:

(i) The elementg has a left-inverse;
(ii) The elementg has a right-inverse;
(iii) There existf, f ′ such thatfgf ′ is invertible;
(iv) The elementg has an inverse, that is,g is invertible.

Proof. By definition, (iv) implies (i) and (ii), whereas each of (i),(ii) implies (iii). So the
point is to prove that (iii) implies (iv). Assume thatfgf ′ has an inverse, sayh. Let x be
the source ofg, andy be that off . Then we havefgf ′h = 1y, hencefgf ′hf = f , and,
thereforegf ′hf = 1x by left-cancellingf . Hencef ′hf is a right-inverse ofg. Similarly,
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fgf ′h = 1y impliesfgf ′hfg = fg, hencef ′hfg = 1y by left-cancellingfg. Hence
f ′hf is also a left-inverse ofg, and, finally, it is an inverse ofg.

It is straightforward that a product of invertible elementsis again invertible. It fol-
lows that, in every (left-cancellative) categoryC, the familyC×equipped with the induced
product has the structure of agroupoid, that is, it is a category in which every element is
invertible.

A direct consequence of Lemma 1.15 is the symmetric result that a product of non-
invertible elements is again non-invertible:

Lemma 1.16. If C is a left-cancellative category andg1, ... , gp are elements ofC such
thatg1 ···gp is defined and invertible, then each ofg1, ... , gp is invertible.

Proof. By Lemma 1.15(iii), the invertibility of(g1 ···gi−1) gi (gi+1 ···gp) implies that
of gi.

We shall often be interested in elements that are almost equal in the sense that they
are obtained from one another by a left- or right-multiplication by an invertible element.

Notation 1.17 (relations =×, ×=, and ×=×). For C a category andg, g′ in C, we write
g=× g′ (resp. g ×= g′, g ×=× g′) if there existsǫ in C×(resp. ǫ, ǫ′ in C×) satisfyingg′ = gǫ
(resp. ǫ′g = g′, resp. ǫ′g = g′ǫ).

By definition, the relations=× and×= are included in×=×, and all are equivalence
relations in the ambient category. If the latter contains nonontrivial invertible element,
then=×, ×=, and×=× reduce to equality, and many statements become (slightly) simpler.
Many notions that are only defined up to=×-, ×=-, or ×=×-equivalence become then
unique. One might think of restricting to the case with no nontrivial invertible by going
to an appropriate quotient. This need not be always possible: neither=× nor×=× need be
compatible with multiplication in general. However we havethe following connections.

Proposition 1.18(collapsing invertible elements).For C a left-cancellative category,
the following are equivalent:

(i) The equivalence relation=× is compatible with composition, in the sense that, if
g1g2 is defined andg′i =× gi holds fori = 1, 2, theng′1g

′
2 is defined andg′1g

′
2 =× g1g2

holds;
(ii) The familyC×(x, y) is empty forx 6= y and, for allg, g′ sharing the same source,

g ×=× g′ impliesg =× g′;
(iii) The familyC×(x, y) is empty forx 6= y and we have

(1.19) ∀x, y ∈ Obj(C) ∀g ∈ C(x, y) ∀ǫ ∈ C×(x, x) ∃ǫ′ ∈ C×(y, y) (ǫg = gǫ′).

When the above conditions are satisfied, the equivalence relation ×=× is compatible with
composition, and the quotient-categoryC/×=× has no nontrivial invertible element.
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The easy proof, which consists in showing that (i) and (ii) both are equivalent to (iii),
is left to the reader.

For a category that satisfies the assumptions of Proposition1.18, one can forget about
nontrivial invertible elements at the expense of going to a convenient quotient. However,
as shows the next example, this is not always possible.

Example 1.20(collapsing invertible elements). Consider the wreathed free Abelian
monoidÑn (Reference Structure 6, page 19). The hypotheses of Proposition 1.18 are
not satisfied inÑn. Indeed,(g, π) =× (g′, π′) is then simplyg = g′. Now we have
siai = ai+1si, whencesiaisi = ai+1. Soai ×=× ai+1 holds, whereasai =× ai+1 fails.
Similarly,si =× id holds, whereassiai =× ai fails.

Note that, in the above example, insisting on identifying×=×-equivalent elements
would require to identify all elementsai and to collapse all elementssi. The quotient-
structure would be at mostZ, and we would have lost the whole structure. In such a
case, there is no way to collapse invertible elements without collapsing everything and,
therefore, it is (much) preferable to stay in the original category and to consider families
that are compatible with invertible elements in some convenient sense. To this end, the
following terminology will be useful.

Definition 1.21 (familyS♯, closed under=×). For S a subfamily of a left-cancellative
categoryC, we put

(1.22) S♯ = SC×∪ C×.

We say thatS is closed under=×, or =×-closed, if the conjunction ofg ∈ S andg′ =× g
impliesg′ ∈ S.

If C has no nontrivial invertible element, then the relation=× is equality, so every
subfamilyS of C is =×-closed andS♯ is S ∪ 1C—so, in particular, ifM is a monoid with
no nontrivial element andS is included inM , thenS♯ is S ∪ {1}. Hereafter, we always
reserve the notation···♯ for the operation of Definition 1.21. So, for instance, we have
C×= (1C)♯. Also, the definition easily implies(S♯)♯ = S♯.

Lemma 1.23. Assume thatC is a left-cancellative category.
(i) For every subfamilyS of C, the familyS♯ is the smallest subfamily ofC that is

=×-closed and includesS ∪ 1C .
(ii) Every intersection of=×-closed subfamilies ofC is =×-closed.

Proof. By definition of=×, a familyS is =×-closed if and only ifSC×⊆ S holds, hence
if and only if SC× = S sinceS is always included inSC×. Then all verifications are
straightforward.

By definition, an=×-closed familyS is closed under right-multiplication by an invert-
ible element, that is,SC×⊆ S holds, but it need not be closed under left-multiplication by
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an invertible element, that is,C×S ⊆ S need not hold. For further reference, we observe
that several variants of the latter closure property are equivalent.

Lemma 1.24. If C is a left-cancellative category, then, for every subfamilyS of C, the
relations(i) C×(S\C×) ⊆ S♯, (ii) C×S ⊆ S♯, and(iii) C×S♯C×= S♯ are equivalent.

Proof. AsS is included inS♯ and1C is included inC×, (iii) implies (ii), which implies (i).
Conversely, assume (i), and letg belong toC×S♯C×, sayg = ǫg′ǫ′ with ǫ, ǫ′ in C× andg′

in S♯. If g′ is invertible, then so isg, and it belongs toS♯. Otherwise, writeg′ = g′′ǫ′′

with g′′ in S\C× and ǫ′′ in C×. By (i), ǫg′′ belongs toS♯, hence so doesg, which is
(ǫg′′)(ǫ′′ǫ′) with ǫ′′ǫ′ invertible. So we haveC×S♯C× ⊆ S♯, and (iii) follows sinceS♯ is
trivially included inC×S♯C×.

Note that (iii) in Lemma 1.24 means thatS♯ is closed under×=×.

Example 1.25(left-multiplication by invertible). In the monoid̃Nn, the familySn (Ref-
erence Structure 6, page 19) satisfies the conditions of Lemma 1.24. Indeed, we first find
S♯n = SnSn = {(g, π) | ∀i (g(i) ∈ {0, 1})}, a family with 2nn! elements. Then,
every permutation leavesSn globally invariant: permuting a sequence with0, 1-entries
yields a sequence with0, 1-entries. HenceSnSn = SnSn holds inÑn. We then deduce
SnS

♯
n = SnSnSn = SnSn = S♯n, as expected.

If a categoryC contains no nontrivial invertible element, the equivalentconditions of
Lemma 1.24 are trivially satisfied by every subfamily of the ambient category. In every
case, the family1C of all identity-elements satisfies the conditions of Lemma 1.24, which
in particular says thatC×, which is1

♯
C , is closed under×=× (as is obvious directly).

We conclude with easy results about the powers of a family that satisfies the conditions
of Lemma 1.24 and about the preservation of invertible elements under automorphisms.

Lemma 1.26. If C is a left-cancellative category andS is a subfamily ofC that satisfies
C×S ⊆ S♯ and includes1C , then the relations(S♯)m = Sm−1S♯ = (Sm)♯ andC×Sm ⊆
(Sm)♯ hold for everym > 1.

Proof. As S includes1C , we haveS♯ = SC×. We first prove(S♯)m = Sm−1S♯. As S
is included inS♯, we clearly haveSm−1S♯ ⊆ (S♯)m. For the other inclusion, we use
induction onm > 1. The result is obvious form = 1. Assumem > 2. By Lemma 1.24,
we haveC×S♯ ⊆ S♯, and, using the induction hypothesis, we deduce

(S♯)m = (SC×)S♯(S♯)m−2 = S(C×S♯)(S♯)m−2 ⊆ S(S♯)m−1 ⊆ SSm−2S♯ = Sm−1S♯.

Next, as1C is included both inS and inSm, we haveSm−1S♯ = SmC× = (Sm)♯.
Finally, , we obtainC×Sm = (C×S)Sm−1 ⊆ S♯Sm−1 ⊆ (S♯)m = (Sm)♯, whence
C×Sm ⊆ (Sm)♯, using the assumptionC×S ⊆ S♯ and the above equalities.

Lemma 1.27. If C is a left-cancellative category, then every automorphismφ ofC induces
an automorphism ofC×, and it preserves the relations=× and×=×, that is,g =× g′ (resp.
g ×=× g′) is equivalent toφ(g) =× φ(g′) (resp.φ(g) ×=× φ(g′)).



36 II Preliminaries

Proof. First ǫǫ−1 = 1x impliesφ(ǫ)φ(ǫ−1) = 1φ(x), soφ mapsC× into itself. The same
holds forφ−1, soφ induces a permutation ofC×.

Next g′ = gǫ with ǫ ∈ C× impliesφ(g′) = φ(g)φ(ǫ), whenceφ(g′) =× φ(g). Con-
versely,φ(g′) =× φ(g) meansφ(g′) = φ(g)ǫ for someǫ in C×. Asφ is bijective onC, we
deduceg′ = gφ−1(ǫ), whenceg′ =× g asφ−1 mapsC× to itself.

The argument is similar for the relation×=×.

1.4 Presentations

We now recall basic facts about free categories and presentations of categories. All results
are elementary, but the terminology and notation are essential for the sequel.

We begin with free categories. We shall see now that, for every precategoryS, there
exists a most general category generated byS, hence afreecategory based onS, and that
this category can be constructed usingS-paths.

Definition 1.28(path). Assume thatS is a precategory. Forp > 1 andx, y in Obj(S), an
S-pathof lengthp with sourcex and targety is a finite sequence(g1, ... , gp) of elements
of S such that the source ofg1 is x, the target ofgp is y, andg1 ···gp is defined. For
everyx in Obj(S), one introduces anempty pathdenoted by()x or εx, whose source and
target arex, and whose length is declared to be zero. The family of allS-paths of lengthp
is denoted byS [p]; the family of allS-paths is denoted byS∗. The length of a pathw is
denoted bylg(w).

In the context of monoids, that is, if there is only one object, it is customary to say
S-word, or word in the alphabetS, rather thanS-path. Throughout this text, we shall
mostly use the lettersw, v, u for words and, by extension, for paths.

There is an obvious way to makeS∗ into a category. A source and a target have
already been attributed to every path in Definition 1.28. Then we define composition as a
concatenationof paths (or words).

Notation 1.29 (concatenation). If (f1, ... , fp), (g1, ... , gq) areS-paths and the target
of (f1, ... , fp), that is, the target offp, coincides with the source of(g1, ... , gq), that is,
the source ofg1, we put

(1.30) (f1, ... , fp)|(g1, ... , gq) = (f1, ... , fp, g1, ... , gq).

Moreover, wheneverx is the source ofg1 andy is the target ofgq, we put

(1.31) ()x|(g1, ... , gq) = (g1, ... , gq) = (g1, ... , gq)|()y .

Finally, for each objectx, we put()x|()x = ()x.

Verifying thatS∗ equipped with the concatenation operation is a category is straight-
forward. Moreover, we can easily formalize the universality of path categories. To this
end, we introduce the convenient notion of a (pre)-functor.
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Definition 1.32(prefunctor, functor). (i) If S,S′ are precategories, aprefunctorfromS
to S′ is a pair(φ0, φ) with φ0 : Obj(S) → Obj(S′), φ : S → S′ such thatφ(g) lies
in S′(φ0(x), φ0(y)) for everyg in S(x, y).

(ii) If C, C′ are categories, afunctorfromC toC′ is a prefunctor fromC to C′ satisfying
φ(1x) = 1φ0(x) andφ(gh) = φ(g)φ(h) for all x, g, h.

Proposition 1.33 (free category). For every precategoryS, the categoryS∗ is freely
generated byS, that is, every prefunctor ofS into a categoryC extends in a unique way
into a functor fromS∗ to C.

Proof (sketch).If φ is a prefunctor fromS to a categoryC, the unique way to extendφ
into a functorφ∗ fromS∗ consists in putting

(1.34) φ∗((g1, ... , gp)) = φ(g1) ··· φ(gp), φ∗(()x) = 1φ(x).

Verifications are then easy.

Note that, in the context of Proposition 1.33, the image of a path (or a word) underφ∗

is the evaluationof that path when each elementg of S is given the valueφ(g). By
construction,φ∗ mapsS [p] ontoSp for each nonnegative integerp.

Proposition 1.33 implies that every categoryC generated by a precategoryS is isomor-
phic to a quotient ofS∗. Indeed, usingι for the identity prefunctor onS, we obtain that
ι∗ is a morphism ofS∗ into C. Standard arguments then show that the image ofι∗, which
is C by assumption, is isomorphic toS∗/≡, where≡ is the relationι∗(w) = ι∗(w′).

Convention 1.35(path concatenation). In the sequel, we shall mostly skip the concate-
nation sign|, thus writinguv instead ofu|v for the concatenation of twoS-pathsu, v, that
is, their product in the free categoryS∗. However, we shall keep| in the case when the
entries of a path are explicitly mentioned. IfS is a precategory, everyS-path has a well
defined length, and the function ofS intoS∗ that mapsg to the length one path(g) is injec-
tive. Building on this, it is customary to identifyg and(g). Then a generic path(g1, ... , gp)
of S∗ identifies with the concatenationg1| ··· |gp. By keeping the sign| in this case, we
avoid the ambiguity between the pathg1| ··· |gp and its possible evaluationg1 ···gp in a
categoryC generated byS.

If a categoryC is a quotient of the free categoryS∗, there exists a congruence≡ onS∗

such thatC is isomorphic to the quotient-categoryS∗/≡. We recall that, ifC is a category,
acongruenceonC is an equivalence relation≡ onC that is compatible with composition,
that is, the conjunction off ≡ f ′ andg ≡ g′ impliesfg ≡ f ′g′. Congruences are the
appropriate relations for defining quotients.

In the above context, one can specify the categoryC, up to isomorphism, by giving
a generating precategoryS and describing the corresponding congruence≡ on S∗ by
giving a collection of pairs that generates it, building on the following easy fact.

Definition 1.36 (relation). If C is a category, arelation on C is a pair(g, h) of elements
of C sharing the same source and the same target.

Lemma 1.37. If C is a category andR is a family of relations onC, there exists a smallest
congruence ofC that includesR, namely the reflexive–transitive closure≡+

R of the family
{(fgh, fg′h) | (g, g′) ∈ R or (g′, g) ∈ R}.
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When the considered categoryC is a free categoryS∗, relations onC are pairs ofS-
paths, and Lemma 1.37 says is that two paths are≡+

R-equivalent if and only of one can go
from the former to the latter by a finite sequence of steps, each of which consists in going

from f1| ··· |fp|g1| ··· |gq |h1| ··· |hm to f1| ··· |fp|g′1| ··· |g′q′ |h1| ··· |hm,

for some pair(g1| ··· |gq, g′1| ··· |g′q′) belonging to the symmetric closure ofR. Such a
sequence is called anR-derivation.

Definition 1.38 (presentation). (i) A category presentationis a pair(S,R) whereS is
a precategory andR is a family of relations onS∗. The elements ofS are called the
generatorsof the presentation, whereas those ofR are called therelations.

(ii) If (S,R) is a category presentation, the quotient-categoryS∗/ ≡+

R is denoted
by 〈S |R〉+. Two pathsw,w′ of S∗ that satisfyw ≡+

R w′ are calledR-equivalent. The
≡+

R-equivalence class of a pathw is denoted by[w]+R or, simply,[w].

Of course, in the case whenS has only one object, we speak of amonoid presen-
tation. In the context of Definition 1.38, one says that a categoryC admits the presen-
tation (S,R)—or 〈S |R〉+—if C is isomorphic toS∗/≡+

R, sometimes abusively writ-
ten C = 〈S |R〉+. The+ sign in the notations≡+

R and 〈S |R〉+ refers to the fact that
no inverses are involved for the moment: we consider categories and monoids, not yet
groupoids and groups.

Convention 1.39(relation). In the context of a category presentation(S,R), it is tradi-
tional to write a relation(f1 | ··· |fp, g1| ··· |gq), which is a pair ofS-paths, asf1 ···fp =
g1 ···gq, because, in the corresponding quotient-structureS∗/≡+

R, the evaluationsf1 ···fp
andg1 ···gq of the considered paths coincide. In this context, it is thencoherent to use1x
(1 in the case of a monoid) rather thanεx.

Example 1.40(presentation). For every precategoryS, the free categoryS∗ admits
the presentation〈S | ∅〉+ and, for every setS, the free monoidS∗ admits the presenta-
tion 〈S | ∅〉+. On the other hand, the free group based onS, which admits, as a group, the
presentation〈S | ∅〉, admits the presentation〈S ∪ S−1 | {ss−1 = s−1s = 1 | s ∈ S}〉+
when viewed as a monoid.

We conclude with a trivial observation about invertible elements.

Definition 1.41 (ε-relation). A relation u = v is called anε-relation if one of the
pathsu, v is empty and the other is not.

Lemma 1.42. If (S,R) is a category presentation containing noε-relation, then the
category〈S |R〉+ contains no nontrivial (right)-invertible element.

Proof. Assume thatu, v satisfy u 6≡+

R εx (x the source ofu) and uv ≡+

R εx. By
Lemma 1.37, there existsn > 1 and anR-derivationw0 = uv, w1, ... , wn = εx. Then
wn−1 = 1x is a relation ofR, and it is anε-relation.

No simple converse of Lemma 1.42 can be stated. The examples〈a | a = 1〉+ (which
contains no nontrivial invertible element),〈a, b | ab = 1〉+ (which contains nontrivial in-
vertible elements), and〈a | a2 = a3 = 1〉+(which is a trivial monoid although presentation
contains noε-relation of the forms = 1 with s a letter) show that one cannot say more.
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2 Divisibility and Noetherianity

In every category—hence in particular in every monoid—there exist natural notions of
left- and right-divisibility. As the statement of the decomposition results mentioned in
Chapter I suggests, these relations and their properties play a key role in our subsequent
approach. Here we fix some notation and establish basic results, in particular about least
common multiples, greatest common divisors, and Noetherianity properties.

The section is organized as follows. The left- and right-divisibility relations and some
derived notions are defined in Subsection 2.1. Next, we consider in Subsection 2.2 the
derived notions of lcms (least common multiples) and gcds (greatest common divisors).
From Subsection 2.3, we investigate some finiteness conditions called Noetherianity as-
sumptions that guarantee the existence of certain minimal elements. In Subsection 2.4, we
introduce height functions, which provide quantitative information about Noetherianity.
Finally, in Subsection 2.5, we investigate atoms, which arethe elements of height one,
and the extent to which atoms must generate the ambient category.

2.1 Divisibility relations

Definition 2.1 (left-divisor, right-multiple). For f, g in a categoryC, we say thatf is
a left-divisorof g, or, equivalently, thatg is a right-multipleof f , writtenf 4 g, if there
existsg′ in C satisfyingfg′ = g. Forg in C, we put

(2.2) Div(g) = {f ∈ C | f 4 g}.

Note that, in the category context,f being a left-divisor ofg implies thatf andg share
the same source.

Example 2.3(left-divisor). The left-divisibility relation in the monoid(N,+) coincides
with the standard ordering of natural numbers:f4g holds if there existsg′ > 0 satisfying
g = f + g′, hence iff 6 g holds. More generally, in the free Abelian monoidNn

(Reference Structure 1, page 3),f 4 g holds if and only iff(i) 6 g(i) holds for everyi:
indeed,fg′ = g implies∀i (f(i) 6 f(i) + g′(i) = g(i)), and∀i (f(i) 6 g(i)) implies
fg′ = g for g′ determined byg′(i) = g(i) − f(i).

In the case of the Klein bottle monoidK+ (Reference Structure 5, page 17), the situa-
tion is quite special: as was seen in Subsection I.3.2, the left-divisibility relation ofK+ is
a linear ordering, that is, any two elements are comparable.

The basic result about the left-divisibility relation is that it provides a partial pre-
ordering, and even a partial ordering in the case of a category that is left-cancellative and
contains no nontrivial invertible elements.
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Lemma 2.4. (i) LetC be a category. The left-divisibility relation ofC is a preorder that is
invariant under left-multiplication, that is,f 4 g implieshf 4hg for eachh whose target
is the common source off andg.

(ii) If, moreover,C is left-cancellative, the equivalence relation associated with the
preorder4 is the relation=×: the conjunction off 4 g andg 4 f is equivalent to the
existence ofǫ in C×satisfyingf = gǫ.

Proof. (i) If g has targety, we haveg = g · 1y, hence4 is reflexive. Next, if we have
fg′ = g andgh′ = h, we deducef(g′h′) = (fg′)h′ = gh′ = h, hence4 is transitive.

Assume nowf 4 g. By definition, we havefg′ = g for someg′, and we deduce
(hf)g′ = h(fg′) = hg, hencehf 4 hg wheneverhf is defined.

(ii) Assumefg′ = g andgf ′ = f . We deducef(g′f ′) = f andg(f ′g′) = g. If C is
left-cancellative, this impliesf ′g′ = 1x andg′f ′ = 1y, wherex is the target ofg andy is
that off . So,g′ andf ′ are mutually inverse.

Note that, in the case of a monoidM , the condition thathf be defined vanishes,
yielding an unrestricted compatibility result:f 4 g always implieshf 4 hg.

Instead of considering left-divisibility, which corresponds to multiplying on the right,
we can symmetrically use multiplication on the left. We thenobtain a new relation natu-
rally called right-divisibility.

Definition 2.5 (right-divisor, left-multiple). For f, g in a categoryC, we say thatf is a
right-divisor of g, or, equivalently, thatg is a left-multipleof f , written g <̃ f , if there
existsg′ in C satisfyingg = g′f . Forg in C, we put

(2.6) D̃iv(g) = {f ∈ C | g <̃ f}.

Example 2.7 (right-divisor). In the wreathed free Abelian monoid (Reference Struc-
ture 6, page 19),(g, π) 4 (g′, π′) is equivalent to∀i 6 n (g′(i) 6 g(i)). On the
other hand,(g′, π′) <̃ (g, π) holds if and only if there exists a permutationπ satisfy-
ing ∀i 6 n (g′(i) 6 g(π(i))).

Of course, the left- and right-divisibility relations haveentirely symmetric properties—
however, in this text, left-divisibility will play a more significant role.

We conclude with an obvious observation about preservationof the divisibility rela-
tions under an automorphism.

Lemma 2.8. If C is a category andφ is an automorphism ofC, then, for allf, g in C, the
relationsf 4 g andφ(f) 4 φ(g) are equivalent, and so areg <̃ f andφ(g) <̃ φ(f).

Proof. Wheneverφ is a functor,f 4 g impliesφ(f) 4 φ(g). Indeed,fg′ = g implies
φ(f)φ(g′) = φ(g), whenceφ(f)4 φ(g).

Conversely, assumeφ(f)4φ(g). Then we haveφ(f)h = φ(g) for someh. Whenever
φ is bijective (or only surjective), this impliesfφ−1(h) = g, whencef 4 g.

The argument is similar for right-divisibility.
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2.2 Lcms and gcds

Once a (pre)-ordering has been introduced, it is natural to consider the associated possi-
ble lowest upper bounds and greatest lower bounds. In the case of the (left)-divisibility
relation, a specific terminology is usual.

Definition 2.9 (right-lcm, left-gcd). (See Figure 2.) IfC is a left-cancellative category
andX included inC, an elementh of C is called aleast common right-multiple, or right-
lcm, of X , if h is a right-multiple of all elements ofX and every element ofC that is a
right-multiple of all elements ofX is a right-multiple ofh.

Symmetrically,h is called agreatest common left-divisor, or left-gcd, of X , if h is a
left-divisor of all elements ofS and every element ofC that is a left-divisor of all elements
of X is a left-divisor ofh.

If X consists of two elementsf, g, we say “right-lcm off and g” for “right-lcm
of {f, g}”, and “left-gcd off andg” for “left-gcd of {f, g}”.

h′

g

f h

h′

g

f h

Figure 2. Right-lcm (left) and left-gcd (right) of f and g: a common right-multiple h of f and g that
left-divides every common right-multiple h′ of f and g (right-lcm), a common left-divisor h of f and g
that is a right-multiple of every common left-divisor h′ of f and g (left-gcd). Note that a right-lcm and
a left-lcm may exist only for elements that share the same source.

The notions ofleft-lcmandright-gcdare defined symmetrically using right-divisibility.
As a direct application of Lemma 2.4 we obtain that right-lcms and left-gcds are close

to be unique when they exist.

Proposition 2.10 (uniqueness of lcm). If C is a left-cancellative category, then, for
all f, g in C, any two right-lcms (resp. left-gcds) off andg are=×-equivalent.

Proof. Assume thath, h′ are right-lcms off andg. The assumption thath is a right-
lcm impliesh 4 h′, whereas the assumption thath′ is a right-lcm impliesh′ 4 h. By
Lemma 2.4, we deduceh=× h′. The argument is similar for left-gcds.

In the case of a category that is left-cancellative and admits no nontrivial invertible
element, Proposition 2.10 is a genuine uniqueness result, and it is natural to introduce

Definition 2.11(right-complement). If C is a left-cancellative category with no nontriv-
ial invertible element, then, forf, g in C, we writelcm(f, g) for the right-lcm off andg
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when it exists, and, in this case, theright-complementof f in g, denoted byf\g, is the
unique elementg′ satisfyingfg′ = lcm(f, g).

Because of their definition, the right-lcm and left-gcd operations share the properties
of lowest upper bounds and greatest lower bounds in any poset: associativity, commu-
tativity, idempotency. However, it should be kept in mind that, if there exist nontrivial
invertible elements in the considered category, right-lcms and left-gcds are not necessar-
ily unique when they exist. The following characterizationof iterated lcms will be used
several times in the sequel, and it is good exercise for getting used to lcm computations.

Proposition 2.12(iterated lcm). (See Figure 3.) IfC is a left-cancellative category and
f, f1, f2, g1, g2 are elements ofC such thatg1f1 is a right-lcm off andg1, andg2f2 is a
right-lcm off1 andg2, theng1g2f2 is a right-lcm off andg1g2.

Proof. Introduce the elementsg′1, g
′
2 satisfyingfg′1 = g1f1 andf1g′2 = g2f2. Then we

haveg1g2f2 = g1f1g
′
2 = fg′1g

′
2, sog1g2f2 is a common right-multiple off andg1g2.

Now assumefg′ = (g1g2)f
′. Then we havefg′ = g1(g2f

′). As fg′1 is a right-lcm
of f andg1, we must havefg′1 4 fg

′, that is, there existsh1 satisfyingfg′ = fg′1h1,
henceg′ = g′1h1 by left-cancellingf . Then we haveg1f1h1 = fg′1h1 = fg′ = g1g2f

′,
whencef1h1 = g2f

′ by left-cancellingg1. As f1g′2 is a right-lcm off1 andg2, we must
havef1g′2 4 f1h1, whenceg′2 4 h1. We deduceg1g2f2 = fg′1g

′
2 4 fg

′
1h1 = fg′. Hence

g1g2f2 is a right-lcm off andg1g2.

g′1 g′2

g1 g2

f f1 f2

g′

f ′
h

h1

Figure 3.Iterated right-lcm

In the case of a left-cancellative category with no nontrivial invertible element, Propo-
sition 2.12 is equivalent to the associativity of the right-lcm operation, see Exercise 7.
Also, it gives simple rules for an iterated right-complement.

Corollary 2.13 (iterated complement). If C is a left-cancellative category with no non-
trivial invertible element, then, forf, g1, g2 in C such thatf andg1g2 admit a right-lcm,
we have

(2.14) f\(g1g2) = (f\g1) · (g1\f)\g2 and (g1g2)\f = g2\(g1\f).

Proof. Just a translation of Proposition 2.12: with the notation ofits proof and of Fig-
ure 3, we haveg′1 = f\g1, f1 = g1\f , g′2 = f1\g2 = (g1\f)\g2, andf2 = g2\f1 =
g2\(g1\f). Then Proposition 2.12 says thatg1g2f2 is the right-lcm off andg1g2, sof2
is (g1g2)\f , andg′1g

′
2 is f\(g1g2).
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Applying the previous result in the case wheng2 is a right-complement ofg1 provides
both a connection between the right-lcm and the right-complement operations and an
algebraic law obeyed by the right-complement operation.

Proposition 2.15(triple lcm). If C is a left-cancellative category with no nontrivial in-
vertible element, then, forf, g, h in C such that{f, g}, {g, h}, {f, h}, and{f, g, h} admit
a right-lcm, we have

f\lcm(g, h) = lcm(f\g, f\h),(2.16)

lcm(g, h)\f = (g\h)\(g\f) = (h\g)\(h\f).(2.17)

Proof. Applying Corollary 2.13 withg1 = g andg2 = g\h gives

f\lcm(g, h) = f\(g(g\h)) = (f\g) · (g\f)\(g\h),(2.18)

lcm(g, h)\f = (g(g\h))\f = (g\h)\(g\f).(2.19)

Now lcm(g, h) is alsolcm(h, g), so, exchanging the roles ofg andh, (2.19) also gives
lcm(g, h)\f = (h\g)\(h\f), thus establishing (2.17). Applying the latter equality tog, h,
andf , we find(g\f)\(g\h) = (f\g)\(g\h) and (2.18) impliesf\lcm(g, h) = (f\g) ·
(f\g)\(g\h). By definition of the operation\, the latter element islcm(f\g, f\h), so
(2.16) follows.

The second equality in (2.17) is often called theright-cyclic law. It will play a sig-
nificant role in the study of set theoretic solutions of the Yang–Baxter equation in Chap-
ter XIII and, in a different setting, in the cube condition ofSection 4 below.

We continue with connections between the existence of left-gcds and that of right-
lcms. It will be useful to fix the following generic terminology.

Definition 2.20(admit, conditional). We say that a (left-cancellative) categoryC admits
common right-multiples(resp. admits right-lcms) if any two elements ofC that share
the same source admit a common right-multiple (resp. a right-lcm). We say thatC admits
conditional right-lcmsif any two elements ofC that admit a common right-multiple admit
a right-lcm.

We use a similar terminology with respect to left-gcds, and with respect to their sym-
metric counterparts involving the right-divisibility relation.

There exist several connections between the existence of lcms and gcds, specially
when Noetherianity conditions are satisfied, see below. Here is a result in this direction.

Lemma 2.21. If C is a left-cancellative category and every nonempty family of elements
of C sharing the same source admits a left-gcd, thenC admits conditional right-lcms.

Proof. Assume thatf, g are two elements ofC that admit a common right-multiple. Let
S be the family of all common right-multiples off andg. By assumption,S is nonempty
and it consists of elements whose source is the common sourceof f andg, hence it admits
a left-gcd, sayh. By definition,f left-divides every element ofS, hence it left-dividesh.
Similarly, g left-dividesh. Soh is a common right-multiple off andg. Moreover, every
common right-multiple off andg lies in S hence, by assumption, it is a right-multiple
of h. Henceh is a right-lcm off andg.
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Of course, the symmetric version is valid. See Lemma 2.21 fora partial converse, and
Exercise 6 for still another connection in the same vein. Here is one more connection,
which is slightly more surprising as it involves left- and right-divisibility simultaneously.

Lemma 2.22. If C is a cancellative category that admits conditional right-lcms, then any
two elements ofC that admit a common left-multiple admit a right-gcd.

Proof. Let f, g be two elements ofC that admit a common left-multiple, sayf ′g = g′f ,
hence share the same target. The elementsf ′ andg′ admit a common right-multiple,
hence they admit a right-lcm, sayf ′g′′ = g′f ′′. By definition of a right-lcm, there existsh
satisfyingf = f ′′h andg = g′′h. Thenh is a common right-divisor off andg.

Let h1 be an arbitrary common right-divisor off andg. There existf1, g1 satisfying
f = f1h1 andh = g1h1. Then we havef ′g1h1 = f ′g = g′f = g′f1h1, whence
f ′g1 = g′f1. Sof ′g1 is a common right-multiple off ′ andg′, hence it is a right-multiple
of their right-lcm, that is, there existsh′ satisfyingf ′g1 = (f ′g′′)h′, whenceg1 = g′′h′

by left-cancellingf ′. We deduceg′′h = g = g1h1 = g′′h′h1, whenceh = h′h1 by left-
cancellingg′′. Soh1 right-dividesh, which shows thath is a right-lcm off andg.

Remark 2.23. Left-cancellativity and existence of a right-lcm can be seen as two in-
stances of a common condition, namely that, for each pair(s, t) admitting a common
right-multiple, there exists a minimal common right-multiple equalityst0 = ts0 through
which every equalityst′ = ts′ factors. Applied in the cases = t, the condition can be
satisfied only fors0 = t0 = 1y (wherey is the target ofs) and it says that every equal-
ity st′ = ss′ factors through the equalitys1y = s1y, meaning that there existsh satisfying
s′ = 1yh = t′, indeed an expression of left-cancellativity.

2.3 Noetherianity conditions

A number of the categories and monoids we shall be interestedin satisfy some finiteness
conditions involving divisibility relations. Generically called Noetherianity conditions,
these conditions ensure the existence of certain maximal orminimal elements.

Definition 2.24 (proper divisibility). Forf, g in a categoryC, we say thatf is aproper
left-divisor (resp. right-divisor) ofg, written f ≺ g (resp. f ≺̃ g or g ≻̃ f ), if we have
fg′ = g (resp. g = g′f ) for someg′ that is not invertible.

If the ambient category is left-cancellative, the relation≺ is antireflexive (f ≺ f
always fails) and, as the product of two elements can be invertible only if both are invert-
ible, it is transitive. So≺ is a strict partial ordering. Of course, symmetric results hold
for proper right-divisibility. However, our default option is to consider left-cancellative
categories that need not be right-cancellative, in which case g ≺̃ g is not impossible.
Also note that, in a non-right-cancellative framework, theexistence of a non-invertible
elementg′ satisfyingg = g′f does not necessarily discard the simutaneous existence of
an invertible elementg′′ satisfyingg = g′′f , see Exercise 11.

Definition 2.25 (factor). For f, g in a categoryC, we say thatf is a factor of g, written
f ⊆ g, if there existg′, g′′ satisfyingg = g′fg′′; we say thatf is aproper factorof g,
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written f ⊂ g, if, moreover, at least one ofg′, g′′ is non-invertible. The family{f ∈ C |
f ⊆ g} is denoted byFac(g).

The factor relation⊆ is the smallest transitive relation that includes both the left- and
the right-divisibility relations. Note that, even if the ambient category is cancellative,
⊂ need not be antireflexive: in the Klein bottle monoid〈a, b | a = bab〉+ (Reference
Structure 5, page 17),a ⊂ a holds as we havea = bab andb is not invertible.

If R is a binary relation on a familyS, a descending sequencewith respect toR is
a (finite or infinite) sequence(g0, g1, ...) such thatgi+1 R gi holds for everyi. The
relationR is calledwell-foundedif every nonempty subfamilyX of S has anR-minimal
element, that is, an elementg such thatf R g holds for nof in X . By a classic result
of Set Theory (and provided a very weak form of the Axiom of Choice called the axiom
of Dependent Choices is true), a relationR is well-founded if and only if there exists no
infinite descending sequence with respect toR.

Definition 2.26 (Noetherian). (i) A categoryC is called left-Noetherian(resp. right-
Noetherian, resp. Noetherian) if the associated relation≺ (resp. ≺̃, resp. ⊂) is well-
founded.

(ii) A category presentation(S,R) is calledleft-Noetherian(resp. right-Noetherian,
resp. Noetherian) if the category〈S |R〉+ is.

So, a categoryC is right-Noetherian if every nonempty subfamilyX of C contains
a ≺̃-minimal element, that is, an elementg such thatf ≺̃ g holds for nof in X . By
the criterion recalled above, a category is left-Noetherian (resp. right-Noetherian,resp.
Noetherian) if and only if there exists no infinite descending sequence inC with respect
to proper left-divisibility (resp. proper right-divisibility,resp. proper factor relation).

Example 2.27(Noetherian). Free Abelian monoids (Reference Structure 1, page 3) are
left-Noetherian, right-Noetherian, and Noetherian. Indeed, forf, g in Nn, the three rela-
tionsf ≺ g, f ≺̃ g, andf ⊂ g are equivalent to∀i (f(i) < g(i)). As there is no infinite
descending sequence in(N, <), the existence of an infinite descending sequence for≺,
≺̃, or⊂ in Nn is impossible.

By contrast, the Klein bottle monoidK+ (Reference Structure 5, page 17) is not left-
Noetherian, nor is it either right-Noetherian or Noetherian. Indeed, for eachi, we have
(ai+1b)a = aib, whenceai+1b ≺ aib, andb, ab, a2b, ... is an infinite descending se-
quence inK+ with respect to proper left-divisibility, soK+ is not left-Noetherian. Sym-
metrically, we havea(bai+1) = bai, andb, ba, ba2, ... is an infinite descending sequence
in K+ with respect to proper right-divisibility, soK+ is not right-Noetherian. Finally,
each of the above sequences is descending with respect to⊂, andK+ is not Noetherian.

Before addressing the question of recognizing Noetherianity conditions, we begin
with two general results. By definition, right-Noetherianity involves the right-divisibility
relation. We observe that this property is equally connected with left-divisibility, at least
in a left-cancellative context.
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Proposition 2.28(increasing sequences).A left-cancellative categoryC is right-Noether-
ian if and only if, for everyg in C, every strictly increasing sequence inDiv(g) with respect
to left-divisibility is finite.

Proof. Assume thatC is not right-Noetherian. Letg0, g1, ... be an infinite descending se-
quence with respect to proper right-divisibility inC. For eachi, choose a (necessarily non-
invertible) elementfi satisfyinggi−1 = figi. Then we haveg0 = f1g1 = (f1f2)g2 = ...,
and the sequence1x (x the source ofg0), f1, f1f2, ... is≺-increasing inDiv(g0).

Conversely, assume thatg0 lies inC andh1 ≺ h2 ≺ ... is a strictly increasing sequence
in Div(g0). Then, for eachi, there existsfi non-invertible satisfyinghifi = hi+1. On the
other hand, ashi belongs toDiv(g0), there existsgi in S satisfyinghigi = g0. We find
g0 = higi = hi+1gi+1 = hifigi+1. By left-cancellinghi, we deducegi = figi+1, hence
gi+1 is a proper right-divisor ofgi for eachi. The sequenceg0, g1, ... witnesses thatC is
not right-Noetherian.

In other words, a left-cancellative categoryC is right-Noetherian if and only if every
bounded≺-increasing sequence inC is finite.

In the proof of Proposition 2.28, the assumption thatC is left-cancellative is used
only for proving that right-Noetherianity implies the non-existence of bounded increasing
sequences, the other direction being valid in any category.The assumption cannot be
skipped, see Exercise 12.

The second general result connects the three Noetherianityconditions that have been
introduced, in a way that is stronger than what could be a priori expected.

Proposition 2.29(Noetherian). A left-cancellative category is Noetherian if and only if
it is both left- and right-Noetherian.

Proof. Assume thatC is a left-cancellative category. One direction is obvious.Indeed,
both≺ and≺̃ are included in⊂, so an infinite descending sequence with respect to≺
or ≺̃ is an infinite descending sequence with respect to⊂. So, ifC is not left-Noetherian, it
cannot be Noetherian, and, similarly, ifC is not right-Noetherian, it cannot be Noetherian.

Conversely, assume thatC is left-Noetherian but not Noetherian. We shall see that
C is not right-Noetherian. Letf0, f1, ... be an infinite descending sequence with respect
to ⊂. For eachi, write fi = gifi+1hi, where at least one ofgi, hi is non-invertible.
Let f ′

i = g0 ···gi−1fi. Then we havef ′
i = f ′

i+1hi for eachi, whencef ′
i+1 4 f

′
i . The

assumption that≺ is well founded implies the existence ofn such thatf ′
i+1 =× f ′

i holds
for i > n. Sohi is invertible fori > n, and the assumption thatgihi is not invertible
implies thatgi is not invertible. Letf ′′

i = fihi−1 ···h0. Then we havef ′′
i = gif

′′
i+1 for

everyi, andf ′′
n , f

′′
n+1, ... is an infinite descending sequence with respect to≺̃. HenceC is

not right-Noetherian.

We turn to the question of recognizing that a category is Noetherian. First, finiteness
implies Noetherianity.

Proposition 2.30(finite implies Noetherian). Every left-cancellative category with finitely
many=×-classes is Noetherian.
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Proof. Assume thatC is left-cancellative and has finitely many=×-classes. AsC is left-
cancellative,f ≺ g impliesf 6=×g: the elementg′ possibly satisfyingg = fg′ is unique
when it exists, and it is either invertible or non-invertible. Therefore, a≺-decreasing
sequence must consist of non-=×-equivalent elements, and the assumption implies that
every such sequence is finite. SoC is left-Noetherian.

For the same reason, a≺-increasing sequence consists of non-=×-equivalent ele-
ments, and the assumption implies that every such sequence is finite. By Proposition 2.28,
C must be right-Noetherian, and Proposition 2.29 then implies thatC is Noetherian.

In particular, every finite left-cancellative category must be Noetherian. Note that the
left-cancellativity assumption cannot be dropped: the two-element monoid〈a | a2 = a〉+
is neither left- or right-Noetherian sincea is a proper left- and right-divisor of itself.

The standard criterion for recognizing Noetherianity properties consists in establish-
ing the existence of certain witnesses. Hereafter we denoteby Ord the collection of all
ordinals, see for instance [171]. If(S,R) is a category presentation, we say that a mapλ∗

defined onS∗ is≡+

R-invariant if w ≡+

R w′ impliesλ∗(w) = λ∗(w′).

Definition 2.31(witness). (i) A left-Noetherianity (resp. right-Noetherianity,resp. Noethe-
rianity) witnessfor a categoryC is a mapλ : C → Ord such thatf ≺ g (resp. f ≺̃ g,
resp. f ⊂ g) impliesλ(f) < λ(g); the witness is calledsharpif moreoverf 4 g (resp.
f 4̃ g, resp. f ⊆ g) impliesλ(f) 6 λ(g).

(ii) A left-Noetherianity (resp. right-Noetherianity,resp. Noetherianity)witnessfor
a category presentation(S,R) is an ≡+

R-invariant mapλ∗ : S∗ → Ord satisfying
λ∗(w) 6 λ∗(w|s) (resp. λ∗(w) 6 λ∗(s|w), resp. both inequalities) for alls in S andw
in S∗ such thats|w is a path, the inequality being strict whenever[s] is not invertible
in 〈S |R〉+.

Rather than one single example, let us describe a family of examples.

Proposition 2.32(homogeneous).Say that a presentation(S,R) is homogeneousif all
relations inR have the formu = v with lg(u) = lg(v). Then every homogeneous
presentation admits anN-valued Noetherianity witness.

Proof. The assumption aboutR implies that any twoR-equivalent paths have the same
length, that is, the maplg() is ≡+

R-invariant. Thenlg() provides the expected witeness
since, for every pathw and everys in S, we havelg(w) < lg(w|s) andlg(w) < lg(s|w)
whenever the paths are defined.

Proposition 2.33(witness). (i) A categoryC is left-Noetherian (resp. right-Noetherian,
resp. Noetherian) if and only if there exists a left-Noetherianity (resp. right-Noetherianity,
resp. Noetherianity) witness forC, if and only if there exists a sharp left-Noetherianity
(resp. right-Noetherianity, resp. Noetherianity) witness forC.

(ii) A category presentation(S,R) is left-Noetherian (resp. right-Noetherian, resp.
Noetherian) if and only if there exists a left-Noetherianity (resp. right-Noetherianity, resp.
Noetherianity) witness for(S,R).

Proof. (i) A standard result in the theory of ordered sets asserts that a binary relationR
on a collectionS has no infinite descending sequence if and only if there exists a map
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λ : S → Ord such thatx R y impliesλ(x) < λ(y). Applying this to the relations≺, ≺̃,
and⊂, respectively, gives the first equivalence result.

In order to prove the second equivalence, it suffices to show that the existence of a
witness implies the existence of a sharp one in each case. We consider the case of left-
divisibility. Assume thatλ is a left-Noetherianity witness forC. For everyg in C, define

λ′(g) = min{λ(g′) | g′ =× g}.

As every nonempty family of ordinals has a smallest element,λ′(g) is well defined. We
claim thatλ′ is a sharp left-Noetherianity witness forC. Indeed, assume firstf ≺ g,
sayfh = g with h not invertible. The well-foundedness of the ordinal order guarantees
the existence off ′ satisfyingf ′ =× f andλ(f ′) = λ′(f) and, similarly, ofg′ satisfying
g′=× g andλ(g′) = λ′(g). Writef ′ = fǫ andg′ = gǫ′ with ǫ, ǫ′ invertible. Then we have
f ′ · ǫ−1hǫ′ = g′, andǫ−1hǫ′ is not invertible (the fact that a product of invertible elements
is invertible requires no cancellativity assumption). We deduceλ′(f) = λ(f ′) < λ(g′) =
λ′(g), so λ′ is a left-Noetherianity witness. Moreover, by definition,g′ =× g implies
λ′(g′) = λ′(g). Soλ′ is sharp.

The argument for̃≺ and⊂ are similar, replacing=× with ×= and×=×, respectively.
(ii) Again we begin with left-Noetherianity. So assume that〈S |R〉+ is left-Noetherian.

By (i), there exists a sharp left-Noetherianity witnessλ onC. Defineλ∗ : S∗ → Ord by
λ∗(w) = λ([w]). Thenλ∗ is a left-Noetherianity witness for(S,R).

Conversely, assume thatλ∗ is a left-Noetherianity witness for(S,R). LetC = 〈S |R〉+.
Thenλ∗ induces a well-defined functionλ onC. By assumption,λ(f) 6 λ(fs) holds for
everyf in C ands in S such thatfs is defined, andλ(f) < λ(fs) if s is not invertible inC.
As S generatesC, this impliesλ(f) 6 λ(fg) wheneverfg is defined, andλ(f) < λ(fg)
if g is not invertible. Soλ is a (sharp) left-Noetherianity witness forC.

The argument is similar for right-Noetherianity and for Noetherianity.

A Noetherianity witness is to be seen as a weak measure of length for the elements of
the considered category. As both relations≺ and≺̃ are included in⊂, every Noetherianity
witness is automatically a left-Noetherianity witness anda right-Noetherianity witness.

In most cases, using transfinite ordinals is not necessary, and it is enough to resort to
N-valued witnesses, as in the case of homogeneous presentations—we recall that natural
numbers are special ordinals, namely those smaller than Cantor’s ω. However, it is good
to remember that this need not be always possible, even in a cancellative framework. We
refer to Exercise 14 for a typical example, which is a sort of unfolded version of the
non-cancellative monoid〈a, b | b = ba〉+ where cancellativity is restored by splitting the
generatorb into infinitely many copies.

We turn to consequences of one- or two-sided Noetherianity.By definition, Noetheria-
nity assumptions guarantee the existence of elements that are minimal, or maximal, with
respect to the divisibility or factor relations. The basic principle is as follows.

Proposition 2.34(maximal element). If C is a left-cancellative category that is right-
Noetherian andX is a nonempty subfamily ofC that is included inDiv(g) for someg,
thenX admits a≺-maximal element.
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Proof. Let f be an arbitrary element ofX , and letx be its source. Starting fromf0 = f ,
we construct a≺-increasing sequencef0, f1, ... in X . As long asfi is not≺-maximal
in X , we can findfi+1 in X satisfyingfi ≺ fi+1 4 g. By Proposition 2.28 (which is
valid asC is left-cancellative), the assumption thatC is right-Noetherian implies that the
construction stops after a finite numberm of steps. Then by construction, the elementfm
is a≺-maximal element ofX .

Under additional closure assumptions, the existence of a≺-maximal element can be
strengthened into the existence of a4-greatest element.

Lemma 2.35. If C is a left-cancellative category,X is a subfamily ofC whose elements
all share the same source, and any two elements ofX admit a common right-multiple
in X , then every≺-maximal element ofX is a4-greatest element ofX .

Proof. Assume thath is ≺-maximal inX . Let f belong toX . By assumption,f and
h share the same source, so they admit a common right-multiplethat lies inX , say
fg′ = hf ′. The assumption thath is ≺-maximal inX implies thatf ′ is invertible,
and, therefore,f left-dividesh. Soh is a4-greatest element ofX .

(See Lemma VI.1.27 for an improvement of Lemma 2.35.) Merging Proposition 2.34
and Lemma 2.35, we immediately deduce

Corollary 2.36 (greatest element). If C is a left-cancellative category that is right-
Noetherian andX is a nonempty subfamily ofC that is included inDiv(g) for someg,
thenX admits a4-greatest element.

As an application of the previous general principle, we obtain the following converse
of Lemma 2.21.

Lemma 2.37. If C is a left-cancellative category that is right-Noetherian and admits
conditional right-lcms, then every nonempty family of elements ofC sharing the same
source has a left-gcd.

Proof. Assume thatX is a nonempty family of elementsC that share the same sourcex.
Let h be an element ofX , and letY be the family of the elements ofC that left-divide
every element ofX . By definition,Y is included inDiv(h), and it is nonempty since it
contains1x. By Proposition 2.34,Y has a≺-maximal element, sayg. Now, letf be any
element ofY. Thenh is a common right-multiple off andg. As C admits conditional
right-lcms,f andg admit a right-lcm, sayg′. Let h′ be any element ofX . As f andg
belong toY, we havef 4 h′ andg4h′, whenceg′4h′. This shows thatg′ belongs toY.
As, by definition, we haveg 4 g′ andg is ≺-maximal inY, we deduceg′ =× g, hence
f 4 g. Hence every element ofY left-dividesg, andg is a left-gcd ofX .

Another application of Noetherianity is the existence, in the most general case, of
minimal common multiples, which are a weak form of least common multiples.

Definition 2.38 (minimal common right-multiple). For f, g, h in a categoryC, we say
that h is a minimal common right-multiple, or right-mcm, of f and g if h is a right-
multiple off andg, and no proper left-divisor ofh is a right-multiple off andg. We say
thatC admits right-mcmsif, for all f, g in C, every common right-multiple off andg is a
right-multiple of some right-mcm off andg.



50 II Preliminaries

Example 2.39(right-mcm). LetM be the monoid〈a, b | ab = ba, a2 = b2〉+. ThenM
is a cancellative monoid, and any two elements ofM admit common left-multiples and
common right-multiples. SoM satisfies Ore’s conditions (see Section 3), and its group of
fractions is the direct productZ×Z2. InM , the elementsa andb admit two right-mcms,
namelyab anda2, but none is a right-lcm. It is easy to check thatM admits right-mcms.

The connection between a right-mcm and a right-lcm is the same as the connection
between a minimal element and a minimum: forh to be a right-mcm off andg, we do
not assume that every common multiple off andg be a multiple ofh, but we require
that the latter be minimal in the family of common multiples of f andg. So a right-lcm
always is a right-mcm and, conversely, if any two right-mcmsof two elementsf, g are
=×-equivalent, then these right-mcms are right-lcms (see Exercise 5). In particular, every
category that admits conditional right-lcms a fortiori admits right-mcms.

Proposition 2.40(right-mcm). Every left-cancellative category that is left-Noetherian
admits right-mcms.

Proof. Assume thatC is left-cancellative and left-Noetherian. By assumption,the proper
left-divisibility relation has no infinite descending sequence inC, which implies that every
nonempty subfamily ofC has a≺-minimal element. Assume thath is a common right-
multiple of f and g. If Mult(g) denotes the family of all right-multiples ofg, a ≺-
minimal element inMult(f) ∩Mult(g) ∩ Div(h) is a common right-multiple off andg
left-dividing h of which no proper left-divisor is a right-multiple off andg, hence a
right-mcm off andg left-dividingh.

2.4 Height

We continue our investigation of Noetherianity conditions, and refine the qualitative re-
sults of Subsection 2.3 with quantitative results that involve the so-called rank functions
associated with the left- and right-divisibility relations and the factor relation. This leads
to introducing the smallest Noetherianity witnesses, herecalled heights.

Our starting point is the following standard result from thetheory of relations.

Lemma 2.41. If R is a binary relation on a familyS and every initial segment{f ∈ S |
f R g} ofR is a set, then there exists a uniquerank functionfor (S, R), defined to be a
(partial) functionρ : S → Ord such thatρ(g) is defined if and only if the restriction ofR
to {f ∈ S | f R g} is well-founded, andρ obeys the rule

(2.42) ρ(g) = sup{ρ(f) + 1 | f R g}.

Note that, if (2.42) is satisfied, thenf R g impliesρ(f) < ρ(g). So, as there exists
no infinite descending sequence of ordinals,ρ(g) cannot be defined if{f ∈ S | f R g}
is not well-founded. The converse implication, namely the existence ofρ(g) whenever
{f ∈ S | f R g} is well-founded, is established using ordinal induction. Applying the
result in the context of divisibility leads to introducing three partial functions.
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Definition 2.43 (height). ForC a category, we define theleft-heighthtL (resp. theright-
heighthtR, resp. theheightht) of C to be the rank function associated with proper left-
divisibility ( resp. proper right-divisibility,resp. proper factor relation) onC.

By definition, the initial segment determined by an elementg with respect to≺ is
Div(g) \ {g′ | g′ =× g}. The restriction of≺ to Div(g) \ {g′ | g′ =× g} is well founded if
and only if the restriction of≺ to Div(g) is well founded, and, therefore,htL(g) is defined
if and only if the restriction of≺ to Div(g) is well founded. Similarly,htR(g) is defined
if and only if the restriction of̃≺ to D̃iv(g) is well founded, andht(g) is defined if and
only if the restriction of⊂ to Fac(g) is well founded. See Exercise 14 for an example of
a monoid where an element has a right-height, but no right-height and no height.

We begin with general properties of left-height.

Lemma 2.44. Assume thatC is a left-cancellative category.
(i) The left-height is=×-invariant: if g′ =× g holds andhtL(g) is defined,htL(g

′) is
defined as well andhtL(g

′) = htL(g) holds.
(ii) An elementg is invertible if and only ifhtL(g) is defined and equal to0.
(iii) If htL(fg) is defined, so arehtL(f) andhtL(g) and we have

(2.45) htL(fg) > htL(f) + htL(g).

(iv) Left-height is invariant under every automorphism ofC.

Proof. (i) If g′ =× g holds, the familiesDiv(g′) andDiv(g) coincide.
(ii) Assume thatǫ is invertible inC. Then the family{f ∈ C | f ≺ ǫ} is empty, and

the inductive definition of (2.42) giveshtL(ǫ) = 0.
Conversely, assumehtL(g) = 0, and letx be the source ofg. The assumption implies

that no elementf of C satisfiesf ≺ g. In particular,1x ≺ g must be false. Asg = 1xg
holds, this means thatg must be invertible.

(iii) If f0, f1, ··· is an infinite descending sequence inDiv(f) witnessing that≺ is
not well-founded, it is also a sequence inDiv(fg). So, if htR(f) is not defined, then
htR(fg) is not defined as well. On the other hand, ifg0, g1, ... is an infinite descending
sequence inDiv(g) witnessing that≺ is not well-founded, thenfg0, fg1, ... is a sequence
in Div(fg) witnessing that≺ is not well-founded. So, ifhtR(g) is not defined, then
htR(fg) is not defined as well.

We prove (2.45) using induction onhtL(g). If g is invertible, then we havefg =× f ,
whencehtL(fg) = htL(f), andhtL(g) = 0 by (ii). Otherwise, assumeα < htL(g).
By (2.42), there existsh ≺ g satisfyinghtL(h) > α. The existence ofhtL(fg) implies
that ofhtL(fh), and the induction hypothesis implieshtL(fh) > htL(f)+α. Asfh ≺ fg
holds, we deducehtL(fg) > htL(f) + α + 1. This being true for everyα < htL(g), we
deduce (2.45).

(iv) Assume thatφ is an automorphism ofC. We prove thathtL(φ(g)) = htL(g) holds
for htL(g) 6 α using induction onα. Assumeα = 0. Then, by (ii),g must be invertible,
hence so isφ(g), which implieshtL(φ(g)) = 0 = htL(g). Assume nowα > 0. Then, by
definition, we obtain

htL(φ(g)) = sup{htL(h) + 1 | h4 φ(g)} = sup{htL(h) + 1 | φ−1(h)4 g}.
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As φ−1(h) 4 g implies htL(φ
−1(h)) < htL(g) 6 α, the induction hypothesis implies

htL(φ
−1(h)) = htL(h) for h in the above family, whence

htL(φ(g)) = sup{htL(φ
−1(h)) + 1 | φ−1(h)4 g} = sup{htL(f) + 1 | f 4 g} = htL(g),

the second equality becauseφ is surjective.

Similar results hold for right-height and height. In Lemma 2.44(i), =× has to be
replaced with×= in the case of the right-height, and with×=× in the case of the height.
For Lemma 2.44(ii), the results are the same. As for Lemma 2.44(iii), the result is similar
for the right-height, with the difference that (2.45) is to be replaced with

(2.46) htR(fg) > htR(g) + htR(f).

A category is calledsmall if the families of elements and objects are sets (and not
proper classes), a very mild condition that is always satisfied in all examples considered
in this text. IfC is a small category, then, for everyg in C, the familiesDiv(g), D̃iv(g),
andFac(g) are sets.

Proposition 2.47(height). If C is a small left-cancellative category, thenC is left-Noeth-
erian (resp. right-Noetherian, resp. Noetherian) if and only if the left-height (resp. the
right-height, resp. the height) is defined everywhere onC. In this case, the latter is a sharp
left-Noetherianity (resp. right-Noetherianity, resp. Noetherianity) witness forC, and it is
the smallest witness: ifλ is any witness of the considered type forC, thenλ(g) > htL(g)
(resp.htR(g), resp.ht(g)) holds for everyg in C.

Proof. We consider the case of left-Noetherianity, the other casesare similar. Assume that
C is left-Noetherian. Then the relation≺ is well-founded onC and, therefore, for everyg
in C, the restriction of≺ to Div(g) is well founded as well. Hence, by Lemma 2.41,
htL(g) is defined. Moreover, again by Lemma 2.41,f ≺ g implieshtL(f) < htL(g), and,
by Lemma 2.44(i),g =× g′ implies htL(g) = htL(g

′). So htL is a sharp Noetherianity
witness forC.

Conversely, assume thatC is not left-Noetherian. Then there exists an infinite de-
scending sequenceg0 ≻ g1 ≻ ··· . ThenhtL(gi) cannot be defined for everyi. Indeed, by
Lemma 2.41,g ≻ f implieshtL(g) > htL(f), and, therefore,htL(g0), htL(g1), ··· would
be an infinite descending sequence of ordinals, which is impossible.

Finally, assume thatλ is an arbitrary left-Noetherianity witness forC. We prove using
induction on the ordinalα thathtL(g) > α impliesλ(g) > α. So assumehtL(g) > α. If
α is zero, thenλ(g) > α certainly holds. Otherwise, letβ be an ordinal smaller thanα.
By (2.42), there existsf satisfyingf ≺ g andhtL(f) > β. By induction hypothesis, we
haveλ(f) > β, whenceλ(g) > β + 1. This being true for everyβ < α, we deduce
λ(g) > α.

Owing to Proposition 2.29, it follows from Proposition 2.47that, if C is a small left-
cancellative category, then the height function is defined everywhere onC if and only
if the left- and right-height functions are defined everywhere. Inspecting the proof of
Proposition 2.29 gives a local version, namely that, ifC is a left-cancellative category and
g is any element ofC, thenht(g) is defined if and only ifhtL(g) andhtR(g) are defined.
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We consider now the elements with a finite height. By Lemma 2.44(ii) and its right
counterpart, having left-height zero is equivalent to having right-height zero, and to hav-
ing height zero. A similar result holds for all finite values.

Proposition 2.48(finite height). For every left-cancellative categoryC and for allg in C
and n in N, the following conditions are equivalent:

(i) Every decomposition ofg contains at mostn non-invertible entries;
(ii) The integerhtL(g) is defined and is at mostn;
(iii) The integerhtR(g) is defined and is at mostn;
(iv) The integerht(g) is defined and is at mostn.

Proof. We prove the equivalence of (i) and (ii) using induction onn. For n = 0, the
equivalence is Lemma 2.44(ii). Assume first thatg satisfies (i). Letf be any proper left-
divisor of g, sayg = fg′ with g′ non-invertible. Iff had a decomposition containing
more thann − 1 non-invertible elements,g would have a decomposition into more than
n non-invertible elements, contradicting the assumption. By the induction hypothesis, we
havehtL(f) 6 n− 1. By (2.42), we deducehtL(g) 6 n. So (i) implies (ii).

Conversely, assumehtL(g) 6 n. Let g1| ··· |gℓ be a decomposition ofg. If all ele-
mentsgi are invertible, theng is invertible, and (i) holds. Otherwise, leti be the largest
index such thatgi is non-invertible, and letf = g1 ···gi−1 if i > 2 holds, andf = 1x, x the
source ofg, otherwise. By definition,f ≺ g holds, so (2.42) implieshtL(f) 6 n−1, and,
by induction hypothesis, every decomposition off contains at mostn− 1 non-invertible
entries, so, in particular, there are at mostn− 1 non-invertible entries amongg1, ... , gi−1.
Hence there are at mostn non-invertible entries amongg1, ... , gℓ. So (ii) implies (i).

The equivalence of (i) and (iii), and of (i) and (iv), is established in the same way.

We deduce the equivalence of several strong forms of Noetherianity.

Corollary 2.49 (finite height). For every left-cancellative categoryC, the following con-
ditions are equivalent:

(i) For everyg in C, there exists a numbern such that every decomposition ofg
contains at mostn non-invertible entries;

(ii) Every element ofC has a finite left-height;
(iii) Every element ofC has a finite right-height;
(iv) Every element ofC has a finite height;
(v) The categoryC admits anN-valued left-Noetherianity witness;
(vi) The categoryC admits anN-valued right-Noetherianity witness;
(vii) The categoryC admits anN-valued Noetherianity witness;
(viii) There existsλ : C → N satisfying

(2.50) λ(fg) > λ(f) + λ(g) and f /∈ C× impliesλ(f) > 1.

All these conditions are satisfied wheneverC admits a homogeneous presentation.

Proof. Proposition 2.48 directly gives the equivalence of (i)–(iv). Then, owing to Propo-
sition 2.47, (ii) is equivalent to (v) since the left-heightis a minimal left-Noetherianity
witness. Similarly, (iii) is equivalent to (vi), and (iv) isequivalent to (vii). Moreover, (v)
and (viii) are equivalent by the⊂-counterpart of Lemma 2.44(iii). Finally, as observed in
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Proposition 2.32, the existence of a homogeneous presentation guarantees that the length
of paths provides anN-valued left-Noetherianity witness.

Definition 2.51 (strongly Noetherian). A left-cancellative category is calledstrongly
Noetherianif it satisfies the equivalent conditions (i)–(viii) of Corollary 2.49. A category
presentation(S,R) defining a left-cancellative category is calledstrongly Noetherianif
the category〈S |R〉+ is strongly Noetherian.

Thus, in particular, every (left-cancellative) category that admits a homogeneous pre-
sentation, that is, a presentation in which both terms of each relation have the same length,
is strongly Noetherian.

2.5 Atoms

The previous results lead to considering the elements with height one.

Definition 2.52 (atom). An elementg of a left-cancellative categoryC is called anatom
if g is not invertible and every decomposition ofg in C contains at most one non-invertible
element.

In other words,g is an atom ifg is not invertible but there is no equalityg = g1g2
with g1, g2 both not invertible.

Example 2.53(atom). If (S,R) is a homogeneous category presentation, then the cate-
gory〈S |R〉+has no nontrivial invertible element, and all elements ofS are atoms. Indeed,
by assumption, the various familiesSp are pairwise disjoint. In particular, no element ofS
may belong toSp with p > 2.

Proposition 2.48 directly implies:

Corollary 2.54 (atom). An elementg of a left-cancellative categoryC is an atom if and
only if g has left-height1, if and only ifg has right-height1, if and only ifg has height1.

Owing to the characterization of atoms as elements with height one, the⊂-counterpart
of Lemma 2.44(i) implies that the family of atoms of a left-cancellative category is closed
under×=×-equivalence. On the other hand, it follows from the inductive definition (2.42)
that the values of a rank function always make an initial segment in the familyOrd

(there cannot be any jump). So, by Proposition 2.47, every category that is left- or right-
Noetherian and contains at least one non-invertible element must contain an atom. Actu-
ally, we can state a more precise result.

Proposition 2.55(atom). If C is a left-cancellative category that is left-Noetherian (resp.
right-Noetherian), then every non-invertible element ofC is left-divisible (resp. right-
divisible) by an atom.
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Proof. Assume thatg is a non-invertible element ofC. If g is not an atom, there exist
non-invertible elementsg1, h1 satisfyingg = g1h1. If g1 is not an atom, we similarly find
non-invertible elementsg2, h2 satisfyingg1 = g2h2. As long asgi is not an atom, we
can repeat the process. Now, by construction,g, g1, g2, ... is a descending sequence with
respect to proper left-divisibility. The assumption thatC is left-Noetherian implies that
the process cannot repeat forever, that is, that there exists i such thatgi is an atom.

It is natural to wonder whether atoms plus invertible elements generate every left- or
right-Noetherian category. The following example shows that this need not be the case.

Example 2.56(atoms not generating).LetM be the monoid with presentation

〈a1, a2, ... , b1, b2, ··· | bi = bi+1ai for eachi〉+.

Using the toolbox of Section 4.1, it is easy to check that the monoidM is left-cancellative.
On the other hand, letS = {a1, a2, ... , b1, b2, ···}, and letλ be the mapping ofS∗ to
ordinals defined byλ(s1 | ··· |sℓ) = λ(sℓ) + ··· + λ(s1), with λ(a1) = λ(a2) = ··· = 1
andλ(b1) = λ(b2) = ··· = ω. As we haveλ(bi) = ω = 1 + ω = λ(bi+1ai) for
eachi, the mapλ induces a well defined map onM . Hence, by Proposition 2.33,M is
right-Noetherian. Now the atoms ofM are the elementsai, which do not generateM as
λ(g) is finite for eachg in the submonoid generated by theai’s, whereasλ(b1) is infinite.

The monoid of Example 2.56 is not finitely generated. On the other hand, if we try to
modify the presentation by identifying all elementsbi, then we obtain relationsb = bai
that contradict left-cancellativity. We refer to Exercise16 for an example of a finitely
presented monoid that is cancellative, right-Noetherian,but not generated by its atoms
and its invertible elements (this monoid however contains nontrivial invertible elements,
which leaves the question of finding a similar example with nonontrivial invertible ele-
ment open).

Such situations cannot happen in the case of Noetherianity,that is, when both left- and
right-Noetherianity are satisfied. We begin with a characterisation of generating families.

Lemma 2.57. Assume thatC is a left-cancellative category that is right-Noetherian,and
S is included inC.

(i) If every non-invertible element ofC is left-divisible by at least one non-invertible
element ofS, thenS ∪ C×generatesC.

(ii) Conversely, ifS ∪ C× generatesC and S satisfiesC×S ⊆ S♯, then every non-
invertible element ofC is left-divisible by at least one non-invertible element ofS.

Proof. (i) Let g be an element ofC. If g is invertible,g belongs toC×. Otherwise, by
assumption, there exist a non-invertible elements1 in S andg′ in C satisfyingg = s1g

′.
If g′ is invertible,g belongs toS C×. Otherwise, there exist a non-invertible elements2
in S andg′′ satisfyingg′ = s2g

′′, and so on. By Proposition 2.28, the sequence1x,
s1, s1s2, ..., which is increasing with respect to proper left-divisibility and lies inDiv(g),
must be finite, yieldingp andg = s1 ···spǫwith g1, ... , gp in S andǫ in C×. This proves (i).

(ii) Let g be a non-invertible element ofC. Let s1| ··· |sp be a decomposition ofg such
thatgi lies in S ∪ C× for everyi. As g is not invertible, there existsi such thatsi is not
invertible. Assume thati is minimal with this property. Thens1 ···si−1 is invertible and,
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asC×S ⊆ S♯ holds, there existss′ in S \ C×andǫ in C×satisfyings1 ···si = s′ǫ. Thens′

is a non-invertible element ofS left-dividing g.

Proposition 2.58(atoms generate).Assume thatC is a left-cancellative category that is
Noetherian.

(i) Every subfamily ofC that generatesC× and contains at least one element in each
=×-class of atoms generatesC.

(ii) Conversely, every subfamilyS that generatesC and satisfiesC×S ⊆ S♯ gener-
atesC×and contains at least one element in each=×-class of atoms.

Proof. (i) Assume thatS generatesC× and contains at least one element in each=×-
class of atoms. Letg be a non-invertible element ofC. By (the right counterpart of)
Proposition 2.55,g is left-divisible by some atom, hence by some element ofS. By
Lemma 2.57(i), this implies thatS ∪ C×generatesC. As, by assumption,S generatesC×,
henceS ∪ C×, we deduce thatS generatesC.

(ii) Assume thatS generatesC and we haveC×S ⊆ S♯. First, S must generateC×,
which is included inC. Now letg be an atom ofC. By Lemma 2.57(ii), there must exist
a non-invertible elements of S left-dividing g. As g is an atom, the only possibility is
s=× g. So some atom in the=×-class ofg lies inS.

Corollary 2.59 (generating subfamily). If C is a left-cancellative category that is Noethe-
rian and contains no nontrivial invertible element, then a subfamily ofC generatesC if
and only if it contains all atoms ofC.

3 Groupoids of fractions

We now review some basic results about the enveloping groupoid of a category and the
special case of a groupoid of fractions as described in a classical theorem of Ore. In gen-
eral, the constructions are made in the context of monoids and groups, but adapting them
to categories introduces no difficulty and remains an easy extension of the embedding of
the additive monoid of natural numbers into the group of integers, and of the multiplica-
tive monoid of non-zero integers into the group of rational numbers.

The section comprises three subsections. Subsection 3.1 contains a few general re-
marks about the enveloping groupoid of a category. In Subsection 3.2, we consider the
special case of a groupoid of fractions and establish Ore’s theorem, which gives necessary
and sufficient conditions for a category to admit a groupoid of fractions. Finally, we show
in Subsection 3.3 that the torsion elements in the groupoid of fractions of a category that
admits right-lcms are connected with the torsion elements of the category.
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3.1 The enveloping groupoid of a category

A groupoid is a category in which all elements are invertible. For instance, a groupoid
with one object only is (or identifies with) a group.

We shall see below that, for every categoryC, there exists a groupoidG, which is
unique up to isomorphism, with the universal property that every functor fromC to a
groupoid factors throughG. This groupoid is called the enveloping groupoid of the cate-
gory (the enveloping group of the monoid when there is only one object).

Let us start with a straightforward observation.

Lemma 3.1. Every categoryC admits the presentation〈C |Rel(C)〉+, whereRel(C) is the
family of all relationsfg = h for f, g, h in C satisfyingfg = h.

Proof. Let ι be the map fromC to itself that sends each object and each element to itself.
By definition, the image underι of every relation ofRel(C) is valid inC, henceι extends
into a functor of〈C |Rel(C)〉+to C, which, by construction, is surjective and injective.

We shall define the enveloping groupoid using a presentationsimilar to that of Lem-
ma 3.1. To this end, we first introduce the notion of a signed path in a category, which
extends the notion of a path as introduced in Definition 1.28,and corresponds to a zigzag
in which the arrows can be crossed in both directions.

Definition 3.2 (signed path). If S is a precategory, we denote byS the precategory
consisting of a copys for each elements of S, with the convention that the source ofs is
the target ofs and the target ofs is the source ofs. A signed path inS, or signedS-path,
is a (S ∪ S)-path. Ifw is a signed path,w denotes the signed path obtained fromw by
exchangings ands everywhere and reversing the order of the entries.

So a signedS-path is either an indexed empty sequence()x with x in Obj(S), or
a nonempty sequence whose entries lie inS ∪ S. In this context, it is sometimes con-
venient to usesε, with the convention thats+1 stands fors and s−1 for s. Then a
nonempty signed path takes the form(sε11 , ... , s

εp
p ) with s1, ... , sp in S and ε1, ... , εp

in {−1,+1}. The entries lying inS are then calledpositive, whereas the entries lying
in S are callednegative. In practice, we writeεx for ()x, and we identifysε with the
length one sequence(sε). Then(sε11 , ... , s

εp
p ) identifies withsε11 | ··· |sεp

p . We recall from
Convention 1.35 that, whenS is included in some categoryC, a clear distinction should
be made between a paths1| ··· |sp, that is, the sequence(s1, ... , sp), and its evaluation
in C. Similarly, in the case whenS is included in some groupoidG, a clear distinction
should be made between the signed pathsε11 | ··· |sεp

p and its possible evaluation inG when
s is given the values−1.

Definition 3.3 (enveloping groupoid). Theenveloping groupoidEnv(C) of a categoryC
is the category presented by

(3.4) 〈 C ∪ C |Rel(C) ∪ Free(C) 〉+,

whereFree(C) is the family of all relationsgg = 1x andgg = 1y for g in C(x, y).
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The above terminology makes sense as we have

Proposition 3.5 (enveloping groupoid). For every categoryC, the categoryEnv(C) is
a groupoid, the identity mapping onC defines a morphismι of C to Env(C) and, up to
isomorphism,Env(C) is the only groupoid with the property that each morphism ofC to a
groupoid factors throughι.

Proof (sketch).The argument is straightforward. Ifφ is a morphism ofC to a groupoidG,
then the image underφ of every relation ofRel(C) must be satisfied inG, and so does
the image underφ of every relation ofFree(C) sinceG is a groupoid. Henceφ factors
throughEnv(C).

Of course, in the case of a monoid, it is customary to speak of theenveloping group.
Note thatEnv(C), being defined by a presentation, is defined up to isomorphismonly.
By definition, the elements of an enveloping groupoidEnv(C) are equivalence classes of
signed paths inC. Let us fix some notation.

Notation 3.6 (relation ≡±

C
). For C a category andw,w′ signed paths inC, we write

w ≡±

C
w′ if w andw′ represent the same element ofEnv(C), that is, they are equivalent

with respect to the congruence generated byRel(C) ∪ Free(C).

In general, the morphismι of Proposition 3.5 need not be injective, that is, a category
need not embed in its enveloping groupoid.

Example 3.7(not embedding). Let M be the monoid〈a, b, c | ab = ac〉+. In M , the
elementsb andc do not coincide because no relation applies to the length onewordsa
and b. However, we can writeb ≡±

M
a|a|b ≡±

M
a|a|c ≡±

M
c. Therefore we have

ι(b) = ι(c), andM does not embed in its enveloping group.

Here are two elementary observations about the possible embeddability of a category
in its enveloping groupoid.

Lemma 3.8. (i) A categoryC embeds in its enveloping groupoid if and only if there exists
at least one groupoid in whichC embeds.

(ii) A category that embeds in its enveloping groupoid is cancellative.

Proof. (i) Assume thatφ is an injective morphism ofC to a groupoid. By Proposition 3.5,
φ factors through the canonical morphismι of C to Env(C). Thenι(g) = ι(g′) implies
φ(g) = φ(g′), whenceg = g′.

(ii) Assume thatC is a category andf, g, g′ are elements ofC that satisfyfg = fg′.
As ι is a morphism, we deduceι(f) ι(g) = ι(f) ι(g′) in Env(C), whenceι(g) = ι(g′) as
Env(C) is a groupoid. Ifι is injective, this impliesg = g′. HenceC is left-cancellative.
The argument is symmetric for right-cancellation.

However the next example shows that the condition of Lemma 3.8(ii) is not sufficient.
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Example 3.9(not embedding). Consider the monoid

M = 〈a, b, c, d, a′, b′, c′, d′ | ac = a′c′, ad = a′d′, bc = b′c′〉+.

Using for instance the criterion of Proposition 4.44, one checks thatM is cancellative.
However,M does not embed in a group. Indeed,bd = b′d′ fails inM , whereas

b|d ≡±

M b|c|c|a|a|d = b|c|(a|c)|a|d ≡±

M b′|c′|(a′|c′)|a′|d′ ≡±

M b′|d′

holds, whenceι(bd) = ι(b′d′).

3.2 Groupoid of fractions

We leave the general question of characterizing which categories embed in their envelop-
ing groupoid open, and consider now a more restricted case, namely that of categoriesC
embedding in their enveloping groupoid and such that, in addition, all elements ofEnv(C)
all have the form of a fraction. In this case,Env(C) is called a groupoid of fractions forC.
We shall give below (Proposition 3.11) a simple characterization for this situation.

Definition 3.10 (Ore category). A categoryC is said to be aleft-Ore (resp. right-Ore)
category if it is cancellative and any two elements with the same target (resp. source) ad-
mit a common left-multiple (resp. common right-multiple). AnOre categoryis a category
that is both a left-Ore and a right-Ore category.

Proposition 3.11(Ore’s theorem). For every categoryC, the following are equivalent:
(i) There exists an injective functorι from C to Env(C) and every element ofEnv(C)

has the formι(f)−1 ι(g) for somef, g in C.
(ii) The categoryC is a left-Ore category.

When the above conditions are met, every element ofEnv(C) is represented by a negative–
positive pathf |g with f, g in C, and two such pathsf |g, f ′|g′ represent the same element
of Env(C) if and only if they satisfy the relation

(3.12) ∃h, h′ ∈ C ( hf ′ = h′f and hg′ = h′g ),

hereafter written(f, g) ⊲⊳ (f ′, g′). Moreover, every presentation ofC as a category is a
presentation ofEnv(C) as a groupoid.

The proof, which is a non-commutative generalization of theconstruction of rational
numbers from integers, is postponed to the final Appendix.
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We now mention two easy transfer results from a left-Ore category to its groupoid of
left-fractions. The first one is that every functor between left-Ore categories extends to
the associated groupoids of fractions.

Lemma 3.13. If C1, C are left-Ore categories andφ is a functor fromC1 to C, then there
exists a unique way to extendφ into a functorφ̂ fromEnv(C1) to Env(C), namely putting
φ̂(f−1g) = φ(f)−1φ(g) for f, g in C1.

Proof. Assumef−1g = f ′−1g′ are two fractionary expressions for some elementh
of Env(C1). Then(f, g) ⊲⊳ (f ′, g′) holds, so there existh, h′ in C1 satisfyinghf ′ = h′f
andhg′ = h′g. As φ is a functor, we haveφ(h)φ(f ′) = φ(h′)φ(f) andφ(h)φ(g′) =

φ(h′)φ(g), hence(φ(f), φ(g)) ⊲⊳ (φ(f ′), φ(g′)). So puttingφ̂(f−1g) = φ(f)−1φ(g)

gives a well defined map fromEnv(C1) to Env(C). Thatφ̂ is a functor is then easy.

The second observation is that the left-divisibility relation of a left-Ore category nat-
urally extends to its enveloping groupoid.

Definition 3.14 (left-divisibility). If G is a groupoid of left-fractions for a left-Ore cate-
goryC andf, g lie in G, we say thatg is aright-C-multipleof f , or thatf is aleft-C-divisor
of g, writtenf 4C g, if f−1g belongs toι(C).

In other words, we havef 4C g if there existsg′ in C satisfyingg = fι(g′). Note that
f 4C g implies thatf andg share the same source. Of course,4C depends onC, and not
only onEnv(C): a groupoid may be a groupoid of fractions for several non-isomorphic
left-Ore categories, leading to different left-divisibility relations.

Proposition 3.15(left-divisibility). Assume thatG is a a groupoid of left-fractions for an
Ore categoryC.

(i) The left-divisibility relation4C is a partial preordering onG.
(ii) For f, g in C, the relationι(f)4C ι(g) is equivalent tof 4 g.
(iii) Any two elements ofG sharing the same source admit a common left-C-divisor.
(iv) Two elements ofG sharing the same source admit a common right-C-multiple if

and only if any two elements ofC sharing the same source admit a common right-multiple.

Proof. Point (i) is obvious. Point (ii) follows fromι being an embedding. For (iii),
assume thatf, g belong toG and share the same source. Thenf−1g exists. AsG is a
group of left-fractions forC, there existf ′, g′ in C satisfyingf−1g = ι(f ′)−1 ι(g′). Then
we havef ι(f ′)−1 = g ι(g′)−1. Let h be the latter element. Then we havef = h ι(f ′)
andg = h ι(g′), whenceh4C f andh4C g. Sof andg admit a common left-C-divisor.

Assume that any two elements ofC with the same source admit a common right-
multiple. Letf andg be elements ofG with the same source, and letf ′, g′ be elements
of C that satisfyf−1g = ι(f ′)−1ι(g′). Let f ′′, g′′ satisfyf ′g′′ = g′f ′′. Then we obtain

f ι(g′′) = f ι(f ′)−1 ι(f ′g′′) = g ι(g′)−1 ι(g′f ′′) = g ι(f ′′),

and we conclude thatf andg admit a common right-C-multiple.
Conversely, if any two elements ofG sharing the same source admit a common right-

C-multiple, this applies in particular to elements in the image ofι, which, by (ii), implies
that any two elements ofC sharing the same source admit a common right-multiple
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We conclude with a few observations involving subcategories. If C is a left-Ore cat-
egoryC andC1 is a subcategory ofC that is itself a left-Ore category—in which case we
simply say thatC1 is a left-Ore subcategory ofC, the question arises of connecting the
groupoids of fractions ofC1 andC. More precisely, two questions arise, namely whether
Env(C1) embeds inEnv(C) and whetherC1 coincides withEnv(C1)∩C. Both are answered
in Proposition 3.18 below. Before that, we begin with easy preparatory observations.

Definition 3.16 (closure under quotient). A subfamily S of a left-cancellative cate-
gory C is said to beclosed under right-quotientif the conjunction ofg ∈ S andgh ∈ S
impliesh ∈ S. Symmetrically, a subfamilyS of a right-cancellative categoryC is said to
beclosed under left-quotientif the conjunction ofh ∈ S andgh ∈ S impliesg ∈ S.

Lemma 3.17. Assume thatC is a left-Ore category.
(i) A subcategoryC1 of C is a left-Ore subcategory if and only if any two elements

of C1 with the same target admit a common left-multiple inC1.
(ii) If C1 is closed under left-quotient inC, thenC1 is a left-Ore subcategory ofC if and

only if, for all g, h in C1 with the same target, at least one of the common left-multiples
of g andh in C lies inC1.

Proof. (i) Every subcategory of a cancellative category inherits cancellativity, so the only
condition that remains to be checked is the existence of common left-multiples, and this
is what the condition of the statement ensures.

(ii) If C1 is closed under left-quotient inC andh lies in C1, then every left-multiple
of h (in the sense ofC) that lies inC1 is a left-multiple in the sense ofC1: if gh lies inC1,
theng must lie inC1.

The embedding problem is then easily solved in the followingresult:

Proposition 3.18(left-Ore subcategory). Assume thatC1 is a left-Ore subcategory of a
left-Ore categoryC.

(i) The inclusion ofC1 in C extends into an embedding ofEnv(C1) into Env(C).
(ii) We haveC1 = Env(C1) ∩ C if and only ifC1 is closed under right-quotient inC.

The proof, which is directly connected with that of Ore’s theorem, is given in the Ap-
pendix. In the context of Proposition 3.18, we shall usuallyidentify the groupoidEnv(C1)
with its image inEnv(C), that is, drop the letterι. Let us observe that the conclusion of
Proposition 3.18(ii) need not hold when the closure condition is not satisfied.

Example 3.19(positive elements).LetM be the additive monoid(N,+) and letM1 be
the submonoidM \ {1}. ThenM andM1 are Ore monoids which both admit(Z,+) as
their group of fractions. Now1 belongs toEnv(M1) ∩M , but not toM1: hereM1 is a
proper subset ofEnv(M1) ∩M .

As can be expected, the above results do not extend to the caseof a subcategory that is
not a left-Ore subcategory. See for instance Exercise 10 foran example of an Ore monoid
(actually a Garside monoid) in which some element of the group of left-fractions belongs
to the subgroup generated by a subsetS but cannot be expressed as a left-fraction with
numerator and denominator in the submonoid generated byS.
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Remark 3.20. If a categoryC satisfies the Ore conditions on the left and on the right,
the enveloping groupoid is both a groupoid of left-fractions and of right-fractions forC.
However, there exist cases when the Ore conditions are satisfied on one side only. For
instance, consider the monoidM = 〈a, b | a = b2ab〉+. As can be shown using the
techniques of Section 4 below,M is cancellative and any two elements admit a common
left-multiple, so thatM embeds in a group of left-fractionsG that admits, as a group,
the same presentation. However, the elementsa andba admit no common right-multiple
in M , andG is not a group of right-fractions forM : the elementa−1ba of G cannot be
expressed as a right-fractiongh−1 with g, h in M .

3.3 Torsion elements in a groupoid of fractions

We now investigate torsion elements. IfC is a category, atorsion element inC is an
elementg such that some power ofg is an identity-element, that is,gm lies in1C for some
m > 1. Note that the source and the target of a torsion element mustcoincide. Here we
shall observe that, if an Ore category admits lcms, then there exists a simple connection
between the torsion elements ofC and those ofEnv(C).

Proposition 3.21(torsion). If C is a right-Ore category that admits right-lcms, then the
torsion elements ofEnv(C) are the elements of the formfhf−1 with f in C andh a torsion
element ofC.

Proof. As (fhf−1)m is fhmf−1, it is clear that, ifh is a torsion element ofC, then
fhf−1 is a torsion element ofEnv(C) whenever it is defined.

Conversely, assume thate is an element ofEnv(C) with the same source and target.
As C is right-Ore, there existf1, g1 in C such thate is f1g

−1
1 . Thenf1 andg1 share

the same source, hence, by assumption, they admit a right-lcm in C, sayf1g2 = g1f2.
By construction, the sources off2 andg2 are the common target off1 andg1. So f2
andg2 admit a right-lcm, sayf2g3 = g2f3. Iterating the argument, we inductively find
for everyi > 1 two elementsfi, gi of C that share the same source and the same target
and satisfyfigi+1 = gifi+1, the latter being the right-lcm offi andgi. Then an iterated
use of Proposition 2.12 shows that, for allp, q > 1, we have

f1 ···fpgp+1 ···gp+q = g1 ···gqfq+1 ···fp+q,

and that the latter is a right-lcm off1 ···fp andg1 ···gq. On the other hand, an easy induc-
tion onm gives, for everym > 1, the following equalities inEnv(C)

e = (f1 ···fm)(fm+1g
−1
m+1)(f1 ···fm)−1,(3.22)

em = (f1 ···fm)(g1 ···gm)−1.(3.23)
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Now, assumeem = 1x. Put f = f1 ···fm, g = g1 ···gm, andh = fm+1g
−1
m+1.

Then (3.23) impliesf = g, so thatf is a right-lcm off andg. But we saw above that
fgm+1 ···g2m is also a right-lcm off andg, so the only possibility is thatgm+1 ···g2m is
invertible, and, in particular, so isgm+1, andh lies inC. Finally, (3.22) givese = fhf−1,
soem = 1x implieshm = 1y, wherey is the common target offm andgm.

Corollary 3.24 (torsion-free). If C is a torsion-free right-Ore category that admits right-
lcms, then the enveloping groupoidEnv(C) is torsion-free.

A torsion element is necessarily invertible so, in particular, Corollary 3.24 says that
the enveloping groupoid of a right-Ore category that admitsright-lcms and has no non-
trivial invertible element is torsion-free. As, by definition, the quasi-Garside monoids of
Definition I.2.2 have no nontrivial invertible element, we deduce

Proposition 3.25(quasi-Garside). Every quasi-Garside group is torsion-free.

The example of the monoid〈a, b | ab = ba, a2 = b2〉+ shows that the existence of
right-lcms is crucial in Proposition 3.21. Indeed, the latter monoid is right-Ore and has
no nontrivial invertible element. However,ab−1 is a nontrivial torsion element in the
associated group, since we have(ab−1)2 = a2b−2 = 1.

4 Working with presented categories

Almost all developments in the sequel take place in categories or monoids that are left-
cancellative. In order to illustrate our constructions with concrete examples that, in gen-
eral, will be specified using presentations, we need to be able to recognize that our struc-
tures are left-cancellative. Several methods are available—in particular, we shall develop
a powerful method based on germs in Chapter VI below. However, it is convenient to
introduce now a practical method based on the so-called subword (or subpath) revers-
ing approach. The toolbox so provided will be useful for several purposes, in particular
proving the existence of least common multiples.

The section is organized as follows. In Subsection 4.1 we state without proof ex-
portable criteria for establishing that a presented category is left-cancellative and admits
right-lcms (Proposition 4.16). The rest of the section is devoted to the study of right-
reversing, the involved method of proof. Right-reversing is defined in Subsection 4.2, and
its termination is (briefly) discussed in Subsection 4.3. Finally, we introduce in Subsec-
tion 4.4 a technical condition called completeness and we both show how the latter leads
to the results listed in Subsection 4.1 and how to practically establish completeness.

4.1 A toolbox

Here we state (without proof) a simple version of the criterion that will be established in
the sequel. This version is sufficient in most cases, and it can be used as a black box.
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We recall that, if(S,R) is a category presentation, thenS∗ is the free category of all
S-paths and≡+

R is the congruence onS∗ generated byR, so that〈S |R〉+ is (isomorphic
to) S∗/≡+

R. Here we shall consider presentations of a special syntactic form.

Definition 4.1 (right-complemented presentation). A category presentation(S,R) is
calledright-complementedif R contains noε-relation (that is, no relationw = ε with w
nonempty), no relations... = s... with s in S and, fors 6= t in S, at most one relation
s... = t... .

Definition 4.2 (syntactic right-complement). A syntactic right-complementon a pre-
categoryS is a partial mapθ from S2 to S∗ such thatθ(s, s) = εy holds for everys
in S(-, y) and, ifθ(s, t) is defined, thens andt share the same source,θ(t, s) is defined,
and boths|θ(s, t) andt|θ(t, s) are defined and share the same target; in this case, the list
of all relationssθ(s, t) = tθ(t, s) with s 6= t in S is denoted byRθ. A syntactic right-
complementθ is calledshort if, for all s, t, the pathθ(s, t) has length at most1 when it is
defined, that is,θ(s, t) belongs toS or is empty.

The following connection is straightforward:

Lemma 4.3. A category presentation(S,R) is right-complemented if and only if there
exists a syntactic right-complementθ onS such thatR is Rθ.

In the situation of Lemma 4.3, we naturally say that the presentation(S,R) is associ-
ated withthe syntactic right-complementθ (which is uniquely determined by the presen-
tation).

Example 4.4 (braids). Consider the Artin presentation (I.1.5) of the braid groupBn
(Reference Structure 2, page 5). It contains noε-relation, no relationσi... = σi..., and,
for i 6= j, exactly one relationσi... = σj ... . So the presentation is right-complemented,
associated with the syntactic right-complementθ defined by

(4.5) θ(σi, σj) =





ε for i = j,

σj |σi for |i− j| = 1,

σj for |i− j| > 2.

As the value ofθ(σ1, σ2) is a length two word,θ is not short forn > 3.

As, by definition, a right-complemented presentation contains no ε-relation, Lem-
ma 1.42 implies that a category admitting a right-complemented presentation contains no
nontrivial invertible element.

On the other hand, if(S,R) is associated with a syntac-
tic right-complementθ, every pair(s, t) such thatθ(s, t) exists
gives rise to a diagram as on the right, which is commutative
when evaluated in〈S |R〉+: the mapθ specifies a distinguished
common right-multiple for each pair of elements ofS.

t

s θ(t, s)

θ(s, t)



4 Working with presented categories 65

To arrive quickly to the expected criteria, we now state a technical result that will be
established later (Lemma 4.32) and, more importantly, thatshould become more trans-
parent after right-reversing is introduced in Subsection 4.2.

Lemma 4.6. If (S,R) is a right-complemented presentation associated with the syntactic
right-complementθ, there exists a unique minimal extensionθ∗ of θ into a partial map
fromS∗ × S∗ to S∗ that satisfies the rules

θ∗(s, s) = εy for s in S(-, y),(4.7)

θ∗(u1u2, v) = θ∗(u2, θ
∗(u1, v)),(4.8)

θ∗(u, v1v2) = θ∗(u, v1)|θ∗(θ∗(v1, u), v2),(4.9)

θ∗(εx, u) = u and θ∗(u, εx) = εy for u in S∗(x, y).(4.10)

The mapθ∗ is such thatθ∗(u, v) exists if and only ifθ∗(v, u) does.

Example 4.11(braids). Let θ be the braid witness as defined in (4.5). Let us try to
evaluateθ∗(σ1σ2, σ3σ2) by applying the rules above. We find

θ∗(σ1σ2, σ3σ2) = θ∗(σ2, θ
∗(σ1, σ3σ2)) by (4.8) applied toθ∗(σ1|σ2, -),

= θ∗(σ2, θ
∗(σ1, σ3)θ

∗(θ∗(σ3, σ1), σ2)) by (4.9) applied toθ∗(-, σ3|σ2),
= θ∗(σ2, σ3θ

∗(θ∗(σ3, σ1), σ2))) owing to the value ofθ(σ1, σ3),

= θ∗(σ2, σ3θ
∗(σ1, σ2)) owing to the value ofθ(σ3, σ1),

= θ∗(σ2, σ3σ2σ1) owing to the value ofθ(σ1, σ2),

= θ∗(σ2, σ3)θ
∗(θ∗(σ3, σ2), σ2σ1) by (4.9) applied toθ∗(-, σ3|σ2σ1),

= σ3σ2θ
∗(θ∗(σ3, σ2), σ2σ1) owing to the value ofθ(σ2, σ3),

= σ3σ2θ
∗(σ2σ3, σ2σ1) owing to the value ofθ(σ3, σ2),

= σ3σ2θ
∗(σ3, θ

∗(σ2, σ2σ1)) by (4.8) applied toθ∗(σ2|σ3, -),
= σ3σ2θ

∗(σ3, θ
∗(σ2, σ2)θ

∗(θ∗(σ2, σ2), σ1)) by (4.9) applied toθ∗(-, σ2|σ1),
= σ3σ2θ

∗(σ3, θ
∗(ε, σ1)) by (4.7) applied toθ∗(σ2, σ2),

= σ3σ2θ
∗(σ3, σ1) by (4.10) applied toθ(ε, -),

= σ3σ2σ1 owing to the value ofθ(σ3, σ1).

So we conclude thatθ∗(σ1σ2, σ3σ2) exists, and is equal toσ3σ2σ1.

For the specific purposes of Chapter XII, we also introduce here a (very) particular
type of right-complemented presentation.

Definition 4.12 (right-triangular). A right-complemented monoid presentation(S,R)
associated with a syntactic right-complementθ is calledright-triangular if there exists a
(finite or infinite) enumerations1, s2, ... of S such thatθ(si, si+1) is defined and empty
for everyi and, fori+ 1 < j, eitherθ(si, sj) is undefined, or we have

(4.13) θ(si, sj) = ε and θ(sj , si) = θ(sj , sj−1)| ··· |θ(si+1, si) for i < j;

then(R,S) is calledmaximal(resp. minimal) if θ(si, sj) is defined for alli, j (resp. for
|i− j| 6 1 only).
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A minimal right-triangular presentation is a list of relations of the formsi = si+1wi.
If a right-triangular presentation is not minimal, (4.13) implies that the relation associ-
ated with(si, sj) is a consequence of the above relationssi = si+1wi. So the monoid
specified by a right-triangular presentation only depends on the minimal right-triangular
presentation made of the relationssi = si+1.... A typical right-triangular presentation
is the presentation(a, b, a = bab) of the Klein bottle monoid (Reference Structure 5,
page 17).

The announced criteria for categories (and monoids) admitting right-complemented
presentations will involve a technical condition that we introduce now.

Definition 4.14 (θ-cube condition). If (S,R) is a right-complemented presentation, as-
sociated with the syntactic right-complementθ, andu, v, w areS-paths, we say that the
sharpθ-cube condition(resp. theθ-cube condition) is true for(u, v, w) if

(4.15)
Either bothθ∗3(u, v, w) andθ∗3(v, u, w) are defined and they are equal (resp.
they are≡+

R-equivalent), or neither is defined,

whereθ∗3(u, v, w) stands forθ∗(θ∗(u, v), θ∗(u,w)) with θ∗ as in Lemma 4.6. ForX ⊆ S∗,
we say that the (sharp)θ-cube condition is trueonX if it is true for all (u, v, w) in X 3.

As the difference is an equality being replaced with an≡+

R-equivalence, the sharp
θ-cube condition implies theθ-cube condition. By definition, ifθ is a syntactic right-
complement,θ∗(s, t) can be defined only ifs andt share the same source, and the in-
ductive definition ofθ∗ preserves this property. Hence, theθ-cube and sharpθ-cube con-
ditions are vacuously true for every triple of paths(u, v, w) that do not share the same
source: in that case, neitherθ∗3(u, v, w) norθ∗3(v, u, w) may be defined.

Here are the main results for categories with right-complemented presentations:

Proposition 4.16(right-complemented). Assume that(S,R) is a right-complemented
presentation associated with the syntactic right-complement θ, and at least one of the
following conditions is satisfied:

The presentation(S,R) contains only short relations and the sharpθ-cube
condition is true for every triple of pairwise distinct elements ofS;

(4.17)

The presentation(S,R) is right-Noetherian and theθ-cube condition is true
for every triple of pairwise distinct elements ofS.

(4.18)

The presentation(S,R) is maximal right-triangular.(4.19)

Then:
(i) The category〈S |R〉+ is left-cancellative.



4 Working with presented categories 67

(ii) The category〈S |R〉+ admits conditional right-lcms; more precisely, for allw,w′

in S∗, the elements of〈S |R〉+ represented byu andv admit a common right-multiple if
and only ifθ∗(u, v) exists and, then,uθ∗(u, v) represents the right-lcm of these elements.

(iii) Two elementsu, v of S∗ represent the same element of〈S |R〉+ if and only if both
θ∗(u, v) andθ∗(v, u) exist and are empty.

The results in Proposition 4.16 are special cases of more general results that will be
established in Subsection 4.4 below.

Example 4.20(braids). Consider the Artin presentation (I.1.5). As observed in Ex-
ample 4.4, this presentation is right-complemented, associated with the syntactic right-
complementθ of (4.5). We claim that (4.18) is satisfied. Indeed, the presentation is
homogeneous, hence (strongly) Noetherian. So, it suffices to check that theθ-cube condi-
tion is true for every triple of pairwise disjoint generatorsσi, σj , σk. For instance, the case
i = 1, j = 2, k = 3 amounts to comparingθ∗3(σ1, σ2, σ3) andθ∗3(σ2, σ1, σ3). In view of
Example 4.11, the task may seem extremely boring. Actually it is not so, for two reasons.

First, only a few patterns have to be considered. Indeed, only two types of braid rela-
tions exist, so, when considering a triple(σi, σj , σk), what matters is the mutual positions
of i, j, k and whether they are neighbours or not. A moment’s thought will convince that
it is sufficient to consider(σ1, σ2, σ3), (σ1, σ2, σ4), (σ1, σ3, σ5), plus their images under a
cyclic permutation. Among these triples, a number are straightforward, namely those that
correspond to commutation relations as, ifs commutes with all letters ofw in the sense
that st = ts is a relation of the presentation for everyt occurring inw, then we have
θ∗(w, s) = s andθ∗(s, w) = w. It follows that the only nontrivial triples are(σ1, σ2, σ3),
(σ2, σ3, σ1), and(σ3, σ1, σ2).

Then, for the latter cases, the diagrammatic technique explained in Subsection 4.2
makes the determination ofθ∗ much easier than what Example 4.11 suggests. The reader
is encouraged to check the values

θ∗(θ(σ1, σ2), θ(σ1, σ3)) = σ3σ2σ1 = θ∗(θ(σ2, σ1), θ(σ2, σ3)),

θ∗(θ(σ2, σ3), θ(σ2, σ1)) = σ1σ2σ3 = θ∗(θ(σ3, σ2), θ(σ3, σ1)),

θ∗(θ(σ3, σ1), θ(σ3, σ2)) = σ2σ1σ3σ2 ≡+ σ2σ3σ1σ2 = θ∗(θ(σ1, σ3), θ(σ1, σ2)),

which complete the proof of (4.18). Then Proposition 4.16 implies that the monoidB+

n

presented by (I.1.5) is left-cancellative, and that any twoelements ofB+

n that have a
common right-multiple have a right-lcm. It is not hard to show that any two elements
of B+

n admit a common right-multiple (see Exercise 1) and, therefore, we conclude that
B+
n admits right-lcms. By the way, note that that the sharpθ-cube condition is not satisfied

for n > 4 sinceθ∗3(σ3, σ1, σ2) = θ∗3(σ1, σ3, σ2) fails.
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4.2 Right-reversing: definition

We turn to the proof of Propositions 4.16. As announced, we shall establish more general
results and, in particular, no longer restrict to right-complemented presentations. This
extension does not make the arguments more complicated and,on the contrary, it helps
understanding the situation.

Our main technical tool will be a certain transformation called right-reversing on
signed paths (see Definition 3.2). In essence, right-reversing is a strategy for constructing
van Kampen diagrams in a context of monoids, that is, equivalently, for finding deriva-
tions between words. We shall see that it is especially relevant for investigating right-
completemented presentations.

Definition 4.21 (right-reversing). Assume that(S,R) is a category presentation, and
w,w′ are signedS-paths. We say thatw is R-right-reversibleto w′ in one step, written
w y1

R w′, if w′ is obtained fromw either by replacing a length two subpaths|swith εy (y
the target ofs), or by replacing a length two subpaths|t with vu such thatsv = tu is a re-
lation ofR. An R-right-reversing sequenceis a (finite or infinite) sequence(w0, w1, ···)
such thatwi−1 y1

R wi holds for eachi. We say thatw is R-right-reversible tow′ in
n steps, writtenw yn

R w′, if there exists anR-right-reversing sequence of lengthn + 1
that goes fromw tow′.

When usingyn
R we shall often drop the exponentn, and the subscriptR.

Example 4.22(braids). Consider the presentation (I.1.5) ofBn (Reference Structure 2,
page 5). A right-reversing sequence from the signed braid word σ2 |σ1 |σ3|σ2 is

σ2 |σ1 |σ3|σ2 y1 σ2 |σ3|σ1 |σ2 y1 σ3|σ2|σ3 |σ2 |σ1 |σ2 y1 σ3|σ2|σ3 |σ2 |σ2|σ1|σ2 |σ1
y1 σ3|σ2|σ3 |σ1|σ2 |σ1 | y1 σ3|σ2|σ1|σ3 |σ2 |σ1 .

So the signed braid wordσ2 |σ1 |σ3|σ2 is right-reversible toσ3|σ2|σ1|σ3 |σ2 |σ1 in five
steps, that is, we haveσ2 |σ1 |σ3|σ2| y5 σ3|σ2|σ1|σ3 |σ2 |σ1 . The last word is terminal
with respect to right-reversing, as it contains no subword of the formσi |σj . Note: using
the concatenation symbol| in words, typically braid words, is not usual and may appear
clumsy; however, it is useful here to emphasize that right-reversing is a purely syntactic
transformation, andnot a transformation on the braids represented by these words.

If (S,R) is a right-complementedpresentation associated with a syntactic right-compl-
ementθ, all relations ofR have the formsθ(s, t) = tθ(t, s) with s 6= t in S, so right-
reversing consists in either replacing some subpaths|t with s 6= t with θ(s, t)|θ(t, s)
or deleting some subpaths|s, which, with our definition, also means replacing it with
θ(s, s)|θ(s, s) since the latter is an empty path.

It will be convenient—actually essential in order to understand how right-reversing
works—to associate with every reversing sequence, say~w = (w0, w1, ...), a rectangular
grid diagramD(~w) that we now define. We first consider the special case when the
considered presentation(S,R) is associated with a short syntactic right-complementθ
and the initial signedS-pathw0 is negative–positive, meaning that we havew0 = u|v
for some positiveS-pathsu, v. In this case, the diagramD(~w) is a rectangular grid. We
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beginD(~w) by starting from an initial vertex that represents the common source ofu
andv and drawing a vertical down-oriented sequence of arrows labeled by the successive
entries ofu and a horizontal right-oriented sequence of arrows labeledby the successive
entries ofv. Then we inductively constructD(~w). By definition,w1 is obtained fromw0

by replacing some subpaths|t with θ(s, t)|θ(t, s), which we first assume to be of length
two. In the diagram,s|t corresponds to some pattern

t

s , which we complete into

t

s

θ(s, t)

θ(t, s) ,

and we continue in the same way forw2, etc., inductively constructing a grid. Special
cases occur when empty paths appear: for instance, ifθ(t, s) is empty (hence in particular

for s = t), we draw

t

s

θ(s, t)

and duplicate all horizontal arrows on the right oft

with patterns

r

r

. Similarly, forθ(s, t) empty, we draw

t

s θ(t, s) and

duplicate the vertical arrows belows using r r . See an example in Figure 4.

An obvious induction shows that the successive entries of the right-reversing sequence~w
all can be read in the grid from the South-West corner to the North-East corner, using the
convention that ans-labelled arrow crossed in the wrong direction (from the target to the
source) contributess.

Once this is done, extending the construction to more general cases is easy. First, in
the case of a reversing sequence~w whose first entryw0 is not negative–positive, we draw
a similar diagram but start from a staircase that may have more than one stair: details
should be clear on Figure 5.

In the case of a right-complement that is not short, the pathsθ(s, t) andθ(t, s) may
have length more than one. Then we draw the grid as before, but, when necessary, we
split the edges of the squares into several shorter arrows, see Figure 6 for an example (in
the case of braids).

Finally, in the most general case, that is, for a presentation (S,R) that need not be
right-complemented, the construction of the diagram associated with a reversing sequence
is similar: the main difference is that, in the right-complemented case, there is only one
way to construct a diagram from a given initial path whereas,in the general case, there
may exist several ways since, in the list of relationsR, there may exist several relations
of the forms... = t..., hence several ways of reversings|t and several ways of continuing
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b a b b

a a

b b b

b

b b

b b b

b

y y

y

Figure 4.The grid associated with a right-reversing, in a right-complemented case. Here we consider
the syntactic right-complement θ on {a, b} defined by θ(a, a) = θ(b, b) = ε, θ(a, b) = b, and θ(b, a) =

a (with one object only), and start from the negative–positive word b|b|a|b|a|b|b: the initial word is
written on the left (negative part, here a|b|b) and the top (positive part, here b|a|b|b), and then the
grid is constructed using the syntactic right-complement θ to recursively complete the squares. The
diagram shows that the initial word right-reverses in 3 steps to the word b; the diagram has 12 squares,
among which the three marked y correspond to reversing steps and the remaining nine correspond
to duplications induced by empty words.

b a

a a
a

b

b b

a a

y

y

Figure 5. The grid associated with the right-reversing of a signed path that need not be negative–
positive. We consider the right-complement from Figure 4, and now start from the word a|b|a|a|b|a:
the initial word is written on the top-left boundary (negative edges vertically and positive edges hori-
zontally), and completing the grid to the bottom-right; here there are 2 reversing steps, and the final
word is a|a.

a diagram in which the pattern

t

s occurs.

We conclude this introduction to right-reversing and the associated diagrams with
a first technical result that will be used for many inductions, namely the possibility of
splitting a reversing diagram into several reversing subdiagrams, as illustrated in Figure 7.

Lemma 4.23. Assume that(S,R) is a category presentation,w,w′ are signedS-paths,
andw yn

R w′ holds. For each decompositionw = w1w2, there exist a decomposition
w′ = w′

1w
′
0w

′
2 and twoS-pathsu′, v′ satisfying

w1 yn1

R w′
1u

′, u′v′ yn0

R w′
0, and w2 yn2

R v′w′
2

with n1 + n0 + n2 = n.



4 Working with presented categories 71

b a b b

a
a

b b

b b

b a b

b

a b

b b
b

a

b

a

b

a aa b

Figure 6.The grid associated with a right-reversing for a syntactic right-complement that is not short.
Here we consider the right-complement θ on {a, b} defined by θ(a, a) = θ(b, b) = ε, θ(a, b) = b|a,
and θ(b, a) = a|b (with one object only), and start from the negative–positive word b|b|a|b|a|b|b (the
same as in Figure 4): the difference is that, now, edges of variable size occur, so that the process a
priori may never terminate. In the current case, it terminates, and the final word is a|b|a.

u′

v′w1

w2

w′
1

w′
0

w′
2

y

y

y

Figure 7.Splitting the right-reversing of a product (general case): every reversing process that goes
from the concatenation of two signed paths can be split into three reversing processes.

Establishing Lemma 4.23 is easy, though a little cumbersome, and we postpone the
proof to the Appendix. Applying Lemma 4.23 in the case whenw1 has the formuv1
with u, v1 in S∗ andw2 belongs toS∗ gives:

Lemma 4.24. If (S,R) is a category presentation and
we haveuv1v2 y v′u′ with u, v1, v2, u′, v′ in S∗, then
there exists a decompositionv′ = v′1v

′
2 in S∗ andu1 in S∗

satisfyinguv1 y v′1u1 andu1v2 y v′2u
′, as shown on the

right.

v1 v2

v′1 v′2

u u1 u′y y

4.3 Right-reversing: termination

Right-reversing is a transformation of paths that pushes the negative entries to the right
and the positive entries to the left. By definition, a positive–negative path contains no
length two subpath of the forms|t and, therefore, it isterminal with respect to right-
reversing: no right-reversing sequence of positive lengthmay start from that path. A
natural question is whether right-reversing always leads in finitely many steps to a termi-
nal path. Here we gather a few easy observations about this (generally difficult) question.
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Definition 4.25 (terminating). If (S,R) is a category presentation andw is a signedS-
path, we say that right-reversing isterminatingforw in (S,R) if there is no infinite right-
reversing sequence starting fromw. We say that right-reversing isalways terminating
in (S,R) if it is terminating for every signedS-path.

Recognizing whether right-reversing is terminating is often difficult. Here we address
the question in a particular case.

Definition 4.26(short). A relationu = v is calledshort if the length ofu and the length
of v are at most two. A category presentation(S,R) is calledshort if all relations ofR
are short.

Proposition 4.27(termination). (i) If (S,R) is a category presentation that only con-
tains short relations, which happens in particular if(S,R) is associated with a short
syntactic right-complement, then right-reversing is always terminating in(S,R). More
precisely, every right-reversing sequence starting with apath containingp negative en-
tries andq positive entries has lengthpq at most.

(ii) If, moreover, for alls, t in S with the same source, there exists at least one relation
s... = t... in R, then every right-reversing sequence can be extended so as to finish with
a positive–negative path.

Proof. (i) As every relation inR is short, applying right-reversing means replacing length
two subpaths with new paths of length at most two. Hence the length cannot increase
when right-reversing is performed. Ifw is an initial path withp negative entries and
p positive entries, then every right-reversing diagram forw can be drawn in ap × q-grid
(as is the case in Figures 4 and 5 and as is not the case in Figure6) and, therefore, it
involves at mostpq reversing steps.

(ii) The additional assumption guarantees that the only terminal paths are the positive–
negative ones: whenever a path is not positive–negative, itcontains at least one sub-
paths|t, hence it is eligible for at least one right-reversing step.As there is no infinite re-
versing sequence, every maximal sequence must finish with a positive–negative path.

The following examples show that, even for simple presentations, termination is no
longer guaranteed when paths of length larger than2 occur in the presentation.

Example 4.28(non-terminating). Consider the presentation(a, b, ab = b2a) of the
Baumslag–Solitar monoid. The presentation is right-complemented, associated with the
syntactic right-complementθ defined byθ(a, b) = b andθ(b, a) = b|a. Then we find

a|b|a y b|a|b|a y b|a|b|a|b,

whencea|b|a y2n bn|a|b|a|bn for everyn. In this case, right-reversing never leads to a
terminal word of the formvu with u, v in {a, b}∗. The above presentation satisfies (4.18)
(finding a right-Noetherianity witness is a little tricky) and, therefore, by Proposition 4.16,
the elementsa andba admit no common right-multiple.

Similarly, for (σ1, σ2, σ3, σ1σ2σ1 = σ2σ1σ2, σ2σ3σ2 = σ3σ2σ3, σ1σ3σ1 = σ3σ1σ3), a
presentation of the Artin–Tits monoid of typẽA2 (see Reference Structure 9, page 111
below and Chapter IX), we find

σ1 |σ2|σ3 y6 σ2|σ1|σ3|σ2|σ1|σ3|σ1 |σ2|σ3|σ2 |σ3 |σ1 |σ2 |σ3 |σ1 ,
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again leading to a non-terminating reversing sequence.

We shall not say more about termination of right-reversing here. In the right-complem-
ented case, there exists at most one maximal right-reversing diagram starting from each
initial path (but there are in general many reversing sequences as the reversing steps can
be enumerated in different orders), yielding a trichotomy:

either right-reversing leads in finitely many steps to a positive–negative path;(4.29)

or one gets stuck at some step with a patterns|t such thatθ(s, t) andθ(t, s)
do not exist;

(4.30)

or right-reversing can be extended endlessly reaching neither of the above
two cases.

(4.31)

If the syntactic right-complementθ is short, then (4.31) is excluded; if it is everywhere
defined (on pairs sharing the same source), (4.30) is excluded.

In the framework now well defined, we can establish Lemma 4.6 that was left pending
in Subsection 4.1.

Lemma 4.32. (i) If (S,R) is a right-complemented category presentation associatedwith
the syntactic right-complementθ, then, for allS-pathsu, v, there exist at most one pair
of S-pathsu′, v′ satisfyinguv yR v′u′.

(ii) Defineθ∗(u, v) to be the above pathv′ when it exists. Thenθ∗ is a partial map
fromS∗ × S∗ to S∗ that extendsθ, it satisfies the induction rules of Lemma 4.6, and, as
a family of pairs, it is the least such extension ofθ.

Proof. (i) As (S,R) is right-complemented, for every initial signedS-wordw, the max-
imal right-reversing diagram fromw is unique. In case (4.31), there is no final path: then
it is impossible thatw right-reverses to a positive–negative path, as such a path would
be final. In case (4.30), the diagram is finite, there exists a unique final pathw′, and
the latter contains some subpaths|t such thatθ(s, t) is not defined, so it is not positive–
negative. Finally, in case (4.29), the unique final path is positive–negative. Applying this
in the case whenw is uv, we conclude that, in every case, there exists at most one pair of
S-pathsu′, v′ satisfyinguv yR v′u′.

(ii) By construction,w yR w′ always impliesw yR w′. Souv yR v′u′ implies
vu yR u′v′. This shows that, whenuv yR v′u′ holds, the pathθ∗(v, u) exists and
equalsu′. Soθ∗(u, v) exists if and only ifθ∗(v, u) does.

For all s, t in S such thatθ(s, t) exists, we haves|t yR θ(s, t)|θ(t, s), whence
θ∗(s, t) = θ(s, t). Soθ∗ extendsθ.

Next,s|s yR εy holds for everys in S(-, y), and, therefore,θ∗ satisfies (4.7). Then,
when we express the relations of Lemma 4.24 in the right-complemented case, we directly
obtain thatθ∗ satisfies (4.8) and (4.9), as can be read in Figure 8. As for (4.10), it follows
from the trivial relationsεxu yR u anduεx yR u, which hold for everyuwith sourcex.

Finally, assume thatθ′ is an extension ofθ to S∗ × S∗ that satisfies (4.7)–(4.10).
Assume thatu, v areS-paths andθ∗(u, v) is defined. Thenθ∗(v, u) is defined as well and
we haveuv yn

R θ∗(u, v)θ∗(v, u) for somen. We prove using induction onn thatθ′(u, v)
exists as well and coincides withθ∗(u, v), which will show the minimality and uniqueness
of θ∗. Forn = 0, at least one of the wordsu, v must be empty, and the result follows from
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the fact that (4.10) is satisfied byθ∗ by construction and byθ′ by assumption. Forn = 1,
the pathsu andv must have length one, that is, there exists, t in S satisfyingu = s,
v = t. Then the result follows from the fact thatθ∗ extendsθ and the assumption thatθ′

extendsθ as well and satisfies (4.7). Assume nown > 2. Then one of the wordsu, v
must have length at least two. Assumev does. Decomposev into v1v2. Then we have

uv y
n1

R θ∗(u, v1)θ∗(v1, u),

θ∗(v1, u)v2 y
n2

R θ∗(θ∗(v1, u), v2)θ∗(v2, θ∗(v1, u))

for somen1, n2 < n. By induction hypothesis, we deduce thatθ′(u, v1), θ′(v1, u),
θ′(θ′(v1, u), v2), andθ′(v2, θ′(v1, u)) exist and coincide with theirθ∗ counterpart. Using
the assumption thatθ′ satisfies (4.8) and (4.9), we deduce thatθ′(u, v1v2) andθ′(v1v2, u)
exist and coincide withθ∗(u, v1v2) andθ∗(v1v2, u), respectively. Thusθ′ includesθ∗ as
a family of pairs.

v1 v2

θ∗(u, v1) θ∗(θ∗(v1, u), v2)

u θ∗(v1, u) θ∗(v2, θ
∗(v1, u))y y

Figure 8.Splitting the right-reversing of a product (complemented case)

So the functionθ∗ of Lemma 4.6 coincides with that of Lemma 4.32. The double
induction in the relations (4.8) and (4.9), which may look mysterious at first, becomes
quite natural in the context of reversing diagrams and Figure 8. However, it should be
kept in mind that this induction may not terminate, as was seen in Example 4.28.

Even in the case of a right-complemented presentation, right-reversing is not a deter-
ministic procedure: a path may contain several patternss|t, leading to several reversing
sequences. This ambiguity is however superficial since Lemma 4.32 shows that, in the
right-complemented case, every initial path leads to a unique maximal reversing diagram,
and we can obtain a deterministic procedure by deciding (forinstance) to reverse the left-
most subpaths|t of the current path. With such an option, right-reversing can be described
as an algorithmic procedure.

Algorithm 4.33 (Right-reversing, right-complemented case).

Context: A precategoryS, a syntactic right-complementθ onS
Input: A signedS-pathw
Output: A positive–negativeS-path, orfail, or no output

: while ∃i < lg(w) (w[i] ∈ S andw[i+ 1] ∈ S)
: put j := min{i | w[i] ∈ S andw[i+ 1] ∈ S}
: puts := w[j] andt := w[j + 1]
: if s = t then
: removes|t in w
: else
: if θ(s, t) is definedthen
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: replaces|t with θ(s, t)|θ(t, s) in w at positionj
: else

: return fail

: return w

We recognize the three cases of the trichotomy (4.29)—(4.31): success when there
exists a positive–negative path to which the initial path isright-reversible (case of (4.29)),
failure when, at some point, one reaches a path with a factor that cannot be reversed (case
of (4.30)), non-termination when one never goes out of thewhile loop (case of (4.31)).

4.4 Right-reversing: completeness

Introducing right-reversing is possible for every category presentation. However, this
leads to interesting results (such as left-cancellativity) only when some specific condition
called completeness is satisfied. The intuition behind completeness is that, when a pre-
sentation is complete for right-reversing, the a priori complicated equivalence relation as-
sociated withR can be replaced with the more simple right-reversing relation. As can be
expected, this condition follows from the assumptions (4.17)–(4.19) of Proposition 4.16
in the context of a right-complemented presentation.

Before introducing completeness, we start from an easy general property that connects
right-reversing with path equivalence.

Proposition 4.34 (reversing implies equivalence).If (S,R) is a category presenta-
tion (S,R), then, for allS-pathsu, v, u′, v′, the relationuv yR v′u′ impliesuv′ ≡+

R vu′.
In particular, foru, v with targety,

(4.35) uv yR εy implies u ≡+

R v.

Proof. We use induction on the number of stepsn needed to right-reverseuv into v′u′.
For n = 0, the only possibility is thatu or v is empty, in which case we haveu′ = u,
v′ = v, and the result is true. Forn = 1, the only possibility is thatu andv have
length one, that is, there exists andt in S satisfyingu = s andv = t. In this case,
for st to right-reverse tov′u′ means thatsv′ = tu′ is a relation ofR, andsv′ ≡+

R tu′

holds by definition. Forn > 2, at least one ofu, v has length at least two. Assume for
instancelg(v) > 2. Then letv = v1v2 be a decomposition ofv with v1 andv2 nonempty.
Applying Lemma 4.24, we obtainu′, v′1, v′2 satisfyingv′ = v′1v

′
2, uv1 yn1

R v′1u1, and
u1v2 y

n2

R v′2u
′ with n1, n2 < n. The induction hypothesis impliesuv′1 ≡+

R v1u1 and
u1v

′
2 ≡+

R v2u
′, whenceuv′ = uv′1v

′
2 ≡+

R v1u1v
′
2 ≡+

R v1v2u
′ = vu′.

In the context of a syntactic right-complement,uv yR θ∗(u, v)θ∗(v, u) holds when-
everθ∗(u, v) is defined, so Proposition 4.34 implies

Corollary 4.36 (reversing implies equivalence).If (S,R) is a right-complemented cat-
egory presentation, associated with the syntactic right-complementθ, then, for allS-
pathsu, v such thatθ∗(u, v) is defined, we have

(4.37) uθ∗(u, v) ≡+

R vθ∗(v, u).
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We now restate the implication of Proposition 4.34 in still another form.

Definition 4.38 (factorable). If (S,R) is a category pre-
sentation, a quadruple(u, v, û, v̂) of S-paths is said to be
factorable through right-reversing, or y-factorable, if there
existS-pathsu′, v′, w′ satisfying

uv yR v′u′, û ≡+

R u′w′, and v̂ ≡+

R v′w′,

as shown on the right.

v

û
u

v̂

v′

u′

w′

y

≡+

≡+

Lemma 4.39. For every category presentation(S,R), everyy-factorable quadruple
(u, v, û, v̂) satisfiesuv̂ ≡+

R vû.

Proof. Assume that(u, v, û, v̂) is y-factorable. With the notation of Definition 4.38,
we haveuv yR v′u′, and Proposition 4.34 impliesuv′ ≡+

R vu′. Then we deduce
uv̂ ≡+

R uv′w ≡+

R vu′w ≡+

R vû.

Thus saying that(u, v, û, v̂) is y-factorable means thatuv̂ ≡+

R vû holds and that the
latter equivalence somehow factors through a right-reversing, whence our terminology.

The notion of completeness.We shall be interested in the case when the converse of
Lemma 4.39 is satisfied, that is, wheneveryequivalence isy-factorable.

Definition 4.40(complete). Right-reversing is calledcompletefor a presentation(S,R)
if every quadruple(u, v, û, v̂) of S-paths satisfyinguv̂ ≡+

R vû is y-factorable.

Owing to Lemma 4.39, if right-reversing is complete for(S,R), then, for allS-paths
u, v, û, v̂, the relationuv̂ ≡+

R vû is equivalent to(u, v, û, v̂) beingy-factorable.

Example 4.41(complete).Every categoryC admits a presentation for which right-revers-
ing is complete. Indeed, letR be the family of all relationsf1 ···fp = g1 ···gq for p, q > 1
andf1, ... , gq in C satisfyingf1 ···fp = g1 ···gq. Then(C,R) is a presentation ofC. Now
assumeuv̂ ≡+

R vû. Thenuv̂ andvû have the same evaluation inC, henceuv̂ = vû is
a relation ofR. If both u andv are nonempty, we haveuv yR v̂û by definition, and
u′ = û, v′ = v̂, andw′ witness that(u, v, û, v̂) is y-factorable. Ifu is empty, we put
u′ = εy wherey is the target ofv, v′ = v, andw = û; thenv yR v′ is true andu′, v′, w′

witness that(u, v, û, v̂) is y-factorable. So right-reversing is (trivially) complete for the
presentation(C,R).

On the other hand, right-reversing is not complete for all presentations. LetM be the
(stupid!) presented monoid〈S |R〉+ with S = {a, b, c} andR = {a = b, b = c}. InM ,
which is a free monoid on one generator, we havea = c, that is,a ≡+

R c holds inS∗.
However,a|c is right-reversible to no word of the formvu since there is no relation
a... = c... in R. So right-reversing cannot be complete for(S,R). By contrast, it is
complete for the (redundant) presentation〈a, b, c | a = b, b = c, a = c〉+ of M : in this
special case, the failure of completeness amounts to a lack of transitivity.

In this text, we shall only consider completeness in the context of presentations with
noε-relations, in which case completeness takes a more simple form.
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Lemma 4.42. If (S,R) is a category presentation containing noε-relation, then right-
reversing is complete for(S,R) if and only if, for allS-pathsu, v with targety,

(4.43) u ≡+

R v implies uv yR εy.

Proof. Assume that right-reversing is complete for(S,R)
and u ≡+

R v holds. Then we haveuεy ≡+

R vεy, so the
quadruple(u, v, εy, εy) is y-factorable, so there existS-
pathsu′, v′, w′ satisfyinguv yR v′u′, εy ≡+

R u′w′, and
εy ≡+

R v′w′. As R contains noε-relation, the latter two
equivalences imply thatu′ andv′ must be empty, so the first
relation readsuv yR εy.

v

v′

u u′

w′

y

≡+

≡+

Conversely, assume thatu ≡+

R v impliesuv yR εy. As-
sumeuv̂ ≡+

R vû. Then, by assumption,uv̂vû yR εy holds,
wherey is the target of̂u. By Lemma 4.23, there existS-
pathsu′, v′, w′, w′′ satisfyinguv yR v′u′, u′v̂ yR εy,
ûv′ yR εy, andw′w′′ yR εy. By Proposition 4.34, we
deduceû ≡+

R u′w′′, v̂ ≡+

R v′w′, andw′ ≡+

R w′′, whence
also û ≡+

R u′w′: so (u, v, û, v̂) is y-factorable, and right-
reversing is complete for(S,R). �

v û

v′ w′′

u

v̂

u′

w′

y

y

y

y

So, when there is noε-relation, right-reversing is complete for a presentation(S,R)
if R-equivalence can always be detected by right-reversing.

Consequences of completeness.When right-reversing is complete for a category pre-
sentation(S,R), then certain properties of the category〈S |R〉+can be recognized easily.

Proposition 4.44 (left-cancellativity). If (S,R) is a category presentation for which
right-reversing is complete, then the following conditions are equivalent:

(i) The category〈S |R〉+ is left-cancellative;
(ii) For everys in S and every relationsu = sv in R (if any), we haveu ≡+

R v.

Proof. Assume that〈S |R〉+ is left-cancellative andsu = sv is a relation ofR. Then
su ≡+

R sv holds by definition, hence so doesu ≡+

R v. So (i) implies (ii).
Conversely, assume (ii). In order to prove that〈S |R〉+ is left-cancellative, it is suffi-

cient to prove that, for allu, v in S∗, if su ≡+

R sv holds for somes in S, thenu ≡+

R v
holds as well. So assumesu ≡+

R sv. By definition of completeness,(s, s, u, v) is y-
factorable: there existS-pathsu′, v′, andw′ satisfyingss yR u′v′, u ≡+

R u′w′, and
v ≡+

R v′w′. Now, by definition of right-reversing, eithersu′ = sv′ is a relation ofR, in
which caseu′ ≡+

R v′ holds by assumption, oru′ andv′ are empty, andu′ ≡+

R v′ holds as
well. Then we findu ≡+

R u
′w′ ≡+

R v
′w′ ≡+

R v, as expected.

Condition (ii) in Proposition 4.44 is vacuously true for a presentation that contains no
relationsu = sv. So we have

Corollary 4.45 (left-cancellative). If (S,R) is a category presentation for which right-
reversing is complete and(S,R) contains no relation of the formsu = sv, then〈S |R〉+
is left-cancellative.
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We turn to common right-multiples.

Proposition 4.46 (common right-multiple). If (S,R) is a category presentation for
which right-reversing is complete, then, for allS-pathsu, v, the elements of〈S |R〉+ rep-
resented byu andv admit a common right-multiple if and only if there existS-pathsu′, v′

satisfyinguv yR v′u′. In this case, every common right-multiple is a right-multiple of
an element represented by a pathuv′ with uv yR v′u′.

Proof. Let f, g be the elements of〈S |R〉+ represented byu andv. Assume thath is
a common right-multiple off andg. This means that there existû, v̂ in S∗ satisfying
uv̂ ≡+

R vû andh is represented byuv̂ (andvû). By definition of completeness, this
implies the existence ofu′, v′, andw satisfyinguv yR v′u′, û ≡+

R u′w, andv̂ ≡+

R v′w.
By construction,h is a right-multiple of the element represented byuv′.

Conversely, assume thatuv yR v′u′ holds for someu′, v′ in S∗. By Proposition 4.34,
this impliesuv′ ≡+

R vu′, and the element of〈S |R〉+ represented byuv′ andvu′ is a
common right-multiple of the elements represented byu andv.

Corollary 4.47 (right-lcm). If (S,R) is a right-complemented category presentation for
which right-reversing is complete, then any two elements of〈S |R〉+ that admit a common
right-multiple admit a right-lcm. Moreover, for allu, v in S∗, the elements of〈S |R〉+
represented byu and v admit a common right-multiple if and only if there existu′, v′

in S∗ satisfyinguv yR v′u′ and, in this case, their right-lcm is represented byuv′.

Proof. Assume that the elementsf, g of 〈S |R〉+ represented byu andv admit a com-
mon right-multipleh. By Proposition 4.46,h is a right-multiple of an elementh′ rep-
resented byuv′ and vu′, whereuv yR v′u′ holds. The assumption that(S,R) is
right-complemented implies that there exists at most one pair of S-pathsu′, v′ satisfy-
ing uv yR v′u′. So the elementh′ is unique and does not depend onh. Therefore, it is
a right-lcm off andg.

Recognizing completeness.Propositions 4.44 and 4.46 would remain useless if we had
no practical criteria for recognizing whether right-reversing is complete. Such criteria do
exist, as will be explained now.

Definition 4.48 (cube condition). (See Figure 9.) For(S,R) a category presentation
andu, v, w in S∗, we say that thesharp cube condition(resp. thecube condition) is true
for (u, v, w) if

(4.49)

For allu0, u1, u2, v0, v1, v2 in S∗ satisfying

uw yR v1u0, wv yR v0u1, u0v0 yR v2u2 (if any),

there existu′, v′, w′ in S∗ satisfying

uv yR v′u′, u′u1 yR w′u2, v1v
′ yR v2w′

(resp. uv yR v′u′, u1u2 ≡+

R u′w′, v1v2 ≡+

R v′w′).

ForS′ included inS∗, we say that the (sharp) cube condition is trueonS′ if it is true for
every triple of elements ofS′.
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Figure 9.The sharp cube condition (resp. the cube condition) for (u, v, w): every half-cube constructed
using right-reversing from u, v, w can be completed into a cube using three more right-reversings
(sharp cube condition), or one right-reversing and two equivalences (cube condition).

Note that, in (4.49), the premice thatuw andwv are right-reversible to positive–
negative paths requires thatu, v, andw share the same source. So the (sharp) cube condi-
tion is vacuously true for triples of paths not sharing the same source. By Proposition 4.34,
u′u1 yR w′u2 impliesu1u2 ≡+

R u′w′ andv1v′ yR v2w′ impliesv1v2 ≡+

R v′w′, so the
sharp cube condition implies the cube condition, making theterminology coherent.

Example 4.50(cube condition). Consider the presentation with two generatorsa, b and
two relationsa2 = b2, ab = ba. The cube condition fora, a, b is true, but the sharp cube
condition is not. Indeed, the worda|b|b|a (that is,uwwv with u = v = a andw = b)
can be right-reversed in six different ways to a positive–negative word, leading to the six
wordsb|b, a|a, a|a|b|b, a|b|a|b, b|b|a|a, andb|a|b|a. Now, for each of these six words,
the factorization corresponding to the right diagram of Figure 9 exists. For instance,
considera|b|a|b, which corresponds tôu = b|a andv̂ = a|b: takingu′ = v′ = ε and
w′ = a|b works, as we havea|a y εε, b|a ≡+ εa|b, anda|b ≡+ εa|b. However, the
sharp cube condition fails, as there exist no wordw′ satisfyingbε y aw andεa y wb,
see Figure 10. The other verifications are similar.

a

b b

b a

a

b

a

a

by y

y

a

ε

ba

ba

a ε aby
≡+

≡+

a a

ε
a

ε(6=a)
(6=)

a

b

ε

b

ε(6=b)y y

y

Figure 10. Checking the cube condition for (a, a, b) in (a, b, ab = ba, a2 = b2): the left diagram
corresponds to one of the six ways of right-reversing ā|b|b̄|a; the central diagram then shows that
the corresponding instance of the cube property is satisfied, whereas the right diagram shows that
the sharp cube property fails: one can complete the diagram with three squares so that one is the a
right-reversing and the other two are equivalences, but there is no way to complete the diagram with
three right-reversings.

It is easily checked that, if right-reversing is complete for a presentation(S,R), then
the cube condition must be true onS∗, see Exercise 24. What we shall do now is to estab-
lish that, conversely, the cube condition guarantees the completeness of right-reversing,
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the point being that, in good cases, it is enough to check the cube condition for arbitrary
triples of paths, but simply for triples of generators. Hereis the main result:

Proposition 4.51(completeness).Assume that(S,R) is a category presentation with no
ε-relation, and at least one of the following conditions is satisfied:

The presentation(S,R) is short and the sharp cube condition is true onS;(4.52)

The presentation(S,R) is right-Noetherian and the cube condition is true
onS;

(4.53)

The presentation(S,R) is maximal right-triangular.(4.54)

Then right-reversing is complete for(S,R).

Before addressing the proof of Proposition 4.51, let us observe that the latter implies
the results of Subsection 4.1. As can be expected, the point is that theθ-cube condition of
Subsection 4.1 is directly connected with the current cube condition.

Lemma 4.55. If the presentation(S,R) is associated with a syntactic right-complementθ,
then, for allS-pathsu, v, w, the sharp cube condition (resp. the cube condition) is true
on{u, v, w} whenever the sharpθ-cube condition (resp. theθ-cube condition) is.

Proof. Assume that theθ-cube condition is true on{u, v, w}. We shall show that so is
the cube condition. As the assumptions assign symmetric roles tou, v, w, it is enough to
consider the cube condition for(u, v, w). So assumeuw yR v1u0, wv yR v0u1, and
u0v0 yR v2u2. The connection ofyR with θ∗ implies

u0 = θ∗(w, u), u1 = θ∗(v, w), u2 = θ∗3(w, v, u),

v0 = θ∗(w, v), v1 = θ∗(u,w), v2 = θ∗3(w, u, v),

see Figure 11. As theθ-cube condition is true for(u, v, w), the assumption thatθ∗3(w, v, u)
is defined implies thatθ∗3(u, v, w) andθ∗3(v, u, w) are defined as well, which, in turn, im-
plies thatθ∗(u, v) and θ∗(v, u) are defined. Putu′ = θ∗(v, u), v′ = θ∗(u, v), w′ =
θ∗3(u, v, w). Thenuv yR v′u′ holds by definition. Next, asθ∗3(v, u, w) andθ∗3(u,w, v)
are defined, we have

u′u1 = θ∗(v, u)θ∗(v, w) yR θ∗3(v, u, w)θ∗3(v, w, u)(4.56)

v1v
′ = θ∗(u,w)θ∗(u, v) yR θ∗3(u,w, v)θ∗3(u, v, w),(4.57)

which, by Corollary 4.36, implies

u1θ
∗
3(v, w, u) ≡+

R u′θ∗3(v, u, w)(4.58)

v1θ
∗
3(u,w, v) ≡+

R v′θ∗3(u, v, w) = v′w′.(4.59)

As theθ-cube condition is true for(v, w, u), we haveθ∗3(v, w, u) ≡+

R θ∗3(w, v, u) = u2.
As theθ-cube condition is true for(u, v, w), we haveθ∗3(v, u, w) ≡+

R θ∗3(u, v, w) = w′,
so (4.58) impliesu1u2 ≡+

R u′w′. Similarly, as theθ-cube condition is true for(w, u, v),
we haveθ∗3(u,w, v) ≡+

R θ∗3(w, u, v) = v2, and (4.59) impliesv1v2 ≡+

R v′w′. Hence the
cube condition is true for(u, v, w).
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Assume now that the sharpθ-cube condition is true on{u, v, w}, that is, for(u, v, w),
(v, w, u), and(w, u, v). Then the sharpθ-cube condition for(v, w, u) and(u, v, w) im-
plies

θ∗3(v, w, u) = θ∗3(w, v, u) = u2 and θ∗3(u, v, w) = θ∗3(v, u, w),

so (4.58) givesu′u1 yR w′u2. Similarly, the sharpθ-cube condition for(v, w, u) implies
θ∗3(u,w, v) = θ∗3(w, u, v) = v2, so (4.59) givesv′u1 yR w′v2. Hence the sharp cube
condition is true for(u, v, w).

θ∗(u,w) θ∗3(w, u, v)

w θ∗(w, v)

v

u

w

θ∗(w, u)

θ∗(v, w)

θ∗3(w, v, u)y y

y

θ∗3(u,w, v)

θ∗(u, v)

θ∗3(v, u, w)

v θ∗(v, w)

u

θ∗(u,w)

θ∗(v, u)

θ∗3(u, v, w)

θ∗3(v, w, u)y

y

y

Figure 11. Connection between the θ-cube conditions and the cube conditions in the right-
complemented case: the assumption that the arrows in the left diagram exist guarantees the existence
of the arrows in the right diagram.

The connection of Lemma 4.55 also goes in the other direction, from the cube con-
dition to theθ-cube condition, but the connection is local in the sharp case only: in the
general case, what can be proved is that, if the cube condition is true for all triples of
S-paths, then theθ-cube condition is true for all triples ofS-paths, see Exercise 25.

Proof of Proposition 4.16 from Proposition 4.51.Assume that(S,R) is a right-complem-
ented category, associated with the syntactic right-complementθ. By Lemma 4.55, the
(sharp) cube condition is true whenever the (sharp)θ-cube condition is. A priori, there is a
difference between the assumptions in Propositions 4.16 and 4.51, namely that, in the for-
mer, only triples of pairwise distinct elements are mentioned. However, one easily checks
that, if at least two entries in(u, v, w) coincide, then theθ-cube property is necessarily
true. Owing to symmetries, it is enough to consider the casesu = v andu = w.

So assume thatθ∗3(w, u, v) is defined andu = v holds. This implies thatθ∗(w, u),
and, therefore,θ∗(u,w), are defined. Lety be the target ofu. Then we haveθ∗(u, v) = εy,
and, by definition,θ∗3(u, v, w) is defined, and equal toθ∗(u,w). And so isθ∗3(v, u, w),
which is the same expression. So the sharpθ-cube condition is true for(u, v, w).

Assume now thatθ∗3(w, u, v) is defined andu = w holds. This implies thatθ∗(w, v),
which is alsoθ∗(u, v), and, therefore,θ∗(v, w), which isθ∗(v, u), are defined. Lety be
the target ofu again, and letz be that ofθ∗(u, v). Then we haveθ∗(u,w) = εy, whence
θ∗3(u, v, w) = θ∗(θ∗(u, v), εy) = εz. On the other hand, asθ∗(v, u) is defined and has
targetz, so θ∗3(v, u, w) is εz, and we obtainθ∗3(u, v, w) = θ∗3(v, u, w), and the sharp
θ-cube condition is true for(u, v, w).

So, in all three cases of Proposition 4.16, the presentation(S,R) is eligible for Propo-
sition 4.51 and, therefore, right-reversing is complete for (S,R). Then Corollary 4.45
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states that the category〈S |R〉+ is left-cancellative, and Corollary 4.47 states that〈S |R〉+
admits conditional right-lcms together with the additional results. Finally, for (iii), we
observe thatu andv represent the same element of〈S |R〉+ if the latter element is the
right-lcm of the elements represented byu andv. By (ii), this happens if and only if
θ∗(u) andθ∗(v) exist and are empty.

Proof of Proposition 4.51. At this point, it only remains to establish Proposition 4.51.
The arguments are different in the three cases and, as details require some care, we shall
postpone most of the proofs to the final Appendix.

In the case of (4.52), the proof consists in using an induction on the length of paths
to stack the elementary cubes provided by the assumption so as to extend the sharp cube
condition fromS to S∗, and then deduce the completeness of right-reversing at theend.
So the two steps are:

Lemma 4.60. If (S,R) is a short category presentation and the sharp cube condition is
true onS, then the sharp cube condition is true onS∗.

Lemma 4.61. If (S,R) is a category presentation that contains noε-relation and the
cube condition is true onS∗, then right-reversing is complete for(S,R).

In the case of (4.53), the argument, which is is more delicate, relies on several nested
inductions involving a right-Noetherianity witness. In this case, one does not establish
the cube condition onS∗, but directly prove that the cube condition onS implies the
completeness of right-reversing.

Lemma 4.62. If (S,R) is a category presentation that is right-Noetherian, contains noε-
relation, and the cube condition is true onS, then right-reversing is complete for(S,R).

Finally, in the (very) special case of a right-triangular presentation, the proof uses an
induction on the combinatorial distance and does not involve the cube condition.

Lemma 4.63. If (S,R) is a maximal right-triangular presentation, then right-reversing
is complete for(S,R).

When the proofs of the above lemmas are completed, Proposition 4.51 follows, and
therefore all results in this section are established, in particular the recipes of Subsec-
tion 4.1.

Remark 4.64(left-reversing). Everything said so far about right-reversing has a natural
counterpart in terms ofleft-reversing, which is the symmetric transformation in which
one replaces a pattern of the formt|s (s, t in S) with uv such thatut = vs is a relation
of the considered presentation(S,R), or one deletes a pattern of the forms|s (s in S).
Results for left-reversing are entirely similar to those for right-reversing. As in the case
of left- and right-divisibility, going from right- to left-reversing just amounts to going
from a category to the opposite category. In particular, in the case of a presentation for
which left-reversing is complete, the counterparts of Propositions 4.44 and 4.46 provide
criteria for right-cancellativity and existence of left-lcms. It should be kept in mind that
left-reversing (denoted by x) is not the inverse of right-reversing: for each generators
with targety, the relations|s y εy holds, whereasεy

xs|s doesnot hold.
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Exercises

Exercise 2(functor). Assume thatC is a category andφ is a functor ofC into itself.
Show that, ifφ is injective (resp. surjective) onC, then it is automatically injective (resp.
surjective) onObj(C). [Hint: Use the identity-elements.]

Exercise 3(collapsing invertible elements). (i) Assume thatM is a left-cancellative
monoid,G is a group, andφ is a homomorphism ofM into Aut(G). Show that the
semidirect productM ⋉φ G satisfies the conditions (i)–(iii) of Proposition 1.18. [Hint:
Observe thatGM is included inMG.] (ii) Assume thatM is a monoid with no nontrivial
invertible element andG is a group with at least two elements. Show that the free product
M ∗G is a monoid that does not satisfy the conditions (i)–(iii) ofProposition 1.18. [Hint:
If g is a nontrivial element ofM andf is a nontrivial element ofG, thenfg is an element
of M ∗G that does not belong toMG.]

Exercise 4(atom). Assume thatC is a left-cancellative category. Show that, forn > 1,
every elementg of C satisfyinght(g) = n admits a decomposition into a product of
n atoms.

Exercise 5(unique right-mcm). Assume thatC is a left-cancellative category that admits
right-mcms. (i) Assume thatf, g are elements ofC that admit a common right-multiple
and any two right-mcms off andg are=×-equivalent. Show that every right-mcm off
andg is a right-lcm off andg. (ii)

Exercise 6(right-gcd to right-mcm). Assume thatC is a cancellative category that ad-
mits right-gcds,f, g are elements ofC andh is a common right-multiple off andg. Show
that there exists a right-mcmh0 of f andg such that every common right-multiple off
andg that left-divideh is a right-multiple ofh0.

Exercise 7(iterated lcm). Assume thatC is a left-cancellative category. (i) Show that,
if h is a right-lcm off andg, thenh0h is a right-lcm ofh0f andh0g. (ii) Deduce an
alternative proof of Proposition 2.12.

Exercise 8(conditional right-lcm). Assume thatC is a left-cancellative category. (i)
Show that every left-gcd offg1 andfg2 (if any) is of the formfg whereg is a left-gcd
of g1 andg2. (ii) Assume moreover thatC admits conditional right-lcms. Show that, ifg
is a left-gcd ofg1 andg2 andfg is defined, thenfg is a left-gcd offg1 andfg2.

Exercise 9(left-coprime). Assume thatC is a left-cancellative category. Say that two
elementsf, g of C sharing the same sourcex are left-coprimeif 1x is a left-gcd off
andg. Assume thatg1, g2 are elements ofC sharing the same source, andfg1 andfg2
are defined. Consider the properties (i) The elementsg1 andg2 are left-coprime; (ii) The
elementf is a left-gcd forfg1 andfg2. Show that (ii) implies (i) and that, ifC admits
conditional right-lcms, (i) implies (ii). [Hint: Use Exercise 8.]

Exercise 10(subgroupoid). LetM = 〈a, b, c, d | ab = bc = cd = da〉+ and∆ = ab.
(i) Check thatM is a Garside monoid with Garside element∆. (ii) Let M1 (resp.M2) be
the submonoid ofM generated bya andc (resp. b andc). Show thatM1 andM2 are free
monoids of rank2 with intersection reduced to{1}. (iii) Let G be the group of fractions
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of M . Show that the intersection of the subgroups ofG generated byM1 andM2 is
not{1}.

Exercise 11(weakly right-cancellative). Say that a categoryC is weakly right-cancellat-
ive if gh = h implies thatg is invertible. (i) Observe that a right-cancellative category is
weakly right-cancellative; (ii) Assume thatC is a left-cancellative category. Show thatC
is weakly right-cancellative if and only if, for allf, g in C, the relationf ≺̃ g is equivalent
to the conjunction off 4̃ g and “g = g′f holds for nog′ in C×”.

Exercise 12(right-Noetherian). LetM = 〈a, b | ba = b〉+. (i) Show that every element
of M has a unique expressionapbq with p, q > 0, and that the mapλ : M → ω2 defined
by λ(apbq) = ω · q + p is an anti-isomorphism ofM to the monoid(ω2,+). (ii) Show
thatf 6= 1 impliesλ(fg) > λ(g). (iii) Deduce thatM satisfies the condition of Propo-
sition 2.28(ii), but does not satisfy the condition of Proposition 2.28(iv). (iv) Conclude
about the necessity of the assumption thatC is left-cancellative in Proposition 2.28.

Exercise 13(increasing sequences).Assume thatC is a left-cancellative. ForS included
in C, putDivS(h) = {f ∈ C | ∃g ∈ S(fg = h)}. Show that the restriction of̃≺ to S is
well-founded (that is, admits no infinite descending sequence) if and only if, for everyg
in S, every strictly increasing sequence inDivS(g) with respect to left-divisibility is finite.

Exercise 14(lifted omega monoid). (See Figure 12) (i) LetMω = 〈a, (bi)i∈Z | bi+1 =
bia for eachi 〉+. Show thatMω identifies with the family of all wordsapuwith p > 0 and
u a word in the alphabet{bi | i ∈ Z} equipped with the product defined byapu aqv =
ap+qv if u is empty, andapu aqv = apu′bi+qv if u isu′bi. (ii) Show thatMω is generated
by every family{a}∪{bi | i 6 C} whereC is any (positive or negative) constant, and that
Mω admits noN-valued right-Noetherianity witness. (iii) Show thatMω is cancellative.
[Hint: Establish explicit formulas fora · apu, bi · apu, apu · a, andbi · apu and deduce
that the value ofg can be recovered from the value ofsg, and from the value ofgs.] (iv)
Show thatMω is right-Noetherian, but not left-Noetherian. [Hint: Considerλ defined by
λ(apu) = ω · lg(u) + p.] Show that the left-height ofb0 is not defined, whereas its right-
height isω. (v) Let M denote the submonoid ofZ2 consisting of the pairs(x, y) with
y > 0 plus the pairs(x, 0) with x > 0. Puta = (1, 0) andbi = (i, 1) for i ∈ Z. Show
thatM is generated bya and all elementsbi, and it admits a presentation consisting, in
addition to all commutation relations, of the relationsbi+1 = bia. Deduce thatM is the
Abelianization ofMω. Show that, inM , we have(x, y)4 (x′, y′) if and only if y < y′ or
y = y′ andx 6 x′. Deduce thatM is not right-Noetherian.

Exercise 15(left-generating). Assume thatC is a left-cancellative category that is right-
Noetherian. Say that a subfamilyS of C left-generates(resp. right-generates) C if every
non-invertible element ofC admits at least one non-invertible left-divisor (resp. right-
divisor) belonging toS. (i) Show thatC is right-generated by its atoms. (ii) Show that,
if S is a subfamily ofC that left-generatesC, thenS ∪ C× generatesC. (iii) Conversely,
show that, ifS ∪ C×generatesC andC×S ⊆ S♯ holds, thenS left-generatesC.

Exercise 16(atoms not generating).LetM = 〈a, b, e, E | eE = Ee = 1, ea = ab〉+, and
letS consist of the rewrite ruleseE → ε, Ee → ε, ea → ab, Eab → a. (i) Show that every
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a a aa a a

b0 b0 b0b−1 b−1 b−1b1 b1 b1

b0 b0 b0

a a aa a a

a a

Figure 12.Cayley graph of the monoid of Exercise 14: an N-indexed sequence of infinitely branching
trees, with additional horizontal arrows labeled a and oriented to the right.

S-derivation is finite [Hint: Each rule decreases the number of letterse, E.] (ii) Check that
S is locally confluent, that is, if two rules apply to a wordw, leading to two wordsw′, w′′,
then there exists a wordw′′′ such thatw′ andw′′ rewrite intow′′. (iii) Conclude thatS
defines a unique normal form for the elements ofM . (iv) Show thatM is cancellative.
[Hint: Show that, for each letters, the normal form ofg can be recovered from that ofsg.]
(v) Show thatM is right-Noetherian, but it is not Noetherian and not generated by atoms
and invertible elements. [Hint: The sequencea, Ea, E2a, ... is descending with respect to
left-divisibility, anda is not at atom.] (vi) LetM ′ be the monoid〈a, b, e | e2 = 1, ea =
ab〉+. Prove thatM ′ is not left-cancellative. [Hint:ab2 = a holds inM ′.]

Exercise 17(no N-valued Noetherianity witness I). LetM be the monoid presented by
〈a1, a2, ··· | a1 = a2

2 = a3
3 = ···, aiaj = ajai for all i, j〉+. (i) Show that every element

of M has a unique expression asad11 a
d2
2 ··· with di 6 i for everyi > 2. (ii) Show that the

functionλ defined byλ(
∏
i>1 a

di

i ) = ω · d1 +
∑
i>2 di is a Noetherianity witness forM .

(iii) Show that the height ofa1 is infinite.

Exercise 18(no N-valued Noetherianity witness II). Let M be the monoid presented
by 〈a, b, e, E | eE = Ee = 1, eabnae = abn+1a, n = 0, 1, ...〉+. (i) Show that the rewrite
ruleseE → ε, Ee → ε, eabnae → abn+1a, Eabn+1a → abnae, abn+1aE → eabna

with n > 0 define a unique normal form for the elements ofM . [Hint: The rules are
length-decreasing, so it suffices to check local confluence,on the shape of Exercise 16.]
(ii) Deduce thatM is cancellative. (iii) Show thatM is left- and right-Noetherian. (iv)
Show that the height ofa2 is infinite.

Exercise 19(compatibility). Assume that(S,R) is a right-complemented presentation,
associated with the syntactic right-complementθ. Prove that right-reversing is complete
for (S,R) if and only if θ∗ is compatible with≡+

R in the sense that, ifθ∗(u, v) is defined,
thenθ∗(u′, v′) exists and isR-equivalent toθ∗(u, v) for all u′, v′ satisfyingu′ ≡+

R u and
v′ ≡+

R v.

Exercise 20(equivalence).Assume that(S,R) is a category presentation. Say that an el-
ements of S isR-right-invertible ifsw ≡+

R εx (x the source ofs) holds for somew in S∗.
Show that a category presentation(S,R) is complete with respect to right-reversing if and
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only if, for all u, v in S∗, the following are equivalent: (i)u andv areR-equivalent (that
is, u ≡+

R v holds), (ii)uv yR v′u′ holds for someR-equivalent pathsu′, v′ in S∗ all of
which entries areR-right-invertible.

Exercise 21(two generators). Assume thatM is 〈a, b | av = bu〉+ and there exists
λ : {a, b}∗ → N that is≡+

av=bu-invariant and satisfiesλ(aw) > λ(w) andλ(bw) > λ(w)
for everyw. Show thatM is left-cancellative and admits conditional right-lcms. [Hint:
Check that Condition (4.18) is satisfied.]

Exercise 22(completevs.cube, complemented case).Assume that(S,R) is a right-
complemented presentation, associated with the syntacticright-complementθ. Show the
equivalence of the following three properties: (i) Right-reversing is complete for(S,R);
(ii) The mapθ∗ is compatible with≡+

R-equivalence in the sense that, ifu′ ≡+

R u and
v′ ≡+

R v hold, thenθ∗(u′, v′) is defined if and only ifθ(u, v) is and, if so, they are
≡+

R-equivalent; (iii) Theθ-cube condition is true for every triple ofS-paths. [Hint:
For (i) ⇒ (ii), note that, ifθ∗(u, v) is defined andu′ ≡+

R u andv′ ≡+

R v hold, then
(u′, v,′ θ∗(u, v), θ∗(v, u)) must bey-factorable; for (ii)⇒ (iii), computeθ∗(w, uθ∗(u, v))
andθ∗(w, vθ∗(v, u)); for (iii) ⇒ (i), use Lemma 4.61.]

Exercise 23(alternative proof). Assume that(S,R) is a right-complemented presen-
tation associated with the syntactic right-complementθ, that(S,R) is right-Noetherian,
and that theθ-cube condition is true onS. (i) Show that, for allr, s, t in S, the path
θ∗(r, sθ(s, t)) is defined if and only ifθ∗(r, tθ(t, s)) is and, in this case, the relations
θ∗(r, sθ(s, t)) ≡+

R θ∗(r, tθ(t, s)) andθ∗(sθ(s, t), r) ≡+

R θ∗(tθ(t, s), r) hold. (ii) Show
that the mapθ∗ is compatible with≡+

R: the conjunction ofu′ ≡+

R u andv′ ≡+

R v implies
thatθ∗(u′, v′) exists if and only ifθ∗(u, v) does and, in this case, they are≡+

R-equivalent.
[Hint: Show using onλ∗(uθ∗(u, v)), whereλ∗ is a right-Noetherianity witness for(S,R)
that, if θ∗(u, v) is defined and we haveu′ ≡+

R u andv′ ≡+

R v, thenθ∗(u′, v′) is defined
and we haveθ∗(u′, v′) ≡+

R θ∗(u, v) andθ∗(v′, u′) ≡+

R θ∗(v, u).] (iii) Apply Exercise 22
to deduce a new proof of Proposition 4.16 in the right-Noetherian case.

Exercise 24(cube condition). Assume that(S,R) is a category presentation (i) Show
that the cube condition is true for(u, v, w) if and only if, for all û, v̂ in S∗ satisfying
uwwv yR v̂û, the quadruple(u, v, û, v̂) is y-factorable. (ii) Show that, if right-
reversing is complete for(S,R), then the cube condition is true for every triple ofS-
paths.

Exercise 25(cube toθ-cube). Assume that(S,R) is a category presentation associated
with a syntactic right-complementθ. (i) Show that, if the sharp cube condition is true on
{u, v, w}, then so is the sharpθ-cube condition. (ii) Show that, if the cube condition is
true onS∗, then so is theθ-cube condition. [Hint: First observe that right-reversing must
be complete for(S,R) and then, translating the cube condition for(u, v, w), show that
the existence ofw′ satisfyingθ∗(u,w)θ∗3(w, u, v) ≡+

R θ∗(u, v)w′ implies that the path
θ∗(θ∗3(w, u, v), θ∗3(u,w, v)) exists and is empty.]

Exercise 26(1-complete). Say that right-reversing is1-complete for a category presen-
tation (S,R) if uv̂ ≡+

R vû implies that(u, v, û, v̂) is y-factorable wheneveru, v have
length one, that is, lie inS. (i) Prove that, if right-reversing is1-complete for(S,R) and
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(S,R) is short, then right-reversing is complete for(S,R). (ii) Same question with the
assumption that(S,R) is right-Noetherian.

Notes

Sources and comments.The definitions of Section 1 are standard. A useful referenceis
S. MacLane’s book [165]. However, we insist once more on the fact that, in this text, cat-
egories are only used as conditional monoids, and no specificfamiliarity with categories
is needed.

The definitions of Section 2 and most of the results mentionedthere are standard as
well. The only less classical point is the emphasis put on thealgebraic properties of
the least common multiple operation and the derived right-complement operation, which
can be found for instance in [79]. Note that, in a categoricalterminology, right-lcms and
left-gcds are called pushouts (or amalgamated sums) and pullbacks (or fiber products), re-
spectively. The notion of a mimimal common right-multiple (right-mcm, Definition 2.38)
is maybe new, but it is a straightforward extension for the notion of a least common right-
multiple.

Noetherianity conditions are standard in many domains, with the meaning of forbid-
ding infinite sequences. Our current convention is coherentwith the standard definition
in terms of non-existence of ascending sequences of ideals in ring theory, and both are
related with the possibility of decomposing every element into a product of irreducible
elements. Most results of Section 2 may be considered as folklore, yet some examples are
maybe new.

All results around Ore’s theorem in Section 3 also are standard and can be found, for
instance, in the textbook Clifford–Preston [61]. The only exception is maybe Proposi-
tion 3.21 (torsion) and Corollary 3.24 (torsion-free), which can be found in [82].

Right-reversing and its application to proving cancellativity as developed in Section 4
may be seen as an extension of Garside’s proof of Theorem H in [122]—and, therefore, it
should maybe be attributed to G. Higman as a foreword in Garside’s PhD thesis says “I am
indebted to my supervisor Professor G. Higman for the methodof proof of Theorem H and
Theorem 4, and I wish to thank him both for this and his generous interest and advise”.
This method of proof is reminiscent of the “Kürzungslemma”in Brieskorn–Saito [36],
and the monoids eligible for this approach were investigated as “chainable monoids” by
R. Corran in [64] and [63], and, in a slightly different setting, by K. Tatsuoka in [219].

Right-reversing itself was first introduced in 1991 in [71, 74] in order to investigate
the geometry monoid of left-selfdistributivity that will be described in Chapter XI. The
connection with Garside’s Theorem H [123] emerged subsequently when a number of
presentations proved to be eligible, in particular Artin’spresentation of braid groups,
see [75]. The extension to presentations that are not right-complemented was developed
in [81], see also [88]. We think that the method, which includes all above mentioned
methods, is now optimal. The (easy) extension to a category context is probably new.
The cancellativity criterion stemming from Proposition 4.51 is efficient for presentations
with many relations, whereas Adjan’s method explained in Remmers [196] is relevant
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for presentations with few relations. The completeness criterion of (4.52) appears (in a
slightly restricted form) in [79], the one of (4.53) in [75],and the one of (4.54) in [91]. A
fourth criterion, not developed here but used in an example of Chapter IX, appears in [77].

Reversing is useful only when it is complete, that is, when itmisses no path equiv-
alence. When we start with a right-Noetherian presentation(S,R) and right-reversing
fails to be complete, the cube condition must fail for some triple of generators(r, s, t),
and some relation of the forms ··· = t ··· is satisfied in〈S |R〉+ but it is not detected by
right-reversing. Adding the latter relation to(S,R) yields a new presentation(S,R′)
of the same category, for which the(r, s, t) cube condition is satisfied by construction.
Repeating the process provides a completion method that produces successive equivalent
presentations(S,R′), (S,R′′), ... eventually leading in good cases to a presentation for
which right-reversing is complete (see [81] for examples).

In terms of algorithmic complexity, Proposition 4.27 implies that reversing has a
quadratic time complexity when the closurêS of the initial family of generatorsS un-
der reversing is finite—̂S being the smallest family ofS-paths such that, for allu, v in Ŝ,
reversinguv leads to positive–negative path(s)v′u′ such thatu′ andv′ belong toŜ. When
Ŝ is infinite, no uniform complexity bound may be given: the standard presentation of the
Heisenberg monoid [81] or the presentation of Exercise 122 below lead to a cubic time
complexity, whereas the only known upper bound for the complexity of the right-reversing
in the of the presentation of the monoidMLD of Definition XI.3.7 is a tower of exponen-
tials of exponential height, see [74, Chapter VIII]. A comparison of reversing as a way
of solving the Word Problem and Gröbner–Shirshov bases appears in Autord [5].

We do not claim that the reversing method is a universal tool:in practice, the method is
efficient only for complemented presentations, and useful only for proving cancellativity
and existence of least common multiples. However, as the latter questions are central in
this text and complemented presentations naturally appearin many examples, reversing
is specially useful here.

Further questions. All examples of monoids that are Noetherian but not stronglyNoethe-
rian mentioned in the text or in Exercise 17 involve an infinite presentation, leading to

Question 3. Is every finitely generated left-cancellative category that is Noetherian nec-
essarily strongly Noetherian?

We refer to Exercise 18 for an example of a finitely generated (but not finitely pre-
sented) cancellative monoid that is Noetherian but not strongly Noetherian.



Chapter III

Normal decompositions

We now enter the core of our subject, namely a certain type of decompositions for the
elements of a monoid, a group, or a category that exist in manydifferent situations, in
particular those mentioned in Chapter I. The common unifying principle in these de-
compositions is that each entry is, in a sense to be made precise, a maximal fragment of
what lies after it. The approach we develop here is sort of reverse engineering: we define
what we call normal decompositions by their expected properties and Garside families
to be those families that guarantee the existence of normal decompositions. This abstract
definition is not suitable for concrete examples, but the quest for more concrete characteri-
zations is postponed to the subsequent Chapters IV to VI. Theadvantage of this top–down
approach is to make it clear that it exhausts the range of possible applications—contrary
to the bottom-up approach that once led to Garside groups.

The chapter is organized as follows. In Section 1, we consider the case of monoids
and categories and analyse the diagrammatic mechanisms involved in what we callS-
normal decompositions. In particular, we show thatS-normal decompositions are es-
sentially unique and obey nice construction rules, the domino rule(s) (Proposition 1.53).
In Section 2, we similarly consider the case of groups and groupoids and show how to
extend, in good cases,S-normal decompositions in a category into what we call sym-
metricS-normal decompositions in the enveloping groupoid of this category. Again we
establish existence and uniqueness results, the main one being that, if C is an Ore cate-
gory that admits left-lcms andS is a Garside family ofC, then every element of the en-
veloping groupoid ofC admits an essentially unique symmetricS-normal decomposition
(Proposition 2.20). Finally, in Section 3, we establish various geometric and algorithmic
consequences of the existence ofS-normal decompositions. We prove that such decom-
positions are geodesic and we establish the Grid Property (Proposition 3.11), a convexity
result that associates with every triangle a certain hexagonal grid in which any two vertices
are connected by a geodesic, a result loosely reminiscent ofa CAT(0) property. We also
show that normal decompositions satisfy a form of the FellowTraveller Property (Propo-
sition 3.14) and that, when some finiteness assumptions are satisfied, they give rise to an
automatic structure and to a practical method for computinghomology (Corollary 3.55).
Finally, we address the Word Problem (in a category and in itsenveloping groupoid) and
briefly analyze the complexity of the algorithms deduced fromS-normal decompositions
(Corollary 3.64).

Main definitions and results (in abridged form)

Definition 1.1 (greedy). If S is a subfamily of a left-cancellative categoryC, a length-
two C-pathg1|g2 in C[2] is calledS-greedyif each relations4 fg1g2 with s in S implies
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s4 fg1. A pathg1| ··· |gp is calledS-greedyif gi|gi+1 is S-greedy for eachi < p.

Definition 1.17 (normal, strict normal). A path isS-normal if it is S-greedy and its
entries lie inS♯. AnS-normal path isstrict if no entry is invertible and all entries excepted
possibly the last one lie inS.

Definition 1.20 (deformation). A pathg′1| ··· |g′q in a C×-deformation, of another path
g1| ··· |gp if there exist invertible elementsǫ0, ... , ǫm,m = max(p, q), such thatǫ0, ǫm are
identity-elements andǫi−1gi = g′iǫi holds for1 6 i 6 m; for p 6= q, the shorter path is
expanded by identity-elements.

Proposition 1.25 (normal unique). If S is a subfamily of a left-cancellative categoryC,
any twoS-normal decompositions of an element ofC (if any) areC×-deformations of one
another.

Definition 1.31 (Garside family). A subfamilyS of a left-cancellative categoryC is
called aGarsidefamily if every element ofC admits anS-normal decomposition.

Definition 1.38 (property�). A family S satisfies� if every element ofS2 admits an
S-greedy decompositions1|s2 with s1, s2 in S.

Proposition 1.39 (recognizing Garside I). A subfamilyS of a left-cancellative cate-
gory C is a Garside family if and only one of the following equivalent conditions holds:
(1.40) The familyS♯ generatesC and satisfies Property�; (1.41) The familyS♯ gen-
eratesC and every element of(S♯)2 admits anS-normal decomposition;(1.42) The
family S♯ generatesC, every element ofS2 admits anS-normal decomposition, and
C×S ⊆ S♯ holds.

Proposition 1.53 (normal decomposition).If S is a Garside family in a left-cancellative
categoryC, then, for everyS♯-paths1| ··· |sp, Algorithm 1.52 running ons1| ··· |sp returns
anS-normal decomposition ofs1 ···sp. The�-witness is appealedp(p− 1)/2 times.

Definition 2.1 (left-disjoint). Two elementsf, g of a left-cancellative categoryC are
calledleft-disjoint if f andg share the same source and, for allh, h′ in C, the conjunction
of h′ 4 hf andh′ 4 hg impliesh′ 4 h.

Definition 2.9 (symmetric greedy, symmetric normal). If S is a subfamily of a left-
cancellative categoryC, a negative–positiveC-pathfq | ··· |f1|g1| ··· |gp is calledsymmet-
ric S-greedy(resp. symmetricS-normal, resp. strictly symmetricS-normal) if the paths
f1| ··· |fp andg1| ··· |gq areS-greedy (resp. S-normal,resp. strictlyS-normal) and, in ad-
dition, f1 andg1 are left-disjoint.

Proposition 2.16 (symmetric normal unique). If S is a subfamily of a left-Ore cate-
gory C andS♯ generatesC, any two symmetricS-normal decompositions of an element
of Env(C) areC×-deformations of one another.

Proposition 2.20 (symmetric normal exist). If S is a Garside family in a left-Ore
categoryC, the following conditions are equivalent:(i) Every element ofEnv(C) lying
in CC−1 has a symmetricS-normal decomposition;(ii) The categoryC admits left-lcms.

Definition 2.22 (Garside base). A subfamilyS of a groupoidG is Garside baseof G
if every element ofG admits a decomposition that is symmetricS-normal with respect to
the subcategory ofG generated byS.
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Definition 2.29 (strong Garside). A Garside familyS in a left-Ore category is called
strong if, for all s, t in S♯ with the same target, there exists′, t′ in S♯ such thats′t
equalst′s and it is a left-lcm ofs andt.

Proposition 2.34 (strong exists). If C is a left-Ore category, then some Garside family
of C is strong if and only ifC viewed a Garside family ofC is strong, if and only ifC admits
left-lcms.

Proposition 2.37 (symmetric normal, short case). If S is a strong Garside family
in a left-Ore categoryC that admits left-lcms, then every element ofEnv(C) that can
be represented by a positive–negativeS♯-path of lengthℓ admits a symmetricS-normal
decomposition of length at mostℓ.

Definition 3.6 (perfect Garside). A Garside familyS in left-Ore categoryC that admits
left-lcms is calledperfectif there exists a short left-lcm selectorθ̃ on S♯ such that, for
all s, t with the same target,̃θ(s, t)t belongs toS♯.

Proposition 3.11 (Grid Property). If C is an Ore category that admits unique left-lcms
andS is a perfect Garside family inC, then, for allg1, g2, g3 in Env(C), there exists a
planar diagramΓ that is the union of threeS-grids, admitsg1, g2, g3 as extremal vertices,
and is such that, for all verticesx, y of Γ, there exists a symmetricS-normal (hence
geodesic) path fromx to y insideΓ.

Proposition 3.14 (fellow traveller). (i) If S is a subfamily of a left-Ore categoryC and
S♯ generatesC, then, for everyg in Env(C), any two strict symmetricS-normal decom-
positions ofg are 1-fellow travellers. (ii) If S is a strong Garside family inC, then, for
everyg in Env(C) and everys in S♯, any two strict symmetricS-normal decompositions
of g andgs are2-fellow travellers.

Proposition 3.45 (resolution). If S is a strong Garside family in a left-cancellative
categoryC that admits unique left-lcms, the associated complex(Z∗, ∂∗) is a resolution
of the trivialZC-moduleZ by freeZC-modules.

Corollary 3.46 (homology). If C is an Ore category that admits unique left-lcms and
has a finite Garside family, the groupoidEnv(C) is of FL type. For everyn, we have
Hn(Env(C),Z) = Hn(C,Z) = Ker dn/Imdn+1, wheredn is theZ-linear map onZn
such thatdnC is obtained from∂nC by collapsing allC-coefficients to1.

Corollary 3.55 (dimension). If S is a strong Garside family in a left-Ore categoryC that
admits unique left-lcms and the height of every element ofS is bounded above by some
constantN , the (co)homological dimension ofEnv(C) is at mostN .

Corollary 3.64 (decidability). If S is a strong Garside family in a left-Ore categoryC
and there exist a computable�-witness, a computable left-lcm selector onS♯, and a
computable=×-maps forS♯, the Word Problem ofEnv(C) with respect toS♯ is decidable.
Moreover, ifS♯ is finite, the Word Problem ofEnv(C) has a quadratic time complexity and
a linear space complexity.
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1 Greedy decompositions

We begin with the case of categories (including monoids), and consider the generic ques-
tion of finding distinguished decompositions for the elements of the category in terms of
the elements of some fixed generating subfamily. As announced above, the main intuition
is to construct the decomposition by extracting the maximalfragment lying in the con-
sidered family, maximal here referring to the left-divisibility relation (Definition II.2.1).
Technically, we shall start from an abstract diagrammatic definition, that will be seen to
be equivalent subsequently and that makes the inductive constructions easy and natural,
in particular with the use of the so-called domino rule.

The main results of this section are Proposition 1.25, whichsays that anS-normal
decomposition is essentially unique when it exists, and Proposition 1.39, which charac-
terizes Garside families, defined to be those familiesS such that every element of the
ambient category admits anS-normal decomposition.

The section is organised as follows. The notion of anS-greedy path is introduced and
studied in Subsection 1.1. Then, in Subsection 1.2, we definethe notion of anS-normal
decomposition of an element and establish its (near)-uniqueness. In Subsection 1.3, we
introduce the notion of a Garside family and establish general properties. Next, in Sub-
section 1.4, we give alternative definitions of Garside families that are more tractable than
the initial definition, and we extract the algorithmic content of the constructions. Finally,
in Subsection 1.5, we discuss an additional condition, the second domino rule, which
provides an alternative way of determining greedy decompositions.

1.1 The notion of anS-greedy path

As in Chapter II, (almost) all categories we shall consider below will be supposed to
be left-cancellative, that is,fg′ = fg implies g = g′—see Remark 1.16 below for a
discussion about removing this assumption. So, assuming that C is a left-cancellative
category and thatS is a fixed subfamily ofC, we shall introduce the notion of aS-greedy
path. The intuition is that a pathg1| ··· |gg isS-greedy if each factorgi contains as much of
theS-content ofgi ···gq as possible. However, we donot just use the classical definition
that a length-two pathg1|g2 isS-greedy if every element ofS that left-dividesg1g2 has to
left-divideg1. This notion is natural but uneasy to work with whenS is arbitrary, and we
shall use a stronger notion. It will be seen subsequently, inChapter IV, that both notions
coincide whenS has suitable properties.

Definition 1.1 (greedy path). If S is a subfamily of a left-cancellative categoryC, a
length-twoC-pathg1|g2 in C[2] is calledS-greedyif each relations 4 fg1g2 with s in S
impliess4fg1. A pathg1| ··· |gp is calledS-greedyif gi|gi+1 isS-greedy for eachi < p.

By definition, a path of length zero or one is alwaysS-greedy. We shall sometimes
use “S-greedy sequence” as a synonymous for “S-greedy path”.
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Example 1.2 (greedy). Consider the free Abelian monoidNn andSn = {g ∈ Nn |
∀k 6 n (f(k) ∈ {0, 1})} (Reference Structure 1, page 3). Forf, g in Nn, as noted in
Example II.2.3, the left-divisibility relationf 4 g is equivalent to∀k 6 n (f(k) 6 g(k)).
In this context, Definition 1.1 amounts to requiring, for each s in Sn,

(1.3) ∀k 6 n (s(k) 6 f(k) + g1(k) + g2(k) ⇒ s(k) 6 f(k) + g1(k)).

If s(k) is zero, (1.3) is always true. Ifs(k) is one, the only case when (1.3) can fail is for
f(k) = g1(k) = 0 andg2(0) > 1. For everyk in {1, ... , n}, there exists an elements
in Sn that satisfiess(k) = 1 (for instance the element∆n), so the conjunction of all
implications (1.3) fors in Sn reduces to the unique condition

(1.4) ∀k 6 n (g1(k) = 0 ⇒ g2(k) = 0).

Note that, for any setI, even infinite, the above analysis remains valid in the case of N(I)

andSI = {g ∈ N(I) | ∀k ∈ I (f(k) ∈ {0, 1})}.

Diagrams will be used throughout this text. In a diagram, theproperty that a pathg1|g2
is S-greedy will be indicated by a small arc connecting the arrows associated withg1
andg2 as in g1 g2 (here we assume that the reference familyS is clear).

The definition of greediness should become immediately moretransparent when stated
in a diagrammatic way.

Lemma 1.5. Assume thatC is a left-cancellative category andS is included inC. Then a
C-pathg1|g2 is S-greedy if and only if, for alls in S andf, h in C,

(1.6) s h = fg1g2 implies ∃g ∈ C (sg = fg1 andh = gg2),

that is, if each commutative diagram

g1 g2

s

f g h splits as shown.

Proof. Assume thatg1|g2 is S-greedy andsh = fg1g2 holds, that is, we have a com-

mutative diagram

g1 g2

s

f h . Then we haves 4 fg1g2, hences 4 fg1

by definition ofS-greediness. So we havesg = fg1 for someg. Moreover, we deduce
sh = fg1g2 = sgg2, henceh = gg2 by left-cancellings, which is legal since the ambient
categoryC is left-cancellative. So (1.6) is true, and the diagram of the lemma splits into
two commutative subdiagrams as shown.

Conversely, assume that (1.6) is true, and we haves 4 fg1g2 for somes belonging
toS. By definition of left-divisibility, we havesh = fg1g2 for someh, whencesg = fg1
by (1.6), ands4 fg1 holds. Sog1|g2 is S-greedy.

A direct consequence is the following connection of greediness with the left- and
right-divisibility relations.
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Lemma 1.7. Assume thatC is a left-cancellative category andS is included inC. If g1|g2
is S-greedy, then so isg′1|g′2 for all g′1, g

′
2 such thatg′1 is a left-multiple ofg1 andg′2 is a

left-divisor ofg2.

Proof. Assumes ∈ S ands4fg′1g
′
2 (see figure on the right).

Assumingg′1 = f ′g1, we deduces 4 ff ′g1g2, whences 4
ff ′g1 = fg′1 sinceg1|g2 is S-greedy. Henceg′1|g′2 is S-
greedy by Lemma 1.5.

g1 g2

g′1 g′2

f ′

s

f

We continue with the connection between greedy paths and invertible elements.

Lemma 1.8. Assume thatC is a left-cancellative category,S is included inC, andg1|g2
is aC-path.

(i) If g2 is invertible, theng1|g2 is S-greedy.
(ii) If g1 is invertible andg2 lies in S, theng1|g2 is S-greedy (if and) only ifg2 is

invertible.

Proof. (i) If g2 is invertible, theng1 =× g1g2 holds, and, therefore, fors in S andf in C,
the relations4 fg1g2 is merely equivalent tos4 fg1. So, in any case,g1|g2 is greedy.

(ii) Assume thatg1 is invertible andg2 lies in C(x, y). Applying Lemma 1.5 to the
equalityg2 · 1y = g−1

1 · g1 · g2 gives the existence ofg satisfyingg2 · g = g−1
1 · g1 = 1x.

Sog is an inverse ofg2.

Finally, we observe that multiplying by invertible elements preserves greediness.

Lemma 1.9. Assume thatC is a left-cancellative category,S
is included inC, and we have a commutative diagram as on
the right withǫ0, ǫ1, ǫ2 invertible. Theng1|g2 is S-greedy if
and only ifg′1|g′2 is. g1 g2

g′1 g′2

ǫ0 ǫ1 ǫ2

Proof. Assume thatg1|g2 is S-greedy ands 4 fg′1g
′
2 holds for somes in S. Then we

haves4 fg′1g
′
2ǫ2 = (fǫ0)g1g2, whences4 (fǫ0)g1 asg1|g2 is S-greedy. Now we have

(fǫ0)g1 = fg′1ǫ1, hences4 fg′1ǫ1, and, therefore,s 4 fg′1 sinceǫ1 is invertible. Hence
g′1|g′2 is S-greedy.

The converse implication is similar, usingǫ−1
i in place ofǫi.

In the same vein, we observe now that adding invertible elements in the reference
family S does not change the associated notion of greediness. We recall from Defini-
tion II.1.21 that, ifC is a category andS is included inC, thenS♯ is SC×∪ C×, the least
subfamily ofC that includesS and1C and is closed under right-multiplication by invert-
ible elements.

Lemma 1.10. Assume thatC is a left-cancellative category andS is included inC. Then
a C-path isS-greedy if and only if it isS♯-greedy, if and only if it isC×S♯-greedy.

Proof. The definition implies that, if aC-path isS-greedy, then it isS′-greedy for everyS′

included inS. By definition, we haveS ⊆ S♯ ⊆ C×S♯, so beingC×S♯-greedy implies
beingS♯-greedy, which itself implies beingS-greedy.
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Conversely, assume thatg1| ··· |gp is S-greedy, and lets be an element ofC×S♯, say
s = ǫ1s

′ǫ2 with ǫ1, ǫ2 in C× and s′ in S. Assumes 4 fgigi+1. Then we haves′ 4
(ǫ−1

1 f)gigi+1. As s′ belongs toS andgi|gi+1 isS-greedy, this impliess′4 (ǫ−1
1 f)gi, say

(ǫ−1
1 f)gi = s′f ′. We deduces(ǫ−1

2 f ′) = ǫ1s
′ǫ2ǫ

−1
2 f ′ = ǫ1(ǫ

−1
1 f)gi, whences4fgi. So

gi|gi+1 is C×S♯-greedy for eachi, andg1| ··· |gp is C×S♯-greedy. So the three properties
are equivalent.

Combining the above results, we deduce:

Lemma 1.11. Assume thatC is a left-cancellative category,S is included inC, and we
havef1f2 = g1g2 with f1, f2 in S♯ andg1|g2 S-greedy.

(i) If f1 or f2 is non-invertible, theng1 is non-invertible.
(ii) If f1 or f2 is invertible, theng2 is invertible.

Proof. (i) Assume thatg1 is invertible. We havef1 · f2 = g1g2 with f1 in S♯ and, by
Lemma 1.10, the pathg1|g2 is S♯-greedy, so we deducef1 4 g1, and the assumption that
g1 is invertible implies thatf1 is invertible. Then, we can writef2 = f−1

1 · g1g2 with f2
in S♯, whencef2 4 f

−1
1 g1 asg1|g2 is S♯-greedy. This implies thatf2 is invertible since

f−1
1 andg1 are.

(ii) Assume thatf1 is invertible. By assumption,f2 belongs toS♯ and we havef2 =
f−1
1 g1g2, whencef24f

−1
1 g1g2. The assumption thatg1|g2 isS-greedy, henceS♯-greedy

by Lemma 1.10, impliesf2 4 f−1
1 g1, sayf−1

1 g1 = f2g. Left-multiplying by f1, we
deduceg1 = f1f2g = g1g2g, whenceg2g ∈ 1C by left-cancellingg1. Sog2 is invertible.

If f2 is invertible,f1f2 belongs toS♯ and it left-dividesg1g2. As g1|g2 is S♯-greedy,
we deduce thatf1f2 left-dividesg1 and, as above, thatg2 is invertible.

We now observe that greediness is preserved when adjacent entries are gathered.

Proposition 1.12(grouping entries). Assume thatC is a left-cancellative category and
S is included inC. If a pathg1| ··· |gp is S-greedy, then so is every path obtained from
g1| ··· |gp by replacing adjacent entries by their product. In particular, g1|g2 ···gp is S-
greedy, that is

(1.13) each relations4 fg1 ···gp with s ∈ S impliess4 fg1.

Proof. We first prove using decreasing induction onq 6 p that, if g1| ··· |gp is S-greedy
ands lies in S and satisfiess 4 fg1 ···gp, then, for eachq with 1 6 q 6 p, we have
s4fg1 ···gq. Forq = p, this is the initial assumption. Otherwise, the induction hypothesis
givess4fg1 ···gq+1, that is,s4 (fg1 ···gq−1) gq gq+1. Then the assumption thatgq |gq+1

is S-greedy impliess4 (fg1 ···gq−1) gq, and the induction goes on, see Figure 1.
Now assume thatg1| ··· |gp is S-greedy and1 6 q 6 r < p hold. Applying the

above result to theS-greedy pathgq−1| ··· |gr shows that every element ofS left-dividing
fgq−1(gq ···gr) left-dividesfgq−1, which shows thatgq−1|gq ···gr is S-greedy. On the
other hand, applying the above result to theS-greedy pathgq | ··· |gr+1 shows that ev-
ery element ofS left-divising f(gq ···gr)gr+1 left-dividesf(gq ···gr), which shows that
gq ···gr |gr+1 is S-greedy. Henceg1| ··· |gq−1|gq ···gr |gr+1| ··· |gp is S-greedy.
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s

g1 gq gq+1 gp−1 gp

f

Figure 1.Inductive proof of Proposition 1.12.

We conclude with a result aboutSm-greedy paths. We recall from Notation II.1.10
thatSm denotes the family of all elements of the ambient category that can be expressed
as the product ofm elements ofS.

Proposition 1.14 (power). If S is a subfamily of a left-cancellative categoryC and
g1| ··· |gp is S-greedy, theng1 ···gm|gm+1 ···gp is Sm-greedy for1 6 m 6 p, that is,

(1.15) each relations4 fg1 ···gp with s in Sm impliess4 fg1 ···gm.

The (easy) proof is left to the reader. Note that Propositions 1.12 and 1.14 imply that,
if g1|g2|g3 is S-greedy, theng1|g2g3 is S-greedy, andg1g2|g3 is S2-greedy.

Remark 1.16. If the ambient category is not left-cancellative, the notion of anS-greedy
path still makes sense, but the equivalence of Lemma 1.5 neednot be valid in general,
and two different notions arise: besides the original notion of Definition 1.1, we have a
stronger notion corresponding to the conclusion of Lemma 1.5, namely saying thatg1|g2
is stronglyS-greedyif, for eachs in S and each equalitysh = fg1g2, there existsg
satisfyingsg = fg1 andh = gg2. It is then easy to check which results extend to the two
variants. In particular, when properly adapted, the assumption thatS is a Garside family
still implies the existence ofS-greedy decompositions, whereas the uniqueness result of
Proposition 1.25 below is valid only for stronglyS-greedy paths.

1.2 The notion of anS-normal path

Appealing toS-greedy paths, we now introduce the notion of anS-normal decomposition
for an element of a category, and establish its (essential) uniqueness. As usual, we say
that a pathg1| ··· |gp is a decompositionof an elementg if g = g1 ···gp holds. Our aim
is to useS-greedy paths to obtain distinguished decompositions for the elements of the
ambient category. We recall thatS♯ stands forSC×∪ C× (Definition II.1.21).

Definition 1.17 (normal, strict normal). Assume thatC is a left-cancellative category
andS is included inC. A C-path is calledS-normal if it is S-greedy and every entry lies
in S♯. An S-normal path is calledstrict if no entry is invertible and all entries excepted
possibly the last one lie inS.

We shall naturally say thats1| ··· |sp is a (strict)S-normal decompositionfor an ele-
mentg if s1| ··· |sp is a (strict)S-normal path andg = s1 ···sp holds.
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Example 1.18(normal). Consider again the free Abelian monoidNn and the familySn
(Reference Structure 1, page 3). We saw in Example 1.2 that a path g1| ··· |gp is Sn-
greedy if and only if, for allk and i, the implicationgi(k) = 0 ⇒ gi+1(k) = 0 is
satisfied. For such a path to beSn-normal means that each entrygi lies in Sn, that is,
gi(k) is 0 or 1. Then the greediness condition reduces to the conditiongi(k) > gi+1(k):
anSn-normal path is a pathg1| ··· |gp such that, for eachk, the sequence of coordinates
(g1(k), ... , gp(k)) is non-increasing.

We can then check thatSn-normal paths are exactly those that satisfy the condi-
tion (I.1.2) of Proposition I.1.1: indeed,s ∈ Sn is equivalent tos 6 ∆n, as both mean
∀k (s(k) 6 1). Assume thatsi|si+1 isSn-normal, andg is a nontrivial element satisfying
g 6 si+1. The assumption thatg is nontrivial implies thatg(k) > 1 holds for somek,
and, therefore, so doessi+1(k) > 1. As si|si+1 is Sn-normal, as seen above, we must
havesi(k) > 1, whence(sig)(k) > 2. Hencesig 6 ∆n fails, and (I.1.2) is satisfied.

Conversely, assume thatsi|si+1 satisfies (I.1.2). In order to prove thatsi|si+1 is
Sn-normal, it suffices to show that it is impossible to havesi(k) = 0 andsi+1(k) = 1
simultaneously, for anyk. Now assumesi+1(k) = 1. Let g = ak, that is,g(j) = 1
for j = k, andg(j) = 0 otherwise. Then we haveg 6= 1 andg 6 si+1. Condition (I.1.2)
then impliessig 66 ∆n. By assumption, we have(sig)(j) = si(j) 6 1 for j 6= k, so
sig 66 ∆n necessarily comes from(sig)(k) > 2, which is possible only forsi(k) = 1.
Hencesi|si+1 is Sn-normal.

Extending the case ofNn, we shall see below that, ifM is a Garside monoid with
Garside element∆, the distinguished decompositions considered in Chapter Icoincide
with theDiv(∆)-normal decompositions in the sense of Definition 1.17.

The properties ofS-greedy paths established in Subsection 1.1 immediately imply the
following behaviour ofS-normal paths with respect to invertible elements.

Proposition 1.19(normal vs. invertible). Assume thatC is a left-cancellative category
andS is included inC.

(i) A path isS-normal if and only if it isS♯-normal.
(ii) If s1| ··· |sp is S-normal, then the indicesi such thatsi is not invertible make an

initial segment of{1, ... , p}.

Proof. (i) Assume thats1| ··· |sp is S-normal. By Lemma 1.10,s1| ··· |sp is S♯-greedy.
Moreover, by definition, the elementssi lie in S♯, which coincides with(S♯)♯. Hence
s1| ··· |sp is S♯-normal. Conversely, assume thats1| ··· |sp is S♯-normal. Then it isS-
greedy by Lemma 1.10, and its entries lie in(S♯)♯, which is S♯. Hences1| ··· |sp is
S-normal.

(ii) Assume thats1| ··· |sp is S-normal. Thens1| ··· |sp is S-greedy, hence, by Lem-
ma 1.10 (or by (i)),S♯-greedy. Then, by Lemma 1.8(ii), ifsi is invertible, thensi+1 is
invertible too.

When there is no nontrivial invertible element inC, we haveS♯ = S ∪ 1C , and Propo-
sition 1.19 implies that anS-normal path consists of non-invertible entries inS possibly
followed by identity-elements, whereas a strictS-normal path consists of non-invertible
entries inS exclusively.
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We now study the uniqueness ofS-normal decompositions. The main result is that,
when it exists, theS-normal decomposition of an element is essentially unique (Proposi-
tion 1.25). However, the possible existence of nontrivial invertible elements may prohibit
a genuine uniqueness. In order to state the result, we first introduce the natural notion of
adeformation.

Definition 1.20(deformation by invertible elements). (See Figure 2.) Assume thatC is
a left-cancellative category. AC-pathf1| ··· |fp is said to be adeformation by invertible
elements, or C×-deformation, of anotherC-pathg1| ··· |gq if there existǫ0, ... , ǫm in C×,
m = max(p, q), such thatǫ0 andǫm are identity-elements andǫi−1gi = fiǫi holds for
1 6 i 6 m, where, forp 6= q, the shorter path is expanded by identity-elements.

g1

f1

g2

f2

gp

fp

gp+1

1-

gq

1-

ǫ1 ǫ−1
1 ǫ2 ǫ−1

2 ǫp ǫ−1
p

Figure 2.Deformation by invertible elements: invertible elements connect the corresponding entries;
if one path is shorter (here we are in the case p < q), it is extended by identity-elements.

Example 1.21(deformation by invertible elements). Consider the wreathed free Abelian
monoidÑ3 (Reference Structure 6, page 19). Thenas1|bs2s1|c|s2 anda|a|as2s1 are
typical deformations by invertible elements of one another, as the diagram

a a as2s1

as1 bs2s1 c s2

s1 s1s2s1 s2

shows (here the connecting invertible elements are involutions, that is, equal to their in-
verses, but this need not be the case in general).

The definition and Figure 2 make it clear that being aC×-deformation is a symmetric
relation and that, iff1| ··· |fp is aC×-deformation ofg1| ··· |gq, then

fi
×=× gi and f1 ···fi =× g1 ···gi

hold for everyi. Conversely, one easily checks that the satisfaction off1 ···fi =× g1 ···gi
for eachi implies thatf1| ··· |fp is a C×-deformation ofg1| ··· |gq provided the ambient
categoryC is left-cancellative.

Proposition 1.22(deformation). Assume thatC is a left-cancellative category, andS is
a subfamily ofC satisfyingC×S ⊆ S♯. Then, for everyg in C, everyC×-deformation of an
S-normal decomposition ofg is anS-normal decomposition ofg.
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Proof. Assume thats1| ··· |sp is anS-normal decomposition ofg, and thatt1 | ··· |tq is a
C×-deformation ofs1| ··· |sp with witnessing invertible elementsǫi as in Definition 1.20
and Figure 2. First, by definition,t1| ··· |tq is also a decomposition ofg.

Next, the definition of aC×-deformation implies thatti ×=× si holds for eachi. Then,
by Lemma 1.9, the assumption thatsi|si+1 is S-normal, hence in particularS-greedy,
implies thatti|ti+1 is S-greedy as well. Moreover, ifq < p holds, thentq |1y and1y|1y
are automaticallyS-greedy. Hencet1| ··· |tq is anS-greedy path.

Finally, by Lemma II.1.24, which is valid sinceC×S ⊆ S♯ is assumed, the relation
si

×=× ti implies thatti belongs toS♯ for eachi. Sot1| ··· |tq is anS-normal path.

As a first application for the notion of deformation by invertible elements, we revisit
the definition ofS-normal paths. In Definition 1.17, we introduced a variant called strict.
As noted above, the difference is inessential when there exists no nontrivial invertible
elements: a strict normal path is one in which final identity-elements have been removed.
In general, the difference is a genuine one, but the next result shows that, ifC×S ⊆ S♯
holds, the existence of a strictS-normal decomposition is not more demanding than that
of a generalS-normal decomposition.

Proposition 1.23(strict normal). Assume thatC is a left-cancellative category andS
is a subfamily ofC satisfyingC×S ⊆ S♯. Then every non-invertible element ofC that
admits anS-normal decomposition withℓ non-invertible entries admits a strictS-normal
decomposition of lengthℓ.

Proof. We shall show that everyS-normal path with at least one non-invertible entry
can be deformed into a strictS-normal path. So assume thats1| ··· |sp is anS-normal
decomposition. Letℓ be the number of non-invertible entries, which we assume is at
least one. By Proposition 1.19,s1, ... , sℓ must be non-invertible, whereassℓ+1, ... , sp are
invertible if p > ℓ holds.

Putǫ0 = 1x, wherex is the source ofs1. The assumptionC×S ⊆ S♯ impliesC×(S \
C×) ⊆ (S\C×)C×, because a non-invertible element ofS♯ must belong to(S\C×)C×. Using
the latter inclusionℓ times, we findti in S \ C×andǫi in C×satisfyingǫi−1si = tiǫi for i
increasing from0 to ℓ− 1. Finally, puttℓ = ǫℓ−1sℓ ···sp. Then the assumptionC×S ⊆ S♯
implies thattℓ belongs toS♯. By construction, the patht1| ··· |tℓ is aC×-deformation of
the initial paths1| ··· |sp. By Proposition 1.22, it isS-normal, and, by construction again,
it is strict.

Example 1.24(strict normal). Consider the wreathed free Abelian monoid̃N3 (Refer-
ence Structure 6, page 19) withS3 = {s ∈ N3 | ∀k (s(k) ∈ {0, 1}}. Write a for (1, 0, 0),
b for (0, 1, 0), andc for (0, 0, 1). Thenas1|bs2s1|c|s2 is a typicalS3-normal path, and
it is not strict sinceas1 does not belong toS3. Applying the conjugation relations to push
the invertible elementssi to the right, we obtain the strictS3-normal patha|a|as2s1,

another decomposition of the same element ofÑ3 which, as seen in Example 1.21, is a
deformation of the former and is strictlyS3-normal.

We now address the uniqueness of normal decompositions. Thenext result completely
describes the connection between any twoS-normal decompositions of an element.
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Proposition 1.25(normal unique). If S is a subfamily of a left-cancellative categoryC,
any twoS-normal decompositions of an element ofC (if any) areC×-deformations of one
another.

Proof. Assume thats1| ··· |sp andt1| ··· |tq are twoS-normal decompositions of an ele-
mentg of C. Let y be the target ofg. At the expense of adding factors1y at the end of
the shorter path if any, we may assumep = q: by Lemma 1.8, adding identity-elements
at the end of anS-normal path yields anS-normal path.

Let ǫ0 = 1x, wherex is the source ofg. By Proposition 1.14, the patht1|t2 ···tq
is S-greedy, hence, by Lemma 1.10,S♯-greedy. Nows1 belongs toS♯ and left-divides
s1 ···sp, which isǫ0t1 ···tq, so it must left-dividet1. In other words, there existsǫ1 satis-
fying s1ǫ1 = ǫ0t1. Left-cancellings1 in s1 ···sp = (s1ǫ1)t2 ···tp, we deduces2 ···sp =
ǫ1t1 ···tq. Now s2 belongs toS♯ and, by Proposition 1.14 again,t2 |t3 ···tq is S-greedy, so
we deduce the existence ofǫ2 satisfyings2ǫ2 = ǫ1t1, and so on, giving the existence ofǫi
satisfyingsiǫi = ǫi−1ti for every1 6 i 6 q.

Exchangings1| ··· |sp andt1 | ··· |tq and arguing symmetrically fromǫ′0 = 1x, we ob-
tain the existence ofǫ′i satisfyingtiǫ′i = ǫ′i−1si for every1 6 i 6 p. We deduce, for
everyi, the equalities(s1 ···si)ǫi = t1 ···ti and(t1 ···ti)ǫ′i = s1 ···si, which imply thatǫ′i
is the inverse ofǫi. Hences1| ··· |sp is aC×-deformation oft1| ··· |tq.

When the ambient category has no nontrivial invertible element, Proposition 1.25 is a
genuine uniqueness statement: ifs1| ··· |sp andt1| ··· |tq are twoS-normal decompositions
of some elementg andp 6 q holds, then we havesi = ti for i 6 p, andti = 1y for
p < i 6 q. In the general case, the argument does not work, but we can still obtain a
uniqueness result at the expense of considering strictS-normal paths and familiesS that
are=×-transverse.

Definition 1.26 (transverse, selector).Assume that≡ is an equivalence relation on a
family S andS′ ⊆ S holds. A subfamilyS′′ of S is called≡-transverseif distinct ele-
ments ofS′′ are not≡-equivalent; it is said to be a≡-selectorin S′ of S if S′′ in included
in S′ and contains exactly one element in each≡-equivalence class intersectingS′.

By definition, a≡-selector is≡-transverse. By the Axiom of Choice, selectors always
exist. IfC contains no nontrivial invertible element, every subfamily of C is=×-transverse.
Proposition 1.25 implies

Corollary 1.27 (transverse). Assume thatC is a left-cancellative category andS is a
subfamily ofC that is =×-transverse. Then every non-invertible element ofC admits at
most one strictS-normal decomposition.

Proof. Assume thatf1| ··· |fp andg1| ··· |gq are strictS-normal decompositions of some
elementg. First, p andq are equal by Proposition 1.25 since, by definition, nofi or gi
may be invertible. Next, an induction oni < p givesfi =× gi, whencefi = gi since,
by assumption,fi andgi lies inS. Finally, we havef1 ···fp−1fp = g1 ···gp−1gp, whence
fp = gp by left-cancellingf1 ···fp−1.
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By contrast, it is easy to see, for instance in the case of the wreathed free Abelian
monoid Ñn, that, if S is not =×-transverse, then an element may admit several strict
S-normal decompositions.

A direct consequence of Proposition 1.25 is the following invariance result for the
number of invertible elements in normal paths.

Corollary 1.28 (normal unique). If S is a subfamily of a left-cancellative categoryC,
then, for every elementg of C, the number of non-invertible elements in anS-normal
decomposition ofg (if any) does not depend on the choice of the decomposition.

Proof. Assume thats1| ··· |sp and t1| ··· |tq are twoS-normal decompositions of an el-
ementg. By Proposition 1.25,s1| ··· |sp is a C×-deformation oft1 | ··· |tq. Therefore,
si

×=× ti holds for eachi, which implies thatsi is invertible if and only ifti is.

Owing to Corollary 1.28, it is natural to introduce the following terminology.

Definition 1.29 (S-length). If S is a subfamily of a left-cancellative categoryC andg
is an element ofC that admits at least oneS-normal decomposition, then the common
number of non-invertible elements in allS-normal decompositions ofg is called theS-
lengthof g, and denoted by‖g‖S .

So, we have‖g‖S = 0 if and only if g is invertible, and‖g‖S = 1 if and only if g is a
non-invertible element ofS♯. The general results aboutSm-greedy paths easily imply an
upper bound for theS-length of an element.

Proposition 1.30(length I). If S is a subfamily of a left-cancellative categoryC, then
‖g‖S 6 m holds for everyg in (S♯)m that admits at least oneS-normal decomposition.

Proof. Assume thats1| ··· |sp is anS-normal decomposition ofg. At the expense of
appending identity-entries at the end, we may assumep > m. By Proposition 1.19,
s1| ··· |sp is S♯-normal, hence, by Proposition 1.14,s1 ···sm|sm+1 ···sp is (S♯)m-greedy.
As g is assumed to lie in(S♯)m and it left-dividess1 ···sp, we deduce thatg left-divides
s1 ···sm, which implies thatsm+1, ... , sp is invertible. Therefore,‖g‖S 6 m holds.

1.3 The notion of a Garside family

We turn to the existence ofS-normal decompositions. A moment’s thought shows that
such decompositions need not always exist, see Exercise 27(iii). We define a Garside
family to be a familyS for which every element of the ambient category admits anS-
normal decomposition. In this subsection, we establish a first criterion for recognizing a
Garside family. Further results in this direction will be established in Chapters IV and VI.

Definition 1.31 (Garside family). A subfamily S of a left-cancellative categoryC is
called aGarsidefamily in C if every element ofC admits at least oneS-normal decom-
position.
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Example 1.32(Garside family). LetC be any left-cancellative category. ThenC is a Gar-
side family in itself: for everyg in C, the length one pathg is aC-normal decomposition
of g.

Consider now the free Abelian monoidNn andSn = {s ∈ Nn | ∀k (s(k) ∈ {0, 1})}
(Reference Structure 1, page 3). ThenSn is a Garside family inNn. Indeed, letg be
an element ofNn. If g is the identity-element, then the empty path is anSn-normal
decomposition forg. Otherwise, letℓ = max{g(k) | k = 1, ... , n}. For i 6 ℓ, define
si by si(k) = 1 if g(k) > i holds, andsi(k) = 0 otherwise. Thensi belongs toSn for
everyi, and, by construction,s1| ··· |sℓ is a decomposition ofg. Moreover, it follows from
the characterization of Example 1.18 thatsi−1|si isSn-greedy for everyi. Sos1| ··· |sℓ is
anSn-normal decomposition ofg. Hence, by definition,Sn is a Garside family inNn.

Although trivial, the first example above should be kept in mind as it shows that the
existence of a Garside family is an empty assumption. In other direction, we refer to
Example IV.2.34 for a non-trivial, infinite monoid that has no Garside family except itself.

We now observe that forS to be a Garside family is actually a property ofS♯.

Proposition 1.33(invariance). Assume thatC is a left-cancellative category. Then a
subfamilyS of C is a Garside family inC if and only ifS♯ is.

Proof. Assume thatS is a Garside family inC. Then every element ofC has anS-normal
decomposition. By Proposition 1.19, the latter is anS♯-normal decomposition. Hence
S♯ is a Garside family. Conversely, assume thatS♯ is a Garside family inC. Then every
element ofC has anS♯-normal decomposition, which, by Proposition 1.19, isS-normal
as well. HenceS is a Garside family.

Corollary 1.34 (invariance). Assume thatC is a left-cancellative category.
(i) If S,S′ are included inC and satisfyS♯ = S′♯, thenS is a Garside family if and

only if S′ is.
(ii) In particular, if S′ is an=×-selector inS, thenS is a Garside family if and only if

S′ is, if and only ifS′ \ 1C is.

Proof. Point (i) directly follows from Proposition 1.33. For (ii),we observe thatS′ being
an=×-selector inS impliesS♯ = S′♯ = (S′ \ 1C)♯, and we apply (i).

Owing to the above results, we might think of restricting to families of the formS♯,
that is, families that contain all identity-elements and are closed under right-multiplication
by an invertible element. As we shall be interested in Garside families that are as small as
possible, padding the families with invertible elements isuseless and restrictive. On the
contrary, it is often useful to consider Garside families that are=×-transverse.

Example 1.35(selector). In the wreathed free Abelian monoid̃Nn (Reference Struc-
ture 6, page 19), one can check using a construction similar to that of Example 1.32 that
the size2n family Sn is a Garside family. By Proposition 1.33, the larger familyS♯n,
which isSnSn, is also a Garside family with2nn! elements. The=×-selectors forS♯n are
the families of the form{(g, F (g)) | g ∈ Sn} with F : Sn → Sn, and each of them is a
Garside family inÑn.
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Before entering the investigation of Garside families moreprecisely, we still state a
general transfer result.

Proposition 1.36(power). If S is a Garside family that includes1C in a left-cancellative
categoryC, the familySm is a Garside family for everym > 1.

Proof. Let g be an arbitrary element ofC. By assumption,g admits anS-normal decom-
position, says1| ··· |sp. At the expense of appending identity-entries at the end, wemay
assume thatp is a multiple ofm, sayp = qm. Fori = 1, ... , q, putti = s(i−1)m+1 ···sim.
Then, by Proposition 1.14,t1| ··· |tq is an(S♯)m-greedy decomposition ofg. By construc-
tion, t1, ... , tq lie in (S♯)m. Anticipating on Proposition 1.39, we haveC×S ⊆ S♯. Hence,
by Lemma II.1.26,t1, ... , tq also lie in(Sm)♯. Thent1| ··· |tq is aSm-normal decompo-
sition of g. As every element ofC admits aSm-normal decomposition,Sm is a Garside
family.

By Proposition 1.33, a subfamilyS of a categoryC is a Garside family if and only if
S ∪ 1C is a Garside family. Applying Proposition 1.36 to the lattergives

Corollary 1.37 (power). If S is a Garside family in a left-cancellative categoryC, the
familyS ∪ S2 ∪ ··· ∪ Sm is a Garside family for everym > 1.

1.4 Recognizing Garside families

Definition 1.31 is frustrating in that, except in simple cases like free Abelian monoids,
it gives no practical way for recognizing Garside families and for determining the nor-
mal decompositions whose existence is asserted. We shall now establish a first criterion
for recognizing a Garside family, and describe an effectivemethod for finding normal
decompositions.

Definition 1.38 (property �, �-witness). Assume thatC is a left-cancellative category
andS is included inC. We say thatS satisfies Property� if, for everys1|s2 in S [2], there
exists anS-greedy decompositiont1|t2 of s1s2 with t1 andt2 in S. In this case, a map
that chooses, for everys1|s2 in S [2], a pairt1|t2 as above is called a�-witnessfor S.

For a familyS to satisfy Property�means that, for each choice
of the left and bottom arrows inS in a diagram as on the right, there
exist top and right arrows inS making anS-greedy path (hence an
S-normal path) and letting the diagram commute. By definition, S
satisfies Property� if and only if there exists a�-witness forS. S

S

S S

Note that, ifC contains no nontrivial invertible elements, a�-witness is unique when
it exists. In the sequel, when investigating a certain subfamily S of a category, we shall
both consider the satisfaction of Property� byS and byS♯. These are related conditions,
but they need not be equivalent in general.
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Proposition 1.39 (recognizing Garside I). A subfamilyS of a left-cancellative cate-
goryC is a Garside family if and only one of the following equivalent conditions holds:

The familyS♯ generatesC and satisfies Property�;(1.40)

The familyS♯ generatesC and every element of(S♯)2 admits anS-normal
decomposition;

(1.41)

The familyS♯ generatesC, every element ofS2 admits anS-normal decom-
position, andC×S ⊆ S♯ holds.

(1.42)

Before proving Proposition 1.39, let us immediately use it to connect the (quasi)-
Garside monoids of Chapter I with Garside families.

Proposition 1.43(Garside monoid). Assume that(M,∆) is a quasi-Garside monoid.
ThenDiv(∆) is a Garside family inM .

Proof. First, by definition,M is (left)-cancellative, it contains no nontrivial invertible
element, andDiv(∆), which coincides withDiv(∆)♯, generatesM . So, according to
Proposition 1.39, it now suffices to show that, for alls1, s2 in Div(∆), the elements1s2
admits aDiv(∆)-normal decomposition. Lett1 be the left-gcd ofs1s2 and∆. By def-
inition, t1 lies in Div(∆). As t1 left-dividess1s2, we haves1s2 = t1t2 for somet2,
which is unique asM is left-cancellative. Ass1 left-dividess1s2 and∆, it left-divides
their left-gcdt1, that is, we havet1 = s1g for someg. We deduces1s2 = s1gt2, whence
s2 = gt2. As t2 right-dividess2, which lies inDiv(∆), it lies in Div(∆) as well.

So, in order to prove thatt1|t2 is a Div(∆)-normal decomposition ofs1s2, it only
remains to show thatt1|t2 is Div(∆)-greedy. Now assumer ∈ Div(∆) andr4ft1t2. As
Div(∆) generatesM , we can writef = f1 ···fp with f1, ... , fp in Div(∆). By definition,
r andf1 admit a right-lcm, sayf1r1, see Figure 3. Asr andf1 left-divide∆, so doesf1r1.
Hencef1r1 right-divides∆, and so doesr1, that is,r1 lies in Div(∆). Moreover, as
ft1t2 is a right-multiple ofr and of f1, it is a right-multiple of their right-lcmf1r1.
Left-cancellingf1, we deducer1 4 f2 ···fpt1t2. Repeating the argument withr1 andf2,
and iterating, we finally findrp in Div(∆) satisfyingrp 4 t1t2. Sorp left-dividest1t2
and∆, hence it left-divides their left-gcd, which ist1 by definition. As can be read on the
diagram,rp4t1 impliesr4ft1, as expected. Sot1|t2 is aDiv(∆)-normal decomposition
of s1s2, andDiv(∆) is a Garside family inM .

We now turn to the proof of Proposition 1.39. First, we observe that the conditions of
the proposition are necessary, which is essentially trivial.

Lemma 1.44. Assume thatC is a left-cancellative category andS is included inC. Then
(1.40)and (1.41)are equivalent and, ifS is a Garside family,(1.40), (1.41), and (1.42)
are satisfied.

Proof. By Proposition 1.30, every element of(S♯)2 that admits anS-normal decompo-
sition admits anS-normal decomposition of length at most two, hence anS-normal de-
composition of length exactly two (possibly with one or two invertible entries). So (1.41)
implies (1.40), and, therefore, the latter are equivalent.
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f1 fp

r r1 rp−1 rp t1

t2

Figure 3.Proof of Proposition 1.43: if (M, ∆) is a Garside monoid, then Div(∆) is a Garside family
in M . Here the argument showing that the decomposition t1 |t2 is Div(∆)-greedy.

Assume thatS is a Garside family inC. Then every element ofC admits anS-normal
decomposition, hence, by definition, an expression as a product of elements ofS♯. So
S♯ generatesC. Next, by definition again, every element ofC, hence in particular every
element of(S♯)2, admits anS-normal decomposition. So (1.41), hence (1.40) as well,
are satisfied. Finally, every element ofS2 admits anS-normal decomposition. Now
assume thatǫ|s belongs toC×|S. By definition,ǫs admits anS-normal decomposition,
says1| ··· |sp. Then we haves4 ǫ−1s1(s2 ···sp). As s lies inS and, by Proposition 1.12,
s1|s2 ···sp is S-greedy, we deduces4 ǫ−1s1, which implies thats2, ... , sp are invertible.
Thens1 ···sp belongs toS♯, and we haveC×S ⊆ S♯. So (1.42) is satisfied.

We now turn to the other direction. The main point is to show that the existence of an
S-normal decomposition for every element of(S♯)2 is sufficient to obtain the existence
of anS-normal decomposition for every element. This will be done by using an induction
and a simple diagrammatic rule that we call the (first) dominorule, which guarantees that
certain length-two paths are greedy whenever some related paths are. Although easy, the
result will play a fundamental role in the sequel and it arguably captures the geometric
core of the construction of greedy decompositions.

Proposition 1.45 (first domino rule). Assume thatC is a
left-cancellative category,S is included inC, and we have a
commutative diagram with edges inC as on the right. Ifg1|g2
andg′1|f areS-greedy, theng′1|fg2 andg′1|g′2 areS-greedy
as well. g1 g2

g′1 g′2

f

Proof. (See Figure 4.) Assumes ∈ S ands 4 f ′g′1fg2. Write g′1f = f0g1. As the
diagram is commutative, we haves 4 f ′f0g1g2. The assumption thatg1|g2 is S-greedy
impliess4 f ′f0g1, hences4 f ′g′1f . Then the assumption thatg′1|f is S-greedy implies
s4f ′g′1, and we conclude thatg′1|fg2 isS-greedy. By Lemma 1.7, this implies thatg′1|g′2
is S-greedy as well.

Lemma 1.46. If S is a generating family that satisfies Property� in a left-cancellative
categoryC, every element ofC \ 1C admits anS-normal decomposition with entries inS.

Proof. We prove using induction onm that every elementg of C that can be expressed
as the product ofm elements ofS admits anS-normal decomposition of lengthm with
entries inS. By assumption, the casem = 0 is excluded. Form = 1, if g lies in S,
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g1 g2

g′1 g′2

f0 f

s

f ′

Figure 4. Proof of the first domino rule (Proposition 1.45): If g1|g2 and g′1|f are S-greedy, so are
g′1|fg2 and g′1|g

′
2.

then the length one pathg is anS-normal decomposition ofg. Assumem > 2. Write
g = r0f with r0 in S andf in Sm−1. By induction hypothesis,f admits anS-normal
decomposition of lengthm− 1, says1| ··· |sm−1, with s1, ... , sm−1 in S. By Property�,
the elementr0s1 of S2 admits anS-normal decomposition, says′1|r1, with s′1, r1 in S.
Similarly, by Property� again, the elementr1s2 of (S♯)2 admits anS-normal decom-
position, says′2|r2, with s′2, r2 in S. Continuing in the same way, we recursively find an
S-normal decompositions′i|ri of ri−1si for i = 1, ... ,m−1, see Figure 5. Then, we have

g = r0f = r0s1 ···sm−1 = s′1r1s2 ···s′m−1 = ··· = s′1 ···s′m−1r
′
m−1,

so s′1 | ··· |s′m−1|rm−1 is a lengthm decomposition ofg, whose entries lie inS by con-
struction. Moreover, by assumption,si|si+1 ands′i|ri areS-greedy for everyi. Then the
first domino rule implies thats′i|s′i+1 isS-greedy as well. As, by assumption,s′m−1|rm−1

is S-normal, we deduce thats′1| ··· |s′m−1|rm is anS-normal decomposition ofg whose
entries lie inS. This completes the induction.

s1 s2 sm−1

s′1 s′2 s′m−1

r0 r1 r2 rm−2 rm−1

Figure 5. Proof of Lemma 1.46: obtaining an S-normal decomposition for sf starting from an S-
normal decomposition s1| ··· |sm−1 of f and applying m − 1 times Property � ; the first domino rule
guarantees that the path s′1| ··· |s

′
m−1|rm−1 is S-greedy.

We can now complete the proof of Proposition 1.39.

Proof of Proposition 1.39.Owing to Lemma 1.44, it remains to show that each of (1.40),
(1.41), and (1.42) implies thatS is a Garside family inC. Assume first that (1.40)
and (1.41) (which are known to be equivalent) are satisfied. Applying Lemma 1.46 toS♯
implies that every element ofC admits anS♯-normal decomposition, hence, by Proposi-
tion 1.19, anS-normal decomposition. SoS is a Garside family inC.

Finally, assume that (1.42) is satisfied. Assume thats1|s2 belongs to(S♯)[2]. By
definition,S♯ is SC×∪ C×, which is also(S \ C×)C×∪ C×. We consider three cases.

Case 1:s2 is invertible. By Lemma 1.8,s1|s2 is S-greedy, and, therefore, it is an
S-normal decomposition ofs1s2.
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Case 2:s1 is invertible. Thens1s2 lies inC×S♯, hence, by assumption, inS♯. There-
fores1s2 admits a length oneS-normal decomposition consisting of itself.

Case 3:s1 ands2 lie in (S \ C×)C×. Write s1 = r1ǫ1, s2 = r2ǫ2 with r1, r2 in S \ C×
andǫ1, ǫ2 in C×. As r2 is not invertible,ǫ1r2 lies in S♯ \ C×, hence, by Lemma II.1.24,
in SC×. So we can findr′2 in S andǫ′1 in C× satisfyingǫ1r2 = r′2ǫ

′
1. Thenr1r′2 belongs

to S [2] so, by assumption, it admits anS-normal decomposition, sayt1| ··· |tp. Then, by
Lemma 1.8,t1| ··· |tp|ǫ′1ǫ2 is anS-normal decomposition ofr1r′2ǫ

′
1ǫ2, that is, ofs1s2. So,

every element of(S♯)2 admits anS-normal decomposition. So (1.42) implies (1.41), and
therefore it implies thatS is a Garside family inC.

Remark 1.47. In Proposition 1.39 as many times in the sequel, the condition “S♯ gen-
eratesC” occurs. Let us observe once for all that this condition is equivalent to “S ∪ C×
generatesC”: indeed,S ∪ C× is included inS♯ by definition and, on the other hand, it
generatesS♯ which, we recall, isSC×∪ C×.

The construction of Lemma 1.46 is effective, and it is worth describing the involved
algorithm explicitly. We mention two algorithms, one that computes fors in S♯ anS-
normal decomposition ofsg starting from anS-normal decomposition ofg, and one that
computes anS-normal decomposition ofg starting from an arbitrary decomposition ofg.

Algorithm 1.48 (left-multiplication). (See Figure 6)

Context: A left-cancellative categoryC, a Garside familyS in C, a�-witnessF for S♯
Input: An elements of S♯ and anS-normal decompositions1| ··· |sp of an elementg of C

such thatsg exists
Output: An S-normal decomposition ofsg

: putr0 := s
: for i increasing from1 to p do
: put (s′i, ri) := F (ri−1, si)
: puts′q+1 := rp
: return s′1| ··· |s′p+1

s s1 s2 sp

s′1 s′2 s′p s′p+1

r0 r1 r2 rp−1 rp

Figure 6. Algorithm 1.48: starting from s in S♯ and an S-normal decomposition of g, it returns an
S-normal decomposition of sg.

Proposition 1.49 (left-multiplication). If S is a Garside family in a left-cancellative
categoryC andF is a�-witness forS♯, then Algorithm 1.48 running on an elements
ofS♯ and anS-normal decompositions1| ··· |sp of an elementg of C returns anS-normal
decomposition ofsg. The functionF is calledp times.
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Moreover, ifs1| ··· |sp is strict andF satisfies the condition

(1.50) if s1s2 is not invertible, the first entry ofF (s1, s2) lies inS,

then, in the final decompositions′1| ··· |s′p+1, eithers′1| ··· |s′p+1 or s′1| ··· |s′p−1|s′ps′p+1 is
strict. If s is invertible, the latter case always occurs.

Proof. By construction, the diagram of Figure 6 is commutative. By assumption,si|si+1

is S-greedy for everyi, and, by definition of a�-witness,(s′i, ri) is S-greedy for everyi.
Then the first domino rule (Proposition 1.45) implies thats′i|s′i+1 is S-normal.

Assume now thats1| ··· |sp is strict. By Lemma 1.11(i), the assumption thatsi is not
invertible implies thats′i is not invertible either, and the assumption thatF satisfies (1.50)
then implies thats′i lies inS. If s′p+1 is not invertible, thens′1| ··· |s′p+1 is a strictS-normal
path. Otherwise,s′ps

′
p+1 lies inS♯, ands′1| ··· |s′p−1|s′ps′p+1 is strict. Ifs is invertible, then,

by Lemma 1.11(ii),r1 must be invertible as well, and so arer2, r3, ... inductively. Hence
s′p+1, which isrp, must be invertible, and we are in the second case of the alternative.

Observe that the additional condition (1.50) can be satisfied at no extra cost.

Lemma 1.51. Assume thatC is a left-cancellative category,S is included inC, andS♯
satisfies Property�. Then there exists a�-witness forS♯ that satisfies(1.50).

Proof. Assume thats1|s2 lies in(S♯)[2] ands1s2 is not invertible. Then chooseF (s1, s2)
to be a strictS-normal decomposition ofs1s2 for ‖s1s2‖S = 2, to be a decomposition
of s1s2 lying in S|C× for ‖s1s2‖S = 1, and to be(s1, s2) for ‖s1s2‖S = 0. ThenF
satisfies (1.50).

The second algorithm is an iteration of Algorithm 1.48.

Algorithm 1.52 (normal decomposition). (See Figure 7)

Context: A left-cancellative categoryC, a Garside familyS in C, a�-witnessF for S♯
Input: An S♯-decompositions1| ··· |sp of an elementg of C
Output: An S-normal decomposition ofg

: puts0,j := sj for 1 6 j 6 p
: for j decreasing fromp to 1 do
: for i increasing from1 to p− j (if any) do
: put (ti,j−1, si,j) := F (si−1,j , ti,j)
: put tp−j+1,j−1 := sp−j,j
: return t1,0| ··· |tp,0

Proposition 1.53(normal decomposition). If S is a Garside family in a left-cancellat-
ive categoryC, then Algorithm 1.52 running on a decompositions1| ··· |sp of an elementg
returns anS-normal decomposition ofg. The mapF is appealed top(p− 1)/2 times.
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t1,0 t2,0 tp−1,0 tp,0

t1,1 t2,1 tp−1,1

t1,2 t2,2

t1,p−2 t2,p−2

t1,p−1

s0,1

s0,2

s0,p−1

s0,p

s1,1

s1,2

s1,p−1

s2,1

s2,2

sp−2,1

sp−2,2

sp−1,1

Figure 7. Algorithm 1.52: starting from s1| ··· |sp, we fill the triangular grid starting from the bottom
and using the �-witness F to append squares from from bottom to top, and from left to right.

Proof. By definition, the diagram of Figure 7 can be constructed asF is defined on every
pair of(S♯)[2]. In order to construct thejth row,F is usedp−j−1 times, so the complete
construction requires1 + 2 + ··· + (p− 1) = p(p− 1)/2 calls toF .

Then, it inductively follows from the first domino rule or, equivalently, from Proposi-
tion 1.49, that every row in the diagram isS-normal. In particular, so is the first row.

Example 1.54(normal decomposition). Consider the free Abelian monoidNn again,
with Sn = {s | ∀k (s(k) 6 1} (Reference Structure 1, page 3). As in Example I.1.4, let
g = (3, 1, 2) = a3bc2. Starting from the length one pathc, which is anSn-normal de-
composition ofc—or from the empty path, which is anSn-normal decomposition of1—
and left-multiplying by the successive generators, possibly gathered provided one remains
in Sn, one finds the (unique)Sn-normal decompositionabc|ac|a, as could be expected.

c

abc c

abc c

a

abc

a

ac

a

abc

a

ac

a

a

Figure 8. Computing the S-normal decomposition of a3bc2 in the free Abelian monoid N3 using
Algorithm 1.52. We may gather adjacent letters provided the product remains in S, so, here, we may
start from a|a|abc|c, thus reducing the number of steps.
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As a direct application of Proposition 1.49, we find bounds for theS-length.

Corollary 1.55 (length I). If S is a Garside family of a left-cancellative categoryC, then,
for everyC-pathf |g, we have

(1.56) ‖g‖S 6 ‖fg‖S 6 ‖f‖S + ‖g‖S .
Proof. We use induction onℓ = ‖f‖S. Forℓ = 0, that is, iff is invertible, the final point
in Proposition 1.49 implies‖fg‖S = ‖g‖S , which gives (1.56).

Assume nowℓ = 1, that is,f belongs toS♯ \ C×. Then Proposition 1.49 says that, if
g has a strictS-normal decomposition of lengthp, thenfg has a strictS-normal decom-
position of lengthp or p+ 1. So, we have‖g‖S 6 ‖fg‖S 6 1 + ‖g‖S .

Assume finallyℓ > 2. Then there exists a decompositionf = sf ′ with s in S♯ and
‖f ′‖S = ℓ−1. The induction hypothesis gives‖g‖S 6 ‖f ′g‖S 6 ℓ−1+‖g‖S, whereas
the above argument forℓ = 1 gives‖f ′g‖S 6 ‖sf ′g‖S 6 1+‖f ′g‖S , whose conjunction
gives (1.56).

We do not claim that‖f‖S 6 ‖fg‖S needs to hold: see Subsection 1.5 and Exam-
ple 1.59 below for counter-examples.

1.5 The second domino rule

The first domino rule (Proposition 1.45) provides a way to compute anS-normal decom-
position using a left-to-right induction (Proposition 1.49). We now consider a symmetric
process based on a right-to-left induction.

Definition 1.57 (second domino rule). Assume thatC is a
left-cancellative category andS is included inC. We say that
the second domino ruleis valid for S if, when we have a
commutative diagram as in the margin with edges inS♯ in
whichs1|s2 andt|s′2 areS-greedy, thens′1|s′2 is S-greedy as
well.

s′1 s′2

s1 s2

t

Note that the second domino rule is not an exact counterpart of the first one in that,
here, all involved elements are supposed to lie in the reference familyS♯, a restriction that
is not present in the first domino rule.

Example 1.58(second domino rule). Let us consider the free Abelian monoidNn and
Sn = {s | ∀k (g(k) 6 1)} once more. We claim that the second domino rule is valid
for Sn in Nn. Indeed, assume thats1, ... , s′2 belong toSn and satisfy the assumptions
of Definition 1.57. Call the left and right vertical arrowst0 and t2. According to Ex-
ample 1.2, what we have to show is thats′2(k) = 1 implies s′1(k) = 1. Now assume
s′2(k) = 1. As t|s′2 is S-greedy, we havet(k) = 1, whence(ts′2)(k) = (s2t2)(k) = 2,
ands2(k) = 1. As s1|s2 is S-normal, the latter value impliess1(k) = 1. We deduce
(t0s

′
1)(k) = (s1t1)(k) = 2, whences′1(k) = 1, as expected.

However, there exists no general counterpart to Proposition 1.45 and the second do-
mino rule is not always valid. To see this, we introduce two more reference structures,
which will provide useful counter-examples in the sequel.
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REFERENCESTRUCTURE #8 (left-absorbing monoid).—

• Forn > 1, putLn = 〈a, b | abn = bn+1〉+.
• PutSn = {1, a, b, b2, ... , bn+1}, a subset ofLn with n+ 3 elements.

• Put∆n = bn+1.

The unique relation of the above presentation ofLn is of the typea ··· = b ···, so it is
right-complemented in the sense of Definition II.4.2. Moreover, the two terms have the
same length, so, by Proposition II.2.32 (homogeneous),Ln is (strongly) Noetherian. As
there are only two generators, the cube condition is vacuously true on{a, b}. Hence, by
Proposition II.4.16 (right-complemented), the monoidLn is left-cancellative and admits
conditional right-lcms. On the other hand,Ln is not right-cancellative since we have
abn−1 6= bn andabn = bn+1.

We claim thatSn is a Garside family inLn. Indeed,Sn contains the atomsa andb,
and, therefore, it generatesLn. There exists no nontrivial invertible element inLn, so
L×
nSn ⊆ S♯n is trivial. Hence it suffices to show that every pair of elements ofSn admits

anSn-normal decomposition. To this end, one can list all length-two Sn-normal paths,
namely the pathsa|bp with 0 6 p < n, plus the pathsbp|awith 1 6 p 6 n), plus all paths
∆n |g with g in Sn. The verification is then easy—an alternative, much quickerargument
can be given using Proposition IV.1.24 (recognizing Garside II) of the next chapter.

REFERENCESTRUCTURE #9 (affine braids of type Ã2).—

• PutB+ = 〈σ1, σ2, σ3 |σ1σ2σ1 = σ2σ1σ2, σ2σ3σ2 = σ3σ2σ3, σ3σ1σ3 = σ1σ3σ1〉+, and
B = 〈σ1, σ2, σ3 |σ1σ2σ1 = σ2σ1σ2, σ2σ3σ2 = σ3σ2σ3, σ3σ1σ3 = σ1σ3σ1〉.
• PutE = {σ1σ2σ3σ2, σ2σ3σ1σ3, σ3σ1σ3σ1}.

• DefineS to be the set of elements that right-divide (at least) F one ofthe three elements
of E.

The monoidB+ is the Artin–Tits monoid of typẽA2, andB is the corresponding Artin–
Tits group; both are associated with the (infinite) affine type Coxeter group of typẽA2,
see Chapter IX below. The above presentation ofB+ is right-complemented and ho-
mogeneous, hence Noetherian, and one easily checks that thecube condition is sat-
isfied on{σ1, σ2, σ3}. Hence, by Proposition II.4.16 (right-complemented) again, the
monoidB+ is left-cancellative and it admits conditional right-lcms. By symmetry of the
relations,B+ must be right-cancellative and admit conditional left-lcms. By homogene-
ity, the familyS must be finite since it consists of elements with length at most four; it
turns out thatS consists of the sixteen elements represented in Figure 9.

The family S contains the three atoms ofB+, namelyσ1, σ2, andσ3. By definition,
it is closed under right-divisor, that is, every right-divisor of an element ofS belongs
to S (by the way, we note thatS is not closed under left-divisor: the left-divisorσ1σ2σ3
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of σ1σ2σ3σ2 does not belong toS). Finally, one easily checks using right-reversing that
the right-lcm of any two elements ofS that admit a common right-multiple inB+ also
lies in S. Anticipating on Corollary IV.2.29 (recognizing Garside,right-lcm case), we
conclude thatS is a Garside family inB+.

Note that any two elements of the monoidB+ need not admit a common right-multiple:
for instance,σ1 andσ2σ3 do not, since, as seen in Example II.4.20, the right-reversing of
the wordσ1|σ2|σ3 does not terminate. SoB+ is neither a left- or a right-Ore monoid, and
the enveloping group ofB+, which isB, is not a group of left- or right-fractions ofB+. It
is known thatB+ embeds intoB but, for instance,σ2σ3σ

−1
1 σ2σ3 is an element ofB that

can be expressed neither as a left-fraction nor as a right-fraction with respect toB+.

1 σ1

σ2

σ3

σ1σ2

σ2σ1

σ2σ3

σ3σ2 σ1σ3

σ3σ1

σ2σ3σ2

(σ2σ1σ3)

(σ2σ3σ1)

σ3σ1σ3

(σ3σ1σ2)

(σ3σ2σ1)

σ1σ2σ1

(σ1σ2σ3)

(σ1σ3σ2)

σ1σ2σ3σ2

σ2σ3σ1σ3

σ3σ1σ2σ1

1σ1

σ2

σ3

σ1σ2

σ2σ1

σ2σ3

σ3σ2

σ1σ3

σ3σ1

σ2σ3σ2

σ3σ1σ3

σ1σ2σ1

σ1σ2σ3σ2

σ2σ3σ1σ3

σ3σ1σ2σ1

Figure 9.Two representations of the finite Garside family S in the Artin–Tits monoid of type eA2: on
the left, the (usual) Cayley graph of S, where arrows correspond to right-multiplications; on the right,
the “co-Cayley” graph with arrows corresponding to left-multiplications; as the family S is closed under
right-divisor, but not under left-divisor, some additional vertices not belonging to S appear on the left
diagram (the six grey vertices).

Example 1.59(second domino rule not valid).The sec-
ond domino rule is not valid forSn in Ln for n > 2,
whereLn andSn are as in Reference Structure 8. Indeed,
the pathsa|b andbn+1|b areSn-greedy, the diagram on
the right is commutative and all edges corresponds to el-
ements ofSn. Howeverb|b is notSn-greedy: theSn-
normal decomposition ofb2 is b2 itself.

b b

a b

bn+1 bn+1 bn+1

Similarly, the second domino rule is not valid for the
Garside familyS in the affine braid monoidB+ of Ref-
erence Structure 9. A counter-example is shown on the
side: σ1|σ1σ2 andσ1σ2σ2|σ3 areS-normal, butσ2|σ3 is
not, sinceσ2σ3 is an element ofS. Note that, contrary
toLn, the monoidB+ is both left- and right-cancellative.

σ2 σ3

σ1 σ1σ2

σ1σ2σ1 σ1σ2σ1 σ1σ3

We shall come back to the second domino rule later and establish sufficient conditions
that guarantee its validity, see Propositions IV.1.39 and V.1.52. For the moment, we ob-
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serve that, when valid, the second domino rule provides a counterpart of Proposition 1.49
for iteratively computing anS-normal decomposition starting from the right.

Algorithm 1.60 (right-multiplication). (See Figure 10)

Context: A left-cancellative categoryC, a Garside familyS of C for which the second
domino rule is valid, a�-witnessF for S♯

Input: An elements of S♯ and anS-normal decompositions1| ··· |sp of an elementg of C
such thatgs is defined

Output: An S-normal decomposition ofgs
: putrp := s
: for i decreasing fromp to 1 do
: put (ri−1, s

′
i) := F (si, ri)

: puts′0 := r0
: return s′0| ··· |s′p

s′0 s′1 s′p−1 s′p

s1 sp−1 sp s

r0 r1 rp−2 rp−1 rp

Figure 10.Algorithm 1.60: starting from an S-normal path s1| ··· |sp and an element s of S♯, it returns
an S-normal decomposition of s1 ···sps. Attention: the correctness of the method is guaranteed only
if the second domino rule is valid for S.

Proposition 1.61(right-multiplication). If S is a Garside family in a left-cancellative
categoryC, if the second domino rule is valid forS, and ifF is a�-witness forS♯, then
Algorithm 1.60 running on an elements of S♯ and anS-normal decompositions1| ··· |sp
of an elementg of C returns anS-normal decomposition ofgs. The functionF is called
p times.

Proof. As the diagram of Figure 10 is commutative, we haves′0 ···s′p = r0s
′
1 ···s′p =

s1 ···sprp = gs. Applying the second domino rule to each two-square subdiagram of the
diagram starting from the right, we see thats′0|s′1| ··· |s′p is S-greedy. As all entries lie
in S♯, this path isS-normal.

The effect of the second domino rule is to shorten the computation of certain normal
decompositions. Assume thats1| ··· |sp andt1 | ··· |tq areS-normal paths andspt1 is de-
fined. By applying Proposition 1.61, we can compute anS-normal decomposition of the
products1 ···spt1 ···tq by filling a diagram as in Figure 11. When valid, the second do-
mino rule guarantees that the path consisting of the firstq top edges followed byp vertical
edges isS-normal, that is, the triangular part of the diagram may be forgotten. The failure
of this phenomenon in the context of Example 1.59 is illustrated in Figure 12.

Provided some closure assumption is satisfied, another application of the second do-
mino rule is a counterpart of the inequalities (1.56) for thelength of a product.
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t′1 t′q t′q+1 t′p+q

t1 tq

s1

sp

s′1

s′p

Figure 11.Finding an S-normal decomposition of s1 ···spt1 ···tq when s1| ··· |sp and t1 | ··· |tq are S-
normal: using Proposition 1.49, hence the first domino rule only, one determines the S-normal path
t′1 | ··· |t

′
p+q in pq + p(p − 1)/2 steps; if the second domino rule is valid, the path s′1| ··· |s

′
p is already

S-normal, and t′1 | ··· |t
′
q |s

′
1| ··· |s

′
p is S-normal. Note that, by uniqueness, t′q+1| ··· |t

′
p+q must then be

a C×-deformation of s′1| ··· |s
′
p.

bn+1
b

bn+1

b

bn+1

a b

b

b2

Figure 12.Failure of the second domino rule in the context of Example 1.59: starting with s1|s2 = a|b
and t1 = bn+1, we obtain the S-normal decomposition bn+1|b2|1 of s1s2t1 using three normalizing
�-tiles, and not two as would be the case if the second domino rule were valid.

Proposition 1.62(length II). If S is a Garside family of a left-cancellative categoryC,
the second domino rule is valid forS, and every left-divisor of an element ofS♯ belongs
to S♯, then, for everyC-pathf |g, we have

(1.63) max(‖f‖S , ‖g‖S) 6 ‖fg‖S 6 ‖f‖S + ‖g‖S ,

and every left- or right-divisor of an element ofS-lengthℓ hasS-length at mostℓ.

Proof. Owing to Corollary 1.55, the only point to prove is‖f‖S 6 ‖fg‖S. As S♯ gen-
eratesC, it is sufficient to prove‖f‖S 6 ‖fs‖S for s in S♯. Assume thats1| ··· |sp is a
strictS-normal decomposition off . With the notation of Proposition 1.61 and Figure 10,
r0|s′1| ··· |s′p is anS-normal decomposition offs. The casep 6 1 is trivial, so assume
p > 2. If s′p−1 was invertible, so would bes′p, andrp−2s

′
p−1s

′
p, which issp−1sps, would

belong toS♯, and therefore so would do its left-divisorsp−1sp. As sp−1|sp is S-greedy,
we would deduce thatsp is invertible, contrary to the assumption thats1| ··· |sp is strict.
Sos′p−1 cannot be invertible, and theS-length offs is at leastp.
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2 Symmetric normal decompositions

In Section 1, we showed how to construct essentially unique distinguished decomposi-
tions for the elements of a left-cancellative category in which a Garside family has been
specified. We shall now construct similar distinguished decompositions for the elements
of the enveloping groupoid of the category, in the particular case when the considered
category is a left-Ore category that admits left-lcms. Let us mention that an alternative,
(slightly) different type of distinguished decompositionwill be defined, under different
assumptions, in Chapter V.

The organisation of the current section is parallel to that of Section 1. First, we intro-
duce in Subsection 2.1 the notion of left-disjoint elements, and use it in Subsection 2.2 to
define symmetricS-normal decompositions. We show the essential uniqueness of such
decompositions in Subsection 2.3, and their existence in left-Ore categories that admit
left-lcms in Subsection 2.4. Algorithmic questions are addressed in Subsection 2.5. Fi-
nally we briefly discuss in an appendix the extension of the results from left-Ore cate-
gories to general cancellative categories.

2.1 Left-disjoint elements

Hereafter our context will be mostly that of a left-Ore category as introduced in Sec-
tion II.3, that is, a cancellative category in which any two elements admit a common
left-multiple. However, all basic definitions and lemmas make sense and work in the
context of a general left-cancellative category, and we begin with such a context.

We look for distinguished decompositions for the elements of a groupoid of fractions.
As in the elementary case of rational numbers, obtaining unique expressions requires a
convenient notion of irreducible fraction.

Definition 2.1 (left-disjoint). (See Figure 13.) Two elementsf, g of a left-cancellative
categoryC are calledleft-disjoint if they have the same source and satisfy

(2.2) ∀h, h′∈C ((h′ 4 hf andh′ 4 hg ) ⇒ h′ 4 h).

In words: f andg are left-disjoint if every common left-divisor of elementsof the
formhf andhg must be a left-divisor ofh. We shall indicate in diagrams thatf andg are

left-disjoint using an arc as in f g .

Example 2.3(left-disjoint). Consider the free Abelian monoidNn. Two elementsf, g
of Nn are left-disjoint if and only if, for everyi, at least one off(i), g(i) is zero. Indeed,
assumef(i) > 1 andg(i) > 1. Let h = 1 andh′ = ai. Thenh′ 4 hf andh′ 4 hg
F are true, buth′ 4 1 fails, sof, g are not left-disjoint. Conversely, assumef(i) = 0.
Thenh′ 4 hf impliesh′(i) 6 h(i). Similarly, g(i) = 0 impliesh′(i) 6 h(i). So, if
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f g

g′f ′

h′′

h′ h

h

h′

g

f ′

g′

f

h′′

Figure 13. Two equivalent ways of illustrating the left-disjointness of f and g: whenever we have a
commutative diagram corresponding to the plain arrows, there exists a factoring dashed arrow. Note
that, in the situation of (2.2), if f ′, g′ are the elements satisfying hf = h′f ′ and hg = h′g′, then, by
definition, the pair (h, h′) witnesses for (f, g) ⊲⊳ (f ′, g′). Attention: a factorization h = h′h′′ implies
f ′ = h′′f and g′ = h′′g only if the ambient category is left-cancellative so, otherwise, the diagram is
ambiguous.

f(i)g(i) = 0 holds for everyi, so doesh′(i) 6 h(i), that is,h′ 4 h holds. Hencef andg
are left-disjoint.

As can be expected in view of introducing irreducible fractions, left-disjointness is
related to the non-existence of common divisors.

Definition 2.4 (left-coprime). Two elementsf, g of a left-cancellative categoryC are
calledleft-coprimeif f andg share the same source and every common left-divisor off
andg is invertible.

Proposition 2.5(disjoint vs.coprime). Assume thatC is a left-cancellative category.
(i) Any two left-disjoint elements are left-coprime.
(ii) Conversely, any two left-coprime elements are left-disjoint wheneverC satisfies

(2.6)
Any two common right-multiples of two elements are right-multiples of some
common right-multiple of these elements,

(iii) Condition (2.6) is satisfied in particular ifC admits left-gcds, and ifC admits
conditional right-lcms.

Proof. (i) Assume thatf andg are left-disjoint andh is a common left-divisor off andg.
Letx denote the common source off andg. Then we haveh4 1xf andh4 1xg, whence
h4 1x by definition. Henceh must be invertible, that is,f andg are left-coprime.

(ii) Assume now that (2.6) is satisfied, andf, g are left-coprime elements ofC. As-
sumeh′ 4 hf andh′ 4 hg, sayhf = h′f ′ andhg = h′g′, see Figure 14. By assumption,
hf andhg are two common right-multiples ofh andh′, so, by (2.6), there exists a com-
mon right-multiplehe of h andh′ satisfyinghe 4 hf andhe 4 hg. We deducee 4 f
ande 4 g. As f andg are left-coprime,e must be invertible and, therefore,h′, which
left-divideshe by assumption, also left-dividesh. Hencef andg are left-disjoint.

(iii) Assumefi 4 gj for i, j = 1, 2. Assume first thatC admits left-gcds. Theng1
andg2 admit a left-gcd, sayg. For i = 1, 2, the assumption thatfi left-divideg1 andg2
implies thatfi left-dividesg. Sog witnesses for (2.6).

Assume now thatC admits conditional right-lcms. By assumption,f1 andf2 admit a
common right-multiple, hence they admit a right-lcm, sayf . Forj = 1, 2, the assumption
that gj is a right-multiple off1 andf2 implies thatgj is a right-multiple off . So f
witnesses for (2.6).
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f g

e

f ′ g′

h′h

Figure 14.Proof of Proposition 2.5(ii) .

Considering the (cancellative) monoid〈a, a′, b, b′, c, c′ | ab′ = a′b, ac′ = a′c〉+, in
whichb andc have no nontrivial common left-divisor, but they are not left-disjoint since
we havea4a′b anda4 a′c but nota4a′, we see that some condition about the ambient
category is needed to guarantee the converse implication inProposition 2.5.

On the other hand, when the ambient category is a left-Ore category, left-disjointness
has a simple connection with the factorization of fractions.

Lemma 2.7. Assume thatC is a left-Ore category. Forf, g
in C with the same source, the following are equivalent:

(i) The elementsf andg are left-disjoint;
(ii) For all f ′, g′ in C satisfyingf−1g = f ′−1g′ in Env(C),

there existsh satisfyingf ′ = hf andg′ = hg. f g

g′f ′

h

Proof. Assume thatf andg are left-disjoint andf−1g = f ′−1g′ holds inEnv(C). By
Ore’s theorem (Proposition II.3.11), there existh′, h′′ witnessing for(f, g) ⊲⊳ (f ′, g′),
that is, satisfyingh′f ′ = h′′f andh′g′ = h′′g, henceh′ 4 h′′f andh′ 4 h′′g. As f and
g are left-disjoint, this impliesh′ 4 h′′, so there existsh satisfyingh′′ = h′h. We deduce
h′f ′ = h′hf andh′g′ = h′hg, whencef ′ = hf andg′ = hg sinceC is left-cancellative.
So (i) implies (ii).

Conversely, assume that (ii) holds and we haveh′ 4 h′′f andh′ 4 h′′g. Writeh′′f =
h′f ′ andh′′g = h′g′. Then, inEnv(C), we havef−1g = f ′−1g′, and (ii) implies the
existence ofh satisfyingf ′ = hf andg′ = hg. We deduceh′′f = h′f ′ = h′hf , whence
h′′ = h′h asC is right-cancellative. Hence we haveh′4 h′′, andf andg are left-disjoint.
So (ii) implies (i).

Drawn as , the diagram of Lemma 2.7 is similar to , which corre-

sponds toS-greediness: both assert the existence of a factoring arrowfor certain pairs of
elements with the same endpoints. However,S-greediness refers toS (the top arrow has
to correspond to an element ofS), whereas no such restriction holds for left-disjointness.

Finally, in the special case of elements that admit a common right-multiple (always
the case in an Ore category), we have a simple connection between left-disjointness and
left-lcms.

Lemma 2.8. Assume thatC is a left-Ore category, andf, g, f ′, g′ are elements ofC sat-
isfyingfg′ = gf ′. Then the following are equivalent:

(i) The elementsf andg are left-disjoint;
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(ii) The elementfg′ is a left-lcm off ′ andg′.

Proof. Assume thatf andg are left-disjoint, and thatf ′′g′ = g′′f ′ is a common left-
multiple off ′ andg′. In Env(C), we havef ′′−1g′′ = g′f ′−1 = f−1g, so, by Lemma 2.7,
there must existh in C satisfyingf ′′ = hf andg′′ = hg. This means thatf ′′g′ is a
left-multiple offg′ and, therefore,fg′ is a left-lcm off ′ andg′. So (i) implies (ii).

Conversely, assume thatfg′ is a left-lcm off ′ andg′. Letf ′′, g′′ in C satisfyf ′′−1g′′ =
f−1g in Env(C). As f−1g = g′f ′−1 holds inEnv(C), we deducef ′′−1g′′ = g′f ′−1,
whencef ′′g′ = g′′f ′. As fg′ is a left-lcm off ′ andg′, there must existh in C satisfying
f ′′g′ = hfg′, whencef ′′ = hf and, similarly,g′′ = hg. By Lemma 2.7, this means that
f andg are left-disjoint. So (ii) implies (i).

2.2 Symmetric normal decompositions

We are now ready to introduce natural distinguished decompositions for the elements
of a groupoid of left-fractions by merging the notions of anS-normal path and of left-
disjoint elements. IfC is a left-Ore category, then, according to Ore’s theorem (Propo-
sition II.3.11), every element of the enveloping groupoidEnv(C) is a left-fraction, hence
it can be expressed by means of two elements ofC. If S is a Garside family inC, every
element ofC admitsS-normal decompositions, and we deduce decompositions for the
elements ofEnv(C) involving two S♯-paths, one for the numerator, one for the denom-
inator. We naturally say that a signed pathfq | ··· |f1|g1| ··· |gp is a decompositionfor an
elementg of Env(C) if g = f−1

q ···f−1
1 g1 ···gp holds—we recall that we usually drop the

canonical embeddingι of C into Env(C) that is, we identifyC with its image inEnv(C).

Definition 2.9 (symmetric greedy, symmetric normal). If S is a subfamily of a left-
cancellative categoryC, a negative–positiveC-pathfq | ··· |f1|g1| ··· |gp is calledsymmet-
ric S-greedy(resp. symmetricS-normal, resp. strict symmetricS-normal) if the paths
f1| ··· |fq andg1| ··· |gp areS-greedy (resp. S-normal,resp. strictS-normal) and, in addi-
tion, f1 andg1 are left-disjoint.

It is natural to consider aC-path (hence a positive path) as a positve–negative path in
which the negative part is the empty pathεx, wherex is the source of the considered path.
Then a positive path is symmetricS-greedy in the sense of Definition 1.1 if and only
if it is S-greedy in the sense of Definition 2.9 when viewed as a degenerate negative–
positive path, and the same holds for symmetric and strict symmetricS-normal paths:
indeed, empty paths are strictS-normal and, by very definition, ifg is an element ofC
with sourcex, then1x andg are left-disjoint since, iff ′, g′, h, andh′ satisfyhf ′ = h′1x
andhg′ = h′g, the first equality impliesh4 h′ directly.

Example 2.10(symmetric greedy, symmetric normal). In the free Abelian monoidNn

with Sn = {s | ∀k (s(k) 6 1)} (Reference Structure 1, page 3), as seen in Exam-
ple 1.18, a paths1| ··· |sp is Sn-normal if and only if the sequence(s1(k), ... , sp(k)) is
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non-increasing for everyk. We also observed in Example 2.3 thatf andg are left-disjoint
if and only if f(k)g(k) = 0 holds for everyk. Thentq | ··· |t1|s1| ··· |sp is symmetricSn-
greedy if and only if, for everyk, the sequences(s1(k), ... , sp(k)) and(t1(k), ... , tq(k))
are non-increasing and at least one of them exclusively consists of zeros.

Then every elementg of Zn admits a unique strict symmetricSn-normal decom-
position, namely the pathtq | ··· |t1|s1| ··· |sp with p = max{g(k) | 1 6 k 6 n},
q = max{−g(k) | 1 6 k 6 n}, and, for everyk with g(k) < 0 (resp. g(k) > 0),
we haveti(k) = 1 for 1 6 i 6 −g(k), ti(k) = 0 otherwise, andsi(k) = 0 for everyi
(resp. si(k) = 1 for 1 6 i 6 g(k), si(k) = 0 otherwise, andti(k) = 0 for everyi).

For instance, writinga, b, c for a1, a2, a3, we see that the unique strict symmetricS3-
normal decomposition ofab−2c2, that is, of(1,−2, 2), is the length four pathb|b|ac|c.

The following result is analogous to Proposition 1.12 and enables one to gather the
entries of anS-greedy path.

Proposition 2.11(grouping entries). Assume thatC is a left-cancellative category,S is
included inC, andS♯ generatesC. Then, for allS-greedy pathss1| ··· |sp, t1| ··· |tq, the
following are equivalent:

(i) The elementss1 andt1 are left-disjoint.
(ii) The elementss1 ···sp andt1 ···tq are left-disjoint;

Proof. Assume (i). Putf = s1 ···sp andg = t1 ···tq. In order to establish thatf andg are
left-disjoint, we shall prove using induction onm that, for everyh′ belonging to(S♯)m
and everyh in C, the conjunction ofh′ 4 hf andh′ 4 hg impliesh′ 4 h. Form = 0,
the elementh′ is an identity-element, and the result is trivial. Assumem > 1 and write
h′ = rh′′ with h′′ ∈ (S♯)m−1 (Figure 15). By assumption, we haverh′′ 4 hf , whence
a fortiori r 4 hf , that is,r 4 ht1 ···tq. By assumption,t1| ··· |tq is S-greedy, henceS♯-
greedy by Lemma 1.10, sor4ht1 ···tq impliesr4ht1. A similar argument givesr4hs1,
and, therefore, the assumption thatt1 ands1 are left-disjoint impliesr 4 h, that is, there
existsh1 satisfyingh = rh1. Then, asC is left-cancellative, the assumption thath′ left-
divideshf andhg implies thath′′ left-dividesh1f andh1g. The induction hypothesis
then impliesh′′ 4 h1, whenceh′ 4 h. Sof andg are left-disjoint, and (i) implies (ii).

That (ii) implies (i) is clear: ifh′ left-divideshs1 andht1, then it a fortiori left-
divideshf andhg, and the assumption thatf andg are left-disjoint implies thath′ left-
dividesh, hence thats1 andt1 are left-disjoint.

tq t1 s1 sp

r
h′′

h1

h

Figure 15.Proof of Proposition 2.11 using an induction on the length of an expression of h.
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As an application, we deduce that the existence of a symmetricS-normal decomposi-
tion implies the existence of a strict symmetricS-normal one.

Lemma 2.12. Assume thatC is a left-cancellative category andS is a subfamily ofC that
satisfiesC×S ⊆ S♯. Then, for every symmetricS-normal pathu|v, there exists a strict
symmetricS-normal pathu′|v′ satisfying([u′], [v′]) ⊲⊳ ([u], [v]).

Proof. Assume thatu|v is a symmetricS-normal path. By Proposition 1.23, there exist
strict S-normal paths u′, v′ satisfying [u′] = [u] and [v′] = [v]. Then([u′], [v′]) ⊲⊳
([u], [v]) trivially holds. By Proposition 2.11, the assumption that the first entries ofu
andv are left-disjoint implies that[u] and[v] are left-disjoint, which in turn implies that
the first entries ofu′ andv′ are left-disjoint. Therefore,u′|v′ is a strict symmetricS-
normal path.

Proposition 2.13(strict). Assume thatC is a left-Ore category andS is a Garside family
of C. Then every element ofEnv(C) that admits a symmetricS-normal decomposition
admits a strictS-normal decomposition.

2.3 Uniqueness of symmetric normal decompositions

We now establish the essential uniqueness of symmetricS-normal decompositions when
they exist. As in the positive case, the uniqueness statements have to take into account the
possible invertible elements of the ambient category. Hereis the convenient extension of
Definition 1.20.

Definition 2.14 (deformation by invertible elements). (See Figure 16.) A negative–
positiveC-pathf−q′ | ··· |f0|f1| ··· |fp′ in a left-cancellative categoryC is called adeforma-
tion by invertible elements, orC×-deformation, of another oneg−q | ··· |g0|g1| ··· |gp if there
existǫ−n, ... , ǫm in C×, m = max(p, p′) + 1, n = max(q, q′), such thatǫ−n andǫm are
identity-elements,ǫi−1gi = fiǫi holds for−n− 1 6 i 6 m, where, forp 6= p′ or q 6= q′,
the shorter path is expanded by identity-elements.

1x

f−q′

g−q

f−q

g0

f0

g1

f1

gp′

fp′

gp

1y′

ǫ−q−1 ǫ−1 ǫ0 ǫ1 ǫp

Figure 16. Deformation of a signed path by invertible elements: invertible elements connect the
corresponding entries ; if some path is shorter than the other (here we have q < q′ and p′ < p), it is
extended by identity-elements.

Being a deformation is a symmetric relation. As in the positive case,S-normal paths
are preserved under deformation.

Proposition 2.15(deformation). Assume thatC is a left-cancellative category andS is
a subfamily ofC that satisfiesC×S ⊆ S♯. Then everyC×-deformation of a symmetric
S-normal path is a symmetricS-normal path and the associated pairs are⊲⊳-equivalent.
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Proof. Assume thattq | ··· |t1|s1| ··· |sp is symmetricS-normal andt′q′ | ··· |t′1|s′1| ··· |s′p′ is
aC×-deformation of this path, with witnessing invertible elementsǫi as in Definition 2.14
and Figure 16. By definition,s′1| ··· |s′p′ is aC×-deformation ofǫ0s1|s2| ··· |sp, and, sim-
ilarly, t′1| ··· |t′q′ is a C×-deformation ofǫ0t1|t2| ··· |tq. By Lemma 1.9, the assumption
that t1| ··· |tq is S-normal implies thatǫ0t1|t2| ··· |tq is S-normal as well, so, by Proposi-
tion 1.22, we deduce thatt′1| ··· |t′q′ and, similarly,s′1| ··· |s′p′ areS-normal.

Next, letx be the source oft1. Then the pair(ǫ0, 1x)
witnesses for(t′1 ···t′q′ , s′1 ···s′p′) ⊲⊳ (t1 ···tq, s1 ···sp).
Finally, the assumption thats1 andt1 are left-disjoint im-
plies thats′1 andt′1 are left-disjoint as well. To see this,
put f = t1 ···tq, g = s1 ···sp, and assumehf = h′t′1 and
hg = h′s′1 as in the diagram on the right. Then we deduce
(h′ǫ0)t1 = h(fǫ−1) and(h′ǫ0)s1 = h(gǫ0). As s1 andt1
are left-disjoint, we haveh4 h′ǫ0, whenceh4 h′ asǫ0 is
invertible, ands′1 andt′1 are left-disjoint. �

t1 s1

t′1 s′1

ǫ−1 ǫ0 ǫ1

f g

h h′

Then the uniqueness of symmetricS-normal decompositions takes the expected form:

Proposition 2.16(symmetric normal unique I). Assume thatC is a left-Ore category,S
is included inC, andS♯ generatesC. Then any two symmetricS-normal decompositions
of an element ofEnv(C) areC×-deformations of one another.

We shall establish a more general result valid in every left-cancellative category.

Proposition 2.17(symmetric normal unique II). Assume thatC is a left-cancellative
category,S is included inC, S♯ generatesC, andu|v andu′|v′ are symmetricS-normal
paths satisfying([u], [v]) ⊲⊳ ([u′], [v′]). Thenu|v andu′|v′ are C×-deformations of one
another.

Proposition 2.16 follows from Proposition 2.17 owing to thecharacterization of equal-
ity in Env(C) given by Ore’s theorem (Proposition II.3.11), so it enough to prove Propo-
sition 2.17. We begin with an auxiliary result.

Lemma 2.18. Assume thatC is a left-cancellative category, and(f, g), (f ′, g′) are pairs
of left-disjoint elements ofC satisfying(f, g) ⊲⊳ (f ′, g′). Then there exists an invertible
elementǫ satisfyingf ′ = ǫf andg′ = ǫg.

Proof. Assumehf ′ = h′f andhg′ = h′g. The assumption thatf andg are left-disjoint
impliesh 4 h′, hence the existence ofǫ satisfyingh′ = hǫ. Symmetrically, the assump-
tion thatf ′ andg′ are left-disjoint implies the existence ofǫ′ satisfyingh′ǫ′ = h. We
deducehǫǫ′ = h, and Lemma II.1.15 implies thatǫ andǫ′ are mutually inverse invertible
elements. Then we obtainhf ′ = h′f = hǫf , whencef ′ = ǫf sinceC is left-cancellative,
and, similarly,g′ = ǫg.
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We can now establish the expected uniqueness result easily.

Proof of Proposition 2.17.By Proposition 2.11,[u] and [v] are left-disjoint, and so are
[u′] and [v′]. By assumption, we have([u], [v]) ⊲⊳ ([u′], [v′]), hence Lemma 2.18 im-
plies the existence of an invertible elementǫ satisfying[u′] = ǫ[u] and[v′] = ǫ[v]. As-
sumeu = t1| ··· |tq andu′ = t′1| ··· |t′q′ . Then the pathsǫt1|t2| ··· |tq andt′1| ··· |t′q′ are
S-normal decompositions off ′. By Proposition 1.25,t′1| ··· |t′q′ must be aC×-deformation
of ǫt1|t2| ··· |tq. Assumingv = s1| ··· |sp andv′ = s′1| ··· |s′p′ , we obtain similarly that

s′1| ··· |s′p′ is aC×-deformation ofǫs1|s2| ··· |sp. Altogether, this means thatu′|v′, that is,

t′q+1| ··· |t′1|s′1| ··· |s′p+1, is aC×-deformation oftq | ··· |t1|s1| ··· |sp, that is, ofu|v.

2.4 Existence of symmetric normal decompositions

We turn to the existence of symmetric normal decompositions. As the results are more
complicated for a general left-cancellative category thanfor a (left)-Ore category, we shall
restrict to this case, postponing the general case to an appendix. The main point is that
the existence of symmetric normal decompositions requiresthe existence of left-lcms in
the ambient category, but, on the other hand, it does not require more than that.

Lemma 2.19. Assume thatC is a left-Ore category,S is a Garside family inC, and
f, g are elements ofC with the same target. Then the elementgf−1 of Env(C) admits a
symmetricS-normal decomposition if and only iff andg admit a left-lcm inC.

Proof. Assume thattq | ··· |t1|s1| ··· |sp is a symmetricS-normal decomposition ofgf−1.
Let f ′ = t1 ···tq andg′ = s1 ···sp. By Proposition 2.11, the elementsf ′ andg′ are
left-disjoint inC. Hence, by Lemma 2.8,f ′g, which is alsog′f , is a left-lcm off andg.

Conversely, assume thatf andg admit a left-lcm, sayg′f = f ′g. By Lemma 2.8,
f ′ andg′ are left-disjoint elements ofC. Let t1| ··· |tq be anS-normal decomposition
of f ′, ands1| ··· |sp be anS-normal decomposition ofg′. By (the trivial part of) Proposi-
tion 2.11, the elementst1 ands1 are left-disjoint. Thentq | ··· |t1|s1| ··· |sp is a decompo-
sition off ′−1g′, hence ofgf−1, and, by construction, it is symmetricS-normal.

We recall that a categoryC is said to admit left-lcms if any two elements ofC with the
same target admit a left-lcm. From Lemma 2.19 we immediatelydeduce:

Proposition 2.20(symmetric normal exist). If S is a Garside family in a left-Ore cate-
goryC, the following conditions are equivalent:

(i) Every element ofEnv(C) lying in CC−1 has a symmetricS-normal decomposition;
(ii) The categoryC admits left-lcms.

The above condition for the existence of symmetricS-normal decompositions does
not depend on the particular Garside familyS. In the case of an Ore categoryC, every
element ofEnv(C) is a right-fraction, soCC−1 is all of Env(C) and we deduce
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Corollary 2.21 (symmetric normal exist). If S is a Garside family in an Ore categoryC,
the following conditions are equivalent:

(i) Every element ofEnv(C) admits a symmetricS-normal decomposition;
(ii) The categoryC admits left-lcms.

So, when investigating symmetric normal decompositions, it is natural to consider cat-
egories that admit left-lcms. We recall from (the symmetriccounterpart of) Lemma II.2.22
that the existence of left-lcms also implies the existence of a left-gcd for elements that ad-
mit a common right-multiple. So, in particular, an Ore category that admits left-lcms must
also admit left-gcds.

Up to now, the notions of anS-normal decomposition and of a symmetricS-normal
decomposition have been defined by referring to some ambient(left-cancellative) cate-
gory. However, according to Corollary 2.21, symmetricS-normal decompositions pro-
vide distinguished decompositions for all elements of the groupoid of left-fractions of the
considered categoryC. It is natural to wonder whether such decompositions can be char-
acterized by referring toS and the groupoid only. The answer is positive, at least in the
case when the familyS generatesC. Indeed, in this case,C is, by assumption, the subcat-
egory of the ambient groupoidG generated byS and, as the product ofC is the restriction
of the product ofG, and the left-divisibility relation ofC is defined inG by the formula
∃g′∈ C(fg′ = g). Therefore, the derived notions of anS-normal path and a symmetric
S-normal path are definable fromS in G. This makes it natural to introduce the following
counterpart of a Garside family in a groupoid.

Definition 2.22 (Garside base).A subfamilyS of a groupoidG is Garside baseof G if
every element ofG admits a decomposition that is symmetricS-normal with respect to
the subcategory ofG generated byS.

Example 2.23(Garside base).Two Garside bases for Artin’sn-strand braid groupBn
have been described in Chapter I: the classical Garside baseconsisting of the divisors of
the braid∆n in the monoidB+

n (Reference Structure 2, page 5), and the dual Garside
base consisting of the divisors of the braid∆∗

n in the monoidB+∗
n (Reference Structure 3,

page 10). Both are finite, with respectivelyn! and 1
n+1

(
2n
n

)
(thenth Catalan number) ele-

ments. The submonoids generated by these Garside bases areB+
n andB+∗

n , respectively,
and the fact that these sets are indeed Garside bases followsfrom Corollary 2.21, which
guarantees the existence of the expected symmetric normal decompositions.

Like the exisence of a Garside family, the existence of a Garside base is a vacuous
condition: every groupoidG is a Garside base in itself as the subcategory ofG generated
by G is G, and every elementg of G admits the length one decompositiong, which is
trivially symmetricG-normal.

As in the cases of Example 2.23, Corollary 2.21 immediately implies

Proposition 2.24(Garside family to Garside base).If C is an Ore category that admits
left-lcms, every generating Garside family ofC is a Garside base of the groupoidEnv(C).
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Restricting to Garside families that generate the ambient category is natural, as, oth-
erwise, the derived notions ofS-normality may collapse: for instance, ifC is a groupoid,
the empty setS is a Garside family inC since the corresponding familyS♯ is the whole
of C. However, the subcategory ofC generated byS is 1C , andS is not a Garside base
of Env(C) (which coincides withC) wheneverC \ 1C is nonempty: only identity-elements
can admit symmetricS-normal decompositions in the sense of1C .

Conversely, it is natural to wonder whether every Garside base necessarily arises in
this context, that is, is a Garside family in the subcategoryit generates. This is indeed so
under mild assumptions, which shows that our approach so fardoes not restrict generality.

Proposition 2.25(Garside base to Garside family).Assume thatG is a groupoid andS
is a Garside base ofG such that the subcategoryC generated byS contains no nontrivial
invertible element. ThenC is a left-Ore category that admits left-lcms andS is a Garside
family inC.

Proof. First, C is cancellative as it is a subcategory of a groupoid. Next, let f, g be two
elements ofC sharing the same target. The elementgf−1 of G admits a decomposition
which is symmetricS-normal, hence of the formf ′−1g′ with f ′, g′ in C. Fromgf−1 =
f ′−1g′, we deducef ′g = g′f in G, hence inC, showing thatf andg admit a common left-
multiple in C. HenceC is a left-Ore category. Moreover, by Lemma 2.8, the assumption
that the above decomposition is symmetricS-normal implies thatf ′g is a left-lcm off
andg in C, soC admits left-lcms.

Now let g be an element ofC(x, -). By assumption,g admits a decomposition, say
tq | ··· |t1|s1| ··· |sp, that is symmetricS-normal. Therefore(1x, g) ⊲⊳ (t1 ···tq, s1 ···sp)
is true. Ast1 ···tq ands1 ···sp are left-disjoint by assumption, there must existh in C
satisfying1x = ht1 ···tq (andg = hs1 ···sp). It follows thatt1, ... , tq are invertible inC
and, therefore, the assumption thatC contains no nontrivial invertible element implies
t1 = ··· = tp = 1x. Sos1| ··· |sp is anS-normal decomposition ofg in C, andS is a
Garside family inC.

Proposition 2.25 is not an exact converse of Proposition 2.24 as extra assumptions are
used in both directions. The counter-examples of Exercise 35 suggest that improving the
results is not obvious, at least in a proper categorical context.

Remark 2.26. When starting from a groupoidG, restricting to subfamiliesS such that the
subcategory generated byS contains no nontrivial invertible element is probably needed
to expect interesting results. For instance, wheneverS is a generating family ofG that
is closed under inverse or, more generally, wheneverS positively generatesG, meaning
that the subcategory ofG generated byS is all of G, thenS is a Garside base inG since
the associated familyS♯ isG and every element ofG admits a trivial symmetricS-normal
decomposition of length one, an uninteresting situation.

2.5 Computation of symmetric normal decompositions

We now address the question of effectively computing symmetric normal decomposition.
Proposition 2.11 immediately gives:
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Algorithm 2.27 (symmetric normal decomposition).

Context: A left-Ore categoryC, a Garside subfamilyS of C, a�-witnessF onS♯
Input: A left-fractionf−1g in Env(C) such thatf andg are left-disjoint
Output: A symmetricS-normal decomposition off−1g

: compute anS-normal representativet1| ··· |tq of f using Algorithm 1.52
: compute anS-normal representatives1| ··· |sp of g using Algorithm 1.52
: return tq | ··· |t1|s1| ··· |sp

Algorithm 2.27 is not satisfactory in that it requires to start with an irreducible left-
fraction and does not solve the question of finding such a fraction starting from an arbi-
trary decomposition. We shall begin with the case of elements of the formgf−1, that is,
with right-fractions. By Lemma 2.19, finding an irreducibleleft-fractionary decomposi-
tion for such an element amounts to determining a left-lcm off andg.

Definition 2.28 (common multiple selector, lcm selector).Assume thatC is a category
andS is a generating subfamily ofC.

(i) A common right-multiple selectoronS is a partial mapθ from S × S to S∗ such
that, for every pair{s, t} of elements ofS, the elementsθ(s, t) andθ(t, s) exist if and
only if s andt admits a common right-multiple and, in this case, there exists a common
right-multipleh of s andt such thatsθ(s, t) andtθ(t, s) are equal toh. In addition, we
assume thatθ(s, s) is equal toεx for everys in C(-, x).

(ii) A right-lcm selectoris defined similarly, replacing “common right-multiple” with
“right-lcm”. A common left-multiple selectorand aleft-lcm selector̃θ are defined sym-
metrically, so that̃θ(s, t)t andθ̃(t, s)s are equal to a distinguished common left-multiple.

(iii) A selectorθ onS is short if the length ofθ(s, t) is at most one for alls, t, that is,
if θ(s, t) belongs toS or is empty.

A common right-multiple selector is a map that picks a commonright-multiple when-
ever such one exists or, more exactly, picks what has to be added in order to obtain the
chosen common right-multiple. By the Axiom of Choice, all types of selector exist. Note
that, by definition, a common right-multiple selector and a right-lcm selector are syntac-
tic right-complements in the sense of Definition II.4.2, whereas a common left-multiple
selector and a left-lcm selector are syntactic left-complements. Hence it makes sense to
consider the associated right- and left-reversing processes.

Definition 2.29 (strong Garside). A Garside familyS in a left-Ore category is called
strong if, for all s, t in S♯ with the same target, there exists′, t′ in S♯ such thats′t
equalst′s and it is a left-lcm ofs andt.

Lemma 2.30. A Garside familyS in a left-Ore category isstrongif and only there exists
a short left-lcm selector onS♯ defined on all pairs(s, t) with the same target.
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Proof. Assume thatS is strong. For alls, t in S♯ with the same target, and possibly using
the Axiom of Choice, define(θ̃(s, t), θ̃(t, s)) to be a pair(s′, t′) as in Definition 2.29:
then, by definition,̃θ is a short left-lcm selector onS♯. Conversely, ifθ̃ is such a short
left-lcm selector, then, for alls, t in S♯ with the same target, the pair(θ̃(s, t), θ̃(t, s))
witnesses thatS is strong.

Lemma 2.8 connects left-lcm and left-disjointness, and it immediately implies the
following alternative definition:

Lemma 2.31. Assume thatC is a left-Ore category that admits left-lcms. A Garside
familyS of C is strong if and only if, for alls, t with the same target inS♯, there exists′, t′

in S♯ satisfyings′t = t′s and such thats′ andt′ are left-disjoint.

Therefore for a Garside familyS to be strong corresponds to
the diagram on the right, meaning that, for every choice of the
right and bottoms arrows, there is a choice of the left and top
arrows that make the diagram commutative. Note the similarity
with the diagram illustrating a�-witness. S♯

S♯

S♯ S♯

Example 2.32(strong Garside). In the free Abelian monoidNn, the Garside familySn
is strong: indeed, the monoidNn is left-Ore, and it suffices to verify the condition of
Lemma 2.31. Now, givens, t in Sn, defines′, t′ by s′(k) = t(k) − s(k) andt′(k) = 0 if
t(k) > s(k) holds, and bys′(k) = 0, t′(k) = s(k)−t(k) otherwise. Thens′ andt′ belong
to Sn, they are left-disjoint as seen in Example 2.3, ands′t = t′s holds by construction.

When a short left-lcm selector̃θ is available, left-lcms of arbitrary elements can be
computed easily using a left-reversing process associatedwith θ̃, that is, by constructing
a rectangular grid.

Lemma 2.33. Assume thatC is a right-cancellative category that admits conditional left-
lcms,S is included inC, andθ̃ is a short left-lcm selector onS♯. If u, v areS♯-paths with
the same target, either[u] and[v] admit a common left-multiple inC and left-reversingvu
usingθ̃ leads to a negative–positiveS♯-pathu′v′ such that bothu′v andv′u represent a
left-lcm of[u] and[v], or they do not and left-reversingvu fails.

Proof. Left-reversingvu using θ̃ amounts to constructing a rectangular grid based onv
(bottom) andu (right), such that the diagonal of each square represents a left-lcm of the
bottom and right edges. Owing to the rule for an iterated left-lcm, the left counterpart of
Proposition II.2.12 (iterated lcm), every diagonal in the diagram represents a left-lcm of
the classes of the corresponding edges and, in particular, the big diagonalu′v′, if it exists,
represents the left-lcm of[u] and[v].

A first application of Lemma 2.33 is a characterization of theleft-Ore categories that
admit a strong Garside family.
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Proposition 2.34(strong exists). If C is a left-Ore category, the following are equivalent:
(i) Some Garside family ofC is strong;
(ii) The categoryC viewed a Garside family in itself is strong;
(iii) The categoryC admits left-lcms.

Proof. The equivalence of (ii) and (iii) follows from the definition. Clearly (ii) implies (i).
Finally, assume thatS is a strong Garside family inS. Then, by definition, any two
elements ofS♯ with the same target must admit a left-lcm. Now, asS♯ generatesC,
Lemma 2.33 implies that any two elements ofC with the same target admit a left-lcm, so
(i) implies (iii).

The second application is a practical algorithm for completing Algorithm 2.27 and
computing symmetric normal decompositions.

Algorithm 2.35 (symmetric normal, short case I). (see Figure 17)

Context: A left-Ore categoryC admitting left-lcms, a strong Garside familyS of C, a
�-witnessF and a short left-lcm selector̃θ onS♯

Input: A positive–negativeS♯-pathvu

Output: A symmetricS-normal decomposition of[vu]

: left-reversevu into a negative–positiveS♯-pathu′v′ usingθ̃

: compute anS-normal pathu′′ equivalent tou′ usingF and Algorithm 1.52

: compute anS-normal pathv′′ equivalent tov′ usingF and Algorithm 1.52

: return u′′v′′

The left-reversing transformation mentioned in line 1 is purely syntactic and involves
signed paths only, not referring to any specific category: weinsist that Definition II.4.21
(right-reversing), which starts with a presentation(S,Rθ), takes place inS∗ but not
in 〈S |Rθ〉+. So does its left counterpart considered above.

Example 2.36(symmetric normal decomposition, short case I).Let us consider the
free Abelian monoidN3 based on{a, b, c} and the Garside familyS consisting of the
divisors ofabc (Reference Structure 1, page 3). Letw be the positive–negative path
bc|ab|c|ac|a. Applying Algorithm 2.35 tobc|ab|c|ac|a means writing the initial word
as a horizontal-then-vertical path, constructing a rectangular grid using the left-lcm selec-
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Figure 17. Algorithm 2.35: starting from vu, here written as s1| ··· |sp|tq | ··· |t1, one first uses eθ to
left-reverse vu, that is, to construct a rectangular grid starting from the right and the bottom, and,
then, one uses Algorithm 1.52 to normalize the numerator s′1| ··· |s

′
p and the denominator t′1 | ··· |t

′
q of

the left-fraction so obtained: the output is the path t′′q | ··· |t
′′
1 |s

′′
1 | ··· |s

′′
p .

tor (which is unique here since there are no nontrivial invertible element):

bc b 1

bc b 1

bc ab c

a

1

a

1

a

a

a

ac

and finally applying the positive normalization algorithm to the left and top edges of the
grid: in the current case, the sequencesa|1 andbc|b|1 areS-normal already, so the last
step changes nothing. Se-o1|a|bc|b|1 is a symmetricS-normal sequence equivalent tow.
Removing the trivial entries gives the strict symmetricS-normal decompositiona|bc|b.

Proposition 2.37(symmetric normal, short case I). (i) If S is a strong Garside family in
a left-Ore categoryC, then every element ofEnv(C) that can be represented by a positive–
negativeS♯-path of lengthℓ admits a symmetricS-normal decomposition of length at
mostℓ.

(ii) Under these assumptions, Algorithm 2.35 running on a pathvu with lg(u) = q
andlg(v) = p returns a symmetricS-normal decomposition of[vu]. The mapF is called
at mostq(q − 1)/2 + p(p− 1)/2 times, and the map̃θ is called at mostpq times.
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Proof. Consider (ii) first. By Lemma 2.33, left-reversingvu usingθ̃ leads to a negative–
positiveS♯-pathu′v′ such thatu′v andv′u represent the left-lcm of[u] and[v]. Hence,
by Lemma 2.8, the elements[u′] and[v′] are left-disjoint and, by construction, the signed
pathu′v′ represents[vu]. Moreover, we havelg(u′) 6 lg(u) andlg(v′) 6 lg(v) sinceθ̃
is short, and̃θ is called (at most)qp times.

Now, Algorithm 1.52 tou′ and v′ returns equivalent pathsu′′ and v′′ satisfying
lg(u′′) 6 lg(u′) andlg(v′′) 6 lg(v′). By Proposition 1.53, the mapF is called at most
q(q−1)/2+p(p−1)/2 times. Thenu′′v′′ also represents[vu]. By construction,u′′ andv′′

areS-normal paths, and[u′′] and[v′′], which are[u′] and[v′], are left-disjoint. Sou′′v′′

is symmetricS-normal. This establishes (ii). Point (i) follows since, byconstruction,
lg(u′′v′′) 6 lg(vu) holds.

Remark 2.38. The assumption that the Garside familyS is strong, that is, there exists
an everywhere defined short left-lcm selector forS♯, is essential. In every case, there
exists a left-lcm selector but, when the latter is not short,the termination of left-reversing
is not guaranteed, even when the existence of a left-lcm is guaranteed. In other words,
left-reversing associated with a left-lcm selector need not be complete in general, see
Exercise 116 in Chapter XII for a counter-example.

In the case of an Ore category, every element of the enveloping groupoid can be ex-
pressed as a right-fraction, so Proposition 2.37 implies the existence of a symmetricS-
normal decomposition for every element of this groupoid. Inorder to obtain an algorith-
mic method, we need to append to Algorithm 1.52 an initial step transforming an arbitrary
signed decomposition into an equivalent positive–negative one. The next lemma, which
anticipates on more complete results in Chapter IV, says that this is always possible.

Lemma 2.39. If S is a Garside family in a left-cancellative category, there exists a short
common right-multiple selector onS♯ that is defined for alls, t with the same source.

Proof. Let s, t be elements ofS♯ sharing the same source and admitting a common right-
multiple h. Let r1| ··· |rm be anS-normal decomposition ofh. Puth′ = r2 ···rm. By
Proposition 1.12,r1 |h′ is S-greedy, henceS♯-greedy by Lemma 1.10. Thens lies inS♯
and it left-dividesr1h′, hence it must left-divider1, sayr1 = sg. Similarly, t must left-
divide r1, sayr1 = tf . By Corollary 1.55, we have‖f‖S 6 ‖r1‖S 6 1 and, similarly,
‖g‖S 6 ‖r1‖S 6 1, hence the elementsf andg must lie inS♯. So, for alls, t in S♯
admitting a common right-multiple, there existf, g in S♯ satisfyingsg = tf . Picking
such a pair(f, g) for each pair(s, t) gives a short common right-multiple selector.

Algorithm 2.40 (symmetric normal, short Ore case I).

Context: An Ore categoryC admitting left-lcms, a strong Garside familyS of C, a�-
witnessF , a common right-multiple selectorθ onS♯, a short left-lcm selector̃θ onS♯

Input: A signedS♯-pathw
Output: A symmetricS-normal decomposition of[w]

: right-reversew into a positive–negativeS♯-pathvu usingθ
: left-reversevu into a negative–positiveS♯-pathu′v′ usingθ̃
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: compute anS-normal pathu′′ equivalent tou′ usingF and Algorithm 1.52
: compute anS-normal pathv′′ equivalent tov′ usingF and Algorithm 1.52
: return u′′v′′

Once again, we insist that the right- and left-reversing transformations considered in
lines 1 and 2 above are purely syntactic and refer to no category but the free oneS♯∗.

Corollary 2.41 (symmetric normal, short Ore case I). If S is a strong Garside family
in an Ore categoryC, then every element ofEnv(C) that can be represented by a signed
S♯-path of lengthℓ admits a symmetricS-normal decomposition of length at mostℓ. For
every signedS♯-pathw, Algorithm 2.40 running onw returns a symmetricS-normal
decomposition of[w].

Proof. First, by Proposition II.4.27 (termination), the assumption thatθ and θ̃ are short
and everywhere defined (since the existence of left-lcms andof common right-multiples
is assumed) guarantees that the associated right- and left-reversing processes terminate.
Then the first step of Algorithm 2.40 transforms an arbitrarysignedS♯-pathw into an
equivalent positive–negativeS♯-pathvu satisfying lg(vu) 6 lg(w). The rest directly
follows from Proposition 2.37.

We now describe an alternative way of computing a symmetric normal decomposi-
tion. In Algorithm 2.35, the principle is to first left-reverse the initial right-fraction into
an equivalent left-fraction and then normalize the numerator and the denominator using
Algorithm 1.52. One can equivalently normalize the numerator and the denominator of
the initial right-fraction.

Algorithm 2.42 (symmetric normal, short case II). (Figure 18)

Context: A left-Ore categoryC admitting left-lcms, a strong Garside familyS of C, a
�-witnessF , a short left-lcm selector̃θ onS♯

Input: A positive–negativeS♯-pathvu
Output: A symmetricS-normal decomposition of[vu]

: compute anS-normal pathu′ equivalent tou usingF and Algorithm 1.52
: compute anS-normal pathv′ equivalent tov usingF and Algorithm 1.52

: left-reversev′u′ into a negative–positiveS♯-pathu′′v′′ usingθ̃
: return u′′v′′

Example 2.43(symmetric normal, short case II). Consider the free Abelian monoidN3

based on{a, b, c} and the Garside familyS consisting of the divisors ofabc (Reference
Structure 1, page 3). Letw be the positive–negative pathbc|ab|c|ac|a. Applying Algo-
rithm 1.52 to the pathsbc|ab|c anda|ac yields theS-normal pathsabc|bc|1 andac|a.
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Figure 18. Algorithm 2.42: starting from vu = s1| ··· |sp|tq | ··· |t1, we first normalize the numerator
and the denominator into s′1| ··· |s

′
p and t′1 | ··· |t

′
q and then F use eθ to left-reverse the right-fraction

s′1| ··· |s
′
p|t

′
q | ··· |t

′
1 into a left-fraction t′′q | ··· |t

′′
1 |s

′′
1 | ··· |s

′′
p (compare with Figure 17).

Then, starting from the bottom–right corner, we construct the rectangular grid
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Then, as in Example 2.36, we conclude that1|a|bc|b|1 is a symmetricS-normal path
equivalent tow.

Proposition 2.44(symmetric normal, short case II). If S is a strong Garside family
in a left-Ore categoryC, then Algorithm 2.42 running on a positive–negativeS♯-pathvu
with lg(u) = q andlg(v) = p returns a symmetricS-normal decomposition of[vu]. The
mapF is called at mostq(q − 1)/2 + p(p− 1)/2 times, and the map̃θ is called at most
pq times.

To prove this, we shall use a new domino rule similar to those of Section 1.

Proposition 2.45(third domino rule). Assume thatC is a
left-cancellative category,S is included inC, and we have
a commutative diagram with edges inC as on the right. If
g1|g2 is S-greedy, andf , g′2 are left-disjoint, theng′1|g′2 is
S-greedy as well. g1 g2

g′1 g′2

f
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Proof. Assumes4f ′g′1g
′
2 with s in S. Letf0, f2 be as in the

diagram. Then we haves4 f ′g′1g
′
2f2, hences4 (f ′f0)g1g2

since the diagram is commutative. The assumption that
g1|g2 is S-greedy impliess 4 (f ′f0)g1, hences 4 (f ′g′1)f
using commutativity again. As, by assumption, we have
s 4 (f ′g′1)g

′
2, the assumption thatf andg′2 are left-disjoint

impliess4 f ′g′1. Henceg′1|g′2 is S-greedy. g1 g2

g′1 g′2

f0 f f2

s

f ′

Proof of Proposition 2.44.As in Figure 18, let us writeu = t1| ··· |tq andv = s1| ··· |sp.
As S is a Garside family inC, theS♯-pathst1| ··· |tq ands1| ··· |sp are eligible for Algo-
rithm 1.52, which returns equivalent pathst′1| ··· |t′q ands′1| ··· |s′p, respectively. Moreover,
by Proposition 1.53, the mapF is calledq(q − 1)/2 + p(p − 1)/2 times in the process.
Then, as̃θ is a left-lcm selector onS♯, left-reversings′1| ··· |s′p|t′q | ··· |t′1 into a negative–

positive patht′′q | ··· |t′′1 |s′′1 | ··· |s′′p usingθ̃, that is, completing the grid of Figure 18, requires

at mostqp calls toθ̃.
By construction,s′′1 and t′′1 are left-disjoint. So, to show thatt′′q | ··· |t′′1 |s′′1 | ··· |s′′p

is symmetricS-normal, it is sufficient to show that the (positive) pathss′′1 | ··· |s′′p and
t′′1 | ··· |t′′q areS-normal. This follows from the third domino rule directly: indeed, by
assumption, in the diagram of Figure 17, the penultimate right columnt′1 | ··· |t′q is S-
normal, so the third domino rule inductively implies that every column until the left one
t′′1 | ··· |t′′q is S-normal and, similarly, the penultimate bottom rows′1| ··· |s′p is S-normal,
so the third domino rule inductively implies that every row until the top ones′′1 | ··· |s′′p is
S-normal.

In Section 1, we established the existence ofS-normal decompositions by appealing
to Proposition 1.49, an explicit method that, fors in S♯ andg in the ambient category,
determines anS-normal decomposition ofsg starting from anS-normal decomposition
of g. We shall now extend this method to the case wheng lies in the enveloping groupoid,
that is, determine a symmetricS-normal decomposition ofsg starting from a symmetric
S-normal decomposition ofg.

Algorithm 2.46 (left-multiplication). (see Figure 19)

Context: A left-Ore categoryC admitting left-lcms, a strong Garside subfamilyS of C, a
�-witnessF , a short left-lcm selector̃θ onS♯

Input: A symmetricS♯-normal decompositiontq | ··· |t1|s1| ··· |sp of an elementg of Env(C)
ands in S♯ such thatsg is defined

Output: A symmetricS-normal decomposition ofsg
: putr−q := s
: for i decreasing fromq to 1 do
: put (t′i, r−i−1) := (θ̃(ti, r−i), θ̃(r−i, ti))
: for i increasing from1 to p do
: put (s′i, ri) := F (ri−1, si)
: puts′p+1 := rp
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: return t′q | ··· |t′1|s′1| ··· |s′p+1

s tq t1 s1 sp

t′q t′1 s′1 s′p s′p+1

r−q r−q+1 r−1 r0 r1 rp−1 rp

Figure 19.Algorithm 2.46: starting from a symmetric S-normal decomposition tq | ··· |t1|s1| ··· |sp of g
and s in S♯, one obtains a symmetric S-normal decomposition of sg.

Proposition 2.47(left-multiplication). If S is a strong Garside family in a left-Ore cate-
goryC that admits left-lcms, Algorithm 2.46 running on a symmetricS-normal decompo-
sition of an elementg ofEnv(C) ands in S♯ returns a symmetricS-normal decomposition
of sg.

In order to establish Proposition 2.47, we state a new dominorule.

Proposition 2.48(fourth domino rule). Assume thatC is a
left-cancellative category,S is included inC, and we have
a commutative diagram with edges inC as on the right. If
g1, g2 are left-disjoint, andf, g′2 are left-disjoint, thenfg1, g′2
are left-disjoint, andg′1, g

′
2 are left-disjoint. g1 g2

g′1 g′2

f

Proof. (See Figure 20.) Assumeh′4hfg1 andh′4hg′2. As the diagram is commutative,
we deduceh′4 (hf)g2, whenceh′4 hf asg1 andg2 are left-disjoint. But, now, we have
h′ 4 hf andh′ 4 hg′2 with f andg′2 left-disjoint. We deduceh′ 4 h. Hencefg1 andg′2
are left-disjoint. Asg′1 left-dividesfg1, this implies thatg′1 andg′2 are left-disjoint.

g1 g2

g′1 g′2

f

h′

h

Figure 20.Proof of the fourth domino rule (Proposition 2.48): If g1, g2 and f1, g′2 are left-disjoint, so
are g1g′1 and g′2—hence a fortiori g′1 and g′2.

Proof of Proposition 2.47.Use the notation of Algorithm 2.46 and Figure 19. By con-
struction, the diagram is commutative, so the only point to justify is that the output path
t′q | ··· |t′1|s′1| ··· |s′p+1 is symmetricS-normal. Now, ast1| ··· |tq is S-normal, the third do-
mino rule implies thatt′1| ··· |t′q isS-normal. Next, ast1 ands1 are left-disjoint, the fourth



134 III Normal decompositions

domino rule implies thatt′1 ands′1 are left-disjoint. Then, ass1| ··· |sp is S-normal, the
first domino rule implies thats′1| ··· |s′p is S-normal. Finally,s′p|s′p+1 is S-normal by

construction. Hencet′q | ··· |t′1|s′1| ··· |s′p+1 is symmetricS-normal.

Owing to the symmetry in the definition of symmetric normal paths, it is easy to
deduce from Algorithm 2.46 a similar method that, starting from a symmetricS-normal
decomposition of an elementg of Env(C) and an elements of S♯, returns a symmetric
S-normal decomposition ofgs−1, that is, a right-division algorithm.

Algorithm 2.49 (right-division). (see Figure 21)

Context: A left-Ore categoryC admitting left-lcms, a strong Garside subfamilyS of C, a
�-witnessF , a short left-lcm selector̃θ onS♯

Input: A symmetricS♯-normal decompositiontq | ··· |t1|s1| ··· |sp of an elementg of Env(C)
ands in S♯ such thatgs−1 is defined

Output: A symmetricS-normal decomposition ofgs−1

: putrp := s
: for i decreasing fromp to 1 do
: put (s′i, ri−1) := (θ̃(si, ri), θ̃(ri, si))
: for i increasing from1 to q do
: put (t′i, r−i) := F (r−i−1, ti)
: put t′q+1 := r−q

: return t′q+1 | ··· |t′1|s′1| ··· |s′p

tq t1 s1 sp

t′q+1 t′q t′1 s′1 s′p

s
r−q r−q+1 r−1 r0 r1 rp−1 rp

Figure 21.Algorithm 2.49: starting from a symmetric S-normal decomposition tq | ··· |t1|s1| ··· |sp of g
and s in S♯, one obtains a symmetric S-normal decomposition of gs−1.

Corollary 2.50 (right-division). If S is a strong Garside family in a left-Ore categoryC
that admits left-lcms, Algorithm 2.49 running on a symmetricS-normal decomposition of
an elementg ofEnv(C) ands in S♯ returns a symmetricS-normal decomposition ofgs−1.

Appendix: the case of a general left-cancellative category

By Lemma 2.8, the notion of left-disjoint elements is connected with the existence of a
left-lcm in a left-Ore category. As seen in the previous two subsections, this connection
leads to simple statements for the existence and the computation of symmetric normal
decompositions in left-Ore categories that admit left-lcms. However, the mechanism of
symmetric normal decompositions does not require such a strong context and most of the
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results of Subsections 2.4 and 2.5 are valid in all left-cancellative categories, provided the
statements are conveniently adapted. Most proofs in this appendix are easy extensions of
earlier proofs, and are left to reader.

Definition 2.51 (weak lcm). (See Figure 22.) Iff, g, h belong to a categoryC, we say
thath is aweak left-lcmof f andg if h is a common left-multiple off andg, and every
common left-multiplêh of f andg such thath and ĥ admit a common left-multiple is
a left-multiple ofh. We say thatC admits conditional weak left-lcmsif every common
left-multiple of two elementsf, g of C is a left-multiple of some weak left-lcm off andg.

g
fh

ĝ

f̂

Figure 22.A weak left-lcm of f and g : a common left-multiple h of f and g such that every common
left-multiple f̂g of f and g such that h and f̂g admit a common left-multiple is a left-multiple of h.

If it exists, a left-lcm is a weak left-lcm: if every common left-multiple of f andg
is a left-multiple ofh, then a fortiori so is every common left-multiple that satisfies an
additional condition. With this notion, the characterization of Lemma 2.8 can be extended.

Lemma 2.52. For f, g, f ′, g′ in a cancellative categoryC satisfyingf ′g = g′f , the fol-
lowing conditions are equivalent:

(i) The elementsf ′ andg′ are left-disjoint;

(ii) The elementf ′g is a weak left-lcm off andg.

The natural extension of Proposition 2.20 is then

Proposition 2.53(symmetric normal exist). If S is a Garside family in a cancellative
categoryC, the following are equivalent:

(i) For all f, g in C admitting a common right-multiple, there exists a symmetric S-
normal pathuv satisfying(f, g) ⊲⊳ ([u]+, [v]+);

(ii) The categoryC admits conditional weak left-lcms.

We recall that, ifw is a path,[w]+ is the element of the category represented byw.
In the case whenC is a left-Ore category, Proposition 2.53 is a restatement ofProposi-
tion 2.20, since (i) amounts to saying thatuv is a decomposition off−1g in Env(C) and
(ii) amounts to saying thatC admits left-lcms.

In order to extend the mechanism underlying Proposition 2.37, we introduce the fol-
lowing general notion of a strong Garside family.



136 III Normal decompositions

Definition 2.54(strong Garside). Assume thatC is a left-
cancellative category. A Garside familyS of C is called
strong if, whenevers, t lie in S♯ andfs = gt holds (with
f, g in C), there exists′, t′ in S♯ andh in C such thats′

and t′ are left-disjoint and we haves′t = t′s, f = ht′,
andg = hs′.

s

s′

t′ t

f

g

h

Note than being strong requires nothing for pairs(s, t) that admit no common left-
multiple. If C is a left-Ore category that admits left-lcms, the above definition reduces
to the condition of Lemma 2.31, and, therefore, the current definition extends that of
Definition 2.29. As in the left-Ore case, we note, leaving theeasy verification to the
eader,

Lemma 2.55. A cancellative categoryC admits conditional weak left-lcms if and only if
C is a strong Garside family in itself.

Then Algorithms 2.35 and 2.42 can be extended easily. We consider the latter.

Proposition 2.56(symmetric normal, short case III). If S is a strong Garside family in
a cancellative categoryC admitting conditional weak left-lcms, Algorithm 2.42 running
on a positive–negativeS♯-path vu such that[u]+ and [v]+ have common left-multiple
f̂ [v]+ = ĝ[u]+, returns a symmetricS-normal pathu′′v′′ satisfying(f, g) ⊲⊳ ([u′′]+, [v′′]+)
and[u′′v]+ = [v′′u]+; moreover there existsh satisfyingf = h[u′′]+ andg = h[v′′]+.

Once again, Proposition 2.56 reduces to Proposition 2.44 inthe case of a left-Ore
category as it then says thatuv is a decomposition of[vu] in Env(C).

3 Geometric and algorithmic properties

We now establish geometric and algorithmic properties of normal decompositions asso-
ciated with Garside families. Most results come in two versions: a positive version in-
volving a left-cancellative categoryC, a Garside familyS of C, andS-normal decomposi-
tions, and a signed version involving the groupoid of fractions of a (left)-Ore categoryC, a
strong Garside familyS of C, and symmetricS-normal decompositions. The main results
are Proposition 3.11, a convexity property which says that every triangle in the groupoid
can be filled with a sort of geodesic planar grid, Proposition3.20, which says that every
group(oid) of fractions of a category with a finite strong Garside family has an automatic
structure, and Propositions 3.45 and 3.52, which specifies the homology of a groupoid of
fractions using a strong Garside family.

The section contains five subsections. In Subsection 3.1 we show thatS-normal de-
compositions are geodesic. Subsection 3.2 deals with the above alluded Grid Property. In
Subsection 3.3, we consider the Fellow Traveller Property,which leads to an automatic
structure when finiteness conditions are met. In Subsection3.4, we use the mechanism of
normal decompositions to construct chain complexes and resolutions leading to homol-
ogy statements in good cases. Finally, we address the Word Problem(s) and its solutions
in Subsection 3.5.
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3.1 Geodesics

We begin with results asserting thatS-normal decompositions are geodesic, that is, short-
est among all possible decompositions.

Proposition 3.1(geodesic, positive case).If S is a Garside family in a left-cancellative
categoryC, every strictS-normal path is geodesic amongS♯-decompositions.

Proof. Assume thats1| ··· |sp is a strictS-normal path representing an elementg of C and
t1 | ··· |tq is an arbitraryS♯-decomposition ofg. We claim thatq > p holds. Indeed, Propo-
sition 1.30 implies that every strictS-normal decomposition ofg must have lengthp, and,
on the other hand, thatg admits a strictS-normal decomposition of length at mostq since
it admits aS♯-decomposition of lengthq. Henceq > p must hold.

Proposition 3.2(geodesic, general case).If S is a strong Garside family in a left-Ore
categoryC, every strict symmetricS-normal path is geodesic amongS♯-decompositions.

Proof. Assume thattq | ··· |t1|s1| ··· |sp is a strict symmetricS-normal path representing
an elementg of Env(C), and letr±1

1 | ··· |r±1
ℓ be an arbitraryS♯-decomposition ofg. We

claim thatℓ > q + p holds.
First, we observe that, for alls, t in S♯ with the same target, the assumption that

S is a strong Garside family implies the existence ofs′, t′ in S♯ satisfyings′t = t′s,
hencets−1 = s′−1t′ in Env(C). Then, starting fromr±1

1 | ··· |r±1
m and repeatedly applying

the above result to switch the factors (that is, applying a left-reversing transformation),
we obtain a new, fractionary decomposition ofg of the form s′q′ | ··· |s′1|t′1| ··· |t′p′ with
s′1, ... , t

′
p′ in S♯ andq′ + p′ = ℓ.

Now let g− = t1 ···tq and g+ = s1 ···sp and, similarly, letg′− = s′1 ···s′q′ and

g′+ = t′1 ···t′p′ . Then, by construction, we haveg = g−1
− g+ = g′−

−1g′+ in Env(C). By
Proposition 2.11,g− andg+ are left-disjoint. Hence, by Lemma 2.7, we haveg′− = hg−
andg′+ = hg+ for someh belonging toC. By Proposition 3.1, we haveq′ > ‖g′−‖S
and p′ > ‖g′+‖S . On the other hand, by Corollary 1.55, the existence ofh implies
‖g′−‖S > ‖g−‖S = q and‖g′+‖S > ‖g+‖S = p. We deduceq′ > q andp′ > p,
whenceℓ = q′ + p′ > q + p, as expected.

If C is an Ore category (and not only a left-Ore category) andS is a strong Garside
family in C, every element of the groupoidEnv(C) admits a strict symmetricS-normal
decomposition and, therefore, the latter provide geodesicdecompositions for all elements
of Env(C).

3.2 The Grid Property

The Grid Property is a convexity statement that is valid in every groupoid of fractions
associated with a category that admits a perfect Garside family, a mild strenghtening of
the strong Garside families of Section 2 that we shall define below.

We begin with a sort of double domino rule.
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Lemma 3.3. Assume thatC is a left-cancellative cat-
egory andS is included inC. Then, for allf1, ... , f ′′

2 ,
g1, ... , g

′′
2 , h1, h2 in C such thatf ′′

1 |f ′′
2 andg′′1 |g′′2 are

S-greedy,f ′
2 andg′2 are left-disjoint, and the diagram

on the right is commutative, the pathsh1|f ′
2, h1|g′2,

andh1|h2 areS-greedy.

f1

f2

f ′
1

f ′
2

f ′′
1

f ′′
2

g′′1 g′′2

g′1

g′2

g1 g2

h1

h2

Proof. (See Figure 23.) Assumes ∈ S andh 4 fh1h2. As the diagram commutes,
s4 fh1h2 impliess4 fg1g2f ′′

1 f
′′
2 , whence, asf ′′

1 |f ′′
2 is S-greedy,s4 fg1g2f ′′

1 , that is,
s 4 fh1g

′
2. A symmetric argument givess 4 fh1f

′
2. As f ′

2 andg′2 are left-disjoint, this
impliess4 fh1. Henceh1|h2 is S-greedy. Lemma 1.7 then implies thath1|f ′

2 andh1|g′2
areS-greedy as well.

f

s

h1

h2

f ′
2

g′2

ĝ

Figure 23.Proof of Lemma 3.3.

Definition 3.4 (grid). Assume thatC is a left-cancellative category,S is a strong Garside
family in C, ands1| ··· |sp and t1| ··· |tq areS-normal paths that share the same target.
An S-grid for s1| ··· |sp andt1| ··· |tq is a rectangular commutative diagram consisting of
pq tiles as in Lemma 2.31, with right labelss1, ... , sp and bottom labelst1, ... , tq; the
bottom-right vertex of the diagram is called theextremalvertex of the grid.

In the sequel, we specify the vertices of a grid using(x, y)-coordinates. By default,
the coordinates are supposed to increase along edges, with(0, 0) being the origin of the
diagram and(p, q) being the extremal vertex. Then the word “right” (resp. “bottom”) in
Definition 3.4 corresponds to a maximal first (resp. second) coordinate.

Lemma 3.5. Assume thatC is a left-cancellative category andS is included inC.
(i) If S is a strong Garside family inC, then, for allS-normal pathsu, v such that the

elements[u] and[v] admit a common left-multiple inC, there exists anS-grid for u andv.
(ii) Every path in anS-grid Γ that is diagonal-then-horizontal or diagonal-then-

vertical path isS-greedy.

Proof.

S♯

S♯

S♯ S♯

(i) The existence of the expectedS-grid immediately fol-
lows from the construction developed in the proof of Proposi-
tion 2.37: starting fromu andv, and beginning with the bottom–
right corner, we construct the grid inductively using tilesas on
the right, which exist as, by assumption, the elements[u] and[v]
admit a common left-multiple andS is a strong Garside family.
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(ii) By the third domino rule (Proposition 2.45), every horizontal or vertical path inΓ
corresponds to anS-normal path. By Lemma 3.3, every diagonal path inΓ is S-greedy,
and that so is every diagonal path followed by a horizontal ora vertical path.

To obtain the existence of paths that areS-normal, and not onlyS-greedy, in grids, we
add one more assumption—which, we shall see in Chapter V, is satisfied in usual cases.

Definition 3.6 (perfect Garside). A Garside familyS in a left-Ore categoryC that admits
left-lcms is calledperfectif there exists a short left-lcm selectorθ̃ on S♯ such that, for
all s, t with the same target,̃θ(s, t)t belongs toS♯.

The difference between strong and perfect is that, in the latter
case, we require that the diagonal of the square whose existence
is asserted as in the former case represents an element of the
reference familyS♯, corresponding to the scheme on the right. S♯

S♯

S♯S♯ S♯

Note that, in an Ore context, a strong Garside familyS is perfect if and only ifS♯ is
closed under the left-lcm operation, that is, the left-lcm of two elements ofS♯ lies inS♯.

Proposition 3.7 (Grid Property, positive case). If S is a perfect Garside family in a
left-cancellative categoryC andΓ is anS-grid, then, for all vertices(i, j), (i′, j′) in Γ
with i 6 i′ andj 6 j′, there exists insideΓ anS-normal path from(i, j) to (i′, j′).

Proof. The assumptionsi 6 i′ and j 6 j′ guarantee the existence inΓ of a path
from (i, j) to (i′, j′) of the form diagonal-then-horizontal or diagonal-then-vertical. By
Lemma 3.5, such paths areS-greedy. Moreover, the assumption thatS is perfect guaran-
tees that they areS-normal since the diagonals of the squares also correspond to elements
of S♯. By Proposition 3.1, suchS-normal paths are geodesic, provided possible final
invertible edges are incorporated in the last non-invertible entry.

Example 3.8(Grid Property, positive case). Consider a free Abelian monoid once more
(Reference Structure 1, page 3). Starting from theS-normal pathsab|a andac|ac|a, we
obtain a (unique)S-grid

ac ac a

ac ac

ac c

a

b b ab ab
abc abc ab

ac ac a

Numbering vertices from the top–left corner, we read for instance that, from the(0, 0)-
vertex to the(3, 2)-vertex, a geodesic path isabc|ac|a, whereas, from the(1, 0)-vertex to
the(2, 2)-vertex, a geodesic path isabc|1.
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For the signed case, the technical core will be a strengtening of Lemma 3.5(ii).

Lemma 3.9. Assume thatC is a left-cancellative category,S is included inC, andΓ1,Γ2

areS-grids with the same left edge and left-disjoint bottom edges. LetP(Γ) be the collec-
tion of all diagonal-then-horizontal and diagonal-then-vertical paths in a gridΓ. Then
every negative-positive path inΓ1 ∪ Γ2 consisting of the inverse of a path ofP(Γ1) fol-
lowed by a path ofP(Γ2) that contains no pattern “inverse of a diagonal followed by a
diagonal” is symmetricS-greedy.

Proof. Owing to Lemma 3.5(ii), it remains to consider the patternsf |g with f in Γ1 and
g in Γ2. By assumption, the bottom edges ofΓ1 andΓ2 represent left-disjoint elements
of C. The fourth domino rule (Proposition 2.48) then guaranteesthat all patternsf |g of
the considered types, that is, all that are not of the type “inverse of diagonal–diagonal”,
correspond to left-disjoint elements.

Γ2Γ1

(i, j)

i′>i
j′>j

|j′−j|>|i′−i|

i′60
j′>j

|j′−j|6|i′|

i′60, j′>j
|j′−j|>|i′|

06i′6i
j′>j

i′>i, j′>j
|j′−j|6|i′−i|

i′>i
j′6j

i′6i
j′6j

|j′−j|6
min(|i′−i|, i)

i′6i
j′6j

|j′−j|>
min(|i′−i|, i)

Figure 24.Symmetric S-greedy path connecting the (i, j)-vertex to the (i′, j′)-vertex in the union of
two matching S-grids. Here we assume i > 0, that is, the initial vertex lies in Γ2: the grey paths
describe the (unique) solution according to the position of (i′, j′) in one of the eight possible domains.
Here i increases from left to right, and j increases from top to bottom.

We deduce a symmetrized version of Proposition 3.7 involving two matchingS-grids.



3 Geometric and algorithmic properties 141

Lemma 3.10. Assume thatC is a left-Ore category,S is a perfect Garside family inC,
and Γ1,Γ2 are S-grids with the same left edge and left-disjoint bottom edges. LetΓ
be the diagram obtained by gluing along their common edge a symmetric image ofΓ1

andΓ2. Then, for all verticesM,M ′ of Γ, there exists insideΓ a symmetricS-normal
path fromM toM ′.

Proof. As in Proposition 3.7, let us give coordinates to the vertices ofΓ, using nonpositive
x-coordinates for the vertices ofΓ1 (left) and nonnegativex-coordinates for those ofΓ2

(right), see Figure 24; as above, they-axis is given a downward orientation. Assume that
the coordinates ofM andM ′ are(i, j) and(i′, j′), respectively. The figure then displays
a symmetricS-normal path fromM toM ′ in all possible cases.

g′1

g′2

g′3

v1

u1

v′1

u′1

Γ′
1

Γ′
2

u2

v2

v′2

u′2

Γ′
3

u3

v3

v′3

u′3

h1,2

h2,3
h3,1

Figure 25.Proof of Proposition 3.11: having extracted the pairwise left-gcds of g′i and g′i+1, one se-
lects S-normal decompositions ui, vi for the corresponding quotients, and one constructs an S-grid Γ′

i
for (ui, vi). The point is that the three grids necessarily match, providing the expected hexagonal grid.
Above (for lack of space), we indicated every element g′i next to the vertex that represents its target:
provided we agree that the central vertex (the common source of the elements g′i and their pairwise
left-lcms hi,j ) is given the label 1, then the target of g′i is naturally associated with g′i—as in a Cayley
graph, but the current diagram is not a Cayley graph (see Figure II.1 for the distinction).

We are now ready to state and establish the main result.
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Proposition 3.11(Grid Property). If C is an Ore category that admits unique left-lcms
andS is a perfect Garside family inC, then, for allg1, g2, g3 in Env(C), there exists a
planar diagramΓ that is the union of threeS-grids, admitsg1, g2, g3 as extremal vertices,
and is such that, for all verticesx, y of Γ, there exists a symmetricS-normal (hence
geodesic) path fromx to y insideΓ.

Proof. First there existsh′ in C such thath′g1, h′g2, andh′g3 lie in C. By assumption,C
admits left-lcms, so the left counterpart of Lemma II.2.22 implies that any two elements
of C admit a left-gcd. Leth be the left-gcd ofh′g1, h′g2, andh′g3, and letg′i be defined
by h′gi = hg′i. Theng′1, g

′
2, g

′
3 are three elements ofC with the same source and a trivial

left-gcd. Lethi,i+1 be a left-gcd ofg′i andg′i+1 for i = 1, 2, 3 (and indices taken mod3).
By construction,hi,i+1 left-dividesg′i andg′i+1, and we can chooseS-normal pathsui, vi
representing the quotients, namely satisfying

g′i = hi−1,i[ui] = hi,i+1[vi],

see Figure 25. By Lemma 3.5(i), there exists anS-grid Γ′
i for (ui, vi).

The point is that theS-gridsΓ′
1,Γ

′
2,Γ

′
3 match in the sense of Lemma 3.10. Indeed, let

u′i andv′i denote the left and top edges ofΓ′
i (when oriented as in the original definition).

By construction, the elements[u′i] and[v′i] are left-disjoint and satisfy[u′i][vi] = [v′i][ui].
On the other hand, we havehi−1,i[ui] = hi,i+1[vi]. As [u′i] and[v′i] are left-disjoint, there
must existhi satisfyinghi,i+1 = hi[u

′
i] andhi−1,i = hi[v

′
i]. By construction,hi left-

dividesg′1, g′2, andg′3, hence it left-divides their left-gcd, which is trivial by assumption.
Hencehi must be invertible.

Then the assumption thatC admits no non-trivial invertible element implies[u′i] =
hi,i+1 = [v′i+1], whenceu′i = v′i+1 by uniqueness of theS-normal decomposition, up
to possibly adding some identity-elements at the end of one path (see Figure 26). Then
applying Lemma 3.10 to each of the pairsΓ′

i,Γ
′
i+1 provides symmetricS-normal paths

of the expected type in the diagramΓ′ which is the union ofΓ′
1, Γ′

2,Γ
′
3.

By construction, the extremal vertices ofΓ′ areg′1, g
′
2, g

′
3. To obtain the result forg1,

g2, g3, it suffices to defineΓ to be the image ofΓ′ under a left-translation byh−1h′.

Example 3.12(Grid Property). Let us come back once more to the free Abelian groupZ3

based on{a, b, c}with the (perfect) Garside family consisting of the eight divisors ofabc.
Considerg1 = b, g2 = a−1b−1c3, andg3 = a−2bc2. Left-multiplying by a2b yields
g′1 = a2b2, g′2 = ac3, g′3 = b2c2, three elements ofN3 with a trivial left-gcd. With the
notation of the proof of Proposition 3.11, we findh1,2 = a, h2,3 = c2, andh3,1 = b2,
leading to the grid displayed in Figure 26.
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a−1b−1c3

b

a−2bc2

c c c

ab c c c

ab ab c c

ab c c

c c

ab c c c

b b ac ac aca a a a acb

a b a b bc b bc b b b

a b bc b bc b b b

Figure 26.The grid for the triangle (b, a−1b−1c3, a−2bc2): the union of three grids for the pairs of
normal paths (ab|b, a|a), (ac, c|c|c), and (c, b|b) constructed using tiles as in Figure 24. Note that
the grids match, but possibly at the expense of adding trivial entries at the end of the normal paths to
make the lengths equal. The grey paths are typical geodesic paths connecting two vertices. The point
is that the geodesic that connects any two vertices is entirely included in the grid, which is planar.

3.3 The Fellow Traveller Property

We show now thatS-normal decompositions enjoy some geometrical propertieswhich,
when suitable finiteness assumptions are realized, imply the existence of an automatic
structure. To state the results we shall use a natural extension of the classical Fellow
Traveller Property, see for instance [53] (where a groupoidversion is even considered)
or [117, Theorem 2.3.5] (where the name “fellow traveller” is not used). ForS generating
a groupoidG andf, g in G, we denote bydistS(f, g) theS-distance betweenf andg in G,
that is, the minimal length of a signedS-path representingf−1g in G.

Definition 3.13 (fellow traveller). If S is a subfamily of a left-cancellative categoryC,
then, fork > 0, we say that two signedS♯-pathsw,w′ arek-fellow travellersif, for
every i, we havedist

S♯
([w/i], [w

′
/i]) 6 k, wherew/i is the lengthi prefix of w for

i 6 lg(w) andw otherwise, and[v] is the element ofEnv(C) represented byv.

So two paths are fellow travellers if they remain at uniformly bounded distance one
of one another when crossed at the same speed.
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Proposition 3.14(fellow traveller). Assume thatC is a left-Ore category.
(i) If S is included inC andS♯ generatesC, then, for everyg in Env(C), any two strict

symmetricS-normal decompositions ofg are1-fellow travellers.
(ii) If S is a strong Garside family inC, then, for everyg in Env(C) and everys in S♯,

any two strict symmetricS-normal decompositions ofg andgs are2-fellow travellers.

Proof. (i) The result follows from Proposition 2.16 and the diagramof Figure 16: two
strict symmetricS-normal decompositions of an elementg areC×-deformations of one
another. Moreover, being strict, they have the same length and, with the notation of
Figure 16, we must havep = p′ andq = q′. As all invertible elements lie inS♯, the
diagram shows thattq | ··· |t1|s1| ··· |sp andt′q′ | ··· |t′1|s′1| ··· |s′p′ are1-fellow travellers.

(ii) The result similarly follows from Corollary 2.50. Assume thattq | ··· |t1 |s1| ··· |sp
is a strict symmetricS-normal decomposition ofgs and Algorithm 2.49 running on
tq | ··· |t1|s1| ··· |sp and s returnst′q+1|t′q | ··· |t′1|s′1| ··· |s′p (we use the notation of Algo-

rithm 2.49). Two cases may happen. Ift′q+1 is invertible, thent′qt
′
q+1|t′q−1 | ··· |t′1 |s′1| ··· |s′p

is a strict symmetricS-normal decomposition ofg, and, for everyi, we have

t−1
q ···t−1

i = (t′qt
′
q+1)

−1t′q
−1
−1 ···t′i−1 · s−i+1 for q > i > 1,

t−1
q ···t−1

1 s1 ···si = (t′qt
′
q+1)

−1t′q
−1
−1 ···t′1−1s′1 ···s′i · si for 1 6 i 6 p.

As the final factorssi lie in S♯, the paths are1-fellow travellers. On the other hand, ift′q+1

is not invertible,t′q+1|t′q′ | ··· |t′1|s′1| ···s′p is a strict symmetricS-normal decomposition
of g, and, for everyi, we have

t−1
q ···t−1

i = t′q+1
−1t′q

−1 ···t′i+1
−1 · t′i−1s−i+1 for q > i > 1,

t−1
q ···t−1

1 s1 ···si = t′q+1
−1t′q

−1 ···t′1−1s′1 ···s′i−1 · s′isi for 1 6 i 6 p.

As the final factorst′i
−1s−i+1 ands′isi lie in (S♯)2, the paths are2-fellow travellers.

Similar results hold for symmetricS-normal paths that are not necessarily strict: the
difference is that, because of an unbounded number of initial and final invertible entries,
one cannot obtain thek-fellow traveller property for some fixedk.

It is now easy to show that symmetricS-normal decompositions are associated with
a quasi-automatic structure, “quasi-automatic” here meaning that the involved automata
need not be finite. We recall thatεx is the empty path with sourcex.

Notation 3.15. If S is a strong Garside family in a left-Ore categoryC, we denote byNFS
(resp. NFs

S) the family of all symmetricS-normal paths (resp. strict symmetricS-normal
paths).

Proposition 3.16(quasi-rational I). Assume thatC is a left-cancellative category andS
is included inC. LetQ = S♯ ∪ S♯ andQ̂ = Q ∪ {εx | x ∈ Obj(C)}. Define a partial
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mapT : Q̂ × Q → Q̂ by T (εx, s) = s andT (s, t) = t if s|t is symmetricS-greedy,
and letT ∗ be the extension ofT to Q̂ × Q∗ inductively defined byT ∗(q, εx) = q, and
T ∗(q, w|s) = T (T ∗(q, w), s) for s in Q. Then a signedS-pathw with sourcex belongs
to NFS if and only ifT ∗(εx, w) is defined.

Proof. The partial mapT is the transition map of an automaton that reads signedS♯-paths
and continues as long as it finds no obstruction to being a symmetricS-normal path. The
point is that being symmetricS-normal is a local property that only involves pairs of
adjacent entries. In particular, fors, t in Q, the relationT (s, t) = t holds if and only if

- s is an empty pathεx,
- or s, t lie in S♯ andt|s is S-greedy (where, fors = r in S♯, we puts = r),

- or s lies inS♯, t lies inS♯, ands andt are left-disjoint,
- or s, t lie in S♯ ands|t is S-greedy.

Therefore, deciding whether a path is symmetricS-normal only requires to compare two
letters at a time. This can be done by memorizing the last previously read letter. Accord-
ing to Definition 2.9, the above definition of the mapT guarantees thatT ∗(εx, w) exists
(and is equal to the last letter ofw) if and only ifw is symmetricS-normal.

A similar result holds for strict symmetricS-normal paths.

Proposition 3.17(quasi-rational II). Assume thatC is a left-cancellative category and
S is included inC. LetQ = S♯ ∪ S♯. There exists a familŷQs and a partial mapT s :
Q̂s ×Q → Q̂s such that, ifT s is extended intoT s∗ byT s∗(q, εx) = q andT s∗(q, w|s) =
T (T s∗(q, w), s) for s in Q, then a signedS-pathw with sourcex belongs toNFs

S if and
only if T s∗(εx, w) is defined. IfS♯ is finite,Q̂s can be taken finite.

Proof. The argument is the same as for Proposition 3.16, the difference being that restrict-
ing to strict symmetricS-normal paths requires to exclude more cases, namely all paths
in which an entry that is neither initial nor final belongs toS♯ \S. This can be done easily,
but requires that the information about being the initial orthe final letter be recorded in
the stateq in addition to the last read letter. The state setQ̂s has then to be larger than in
Proposition 3.16. However, ifS♯ is finite,Q̂s can be constructed to be finite.

Corollary 3.18 (rational). If S is a strong Garside family in a left-cancellative categoryC
and bothObj(C) andS♯ are finite, the familiesNFS andNFs

S are rational sets, that is, they
are recognized by some finite state automaton.

Proof. If Obj(C) andS♯ are finite, the familieŝQ andQ̂s of Propositions 3.16 and 3.17
can be assumed to be finite, and(Q̂, T ) and(Q̂s, T s) are then finite state automata recog-
nizing the setsNFS andNFs

S , respectively.

Example 3.19(rational). Consider a free Abelian monoid based on two generatorsa, b,
with the Garside familyS2 = {a, b, ab} (Reference Structure 1, page 3). Then the graph
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of the automaton defined in Proposition 3.16 is as follows:

ab b

a ε a

b ab

ab

ab b

a

ab

a

b ab a

b

a

b

ab

a

b

b

a

ab

A word in the alphabet{a, b, ab, a, b, ab} is symmetricS2-normal if and only if, starting
from the initial stateε, one can read all letters ofw successively in the graph above: for
instancea|b|b andab|ab|a are accepted, but neithera|b nora|ab is.

The existence of a rational family of normal forms satisfying the fellow traveller prop-
erty is one of the standard definitions for an automatic structure [117, Theorem 2.3.5].

Definition 3.20 (automatic). A groupoidG is calledautomaticif there exists a finite
setS, a rational family of signedS-pathsNF, and a constantk such that every element
of G admits at least one decomposition lying inNF and, for allf, g in G such thatf−1g
lies inS ∪ 1C , any two decompositions off andg lying in NFarek-fellow travellers.

Proposition 3.21(automatic). If S is a strong Garside family in an Ore categoryC with
finitely many objects andS♯ is finite, the groupoidEnv(C) is automatic.

Proof. According to Corollary 3.18 and Proposition 3.14, the family of strict symmetric
S-normal decompositions enjoys all needed properties.

In particular, a direct application is

Corollary 3.22 (automatic). Every Garside group (Definition I.2.3) is automatic.

Among others, the existence of an automatic structure implies a quadratic isoperi-
metric inequality with respect to the considered generating family. We shall address the
question more systematically in the next subsection.

A natural strengthening of the notion of an automatic group(oid) is the notion of a
biautomatic group(oid) where, in addition to the Fellow Traveler Property for the normal
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decompositions of elements obtained by right-multiplyingby an element of the reference
generating familyS, one requires a symmetric property for left-multiplication by an el-
ement ofS. For instance, it is known that every Garside group is biautomatic [79]. But
we cannot state a general result here: what is missing is a counterpart to Proposition 2.47
that connecting the symmetricS-decompositions ofg andsg for s in S♯ in general. We
shall address the question again in Chapter V, when the Garside familyS is what will be
called bounded.

Remark 3.23. The positive case of a Garside familyS in an arbitrary left-cancellative
category can be addressed similarly. The counterparts of Propositions 3.16 and 3.17 and,
therefore, Corollary 3.18, are then valid. However, the Fellow Traveller Property need not
hold in general: fors in S, Proposition 1.49 provides no direct connection between the
S-normal decompositions ofg andgs. Only when the second domino rule is valid does
Proposition 1.61 provide such a connection, implying that theS-normal decompositions
of g andgs are1-fellow travellers.

Combinatorics of normal sequences.Whenever the ambient category is left-cancellat-
ive, the fact thatS-normal paths are characterized by a local condition and aretherefore
recognized by (some sort of) automaton implies nice combinatorial properties.

If a categoryC admits a finite Garside familyS, there exist for everyp a finite number
of S-normal paths of lengthp, andcountingthem is a natural task. This amounts to
counting the sequences accepted by some finite automaton, and standard results ensure
that the associated generating series is rational, controlled by the powers of an adjacency
matrix whose entries are (indexed by) the elements ofS♯:
Proposition 3.24 (adjacency matrix). Assume thatS is a Garside family in a left-
cancellative categoryC andS♯ is finite. LetIx andM be theS♯×1- andS♯×S♯-matrices
determined by

(3.25) (Ix)t =

{
1 if t lies inC(x, -),

0 otherwise,
Ms,t =

{
1 if s|t is S-normal,

0 otherwise.

Then the numberap,x,y of S-normal paths of lengthp with sourcex and targety is the
1y-entry ofIxMp.

Proof. Fors in S♯, letap,x(s) be the number ofS-normal paths of lengthp with sourcex
and last entrys. We proveap+1,x(t) = (IxM

p)t using induction onp. Forp = 0, there
exists a length1 normal path with sourcex and last entryt if and only if t has sourcex,
in which case the path is unique. So we havea1,x(t) = (Ix)t. Assume nowp > 0. Then
a lengthp + 1 pathw finishing with t is S-normal if and only if there existss in S♯ and
a lengthp pathw′ finishing with s such thats|t is S-normal andw is w′|t. Using the
induction hypothesis, we deduce

ap+1,x(t) =
∑

s∈S♯

ap,x(s)(M)s,t =
∑

s∈S♯

(IxM
p−1)s(M)s,t = (IxM

p)t.

Then we haveap,x,y = ap+1,x(1y) since, forsp in S♯(-, y), the paths1| ··· |sp isS-normal
if and only if s1| ··· |sp|1y is. We deduceap,x,y = ap+1,x(1y) = (IxM

p)1y .
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Example 3.26(adjacency matrix). For N2 with S2 = {1, a, b, ab} (Reference Struc-

ture 1, page 3), the associated4 × 4-matrix isM =




1 0 0 0
1 1 0 0
1 0 1 0
1 1 1 1


. A straightforward

induction shows that the first entry in(1, 1, 1, 1)Mp is (p + 1)2, which is the number of
normal sequences of lengthp. By uniqueness of the strict normal decomposition, this
number is also the number of elements ofN2 whoseS2-length is at mostp.

We refer to the Notes of Chapter IX for more interesting examples.

3.4 The Garside resolution

We shall show now how, ifS is a strong Garside family in a (convenient) cancellative
categoryC, one can useS-normal decompositions to construct a resolution of the free
ZC-moduleZ by freeZC-modules, thus leading to a determination of the homology ofC
and of its groupoid of fractions. The construction is a sort of local version of the bar-
resolution, and its validity in the current context precisely relies on the third domino rule.

We start from a left-Ore categoryC that admits left-lcms. By Ore’s theorem,C embeds
in its groupoid of left-fractionsEnv(C). The first observation is that theZ-homology
of Env(C) coincides with that ofC.

Lemma 3.27. [50] If C is a left-Ore category andG is the groupoid of fractions ofC, we
haveH∗(G,Z) = H∗(C,Z).

Proof (sketch).Tensorizing byZG over ZC, one extends every (left)ZC-module into a
ZG-module. The point is that, under the assumptions, the functorR→ ZG ⊗ZC R can be
proved to be exact.

From now on, we concentrate on determining the homology of the categoryC. To this
end, we construct for every strong Garside familyS a cubical complex associated with
finite subfamilies ofS. To avoid redundant cells, we assume that the elements ofS with
a given target are ordered. We writẽ∆C for the left-lcm of a subfamilyC of C. We recall
that, forf, g in C admitting a unique left-lcm,f/g, the left-complementof g in f , is the
(unique) elementf ′ such thatf ′g is the left-lcm off andg.

Definition 3.28 (chain complex). Assume thatC is a cancellative category that admits
unique conditional left-lcms,S is a strong Garside family inC, and a linear ordering
of S(-, y) is fixed for each objecty. Forn > 0, we denote byS [n] the family of all strictly
increasingn-tuples(s1, ... , sn) in S such thats1, ... , sn admit a left-lcm. We denote by
Zn the freeZC-module generated byS [n], and call its elementsn-chains. The generator
of Zn associated with an element(s1, ... , sn) of S [n] is denoted by[[s1, ... , sn]], and it is
called ann-cell. The unique0-cell is denoted by[[ ]].

As aZ-module,Zn is generated by the elements of the formgC with g in C andC
in S [n]; such elements will be calledelementaryn-chains. In order to make a complex
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out ofZ∗, we take a geometrical viewpoint and associate with eachn-cell an orientedn-
cube reminiscent of a van Kampen diagram, constructed usingthe left-reversing process
of Section II.4. The vertices of the cube are elements ofC, whereas the edges are labelled
by elements ofS. For s1 < ··· < sn in S, then-cube (associated with)[[s1, ... , sn]]

starts from1x wherex is the source of̃∆s1,... ,sn and ends at̃∆s1,... ,sn (so that the latter
left-lcm corresponds to the main diagonal of the cube). To construct the cube, we start
with n edges labelleds1, ... , sn pointing to the final vertex, and we inductively close

every pattern
t

s into
t/s

s/t
t

s , that is, we construct step by

step the left-lcm of the consideredn final edges. The construction terminates with2n

vertices, see Figure 27. The assumption thatS is strong guarantees that all edges in the
cube do lie inS. Finally, we associate with the elementaryn-chaingC the image of the
n-cube (associated with)C under the left translation byg: the cube starts fromg instead
of starting from1.

Note that, under the assumptions of Definition 3.28, the left-lcm is unique (when
it exists), so there exists a unique left-lcm selectorθ̃ on S, which is precisely the map
θ̃(s, t) = s/t. So the above construction of the cube associated with ann-cell can be
viewed as closing the initialn final edges under left-reversing with respect toθ̃.

1

∆4

σ2σ3

σ3σ2σ1

σ2σ1σ3σ2 σ3σ2
σ1σ1σ2σ3

σ2σ1

σ1

σ1σ2

σ3

σ2
σ3

Figure 27.The cell [[σ1, σ2, σ3]] of B+
4 : start from three arrows labelled σ1, σ2, σ3 pointing to the left-

lcm, here ∆4, and construct the cube by completing the faces using the left-complement operation,
that is, applying left-reversing associated with the left-lcm selector on Div(∆4).

We now define boundary maps. The above cube construction should make the idea
obvious: forC ann-cell, we define∂nC to be the(n−1)-chain obtained by enumerating
the (n − 1)-faces of then-cube associated withC, which are2n in number, with a sign
corresponding to their orientation, and taking into account the vertex they start from. In
order to handle such enumerations, we extend our notations.

Notation 3.29. (i) For s1, ... , sn in S ∪ {1C} (in any order), we write[[s1, ... , sn]] for
ε(π)[[sπ(1), ... , sπ(n)]] if the elementssi are not equal to1, they are pairwise distinct,
(sπ(1), ... , sπ(n)) is their<-increasing enumeration, andε(π) is the signature ofπ. In all
other cases,[[s1, ... , sn]] is defined to be0Zn .

(ii) For C a cell, sayC = [[s1, ... , sn]] ands an element ofS, we denote byC/s the
sequence(s1/s, ..., sn/s) and bys/C the elements/∆̃C . We writeCi (resp. Ci,j) for
[[s1, ... , ŝi, ... , sn]] (resp. [[s1, ... , ŝi, ... , ŝj , ... , sn]]).
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Notation 3.29(i) enables us to freely use the notation[[s1, ... , sn]] whens1, ... , sn are
arbitrary elements ofS ∪ {1C} without distinguishing degenerate cells. Note that such an
extension is needed in order to define the notationC/s as above since, in general,si 6= sj
need not implysi/s 6= sj/s, andsi < sj need not implysi/s < sj/s.

Definition 3.30(differential). Forn > 1 andC = [[s1, ... , sn]], we put

(3.31) ∂nC =

n∑

i=1

(−1)i(Ci/si) −
n∑

i=1

(−1)i(si/C
i)Ci,

and extend∂n to Zn by ZC-linearity; we define∂0 : Z0 → Z by ∂0[[ ]] = 1.

So, in low degrees, we find, see Figure 28,

∂1[[s]] = s[[ ]] − [[ ]], ∂2[[s, t]] = [[s/t]] + (s/t)[[t]] − [[t/s]]− (t/s)[[s]].

Similarly, in the case of the monoidB+

4 , we read on Figure 27 the equality

∂3[[σ1, σ2, σ3]] = −[[σ1σ2, σ3]] + [[σ2σ1, σ2σ3]] − [[σ1, σ3σ2]]

+ σ3σ2σ1[[σ2, σ3]] − σ2σ1σ3σ2[[σ1, σ3]] + σ1σ2σ3[[σ1, σ2]].

s
t

∂2 s/t
+

s/t
t − t/s −

s
t/s

∂2[[s, t]] = [[s/t]] + (s/t)[[t]] − [[t/s]] − (t/s)[[s]]

Figure 28. The boundary operator∂2

Lemma 3.32. The module(Z∗, ∂∗) is a complex:∂n−1∂n = 0 holds forn > 1.

Proof. First, we have∂1[[s]] = s[[ ]] − [[ ]], hence∂0∂1[[s]] = s · 1 − 1x · 1 = 0 for s
in C(x, y). Assume nown > 2. ForC = [[s1, ... , sn]], we obtain

∂n−1∂nC =
∑

i
(−1)i∂n−1(C

i/si) −
∑

i
(−1)i(si/C

i)∂n−1C
i

=
∑

i6=j
(−1)i+j+e(i,j)((Ci,j/si)/(sj/si))(3.33)

−
∑

i6=j
(−1)i+j+e(j,i)((sj/si)/(C

i,j/si))(C
i,j/si)

−
∑

i6=j
(−1)i+j+e(j,i)(si/C

i)(Ci,j/sj)

+
∑

i6=j
(−1)i+j+e(i,j)(si/C

i)(sj/C
i,j)Ci,j ,

with e(i, j) = +1 for i < j, ande(i, j) = 0 otherwise. Applying the left-counterpart
of (II.2.14) in Corollary II.2.13 (iterated complement), we obtain(Ci,j/si)/(sj/si) =

Ci,j/∆̃si,sj , wheresi andsj play symmetric roles, and the first sum in (3.33) becomes
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∑
i6=j(−1)i+j+e(i,j)Ci,j/∆̃si,sj , in which each factorCi,j/∆̃si,sj appears twice, with

coefficients(−1)i+j and(−1)i+j+1 respectively, so the sum vanishes.
Applying (II.2.14) tosj , si, andCi,j similarly gives(sj/si)/(C

i,j/si) = sj/C
j.

It follows that the second and the third sum in (3.33) containthe same factors, but, as
e(i, j) + e(j, i) = 1 always holds, the signs are opposite, and the global sum is0.

Finally, applying (the left counterpart of) (II.2.14) tosi, sj , and the left-lcm ofCi,j

gives(si/C
i)(sj/C

i,j) = ∆̃si,sj/C
i,j , in which si andsj play symmetric roles. So, as

in the case of the first sum, every factor in the fourth sum appears twice with opposite
signs, and the sum vanishes.

Observe that the case of null factors is not a problem, as we always have1y/s = 1x
ands/1y = s for g in C(x, y), so Formula (3.31) is true for degenerate cells.

Remark 3.34. The complex(Z∗, ∂∗) is a cubical complex [50]: instead of completing
the computation in the above proof, one could check instead that the module is cubical,
from where∂2

∗ = 0 would follow directly. Maybe conceptually more elegant, this ap-
proach does not change the needed amount of computation relying on the rules for the
left-complement operation.

It is convenient in the sequel to extend the cell notation to the case when the first entry
is a pathw, thus considering cells of the form[[w, s1, ... , sn]]. Abusing notation, the latter
will be denoted by[[w,C]] in the caseC = [[s1, ... , sn]]. We recall that, for anS-wordw,
we use[w] for the element ofC represented byw, that is, the evaluation ofw in C.

Definition 3.35(extended chain).Forw anS-path andC in S [n] sharing the same target,
the(n+ 1)-chain[[w,C]] is defined inductively by

(3.36) [[w,C]] =

{
0Zn+1 for w = εy,

[[v, C/t]] + [v]/∆̃C/t[[t, C]] for w = vt with t in S.

If w has length1, that is, ifv is empty, the inductive clause of (3.36) gives[[v(C/t)]] =

0 and[v]/∆̃C/t = 1-, so our current definition of[[w,C]] is compatible with the previous
one. Relation (3.36) is coherent with the geometrical intuition that the cell[[w,C]] is
associated with a(n+ 1)-parallelotope computing the left-lcm of[w] and∆̃C using left-
reversing: to compute the left-lcm of[v]t and∆̃C , we first compute the left-lcm oft and
∆̃C , and then append on the left the left-lcm of[v] and the complement of̃∆C in t, which
is ∆C,t. The rightmost cell does not start from1, but from[v]/∆̃C/t, see Figure 29.

An easy induction gives, fors1, ... , sp in S, the simple expression

(3.37) [[s1| ··· |sp]] =

p∑

i=1

[s1 ···si−1][[si]].

Also (3.31) can be rewritten as∂2[[s, t]] = [[(s/t) t]]− [[(t/s) s]], according to the intuition
that∂2 enumerates the boundary of a square. We shall give below a computational formula
that extends (3.31) and describes the boundary of the parallelotope associated with[[w,C]]
taking into account the specific role of thew-labelled edge. In order to state the formula,
we first extend the definition of the left-complement operation to paths.
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1 [v]/∆̃C/t

v t

C/t C

[[v, C/t]]
︷ ︸︸ ︷

[[t, C]]︷ ︸︸ ︷

Figure 29. The parallelotope associated with the extended cell [[wt,C]]: the concatenation of the
parallelotope [[v, C/t]] and the cube [[t, C]] translated by [v]/ e∆C/t.

Notation 3.38(operation /). (See Figure 30.) Forw anS♯-path ands in S♯ sharing the
same target, we writew/s for the path inductively defined by the rulesεy/s = s and
(v|t)/s = v/(s/t)|t/s.

v t

v/(t/s) t/s

(s/t)/[v] s/t s

Figure 30.Inductive definition of the path w/s.

The definition of the pathw/s, which may look complicated, is natural as the in-
duction clause corresponds to the formula for an iterated left-lcm: thus, in particular, we
always have[w/s] = [w]/s, that is,w/s represents the left-complement of the element
represented byw ands.

Lemma 3.39. For every pathw in S∗(x, y), we have∂1[[w]] = −[[ ]] + [w] [[ ]] and, for
n > 1 andC = [[s1, ... , sn]],

∂n+1[[w,C]] = −C/[w] −
∑

(−1)i[[w/si, C
i/si]]

+
∑

(−1)isi/∆̃[w]∪Ci[[w,Ci]] + ([w]/∆̃C)C.

We skip the proof, which is entirely similar to that of Lemma 3.32, based on the
formula for iterated lcm.

Our aim is now to exhibit a contracting homotopy for the complex(Z∗, ∂∗), that is, a
family of Z-linear mapsσn : Zn → Zn+1 satisfying∂n+1σn + σn−1∂n = idZn for each
degreen. We shall do it using theS-normal form.

Notation 3.40 (normal decomposition). If S is a Garside family in a categoryC that
has no nontrivial invertible element, we writeNF(g) for the (unique) strictS-normal
decomposition of an elementg of C.
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The point for our construction is that, whenC is a left-Ore category that admits unique
left-lcms, Proposition 2.44—in fact just the third domino rule—implies the equality

(3.41) NF(g) = θ̃∗(NF(gs), s),

that is, theS-normal decomposition ofg is obtained from that ofgs by left-reversing the
signed wordNF(gs)|s.

The geometric intuition for constructing a contracting homotopy is then simple: as
the chaingC represents the cubeC with origin translated tog, we shall defineσn(gC)
to be an(n + 1)-parallelotope whose terminal face (the one with edges inS—and not
in S∗—that does not contain the initial vertex) isC starting atg. To specify this cell, we
have to describe itsn + 1 terminal edges:n of them are the elements ofC; the last one
must force the main diagonal to beg∆̃C : the natural choice is to take the normal form
of g∆̃C , which guarantees in addition that all labels in the initialface lie in1C .

Definition 3.42 (section). (See Figure 31.) Forn > 0, theZ-linear mapσn from Zn
to Zn+1 is defined forg in C by

(3.43) σn(gC) = [[NF(g∆̃C), C]];

theZ-linear mapσ−1 from Z toZ0 is defined byσ−1(1) = [[ ]].

g

NF(g∆̃C)

C C−→
σ∗

Figure 31.Definition of the contracting homotopy σ∗ by filling the parallelotope based on g and C.

Forg in C ands in S, we have in particular

(3.44) σ0(g[[ ]]) = [[NF(g)]] and σ1(g[[s]]) = [[NF(gs), s]].

Proposition 3.45 (resolution I). If S is a strong Garside family in a left-cancellative
categoryC that admits unique left-lcms, the associated complex(Z∗, ∂∗) is a resolution
of the trivialZC-moduleZ by freeZC-modules.

Proof. We establish the equality∂n+1σn + σn−1∂n = idZn for everyn > 0. Assume
first n = 0, andg ∈ C. Letw = NF(g). We findσ0(g[[ ]]) = [[w]], hence∂1σ0(g[[ ]]) =
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∂1[[w]] = −[[ ]]+ g[[ ]], and, on the other hand,∂0(g[[ ]]) = g ·1 = 1, henceσ−1∂0(g[[ ]]) =
[[ ]], and(∂1σ0 + σ−1∂0)(g[[ ]]) = g[[ ]].

Assume nown > 1. Let w = NF(g∆̃C) with C = [[s1, ... , sn]]. Applying the
definition ofσn and Lemma 3.39, we find

∂n+1σn(gC) = −C/[w] −
∑

(−1)i[[(w/si), (C
i/si)]]

+
∑

(−1)i(si/∆̃[w]∪Ci)[[w,Ci]] + ([w]/∆̃C)C.

By construction, each entrysi right-dividesg∆̃C , that is, of[w], soC/[w] is a degenerate
cell of the form[[1x, ... , 1x]]. At the other end, we find[w]/∆̃C = (g∆̃C)/∆̃C) = g.
Thensi is a right-divisor of[w], so we havesi/∆̃[w]∪Ci = 1-, and it remains

∂n+1σn(gC) = −
∑

(−1)i[[w/si, C
i/si]] +

∑
(−1)i[[w,Ci]] + gC.

On the other hand, we have by definition

∂n(gC) =
∑

i
(−1)ig[[Ci/si]] −

∑
i
(−1)ig(si/∆̃Ci)[[Ci]].

Now we haveg∆̃Ci/si
· si = g∆̃C , which, by (3.41), implies that theS-normal form of

g∆̃Ci/si
is w/si. Theng(si/∆̃[w]∪Ci)∆̃Ci is equal tog∆̃C , and, therefore, its normal

form isw. Applying the definition ofσn−1, we deduce

σn−1∂n(gC) =
∑

(−1)i[[w/si, C
i/si]] −

∑
(−1)i[[w,Ci]],

and, finally,(∂n+1σn + σn−1∂n)(gC) = gC.

g

s

NF(g)

NF(gs)

1 s

NF(g) g

s 1 1

NF(gs)NF(gs)

1 s
σ1
 + − −∂2

 

∂1
 

gs − g σ0
 

NF(gs)
−

NF(g)

Figure 32. Comparing ∂2σ1 and ∂1σ0: only the trivial left face and g[[s]] remain when the sum is
performed.

By definition,S [n] is a basis for the degreen moduleZn in the above resolution ofZ
by freeZC-modules. IfS is finite,S [n] is empty forn larger than the cardinality ofS, and
the resolution is finite. Using Lemma 3.27 and standard arguments, we deduce:

Corollary 3.46 (homology). If C is an Ore category that admits unique left-lcms and
has a finite Garside family, the groupoidEnv(C) is of FL type. For everyn, we have
Hn(Env(C),Z) = Hn(C,Z) = Ker dn/Imdn+1, wheredn is theZ-linear map onZn
such thatdnC is obtained from∂nC by collapsing allC-coefficients to1.
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We recall that a grou(oid) is said to be of FL type ifZ admits a finite resolution by
freeZC-modules. Corollary 3.46 applies in particular to every Garside monoid.

Example 3.47(homology). Consider once more the3-strand braid groupB3. ThenB3

is a group of fractions for the dual braid monoidB+∗
3 of Reference Structure 3, page 10,

which admits the4-element familyS = {a, b, c,∆∗} as a strong Garside family (we
write a, b, c for σ1, σ2, andσ1σ2σ

−1
1 ). We fix the ordera < b < c < ∆∗. First, we find

∂1[[a]] = (a − 1)[[ ]], henced1[[a]] = 0. The result is similar for all1-cells, soKer d1 is
generated by[[a]], [[b]], [[c]], and[[∆∗]]. Then, we find∂2[[a, b]] = [[a]]+a[[b]]−[[c]]−c[[a]],
whenced2[[a, b]] = [[b]]− [[c]]. Arguing similarly, one finds thatImd2 is generated by the
images of[[a, b]], [[a, c]], and[[b,∆∗]], namely[[b]]−[[a]], [[c]]−[[b]], and[[∆∗]]−[[b]]−[[a]],
and we deduceH1(B3,Z) = H1(B

+∗
3 ,Z) = Ker d1/Imd2 = Z.

Similarly, one checks thatKer d2 is generated by[[b, c]] + [[a, b]]− [[a, c]], [[a,∆∗]]−
[[b,∆∗]]−[[a, b]], and[[c,∆∗]]−[[a,∆∗]]+[[a, c]]. On the other hand, one findsd3[[a, b, c]] =
[[b, c]]− [[a, c]] + [[a, b]] and similar equalities ford3[[a, b,∆

∗]] and its counterparts. This
shows thatImd3 is generated by[[b, c]] + [[a, b]] − [[a, c]], [[a,∆∗]] − [[b,∆∗]] − [[a, b]],
and[[c,∆∗]] − [[a,∆∗]] + [[a, c]], so it coincides withKer d2, andH2(B3,Z) is trivial.

In the same way, one checks that[[a, b, c]]− [[a, b,∆∗]]− [[b, c,∆∗]]+ [[a, c,∆∗]] gen-
eratesKer d3 and thatd4[[a, b, c,∆

∗]] = [[b, c,∆∗]]− [[a, c,∆∗]] + [[a, c,∆∗]]− [[a, b, c]]
holds, implyingImd4 = Ker d3. SoH3(B3,Z) is trivial (as will become obvious below).

Remark 3.48. According to Proposition 2.34, the existence of a strong Garside family
in a categoryC entails thatC admits left-lcms. However, the computation of Proposi-
tion 3.45 (as well as that of Proposition 3.52 below) remainsvalid whenC is only as-
sumed to admit conditional left-lcms wheneverS is “conditionally strong”, meaning that,
in Definition 2.29, one restricts to pairss, t that have a common left-multiple.

In general, the resolution of Proposition 3.45 is far from minimal. We conclude this
section by briefly explaining how to obtain a shorter resolution by decomposing eachn-
cube inton! n-simplices. Our aim is to extract from the complex(Z∗, ∂∗) a subcomplex
that is still a resolution ofZ. The point is to distinguish those cells that are decreasing
with respect to right-divisibility. In order to make the definitions meaningful, we assume
in the sequel that the linear order onS used to enumerate the cells is chosen so thats < t
holds whenevert is a proper right-divisor ofs.

Definition 3.49(descending cell).In the context of Definition 3.28, we say that ann-cell
[[s1, ... , sn]] is descendingif si+1 is a proper right-divisor ofsi for eachi. The submodule
of Zn generated by descendingn-cells is denoted byZ ′

n.

According to our intuition that the cell[[s1, ... , sn]] is associated with ann-cube rep-
resenting the computation of the left-lcm ofs1, ... ,sn, a descendingn-cell is associated
with a specialn-cube in which many edges have label1, and it is accurately associated
with ann-simplex, as shown in Figure 33.

The first remark is that the boundary of a descending cell consists of descending cells.

Lemma 3.50. The differential∂∗ mapsZ ′
∗ to itself; more precisely, ifC is a descending

n-cell, sayC = [[s1, ... , sn]], we have

(3.51) ∂n[C] = (s1/s2)C
1 −

∑n

i=2
(−1)iCi + (−1)nCn/sn.
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Figure 33.Viewing a descending cube, here [[r, s, t]] with r e≻ s e≻ t, as a simplex.

The proof is an easy verification. So it makes sense to consider the restriction∂′∗ of ∂∗
toZ ′

∗, yielding a new complex.

Proposition 3.52(resolution II). If S is a strong Garside family in a left-cancellative
categoryC that admits unique left-lcms, the associated complex(Z ′

∗, ∂
′
∗) is a resolution

of the trivialZC-moduleZ by freeZC-modules.

In order to prove Proposition 3.52, we shall construct a contracting homotopy. The
sectionσ∗ considered in Proposition 3.45 cannot be used, asσn does not mapZ ′

n toZ ′
n+1

in general. However, it is easy to construct the desired section by introducing a convenient
ZC-linear map fromZn to Z ′

n, corresponding to partitioning eachn-cube into the union
of n! disjointn-simplexes. Starting from an arbitraryn-cell [[s1, ... , sn]], one can obtain
a descendingn-cell by taking left-lcm’s:

Definition 3.53(flag cell). Fors1, ... , sn in S, we put

(3.54) 〈〈s1, ... , sn〉〉 = [[∆̃{s1,... ,sn}, ∆̃{s2,... ,sn}, ... , ∆̃{sn−1,sn}, sn]].

If π is a permutation of{1, ... , n}, andC is ann-cell, sayC = [[s1, ... , sn]], we denote
byCπ the cell〈〈sπ(1), ... , sπ(n)〉〉.

Every cell〈〈s1, ... , sn〉〉 is descending, and it coincides with[[s1, ... , sn]] if and only if
the latter is descending. So, for eachn-cellC in Zn, we have a family ofn! descendingn-
cellsCπ in Z ′

n. The associated simplices make a partition of the cube associated withC.
For instance, in dimension2, we have a partition of the square[[s, t]] into the two triangles
〈〈∆̃s,t, t〉〉 and 〈〈∆̃s,t, s〉〉. Similarly, in dimension3, we have the decomposition of the
cube[[r, s, t]] into the six tetrahedra shown in Figure 34.

Proof of Proposition 3.52 (sketch).For everyn, define aZM -linear mapfn : Zn → Z ′
n

by fn(C) =
∑

π∈Sn
ε(π)Cπ. Then one easily checks thatfn is the identity onZ ′

n, and
the point is to prove that, for everyn-cellC, the equality∂nfn(C) = fn−1(∂nC), which,
for n = 3, essentially amounts to labelling the edges in Figure 34. Sof∗ provides a
retraction fromZ∗ toZ ′

∗. Now, we obtain the expected contracting homotopy by defining
σ′
n : Z ′

n → Z ′
n+1 by σ′

n = fn+1σn. It follows that(Z ′
∗, ∂

′
∗) is an exact complex.
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→

Figure 34. Decomposition of a cube into six tetrahedra.

The interest of restricting to descending cells is clear: first, the length of the resolution,
and the dimensions of the modules are drastically reduced; second, the differential is now
given by Formula (3.51), which hasn+ 1 degreen terms only, instead of the2n terms of
Formula (3.31). In good cases, we deduce an upper bound for the homological dimension.

Corollary 3.55 (dimension). If S is a strong Garside family in a left-Ore categoryC that
admits unique left-lcms and the height of every element ofS is bounded above by some
constantN , the (co)homological dimension ofEnv(C) is at mostN .

Proof. By construction, the maximal length of a nontrivial descendingn-cell is the maxi-
mal length of a decomposition of an element ofS as a product of nontrivial elements. By
Proposition II.2.48 (finite height), this length is boundedby the height (Definition II.2.43).

Example 3.56(dimension). In the case ofB3, considered as the group of fractions of
the dual braid monoidB+∗

3 as in Example 3.47, we have a homogeneous presentation and
all elements of the Garside family{a, b, c,∆∗} has height at most2. So Corollary 3.55
implies thatH3(B3,Z) is trivial and the homological dimension ofB3 is at most2.

3.5 Word Problem

We conclude with a few observations about Word Problems and their algorithmic com-
plexity: asS-normal decompositions are essentially unique and effectively computable,
they provide solutions.

We recall that the Word Problem for a categoryC with respect to a generating sys-
temS—which could be more adequately called thePath Problem—addresses the exis-
tence of an algorithm that, starting with (a proper encodingof) two S-pathsu, v, deter-
mines whetheru andv represent the same element ofC. If C is a groupoid,u andv
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represent the same element if and only ifuv represents an identity-element and it is cus-
tomary to state the Word Problem as the one-parameter problem of determining whether
a path represents an identity-element.

Definition 3.57 (=×-map). If S is a subfamily of a left-cancellative categoryC, an=×-
mapfor S♯ is a partial mapE from S♯ × S♯ to C×such thatE(s, t) is defined whenever
s=× t holds, and one has thensE(s, t) = t.

Algorithm 3.58 (Word Problem, positive case).

Context: A left-cancellative categoryC, a Garside subfamilyS of C, a�-witnessF and
an=×-mapE for S♯

Input: Two S♯-pathsu, v
Output: YES if u andv represent the same element ofC, NO otherwise

: compute anS-normal decompositions1| ··· |sp of [u] usingF and Algorithm 1.52
: compute anS-normal decompositiont1| ··· |tq of [v] usingF and Algorithm 1.52
: if p < q holdsthen putsi := 1y for p < i 6 q andu in C∗(-, y)
: if p > q holdsthen put ti := 1y for p < i 6 q andv in C∗(-, y)
: putǫ0 := 1x for u in C∗(x, -)
: for i increasing from1 to max(p, q) do
: if E(si, ǫi−1ti) is definedthen
: put ǫi := E(si, ǫi−1ti)
: else

: return NO and exit
: return YES

Proposition 3.59(Word Problem, positive case).Assume thatS is a Garside family in
a left-cancellative categoryC, F is a�-witness forS, andE is an=×-map forS♯. Then
Algorithm 3.58 solves the Word Problem ofC with respect toS♯.

Proof. By Proposition 1.53, Algorithm 1.52 always succeeds. By Proposition 1.25,[u] =
[v] holds inC if and only if t1| ··· |tq is aC×-deformation ofs1| ··· |sp, hence if and only
if, starting fromǫ0 = 1x, there exist invertible elementsǫ1, ǫ2, ... satisfyingǫi−1ti = siǫi
for everyi, hence if and only Algorithm 3.58 returns YES.

We recall that a family is calleddecidable(or recursive) if there exists an algorithm
that can be implemented on a Turing machine and decides whether an element of the
reference structure (specified using a convenient encoding) belongs or not to that family,
and that a map is calledcomputable(or recursive) if there exists an algorithm that can be
implemented on a Turing machine and, starting from (encodings of) the arguments, leads
to (the encoding of) the value.

Corollary 3.60 (decidability). If S is a Garside family in a left-cancellative categoryC
and there exist computable�- and=×-maps forS♯, the Word Problem ofC with respect
to S♯ is decidable. Moreover, ifS♯ is finite, the Word Problem ofC has a quadratic time
complexity and a linear space complexity.
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Proof. Whenever the mapsF andE are computable functions, Algorithm 1.52 is effec-
tive. In this case, Proposition 3.59 shows that the Word Problem ofC with respect toS is
decidable.

Assume moreover thatS♯ is finite. Then there exist a finite�-witnessF and a finite
=×-mapE for S♯. ThenF andE are computable in constant time and space. In this case,
the time complexity of Algorithm 1.52 is proportional to thenumber of calls toF andE.
As forF , the number is quadratic in the length of the initial paths byProposition 1.53. As
for E, the number is linear in the length of the initial paths. Finally, the space complexity
is linear as determining anS-normal decomposition of an element initially specified by a
lengthℓ path never requires to store more thanℓ elements ofS♯ at a time.

We now consider left-Ore categories and the Word Problem of their enveloping group-
oid. We recall from Section II.4 that left-reversing a signed S♯-path means recursively
replacing subpaths of the forms|t with equivalent pathst′|s′: as already explained in
Subsection 2.5, this is what a short left-lcm selector enables one to do and, therefore,
there is no problem in referring to left-reversing with respect to such a map.

Algorithm 3.61 (Word Problem, general case). (Figure 35)

Context: A left-Ore categoryC that admits left-lcms, a strong Garside subfamilyS of C,
a�-witnessF , a short left-lcm selector̃θ onS♯, and an=×-mapE for S♯

Input: A signedS♯-pathw
Output: YES if w represents an identity-element inEnv(C), NO otherwise

: useθ̃ to left-reversew into a negative–positive pathvu
: compare[u] and[v] using Algorithm 3.58 and return the answer
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Figure 35.Algorithm 3.61: use the left-lcm selector eθ to left-reverse w into a negative–positive path.

Proposition 3.62 (Word Problem). If S is a strong Garside family in a left-Ore cat-
egoryC that admits left-lcms, Algorithm 3.61 solves the Word Problem ofEnv(C) with
respect toS♯.
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Proof. The conjunction ofs′ = θ̃(s, t) andt′ = θ̃(t, s) impliests−1 = s′−1t′ in Env(C),
hencew represents an identity-element ofEnv(C) if and only if vu does, that is, ifu andv
represent the same element ofEnv(C). By Proposition II.3.11 (Ore’s theorem),C embeds
in Env(C), so the latter condition is equivalent tou andv representing the same element
of C, hence to a positive answer of Algorithm 1.52 running onu andv.

Remark 3.63. The signed pathvu occurring in Algorithm 3.61 need not be symmetric
S-normal in general. By Proposition 2.37, this happens if theinitial pathw is positive–
negative. In other cases, we can say nothing: for instance, if s is a non-invertible element
of S, Algorithm 3.61 running ons|s leads (in zero left-reversing step) to the signed path
s|s, which is not symmetricS-normal (s is not left-disjoint from itself). If we wish to
obtain a symmetricS-normal decomposition of the element represented byw, andC is
an Ore (and not only left-Ore) category, we first use common right-multiples to right-
reversew into a positive–negative path, as done in Algorithm 3.61.

Corollary 3.64 (decidability of Word Problem). If S is a strong Garside family in a left-
Ore categoryC and there exist a computable�-witness, a computable left-lcm selector
onS♯, and a computable=×-maps forS♯, the Word Problem ofEnv(C) with respect toS♯
is decidable. Moreover, ifS♯ is finite, the Word Problem ofEnv(C) has a quadratic time
complexity and a linear space complexity.

Proof. Whenever the mapsF, θ̃, andE are computable, Algorithm 3.58 is effective, so
Proposition 3.62 shows that the Word Problem ofC with respect toS is decidable.

If S♯ is finite, then, as in the positive case, the mapsF , θ̃, andE are finite, hence com-
putable in constant time and space. The time complexity of Algorithm 3.61 is proportional
to the number of calls toF , θ̃ andE. Assuming that the initial path containsp negative
andq positive entries, one calls̃θ at mostpq times, and, then, running Algorithm 3.58
on u andv requires at mostO(max(p, q)2) steps. So the overall time complexity lies
in O((p + q)2), hence quadratic with respect tolg(w). As in the positive case, the space
complexity is linear as left-reversing a signedS-path using a short complement does not
increase its length.

Example 3.65(Word Problem). Consider the braid groupB3 again (Reference Struc-
ture 2, page 5), and the Garside family{1, a, b, ab, ba,∆} in the braid monoidB+

3 , where
∆ stands foraba. One easily computes the table below for the associated square witness
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and left-lcm selector (which are unique as there is no nontrivial invertible element):

F , θ̃ 1 a b ab ba ∆
1 1|1 , 1 a|1 , 1 b|1 , 1 ab|1 , 1 ba|1 , 1 ∆|1 , 1
a a|1 , a a|a , 1 ab|1 , ba a|ab , b ∆|1 , 1 ∆|b , 1
b b|1 , b ba|1 , ab b|b , 1 ∆|1 , 1 b|ba , a ∆|a , 1
ab ab|1 , ab ∆|1 , ba ab|b , a ∆|b , 1 ab|ba , a ∆|ba , 1
ba ba|1 , ba ba|a , b ∆|1 , ab ba|ab , a ∆|a , 1 ∆|ab , 1
∆ ∆|1 , ∆ ∆|a , ab ∆|b , ba ∆|ab , b ∆|ba , a ∆|∆ , 1

For instance, we read that the normal decomposition ofab|a is ∆|1, and that the left-
lcm of ab anda is b · ab andab · a. Consider the signed wordb|a|b|b|b|a. Applying
Step 1 of Algorithm 3.61, that is, left-reversing usingθ̃, returns the negative–positive
worda|a|1|ba|b|a. Next, applying Step 2, that is, normalizing, to the positive wordsa|a
and1|ba|b|a returnsa|a and∆|a|1|1, which do not coincide up to adding final1s. We
conclude that the initial word does not represent1 in B3.

Exercises

Exercise 27(monoid N). (i) ConsiderS = {n} in the additive monoid(N,+). Show
that theS-greedy paths of length-two are then pairs0|0, 1|0, ... , n − 1|0, plus all pairs
n1|n2 with n1 > n. Deduce that, forn > 1, the onlyS-normal pair isn|n. (ii) Assume
thatS is a finite subset ofN with maximal elementn. Show that theS-normal paths of
length-two are the pairsn|q with q ∈ S, plus the pairsp|0 with p ∈ S if 0 lies in S.
(iii) Show that{0, 1, ... , n} is a Garside family inN, but {0, 1, 3} is not. [Hint: Show
that the{0, 1, 3}-normal pairs are0|0, 1|0, 3|0, 3|1, and3|3, and conclude that2 has no
{0, 1, 3}-normal decomposition.]

Exercise 28(invertible). Assume thatC is a left-cancellative category andS is included
in C. Show that, ifg1 ···gp belongs toS, theng1| ··· |gp beingS-greedy implies that
g2, ... , gp are invertible.

Exercise 29(deformation). Assume thatC is a left-cancellative category. Show that a
pathg1| ··· |gq is aC×-deformation off1| ··· |fp if and only if g1 ···gi =× f1 ···fi holds for
1 6 i 6 max(p, q), the shorter path being extended by identity-elements if needed.

Exercise 30(dropping left-cancellativity). Assume thatC is a category. Say that an
elementf is pseudo-invertibleif it admits apseudo-inverse, defined asf ′ such that there
exist g, g′ satisfyinggf = g′ andg′f ′ = g. (i) Show thatf is pseudo-invertible if and
only if there existsg satisfyinggff ′ = g. (ii) Show that, ifC is left-cancellative, then a
pseudo-inverse is an inverse. (iii) Declare that two elementsg, g′ arepseudo-equivalentif
there exist pseudo-invertible elementsf, f ′ satisfyinggf ′ = fg′. Prove that, ifs1| ··· |sp
ands′1| ··· |s′p′ are stronglyS-normal decompositions of some elementg, in the sense of
Remark 1.16, andp > p′ holds, thensi is pseudo-equivalent tos′i for i 6 p, ands′i is
pseudo-equivalent to1y for p < i 6 p′.
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Exercise 31(algebraic description of normalisation). Assume thatS is a Garside fam-
ily in a left-cancellative categoryC with no nontrivial invertible element. LetF be the
function from(S ∪ {1})[2] to itself that associates with every pairs1|s2 the uniqueS-
normal pairt1 |t2 satisfyingt1t2 = s1s2. (i) Show that, for everys1|s2|s3 in S [3], theS-
normal decomposition ofs1s2s3 is the image ofs1|s2|s3 underF2,3F1,2F2,3, whereFij
meansF applied to theith andjth entries. (ii) Extend the result toS [p]. [Hint: The result
isFp−1,p ···F2,3F1,2· ··· ·Fp−1,pFp−2,p−1·Fp−1,p.] (iii) Show thatF is idempotent, that is,
satisfiesF 2 = F , and satisfies(∗) F2,3F1,2F2,3F1,2 = F1,2F2,3F1,2F2,3 = F2,3F1,2F2,3.
(iv) Show thatF1,2F2,3F1,2 = F2,3F1,2F2,3 holds whenever the second domino rule is
valid for S in C. (v) Conversely, assume thatS is a subfamily of an arbitrary categoryC
andF is a partial map fromS2 that is defined on length-two paths, is idempotent, and
satisfies(∗). Show thatF defines unique decompositions for the elements ofC.

Exercise 32(left-disjoint). Assume thatC is a left-cancellative category, andf, g are left-
disjoint elements ofC. Show that, for every invertible elementǫ such thatǫf is defined,
ǫf andǫg are left-disjoint. [Hint: Use a direct argument or the fourth domino rule.]

Exercise 33(left-disjoint). Assume thatC is a left-cancellative category,f andg are
left-disjoint elements ofC, andf left-dividesg. Show thatf is invertible.

Exercise 34(normal decomposition). Give a direct argument from deriving Corol-
lary 2.50 from Proposition 2.47 in the case whenS is strong.

Exercise 35(Garside base).(i) Let G be the category whose
diagram is shown on the right, and letS = {a, b}. Show that
G is a groupoid with nine elements,S is a Garside base inG,
the subcategoryC of G generated byS contains no nontrivial
invertible element, butC is not an Ore category. Conclusion?

0 1

2

a

a−1

bb−1

12

10 11

(ii) Let G be the category whose diagram is on the right,
let S = {ǫ, a}, and letC be the subcategory ofG generated
by S. Show thatG is a groupoid and every element ofG
admits a decomposition that is symmetricS-normal inC.

0 1

a

a−1

ǫ = ǫ−1

10 11

Show thatǫa admits a symmetricS-normal decomposition and noS-normal decomposi-
tion. IsS a Garside family inC? Conclusion?

Notes

Sources and comments.The principle of constructing a distinguished decomposition
by iteratively extracting the maximal left-divisor of the current remainder appears, in
the case of braids, in the PhD thesis of E.A. El-Rifai prepared under the supervision of
H. Morton, a part of which appeared as [115]. It also explicitly appears in the notes
circulated by W. Thurston [220] around 1988, which have subsequently appeared in an
almost unchanged form as Chapter 9 of [117]. The idea is not mentioned in Garside [123],
but, according to H. Morton (personal communication), it can be considered implicit in



3 Geometric and algorithmic properties 163

F.A. Garside’s PhD thesis [122], at least in the form of extracting the maximal power of∆
that left-divides a given positive braid. It seems that the construction of the symmetric
normal decompositions for the elements of the groupoid of fractions goes back to the
book by D. Epsteinet al. [117].

The current development is formally new. The interest of replacing the standard no-
tion, which defines the normality ofg1|g2 by only considering the left-divisors ofg1g2,
with the stronger notion of Definition 1.1, which involves all divisors offg1g2 and not
only of g1g2, is to allow for simple general results that almost require no assumption on
the reference familyS. In particular, uniqueness is essentially for free in this way.

The diagrammatic mechanism of the greedy normal form was certainly known to
many authors. Diagrams similar to those used in this text appear for instance in Char-
ney [53, 54]. The (first and second) domino rules appear in [79] and, more explicitly, in
D.–Lafont [97] and in [86].

The result that normal and symmetric normal decompositionsare geodesic appears in
Charney [54], and it is explicitly mentioned for instance inEpsteinet al. [117]. The Grid
Property (Proposition 3.11) seems to be a new result, extending previous observations of
D. Krammer in the case of braids. The results about the FellowTraveler property and the
existence of a (sort of) automatic structure is a direct extension of [117], whereas the few
remarks about combinatorics follow [84]

The results of Subsection 3.4 come from D.–Lafont [97], using the mechanism of
the normal form (precisely the third domino rule) to extend an approach developed by
Squier [212] for Artin–Tits groups that heavily depends on the symmetry of the Coxeter
relations, see also Squier [211] and Lafont [164]. An alternative approach was developed
by R. Charney, J. Meier, and K. Whittlesey in [56], building on Bestvina’s paper [15].
Both approaches are essentially equivalent, but the construction of [56] requires stronger
assumptions, as only Garside groups and monoids are relevant. Assuming thatG is a
Garside group, and∆ is a Garside element in some Garside monoidM of whichG is a
group of fractions, the approach of [56] consists in constructing a finiteK(π, 1) for G by
introducing a flag complex whose1-skeleton is the fragment of the Cayley graph ofG
associated with the divisors of∆. The main point is that this flag complex is contractible.
Considering the action ofG on the flag complex leads to an explicit free resolution ofZ

by ZG-modules, which happens, in the considered cases, to coincide with the one of
Proposition 3.52 up to a change of variables analogous to theone involved where one
goes from a standard resolution to a bar resolution [43], namely

[[s1, ... , sn]] ↔ [s1/s2, s2/s3, ... , sn−1/sn, sn],

which is bijective whenever the ambient monoid is right-cancellative. Translating (3.51)
then gives for the differential of the new complex the classical bar resolution formula

t1(t2, ... , tn) +
∑n−1

i=1
(−1)i(t1, ... , titi+1, ... , tn) + (−1)n(t1, ... , tn−1).

So the resolution of [56] is a sort of bar resolution restricted to divisors of the Garside
element, which makes the nickname “gar resolution” once proposed by D. Bessis—who
used “gar nerve” in [8]—quite natural. Note that the usual standard and bar resolutions
correspond to the case when the considered Garside family isthe whole ambient category.
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We refer to D.–Lafont [97] for the description of still another (more efficient) resolution
based on a well-ordering of the cells in the spirit of Y. Kobayashi’s work on the homology
of rewriting systems [155].

Exercise 31 is due to D. Krammer and led to studying an extension of Coxeter and
Artin–Tits groups in which the relations involve words of unequal length [162].

Further questions. At this relatively early point in the text, the mechanism of the normal
form is fairly simple and not so many questions naturally arise. With Algorithms 2.46
and 2.49, we gave effective methods for left-multiplying and right-dividing a symmetric
normal path by an element of the reference Garside family.

Question 4. Under the assumptions of Proposition 1.49, does there existeffective meth-
ods for right-multiplying and left-dividing a symmetric normal path by an element ofS♯?

As there exist effective methods for normalizing an arbitrary path, a positive answer
is granted. But what we ask for is a method similar in spirit toAlgorithms 2.46 and 2.49.
We doubt that a general solution exists, but the question is whether the second domino
rule might help here. A positive answer will be given in Chapter V below in the special
case when the considered Garside family is bounded.

A number of questions potentially arise in connection with the geometrical properties
involving normal decompositions, a theme that we do not treat with full details in this
text. The Grid Property (Proposition 3.11) seems to be a strong convexity statement, a
combinatorial analog of convex sets in real vector spaces orin real hyperbolic spaces.

Question 5. Does the Grid Property characterize (in some sense) Garsidegroups?

In other words, which properties of Garside group(oid)s fol-
low from the Grid Property? By the way, it would be desirable
to exhibit examples of group(oid)snot satisfying the Grid Prop-
erty. Natural candidates could be groups whose Cayley graph
includes patterns of the form shown on the right, where the di-
agonal arrows do not cross.

Another related problem is

Question 6. Assume thatC is a cancellative category (with no nontrivial invertible ele-
ment) andS is a (perfect) Garside family inC. Does some counterpart of the Grid Property
involve right-disjoint decompositions of the formfg−1 for the elements ofEnv(C)?

The definitions ofS-normality and left-disjointness are not symmetric, so thean-
swer is not clear. More generally, very little is known aboutright-fractionary decom-
positionsfg−1 in the general case—see Subsection V.3.4 for a discussion inthe special
context of bounded Garside families.

In the direction of Subsection 3.4, it is natural to raise

Question 7. What is (under suitable assumptions) the connection between the chain com-
plex constructed using the Garside structure in Proposition 3.52 and the Deligne–Salvetti
resolution of [100, 202]?
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A precise connection with the approach of [56] is established in [97], but it seems that,
at the moment, nothing explicit exists for the Deligne–Salvetti complex. See Bessis [7]
for further discussions of such questions.

We conclude with a more speculative point:

Question 8. Does an abstract normalization process in the vein of Exercise 31 lead to (in-
teresting) unique normal decompositions in cases beyond the range of the current Garside
approach?

Vague as it is, the answer to Question 8 is certainly positive. For instance, we will see
in Example IV.2.34 below that the monoid〈a, b | ab = ba, a2 = b2〉+ admits no proper
Garside family, that is, no Garside family other than the whole monoid and, therefore, no
nontrivial normal form can be obtained by means ofS-normal decompositions as defined
above. However, definingF (a|a) = b|b, F (b|a) = a|b, andF (w) = w for the other
pairs leads to a unique normal form on the above monoid, see [96].

Let us also mention another possible approach consisting infirst introducing by ex-
plicit (local) axioms the notion of aGarside graphand then defining a Garside group as
a group that acts faithfully on a Garside graph, in the sense that there are finitely many
orbits of vertices and of edges, and every nontrivial element of the group moves at least
one vertex. We refer to Krammer [157] for preliminary developments in this direction; es-
sentially, one should be able to recover results like the domino rules and the Grid Property
and, from there, establish the connection with the current approach.

In a completely different direction, one can also wonder whether the current normal
decompositions based on a Garside family could be merged with the alternating and ro-
tating normal forms of braids, see Burckel [44], D. [85], andFromentin [121]: in the
latter cases, one keeps the idea of extracting a maximal fragment lying in some families
but, here, the involved families consist of (several) submonoids rather than of a Garside
family.



Chapter IV

Garside families

We have seen in Chapter III how to construct essentially unique decompositions for the
elements of a categoryC, and of the enveloping groupoid ofC when the latter is a left-Ore
category that admits left-lcms, once some subfamilyS of C has been chosen and it is what
we called a Garside family. When doing so, we defined Garside families to be the ones that
make the construction possible, but, so far, we did not give practical characterizations of
such families. The aim of this chapter is to fill this gap and provide alternative definitions
of Garside families (and of greedy paths) that apply in particular to the many examples of
Chapter I and make the connection with Garside monoids straightforward.

We shall consider several contexts. In Section 1, we consider the general case, when
the ambient category is supposed to satisfy no extra assumption beyond left-cancellativity.
The main results are Propositions 1.24 and 1.50, which give several criteria characteriz-
ing Garside families, in terms of closure properties and of head functions respectively.
Then, in Section 2, we consider more special contexts, typically when the ambient cat-
egory satisfies Noetherianity conditions or when the existence of least common multi-
ples is guaranteed. Then some of the conditions characterizing Garside families take a
special form or are even automatically satisfied, resultingin more simple criteria: for
instance, Noetherianity assumptions give the the existence of a head for free, thus reduc-
ing the property of being a Garside family to being closed under right-comultiple and
right-divisor (Proposition 2.11), whereas the existence of unique right-lcms reduces the
properties of being closed under right-comultiple and right-divisor to the condition that
the right-lcm and the right-complement of two elements of the family lies in the family
(Proposition 2.40). Finally, we develop in Section 3 some geometrical and algorithmic
consequences of the closure properties investigated in Section 1. The main results are
Propositions 3.6 and 3.11, where we show that every Garside family naturally gives rise
to presentations of the ambient category and, possibly, of its enveloping groupoid, that
satisfy quadratic isoperimetric inequalities (Proposition 3.11).

Main definitions and results (in abridged form)

Definition 1.1 (closure I). (i) A subfamilyS of a left-cancellative categoryC is said to
beclosed under right-divisorif every right-divisor of an element ofS is an element ofS,
that is, if the conjunction ofst′ = t in C andt ∈ S implies t′ ∈ S. (ii) In the same
context,S is said to beclosed under right-quotientif the conjunction ofst′ = t in C and
s ∈ S andt ∈ S impliest′ ∈ S.

Definition 1.3 (closure II). (i) A subfamilyS of a left-cancellative categoryC is said to
beclosed under right-comultipleif every common right-multiple of two elementss, t of S
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(if any) is a right-multiple of a common right-multiple ofs, t lying in S. (ii) In the same
context,S is said to beclosed under right-complementif, whens, t lie in S andsg = tf
holds inC, there exists′, t′ in S andh in C satisfyingst′ = ts′, f = s′h, andg = t′h.

Definition 1.10 (head). We say thats is aS-headof g if s lies inS, it left-dividesg, and
every element ofS that left-dividesg left-dividess.

Proposition 1.20 (recognizing greedy).AssumeS is a subfamily of a left-cancellative
categoryC such thatS is closed under right-comultiple andS♯ generatesC and is closed
under right-divisor. Then, for every paths|g in S♯|C, the following are equivalent:(i)
The paths|g is S-greedy;(ii) For everyt in S, the relationt4 sg impliest4 s, that is,s
is anS-head ofsg; (iii) Every elementh of C satisfyingsh ∈ S andh4 g is invertible.

Proposition 1.23 (Garside closed). If S is a Garside family in a left-cancellative cat-
egory, thenS is closed under right-comultiple andS♯ is closed under right-comultiple,
right-complement, and right-divisor.

Proposition 1.24 (recognizing Garside II).Assume thatC is a left-cancellative category
and S is a subfamily ofC. ThenS is a Garside family if and only if any one of the
following conditions is satisfied:(i) S♯ generatesC and is closed under right-divisor, and
every non-invertible element ofC admits anS-head; (ii) S♯ generatesC and is closed
under right-complement, and every non-invertible elementof S2 admits anS-head;(iii)
S♯ generatesC and is closed under right-divisor,S is closed under right-comultiple, and
every non-invertible element ofS2 admits a≺-maximal left-divisor lying inS.

Proposition 1.35 (strong and perfect Garside).If S is a Garside family in a cancellative
categoryC that admits conditional weak left-lcms, the following are equivalent: (i) The
familyS is a strong (resp. perfect) Garside family inC; (ii) The familyS♯ is closed under
left-complement (resp. this and left-comultiple).
When the above conditions are met,S♯ is also closed under left-divisor.

Proposition 1.39 (second domino rule). If S is a Garside family in a cancellative
categoryC andS♯ is closed under left-comultiple and left-divisor, the second domino rule
is valid forS.

Definition 1.42 (head function). If S is a subfamily of a left-cancellative categoryC,
anS-head functionis a partial mapH from C to S such thatDomH includesC \ C×and
H(g) is anS-head ofg for everyg in DomH . An S-head function is calledsharp if
g′ =× g impliesH(g′) = H(g).

Definition 1.47 (sharpH-law, H-law). A (partial) functionH from a categoryC into
itself satisfies theH-law (resp. thesharpH-law) if H(fg)=×H(fH(g)) (resp. =) holds
whenever the involved expressions are defined.

Proposition 1.50 (recognizing Garside III). Assume thatC is a left-cancellative cate-
gory andS is a subfamilyS of C such thatS♯ generatesC. ThenS is a Garside family if
and only if(i) There exists anS-head function that satisfies the sharpH-law; (ii) There
exists anS-head function that satisfies theH-law; (iii) There exists a mapH : C\C×→ S
that preserves4, satisfiesH(g)4g (resp.H(g)=×g) for everyg in C\C×(resp. inS\C×),
and satisfies theH-law.



168 IV Garside families

Definition 2.1 (solid). A subfamily S of a categoryC is said to besolid in C if S
includes1C and it is closed under right-divisor.

Proposition 2.7 (recognizing Garside, solid case). A solid subfamilyS in a left-
cancellative categoryC is a Garside family if and only ifS generatesC and one of the fol-
lowing equivalent conditions is satisfied:(2.8) Every non-invertible element ofC admits
anS-head;(2.9)The familyS is closed under right-complement and every non-invertible
element ofS2 admits anS-head; (2.10) The familyS is closed under right-comultiple
and every non-invertible element ofS2 admits a≺-maximal left-divisor lying inS.

Proposition 2.18 (solid Garside in right-Noetherian). For every solid generating sub-
family S in a left-cancellative categoryC, the following are equivalent:(i) The cate-
gory C is right-Noetherian andS is a Garside family inC; (ii) The familyS is locally
right-Noetherian and closed under right-comultiple.

Proposition 2.25 (recognizing Garside, right-mcm case). A subfamilyS of a left-
cancellative categoryC that is right-Noetherian and admits right-mcms is a Garsidefam-
ily if and only ifS♯ generatesC and satisfies one of the following equivalent conditions:
(i) The familyS♯ is closed under right-mcm and right-divisor.(ii) The familyS♯ is closed
under right-mcm and right-complement.

Corollary 2.29 (recognizing Garside, right-lcm case).A subfamilyS of a left-cancell-
ative categoryC that is right-Noetherian and admits conditional right-lcms is a Garside
family if and only ifS♯ generatesC and satisfies one of the equivalent conditions:(i) The
familyS♯ is closed under right-lcm and right-divisor;(ii) The familyS♯ is closed under
right-lcm and right-complement.

Corollary 2.32 (smallest Garside). Every strongly Noetherian left-cancellative cate-
goryC contains a smallest=×-closed Garside family including1C , namely the closure of
the atoms under right-mcm and right-divisor. This Garside family is solid.

Proposition 2.40 (recognizing Garside, right-complementcase). A subfamilyS of a
left-cancellative categoryC that is right-Noetherian and admits unique conditional right-
lcms is a Garside family if and only ifS♯ generatesC and is closed under right-lcm and
right-complement.

Proposition 2.43 (finite height). If C is a left-cancellative category andht(s) 6 K holds
for everys in some Garside familyS ofC, thenC is strongly Noetherian andht(g) 6 Km

holds for everyg satisfying‖g‖S 6 m.

Proposition 3.6 (presentation).If S is a Garside family in a left-cancellative categoryC,
thenC admits the presentation〈S♯ |RC(S♯)〉+, whereRC(S♯) is the family of all valid
relationsrs = t with r, s, t in S♯.

Proposition 3.11 (isoperimetric inequality). If S is a strong Garside family in a left-Ore
categoryC that admits left-lcms, thenEnv(C) satisfies a quadratic isoperimetric inequal-
ity with respect to the presentations(S♯,RC(S♯)) and(S ∪ C×,R×

C (S)).
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1 The general case

The aim of this section is to provide new definitions of Garside families that are more
easily usable than the original definition of Chapter III andthe characterization of Propo-
sition III.1.39. The main technical ingredients here are closure properties, that is, prop-
erties asserting that, when some elementss, t lie in the considered familyS, then some
other elements connected withs andt also lie inS.

The section contains four subsections. In Subsection 1.1, we introduce various closure
properties and establish connections between them. In Subsection 1.2, we deduce new
characterizations of Garside families in terms of closure properties. In Subsection 1.3,
we obtain similar characterizations for strong and perfectGarside families. Finally, in
Subsection 1.4, we establish further characterizations ofGarside families in terms of what
we call head functions.

1.1 Closure properties

As explained above, we shall establish new characterizations of Garside families involv-
ing several closure properties. In this subsection, we introduce these properties and estab-
lish various connections between them.

We recall that, forf, g in a categoryC, we say thatf is a left- (resp. right-) divisor
of g or, equivalently, thatg is a right- (resp. left-) multiple off , if g = fg′ (resp. g = g′f )
holds for someg′. We also recall thatS♯ stands forSC×∪ C×.

Definition 1.1 (closure I). (i) A subfamilyS of a left-cancellative categoryC is said to
beclosed under right-divisorif every right-divisor of an element ofS is an element ofS,
that is, if the conjunction ofst′ = t in C andt ∈ S impliest′ ∈ S.

(ii) In the same context,S is said to beclosed under right-quotientif the conjunction
of st′ = t in C ands ∈ S andt ∈ S impliest′ ∈ S.

There exist obvious connections between the above two notions.

Lemma 1.2. Assume thatC is a left-cancellative category andS is a subfamily ofC.
(i) If S is closed under right-divisor, then it is closed under right-quotient.
(ii) If S generatesC and is closed under right-quotient, then it is closed under right-

divisor.

Proof. Point (i) is clear from the definition. For (ii), assumegs = t with t in S. If g
is an identity-element, we deduces = t ∈ S. Otherwise, by assumption, there exist
s1, ... , sp in S satisfyingg = s1 ···sp. AsS is closed under right-quotient,gs ∈ S, which
is s1(s2 ···sps) ∈ S impliess2 ···sps ∈ S, then similarlys3 ···sps ∈ S, and so on until
s ∈ S. HenceS is closed under right-divisor inC.
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Definition 1.3 (closure II). (See Figure 1.) (i) A subfamilyS of a left-cancellative cate-
goryC is said to beclosed under right-comultipleif every common right-multiple of two
elementss, t of S (if any) is a right-multiple of a common right-multiple ofs, t lying in S.

(ii) In the same context,S is said to beclosed under right-complementif, when s, t
lie in S andsg = tf holds inC, there exists′, t′ in S andh in C satisfyingst′ = ts′,
f = s′h, andg = t′h.

∈S

∈S ∈S
∈S

∈S

∈S ∈S

Figure 1. Closure under right-comultiple (left) and right-complement (right): every diagram corre-
sponding to a common right-multiple of elements of S splits, witnessing for a factorization through a
common right-multiple of a special type: in the case of closure under right-comultiple, the diagonal of
the square lies in S, whereas, in the case of closure under right-complement, the edges lie in S.

Remark 1.4. The correspondence between the definition of closure under right-comulti-
ple and the diagram of Figure 1 is valid only in the context of aleft-cancellative category.
Indeed, the diagram splitting amounts to the relation

(1.5)
If s, t lie in S andsg = tf holds inC, there existf ′, g′, h satisfying

sg′ = tf ′, f = f ′h, g = g′h, and such thatsg′ lies inS,

whereas Definition 1.3(ii) corresponds to

(1.6)
If s, t lie in S andsg = tf holds inC, there existf ′, g′, h satisfying

sg′ = tf ′, tf = tf ′h, sg = sg′h, and such thatsg′ lies inS.

Clearly, (1.5) implies (1.6), but the converse implicationis guaranteed only if one can
left-cancels andt in the last two equalities of (1.5).

Example 1.7(closure). Assume that(M,∆) is a Garside monoid (Definition I.2.1). Then
the familyDiv(∆) is closed under right-divisor, right-comultiple, and right-complement.
As for closure under right-divisor, it directly follows from the definition: ift is a left-
divisor of ∆ and t′ is a right-divisor oft, then, ast is also a right-divisor of∆, the
elementt′ is a right-divisor of∆, hence a left-divisor of∆.

Next, assume thats, t lies in Div(∆) andsg = tf holds. By definition of a Garside
monoid,s andt admit a right-lcm, sayh, hencesg is a right-multiple ofh. On the other
hand,∆ is a right-comultiple ofs andt, hence it is a right comultiple of their right-lcmh.
In other words,h lies inDiv(∆), andDiv(∆) is closed under right-comultiple.

Finally, with the same assumptions, let us writeh = st′ = ts′. As h left-divides∆
andDiv(∆) is closed under right-divisor,s′ and t′ belong toDiv(∆). So Div(∆) is
closed under right-complement.
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The first observation is that the conjunction of closures under right-divisor and right-
comultiple implies the closure under right-complement, and even more.

Lemma 1.8. Assume thatC is a left-cancellative category andS is a subfamily ofC that
is closed under right-divisor and right-comultiple. Then

(1.9)
If s, t lie in S and sg = tf holds inC, there exists′, t′ in S and h in C
satisfyingst′ = ts′, f = s′h, g = t′h and, in addition,st′ lies inS.

In particular,S is closed under right-complement.

Proof. Assumesg = tf with s, t in S. AsS is closed under right-comultiple, there exist
s′, t′, h satisfyingst′ = ts′ ∈ S, f = s′h, andg = t′h. Now, s′ is a right-divisor ofts′,
which lies inS, hences′ must lie inS and, similarly,t′ must lie inS.

The closure property of (1.9) corresponds to the diagram
shown aside, which is a fusion of the two diagrams of Fig-
ure 1: the common multiple relation factors through a small
common multiple relation in which both the edges and the
diagonal of the square lie in the considered familyS.

∈S

∈S

∈S ∈S∈S

In addition to closure properties, we shall also appeal to the following notion, which
corresponds to the intuition of a maximal left-divisor lying in S.

Definition 1.10(head). If S is a subfamily of a left-cancellative categoryC, an elements
of S is called anS-headof an elementg of C if s left-dividesg and every element ofS
left-dividing g left-dividess.

Example 1.11(head). If (M,∆) is a Garside monoid, every elementg of M admits a
Div(∆)-head, namely the left-gcd ofg and∆. Indeed, every left-divisor ofg that lies
in Div(∆) is a common left-divisor ofg and∆, hence a left-divisor of their left-gcd.

There exists a simple connection between the existence of anS-head and closure ofS
under right-comultiple.

Lemma 1.12. If S is a subfamily of a left-cancellative categoryC and every non-invertible
element ofC admits anS-head, thenS is closed under right-comultiple.

Proof. Assume thats, t lie in S andh is a common right-multiple ofs and t. If h is
invertible, then so ares andt, andh is a right-multiple ofs, which is a common right-
multiple ofs andt lying in S. Assume now thath is not invertible. Then, by assumption,
h admits anS-head, sayr. Now, by assumption again,s left-dividesh and it lies inS,
hence, by definition of anS-head,s left-dividesr. The same argument shows thatt left-
dividesr. Soh is a right-multiple ofr, which is a common right-multiple ofs andt lying
in S. HenceS is closed under right-comultiple.
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Next, we establish transfer results betweenS andS♯.

Lemma 1.13. Assume thatS is a subfamily of a left-cancellative categoryC.
(i) If S is closed under right-divisor, thenS♯ is closed under right-divisor too.
(ii) The familyS is closed under right-comultiple if and only ifS♯ is.
(iii) If S is closed under right-complement andC×S ⊆ S holds, thenS♯ is closed

under right-complement too.

Proof. (i) Assume thatS is closed under right-divisor,t lies inS♯ andt′ right-dividest.
If t is invertible, then so ist′, and thereforet′ lies inS♯. Otherwise, we can writet = sǫ
with s in S andǫ in C×. The assumption thatt′ right-dividest implies thatt′ǫ−1 right-
dividess. Hencet′ǫ−1 lies in S, and thereforet′ lies in SC×, hence inS♯. HenceS♯ is
closed under right-divisor.

The proof of (ii) and (iii) is similar: the closure ofS♯ (almost) trivially implies that
of S and, conversely, the case of invertible elements is trivialand the case of elements
of SC× is treated by applying the assumption to theS-components. The (easy) details are
left to the reader.

Next, we observe that the technical conditionC×S ⊆ S♯, which is often required,
follows from a closure property.

Lemma 1.14. If S is a subfamily of a left-cancellative categoryC andS♯ is closed under
right-complement, thenC×S ⊆ S♯ holds.

Proof. Assume thatǫ is invertible,t belongs toS, andǫt is
defined. We claim thatǫt belongs toS♯. Indeed, we can write
ǫ−1(ǫt) = t1y, wherey is the target oft. As S♯ is closed
under right-complement, there existǫ′, t′ in S♯ andh in C
satisfyingǫ−1t′ = tǫ′, 1y = ǫ′h, andǫt = t′h. The second
equality implies thath (as well asǫ′) is invertible. Then the
third equality show thatǫt lies in S♯C×, which isS♯. So we
haveC×S♯ ⊆ S♯. �

t

t′
ǫ−1 ǫ′

ǫt

h

Here comes the main step, which consists in extending the property defining closure
under right-complement from a familyS to all familiesSp.

Proposition 1.15(factorization grid). (i) If S is a subfamily of a (left-cancellative) cat-
egoryC and S is closed under right-complement, then, for every equalitys1 ···spg =
t1 ···tqf with s1, ... , sp, t1, ... , tq in S, there exists a commutative diagram as in Figure 2
such that the edges of the squares all correspond to elementsof S. In particular, there
exists′1, ... , s

′
p, t

′
1, ... , t

′
q in S andh satisfying

(1.16) s1 ···spt′1 ···t′q = t1 ···tqs′1 ···s′p, f = s′1 ···s′ph, and g = t′1 ···t′qh.

(ii) If S satisfies the stronger closure property(1.9), then, in the context of(i), we may
assume that the diagonals of the squares in the grid also correspond to elements ofS.
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t1 tq

f

t′1 t′q

s1

sp

g

s′1

s′p

h

Figure 2. Whenever S is closed under right-complement, each equality s1 ···spg = t1 ···tqf with
s1, ... , tq in S factors through a rectangular grid in which the sides of the squares correspond to
elements of S. If S generates C and satisfies (1.9), we can assume that the diagonals of the squares
also correspond to elements of S.

Proof. (i) We use induction onpq. If p or q is zero, the result is vacuously true. For
p = q = 1, the result is the assumption thatS is closed under right-complement. Assume
nowpq > 2, with, sayq > 2. Then, by assumption, we haves1(s2 ···spg) = t1(t2 ···tqf)
with s1, t1 in S. As S is closed under right-complement, there exists1,1 andt1,1 in S
andh1,1 satisfyings1t1,1 = t1s1,1, s2 ···spg = t1,1h1,1 and t2 ···tqf = s1,1h1,1, see
Figure 3.

Next, we haves1,1h1,1 = t2 ···tqf with s1,1, t2, ... , tq in S. As 1(q − 1) < pq holds,
the induction hypothesis implies the existence of the expected grid and, in particular, of
t2,1, ... , tq,1, s

′
1 in S andh1 making commutative squares and satisfyingf = s′1h1 and

h1,1 = t2,1 ···tq,1h1.
Finally, we haves2 ···spg = t1,1h1,1 = t1,1t2,1 ···tq,1h1 with s2, ... , sp, t1,1, ... , tq,1

in S. As (p−1)q < pq holds, the induction hypothesis implies the existence ofs′2, ... , s
′
q,

t′1, ... , t
′
q in S andh making commutative squares and satisfyingh1 = s′2 ···s′ph and

g = t′1 ···t′qh. This is the expected result.
(ii) Assume now thatS satisfies (1.9). The inductive argument is the same as for (i).

By (1.9), the equalitys1(s2 ···spg) = t1(t2 ···tqf) implies the existence ofs1,1 andt1,1
in S andh1,1 that satisfys1t1,1 = t1s1,1, s2 ···spg = t1,1h1,1, andt2 ···tqf = s1,1h1,1

and, in addition,s1t1,1 ∈ S. Then the induction proceeds as previously.

Corollary 1.17 (extension of closure).If S is a subfamily of a left-cancellative cate-
gory C andS is closed under right-complement (resp. satisfies(1.9)), then, for everyp,
the familySp is closed under right-complement (resp. satisfies(1.9)). The same holds for
the subcategorySub(S) generated byS.

Proof. Applying Proposition 1.15(i) (resp. (ii)) with p = q shows thatSp is closed under
right-complement (resp. satisfies (1.9)). The result forSub(S) follows from the equality
Sub(S) = 1S ∪⋃p Sp, as the property is trivial for identity-elements.

We deduce a new connection between closure properties.
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Figure 3.Inductive proof of Proposition 1.15.

Lemma 1.18. Assume thatC is a left-cancellative category andS is a subfamily ofC
such thatS♯ generatesC and is closed under right-complement. ThenS♯ is closed under
right-divisor.

Proof. Assume thatt belongs toS♯ andg is a right-divisor
of t, sayt = sg. AsS♯ generatesC, there existsp such thats
belongs to(S♯)p. Applying Proposition 1.15(i) toS♯ and the
equalitysg = t1y, wherey is the target oft, we deduce the
existence ofs′ in (S♯)p, t′ in S, andh satisfyingst′ = ts′,
1y = s′h, andg = t′h. The second equality implies that
h is invertible, and, therefore, the third one implies thatg
belongs toS♯C×, which is included inS♯. SoS♯ is closed
under right-divisor. �

t

t′

s s′

h

g

Merging the results, we obtain a simple equivalence:

Lemma 1.19. If S is a subfamily of a left-cancellative categoryC andS♯ generatesC
and is closed under right-comultiple, thenS♯ is closed under right-divisor if and only if
S♯ is closed under right-complement, if and only ifS♯ satisfies(1.9).

Proof. By Lemma 1.8 and owing to the assumptions onS♯, closure under right-divisor
implies (1.9), hence closure under right-complement. Next, by Lemma 1.18, closure un-
der right-complement implies closure under right-divisor, whence (1.9) as above. Finally,
(1.9) implies closure under right-complement by definition, whence closure under right-
divisor as above.

At this point, we can establish a first significant result, namely a connection between
the current notion of anS-greedy path, as defined in Chapter III, and the classical defini-
tion in the literature in terms of maximal left-divisor.



1 The general case 175

Proposition 1.20(recognizing greedy). AssumeS is a subfamily of a left-cancellative
categoryC such thatS is closed under right-comultiple andS♯ generatesC and is closed
under right-divisor. Then, for every paths|g in S♯|C, the following are equivalent:

(i) The paths|g is S-greedy;
(ii) For everyt in S, the relationt4 sg impliest4 s, that is,s is anS-head ofsg;
(iii) Every elementh of C satisfyingsh ∈ S andh4 g is invertible.

Thus, whenever the reference familyS satisfies the closure assumptions of Proposi-
tion 1.20, we recover forS-greediness the classical definition in terms of maximal left-
divisor lying inS, as it appears for instance in Proposition I.2.4 (normal decomposition).

In fact, we shall establish the following result, which is slightly more precise than
Proposition 1.20.

Lemma 1.21. AssumeS is a subfamily of a left-cancellative categoryC andS♯ gener-
atesC For f |g in C[2], consider the three statements:

(i) The pathf |g is S-greedy,
(ii) For eacht in S, the relationt4 fg impliest4 f .
(iii) Every elementh of C satisfyingfh ∈ S andh4 g is invertible.

Then(i) implies(ii) , which implies(iii) . Conversely,(ii) implies(i) wheneverS♯ is closed
under right-complement, and(iii) implies(ii) wheneverS is closed under right-comultiple
andf belongs toS♯.

Proof. That (i) implies (ii) is a direct application of the definition of S-greediness.
Assume that (ii) holds andh satisfiesfh ∈ S andh4g. Then we havefh4fg hence

fh4f by (ii). As C is left-cancellative, we deduce thatg left-divides1y (y the target ofs)
henceg is invertible, and (ii) implies (iii).

Assume now thatS♯ is closed under right-complement and (ii) holds. Assumet ∈ S
and t 4 hfg, sayhfg = tĥ, see Figure 4 left. AsS♯ generatesC, the elementh lies
in (S♯)p for somep. Applying Proposition 1.15 toS♯ and the equalityh · (fg) = t · ĥ,
we deduce the existence ofh′ in (S♯)p andt′ in S♯ satisfyinght′ = th′ andt′ 4 fg. We
claim thatt′ 4 f necessarily holds, from what we can deducet 4 hf and conclude that
f |g is S-greedy. Indeed, ift′ is invertible, we can writef = t′(t′−1f), and the result is
trivial. Otherwise,t′ must belong toSC×. So we havet′ = t′′ǫ for somet′′ in S andǫ
in C×. By construction, we havet′′ 4 fg, hencet′′ 4 f by (ii). As we havet′ 4 t′′, we
deducet′ 4 f , as expected. Therefore,f |g is S-greedy, and (ii) implies (i).

Assume now thatS is closed under right-comultiple,f belongs toS♯, and (iii) holds.
Assumet ∈ S andt 4 fg. By Lemma 1.13,S♯ is closed under right-comultiple. Hence,
ast andf lie in S♯, there exists a common right-multiplefh of f andt satisfyingfh4fg
andfh ∈ S♯, see Figure 4. By definition ofS♯, there existsh′ satisfyingh′ =× h such
thatfh′ either lies inS or is an identity-element. Then we havet 4 fh′ andfh′ 4 fg,
whenceh′ 4 g. If fh′ ∈ S holds, (iii) implies thath′ is invertible; if fh′ is invertible,
then so ish′. Thent4 fh′ impliest4 f , so (ii) is satisfied, and (iii) implies (ii).
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Figure 4.Proof of Lemma 1.21 (ii)⇒(i) on the left, (iii) ⇒(ii) on the right.

Proposition 1.20 directly follows from Lemma 1.21 owing to Lemma 1.19, which
guarantees that, under the assumptions of the proposition,S♯ is closed under right-divisor
if and only if it is closed under right-complement.

1.2 Characterizations of Garside families

We are ready for establishing new characterizations of Garside families that are more
convenient than those of Chapter III. Note that every such criterion is in fact an existence
result since it provides sufficient conditions for every element of the considered category
to admit anS-normal decomposition.

We begin with a preparatory result. We recall thatSC denotes the subfamily ofC
consisting of all elements that can be written as the productof an element ofS and an
element ofC, that is, that are left-divisible by an element ofS.

Lemma 1.22. If S is a Garside family in a left-cancellative categoryC, an element ofC
admits anS-head if and only if it belongs toSC. The latter family includesC \ C×.

Proof. By definition, if s is anS-head forg, thens belongs toS andg is a right-multiple
of s, sog belongs toSC. So only the elements ofSC may admit anS-head.

Conversely, assume thatg is a non-invertible element ofC. By definition,g admits an
S-normal decomposition, hence, by Proposition III.1.23 (strict normal),g admits a strict
S-normal decomposition, says1| ··· |sp. If p > 2 holds, then, by definition,s1 belongs
to S and, by Proposition III.1.12 (grouping entries),s1|s2 ···sp is S-greedy. Ifp = 1
holds, thens1 is a non-invertible element ofS♯, hence we haves1 = sǫ for somes lying
in S and some invertibleǫ. Thens|ǫ is anS-normal decomposition ofg whose first entry
lies in S. So, in all cases, we found anS-greedy decompositions|g′ of g with s ∈ S.
Then, by definition ofS-greediness, every element ofS left-dividingg left-dividess, sos
is anS-head ofg. Hence every non-invertible element ofC admits anS-head. It follows
that every such element belongs toSC, hence thatC \ C× is included inSC.

Finally, assume thatg is invertible and belongs toSC, sayg = sg′ with s in S. Then
s is anS-head forg. Indeed, every element ofS left-dividing g must be invertible, hence
it left-dividess (as well as any element ofC).

We are ready for showing that every Garside family satisfies several closure properties.
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Proposition 1.23(Garside closed). If S is a Garside family in a left-cancellative cat-
egory, thenS is closed under right-comultiple andS♯ is closed under right-comultiple,
right-complement, and right-divisor.

Proof. Lemma 1.22 says that every non-invertible elementg of C admits anS-head.
HenceS is eligible for Lemma 1.12 and, therefore, it is closed underright-comultiple.
By Lemma 1.13, we deduce thatS♯ is closed under right-comultiple.

Next, assume thatg lies in S♯ andg′ right-dividesg. By Corollary III.1.55 (length),
the inequality‖g′‖S 6 ‖g‖S 6 1 holds, which implies thatg′ lies inS♯. SoS♯ is closed
under right-divisor.

As S♯ is closed under right-comultiple and right-divisor, Lemma1.8 implies that it is
closed under right-complement.

We show now that, conversely, various combinations of the necessary conditions of
Proposition 1.23 (nearly) characterize Garside families.

Proposition 1.24(recognizing Garside II). A subfamilyS of a left-cancellative cate-
goryC is a Garside family if and only if one of the following equivalent conditions holds:

S♯ generatesC and is closed under right-divisor, and every non-invertible
element ofC admits anS-head;

(1.25)

S♯ generatesC and is closed under right-complement, and every non-
invertible element ofS2 admits anS-head;

(1.26)

S♯ generatesC and is closed under right-divisor,S is closed under right-
comultiple, and every non-invertible element ofS2 admits a≺-maximal left-
divisor lying inS.

(1.27)

Proof. Thanks to the many preparatory lemmas of Subsection 1.1, there remain not so
many facts to establish, and the arguments are simple. Assume first thatS is a Garside
family in C. By Proposition III.1.39 (recognizing Garside I),S♯ generatesC. Next, by
Proposition 1.23,S♯ is closed under right-divisor, right-comultiple, and right-complement.
Finally, Lemma 1.22 says that every non-invertible elementg of C admits anS-head. So
S satisfies (1.25)–(1.27).

Conversely, assume thatS satisfies (1.27). First, by Lemma 1.8,S♯ is closed under
right-complement. Hence, by Lemma 1.14,C×S ⊆ S♯ holds. Lets1, s2 be elements
of S such thats1s2 is defined. By assumption,s1s2 admits a≺-maximal left-divisor
lying in S, sayt1. Definet2 by s1s2 = t1t2. Then Lemma 1.21 implies that the path
t1 |t2 is S-greedy. Moreover,s1 left-dividest1, hence, as left-cancellings1 is allowed,t2
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right-dividess2 and, therefore, it belongs toS♯ as the latter is closed under right-divisor.
Therefore,t1|t2 isS-normal, and we proved thats1s2 admits anS-normal decomposition.
By Proposition III.1.39 (recognizing Garside I),S is a Garside family inC.

Next, assume thatS satisfies (1.26). By Lemma 1.14,C×S ⊆ S♯ holds and, by
Lemma 1.18,S♯ is closed under right-divisor. Assume thats1, s2 lie in S ands1s2 is
defined. By assumption,s1s2 admits anS-head, sayt1. Definet2 by s1s2 = t1t2. Then
the same argument as above shows thatt1|t2 is S-normal and, by Proposition III.1.39
(recognizing Garside I),S is a Garside family inC.

Finally, assume thatS satisfies (1.25). Then Lemma 1.12 implies thatS is closed
under right-comultiple. HenceS satisfies (1.26), hence it is a Garside family by the above
argument.

Example 1.28(Garside). We established in Proposition III.1.43 (Garside monoid) that,
if (M,∆) is a Garside monoid, thenDiv(∆) is a Garside family inM . With Proposi-
tion 1.24, this is straightforward. Indeed, we saw in Example 1.7 thatDiv(∆), which
coincides withDiv(∆)♯ asM contains no nontrivial invertible element, is closed under
right-divisor. On the other hand, we observed in Example 1.11 that every element ofM
admits aDiv(∆)-head. So (1.25) is satisfied, andDiv(∆) is a Garside family inM .

Remark 1.29. Comparing (1.25) and (1.26) makes it natural to wonder whether, in (1.25),
it is enough to require the existence of anS-head forg in S2. The answer is negative.
Indeed, consider the braid monoidB+

3 andS = {σ1, σ2}. ThenS generatesB+

3 , the
setS♯, which is{1, σ1, σ2}, is closed under right-divisor, andσi is aS-head ofσiσj for
all i, j. HoweverS is not a Garside family inB+

3 , sinceσ1σ2σ1 has noS-head.
About (1.27), note that the final condition is a priori weakerthans being anS-head

of g: for s to be a≺-maximal left-divisor ofg lying in S means

(1.30) s4 g and ∀t ∈ S (t4 g ⇒ s 6≺ t),

amounting tos 4 g and ∀t ∈ S (s 4 t 4 g ⇒ t =× s), whereass being anS-head ofg
corresponds tos 4 g and ∀t ∈ S (t 4 g ⇒ t 4 s): the difference is that (1.30) only
involves the elements ofS that are right-multiples ofs but requires nothing about other
elements ofS. About (1.27) again, owing to Lemma 1.13, we could replace the condition
that S is closed under right-comultiple with the equivalent condition thatS♯ is closed
under right-comultiple (making it clear than forS to be a Garside family is a property
of S♯). However, verifying a closure property forS is more simple than forS♯, so it is
natural to keep this formulation in a practical criterion.

By Proposition 1.24, every Garside family is eligible for Proposition 1.20, leading to

Corollary 1.31 (recognizing greedy). If S is a Garside family in a left-cancellative cat-
egoryC, then, for alls in S andg in C such thatsg exists, the following are equivalent:

(i) The paths|g is S-greedy;
(ii) The elements is anS-head ofsg;
(iii) The elements is a≺-maximal left-divisor ofsg lying inS, that is, every elementh

of C satisfyingsh ∈ S andh4 g is invertible.
If (i)–(iii) are satisfied ands is not invertible, we have‖sg‖S = ‖g‖S + 1.
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Proof. Proposition 1.20 gives the equivalence of (i)–(iii) directly. For the last point, let
s1| ··· |sp be anS-normal decomposition ofg. Thens|s1| ··· |sp is anS-normal decom-
position ofsg, since the assumption thats|g is S-greedy implies thats|s1 is S-greedy.
Moreover, the assumption thatsg is not invertible implies thats is not invertible. Then
‖sg‖S , which is the number of non-invertible entries in{s, s1, ... , sp} is ‖g‖S + 1, since
‖g‖S is the number of non-invertible entries in{s1, ... , sp}.

1.3 Special Garside families

Above we obtained various characterizations of Garside families in terms of closure prop-
erties. Here we shall establish similar characterizationsfor special Garside families,
namely strong and perfect Garside families, as well as a sufficient condition for a Gar-
side family to satisfy the second domino rule. These characterizations involve the left
counterparts of the closure properties of Definitions 1.1 and 1.3.

Definition 1.32 (closure III). (i) A subfamilyS of a (cancellative) categoryC is said to
beclosed under left-divisorif every left-divisor of an element ofS is an element ofS.

(ii) (See Figure 5.) In the same context,S is said to beclosed under left-comultiple
if every common left-multiple of two elements ofS is a left-multiple of some common
left-multiple that lies inS.

(iii) In the same context,S is said to beclosed under left-complementif, when s, t
lie in S andft = gs holds inC, there exists′, t′ in S andh in C satisfyings′t = t′s,
f = hs′, andg = ht′.

∈S

∈S∈S

∈S

∈S

∈S∈S

Figure 5. Closure under left-comultiple (left) and left-complement (right): every element that is a
common left-multiple of two elements of S is a left-multiple of a common left-multiple of a certain type.

Example 1.33(closure). Assume that(M,∆) is a Garside monoid. Then the setDiv(∆)
is closed under left-divisor, left-comultiple, and left-complement. First, a left-divisor of
a left-divisor of∆ is a left-divisor of∆, soDiv(∆) is closed under left-divisor. Next,
assume thath is a common left-multiple of two elementss, t of Div(∆). Thenh is a
left-multiple of the left-lcm ofs andt. As s andt right-divide∆, their left-lcm also right-
divides∆ and, therefore, it lies inDiv(∆). SoDiv(∆) is closed under left-comultiple.
Moreover, the involved elementss′, t′ left-divide some right-divisor of∆, hence they
themselves left-divide∆ (since the left- and right-divisors of∆ coincide), andDiv(∆) is
closed under left-complement.
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On the other hand, the following examples show that a generalGarside family need
not satisfy the closure properties of Definition 1.32.

Example 1.34(not closed). Consider the left-absorbing monoidLn and the familySn
with n > 2 (Reference Structure 8, page 111), namelyLn = 〈a, b | abn = bn+1〉 and
Sn = {1, a, b, b2, ... , bn+1}. We saw in Chapter III thatLn is left-cancellative andSn is
a Garside family inLn—and we can reprove it easily using Proposition 1.24. Now the
elementab is a left-divisor ofbn+1 that does not belong toSn, soSn is not closed under
left-divisor. Next, we have(ab) bn−1 = b2 bn−1. Now, the only decompositions ofab
in Ln are1|ab, a|b, andab|1, whereas those ofb2 are1|b2, b|b, andb2|1. An exhaustive
search shows that no combination can witness for closure under left-complement. On the
other hand,Sn turns out to be closed under left-comultiple.

Similarly, the 16-element Garside familyS in the affine braid monoid of typẽA2 (Ref-
erence Structure 9, page 111) is neither closed under left-divisor nor under left-comultiple:
σ1σ2σ3σ2 lies in S but its left-divisorσ1σ2σ3 does not,σ2σ1 andσ3σ1 lie in S but their
left-lcm σ2σ3σ2σ1 does not, so the latter is a common left-multiple of two elements ofS
that cannot be a left-multiple of a common left-multiple lying inS.

Here come the expected characterizations of strong and perfect Garside families in
terms of closure properties. By Proposition III.2.34 (strong exists), strong Garside fam-
ilies exist if and only if the ambient category admits conditional weak left-lcms, and,
therefore, it is natural to restrict to such categories.

Proposition 1.35(strong and perfect Garside). If S is a Garside family in a cancellative
categoryC that admits conditional weak left-lcms, the following are equivalent:

(i) The familyS is a strong (resp. perfect) Garside family inC;
(ii) The familyS♯ is closed under left-complement (resp. this and left-comultiple).

When the above conditions are met,S♯ is also closed under left-divisor.

Proof. First consider the case of strong Garside families. Assume that S is a strong
Garside family inC, thats, t lie in S♯ and thatft = gs holds. By definition of a strong
Garside family, there exists′ andt′ in S♯, plush in C, satisfyings′t = t′s, f = hs′, and
g = ht′. The elementss′, t′, andh witness thatS♯ is closed under left-complement, and
(i) implies (ii) (here we used neither the assumption thatC admits right-cancellation, nor
the assumption thatC admits conditional weak left-lcms.)

Conversely, assume thatS is Garside andS♯ is closed under left-complement. Lets, t
be elements ofS♯ that admit a common left-multiple, sayft = gs, see Figure 6. Since the
categoryC admits conditional weak left-lcms,ft is a left-multiple of some weak left-lcm
of s andt, sayf ′t = g′s. Next, ass andt belong toS♯, the assumption thatS♯ is closed
under left-complement implies the existence ofs′, t′ in S♯ andh satisfyings′t = t′s,
f ′ = hs′, andg′ = ht′. Now, by Lemma III.2.52,f ′ andg′ are left-disjoint, which
implies thath is invertible, which in turn implies thats′ andt′ are left-disjoint. Thus we
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founds′ andt′ in S♯, left-disjoint, and such thatft is a left-multiple ofs′t. So, according
to Definition III.2.29,S is a strong Garside family inC and (ii) implies (i).

Assume now that (i) and (ii) are satisfied. Then the left counterpart of Lemma 1.18,
which is valid as, by assumption,C is right-cancellative, implies thatS♯, which gener-
atesC and is closed under left-complement, is also closed under left-divisor.

For perfect Garside families, the argument is similar. The only difference is that, when
we start with a perfect Garside familyS and elementss, t of S♯ that satisfyft = gs,
then we can assume that the factoring relations′t = t′s is such thats′, t′, but alsos′t,
belong toS♯ and, therefore, they simultaneously witness forS♯ being closed under left-
complement and under left-comultiple.

Conversely, when we start with a familyS that satisfies (ii) and, again, elementss, t
of S♯ that satisfyft = gs, then, by the left counterpart of Lemma 1.8, which is valid as
C is right-cancellative, we can assume the existence of a factoring relations′t = t′s that
simultaneously witnesses for closure under left-complement and left-comultiple, hence
such thats′, t′, ands′t, belong toS♯. This shows thatS is a perfect Garside family.

t

t′

ss′

f

g

h′′ g′

f ′
h

h′

Figure 6.Proof of Proposition 1.35.

Example 1.36(strong and perfect Garside). Owing to the closure results of Exam-
ple 1.33, Proposition 1.35 immediately implies that, if(M,∆) is a Garside monoid, then
Div(∆) is a perfect Garside family inM .

In the same vein, we now address the second domino rule (Definition III.1.57) and
show that it follows from closure properties. We begin with an alternative form.

Proposition 1.37(second domino rule, alternative form). If S is a Garside family in a
left-cancellative category and the second domino rule is valid for S, we have

(1.38) For s1, s2, s3 in S, if s1|s2 is S-normal and‖s1s2s3‖S 6 2 holds,
thens2s3 lies inS♯.

Conversely, ifS is a Garside family satisfying(1.38)andS♯ is closed under left-divisor,
the second domino rule is valid forS.

Proof. Assume that the second domino rule is valid forS and s1, s2, s3 are elements
of S such thats1|s2 is S-normal and‖s1s2s3‖S 6 2 holds. Lett1|s′2 be anS-normal
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decomposition ofs2s3, and t0|s′1 be anS-normal decomposition ofs1t1. By Propo-
sition III.1.61, t0|s′1|s′2 is anS-normal decomposition ofs1s2s3. The assumption that
s1s2s3 hasS-length at most2 implies thats′2 is invertible. By construction,t1 lies inS♯,
hence so doest1s′2, which iss2s3.

Conversely, assume thatS is a Garside family satisfying (1.38) andS♯ is closed under
left-divisor. Consider a domino diagram, namelys1, ... , t2 in S satisfyings1t1 = t0s

′
1

ands2t2 = t1s
′
2 with s1|s2 and t1|s′2 bothS-normal. We wish to show thats′1|s′2 is

S-greedy. AsS is a Garside family, by Corollary 1.31, it suffices to show that s′1 is a
maximal left-divisor ofs′1s

′
2 lying in S.

So assumes′1h ∈ S with h4 s′2. As t1|s′2 is S-greedy, there
existst satisfying t1 = s2t. Then we havet1h = s2th.
Moreoverth left-dividest2, hence it lies inS♯ as the latter
is assumed to be closed under left-divisor. Chooses3 in S
satisfyings3 =× th (the caseth ∈ C× is trivial). We have

‖s1s2s3‖S = ‖s1s2th‖S = ‖t0(s′1h)‖S 6 2.

s′1 s′2

s1 s2

t0 t1

h

t2
t

Then (1.38) impliess2s3 ∈ S♯, whences2th ∈ S♯, that is,t1h ∈ S♯. As t1|s′2 is S-
normal, by Corollary 1.31, the conjunction oft1h ∈ S♯ andh 4 s′2 implies thath is
invertible. Hences′1 is a maximal left-divisor ofs′1s

′
2 lying in S, ands′1|s′2 is S-normal.

So the second domino rule is valid forS.

Proposition 1.39(second domino rule). If S is a Garside family in a cancellative cate-
goryC andS♯ is closed under left-comultiple and left-divisor, the second domino rule is
valid for S.

Proof. We show thatS is eligible for Proposition 1.37. To this end, it suffices to check
that (1.38) holds. So assume thats1, s2, s3 lie in S, the paths1|s2 is S-normal, and
‖s1s2s3‖S 6 2 holds. Lett1|t2 be anS-normal decomposition ofs1s2s3.

By assumption, we haves14 t1t2 ands1 ∈ S,
hences14 t1, that is, there existst satisfyingt1 =
s1t. We deduces1tt2 = t1t2 = s1s2s3, hence
tt2 = s2s3. As t2 ands3 belong toS♯ andS♯ is
closed under left-comultiple, there existsr in S♯
such thatr is a common left-multiple ofs3 andt2,
sayr = t′s3 = s′t2, ands2s3 is a left-multiple
of r, says2s3 = r′r.

s1 s2

s3

t2t1

t′2

s′3

r′

r

t

Then we haver′r = r′t′s3 = s2s3, hences2 = r′t′ by right-cancellings3. Hence
r′ is a left-divisor ofs2, which belongs toS♯, and, therefore,r′ belongs toS♯ as the
latter is closed under left-divisor. On the other hand, we also haver′r = r′s′t2 = tt2,
hencet = r′s′ and, therefore,t1 = s1t = s1r

′s′. Sos1r′ left-dividest1, which belongs
to S♯ and, therefore,s1r′ belongs toS♯. By Corollary 1.31, ass1|s2 is S-normal, hence
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S♯-normal, the conjunction ofs1r′ ∈ S♯ andr′ 4 s2 implies thatr′ is invertible. Hence
s2s3, which isr′r, belongs toC×S♯, hence toS♯ sinceS is a Garside family and therefore
satisfiesC×S ⊆ S♯. So (1.38) holds inS. Hence, by Proposition 1.37, the second domino
rule is valid forS.

1.4 Head functions

We establish further characterizations of Garside families, this time in terms of the global
properties ofS-head functions, defined to be those maps that associate withevery non-
invertible elementg of the ambient category anS-head ofg. We begin with some easy
observations aboutS-heads in general.

Lemma 1.40. Assume thatC is a left-cancellative category andS is included inC. If s, s′

are S-heads of=×-equivalent elementsg, g′, respectively, thens =× s′ holds, and even
s = s′ if S is =×-transverse.

Proof. Assumeg′ =× g. As s is anS-head ofg, we haves4 g, whences4 g′, ands4 s′

sinces′ is anS-head ofg′. A symmetric argument givess′ 4 s, whences′ =× s. If S is
=×-transverse, it contains at most one element in each=×-equivalence class, sos′ =× s
impliess′ = s as, by assumption,s ands′ belong toS.

Lemma 1.41. Assume thatS is a subfamily of a left-cancellative categoryC. For s in S
andg in C, consider the three statements:

(i) The elements is anS-head ofg;
(ii) There existsg′ in C such thats|g′ is anS-greedy decomposition ofg;
(iii) There exists anS-normal decomposition ofg whose first entry iss.

Then(iii) implies(ii) , which implies(i). If S♯ is closed under right-complement,(i) and(ii)
are equivalent and, ifS is a Garside family,(i), (ii) , and(iii) are equivalent.

Proof. The fact that (ii) implies (i) and that, ifS♯ is closed under right-complement, then
(i) implies (ii) was proved in Lemma 1.21.

Assume now thats|s2 ···sp is anS-normal decomposition ofg. Let g′ = s2 ···sp if
p > 2 holds, andg′ = 1y otherwise (y the target ofg). By Proposition III.1.12 (grouping
entries),s|g′ is S-greedy in each case, andg = sg′ holds. So (iii) implies (ii).

Conversely, assume thatS is Garside ands|g′ is anS-greedy decomposition ofg. By
definition,g′ admits anS-normal decomposition, says2| ··· |sp. By Lemma III.1.7, the
assumption thats|g′ is S-greedy implies thats|s2 is S-greedy as well, sos|s2| ··· |sp is
anS-normal decomposition ofg. So (ii) implies (iii) in this case.

We now consider the functions that associate with every element g anS-head ofg,
when the latter exists. In view of Lemma 1.22, the maximal domain for such a function
is the (proper or unproper) subfamilySC of C. As every element ofS ∩ C×(x, -) is an
S-head for every element ofC×(x, -), theS-heads of invertible elements provide no real
information and the interesting part in a head function liesin its restriction toC \ C×.
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Definition 1.42(head function). If S is a subfamily of a left-cancellative categoryC, an
S-head functionis a partial mapH from C to S such thatDom(H) includesC \ C× and
H(g) is anS-head ofg for everyg in Dom(H). An S-head function is calledsharp if
g′ =× g impliesH(g′) = H(g).

As for the uniqueness of head functions, Lemma 1.40 immediately implies:

Proposition 1.43(head function unique). (i) If S is a subfamily of a left-cancellative
categoryC andH,H ′ are S-head functions, thenH(g) =× H ′(g) holds whenever both
are defined. If, moreover,S is =×-transverse, thenH(g) = H ′(g) holds.

(ii) Conversely, ifS is a subfamily of a left-cancellative categoryC andH is anS-head
function, then every partial functionH ′ fromC toS satisfyingDom(H ′) = Dom(H) and
H ′(g) =× H(g) for everyg in Dom(H) is anS-head function.

As for the existence of head functions, ifC is a left-cancellative category andS is a
Garside family inS, then, by Lemma 1.22, every element ofSC admits anS-head and,
therefore, there exists anS-head function. We can say more.

Proposition 1.44(sharp exist). If S is a Garside family of a left-cancellative categoryC,
then there exists a sharpS-head function defined onSC.

Proof. Assume thatF is a choice function onS with respect to=×, that is,F is a map
fromS to itself that picks one element in each=×-equivalence class. LetS1 be the image
of S underF . ThenS1 is an=×-selector inS and we haveS1 ⊆ S ⊆ S♯1 = S♯. Hence,
by Proposition III.1.33 (invariance),S1 is a Garside family inC. LetH be anS1-head
function defined onSC. AsS1 is included inS, the functionH is also anS-head function.
Now, by Lemma 1.40,g′ =× g impliesH(g′) =× H(g), henceH(g) = H(g′) sinceS1 is
=×-transverse. SoH is sharp.

Head functions satisfy various algebraic relations, whichwill eventually lead to new
characterizations of Garside families.

Lemma 1.45. If S is a Garside family in a left-cancellative categoryC, everyS-head
functionH satisfies

(1.46) (i)H(g)4 g, (ii) g ∈ S ⇒ H(g) =× g, (iii) f 4 g ⇒ H(f)4H(g).

Conversely, ifS is a subfamily ofC andH is a partial function fromC toS whose domain
includesC \ C×and that satisfies(1.46), thenH is anS-head function.

Proof. Assume thatS is a Garside family inC andH is anS-head function. IfH(g) is
defined, then, by definition,H(g) is anS-head ofg, henceH(g)4 g holds. Moreover, if
g belongs toS, asg is a left-divisor of itself, we must haveg4H(g), whenceH(g)=× g.
Finally, if f left-dividesg andH(f) is defined, thenH(f) is an element ofS that left-
dividesg, hence it left-dividesH(g), which is anS-head ofg. So (1.46)(iii) is satisfied.

Assume now thatH is a partial function fromC to S whose domain includesC \ C×
and that satisfies (1.46). Assume thatH(g) is defined. By assumption,H(g) lies inS and
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it left-dividesg by (1.46)(i). Next, assume thats is a non-invertible element ofS that left-
dividesg. By assumption,H(s) is defined and, by (1.46)(ii),H(s)=× s holds. Moreover,
by (1.46)(iii), s4 g impliesH(s)4H(g), whences4H(g) because ofs=× H(s). On
the other hand, ifs lies inS∩C×, thens4H(g) trivially holds. Hence,s4H(g) holds for
everys in S left-dividingg, andH(g) is anS-head ofg. SoH is anS-head function.

Beyond the previous basic relations, head functions satisfy one more important rule.

Definition 1.47(H-law). A partial functionH from a categoryC to itself is said to obey
theH-law (resp. thesharpH-law) if the relation

(1.48) H(fg) =× H(fH(g)) (resp. =)

holds whenever the involved expressions are defined.

Proposition 1.49 (H-law). If S is a Garside family in a left-cancellative categoryC,
everyS-head functionH obeys theH-law, and every sharpS-head function obeys the
sharpH-law.

Proof. Assume thatH(g),H(fg), andH(fH(g)) are defined. On the one hand, by (1.46),
we haveH(g)4 g, hencefH(g)4 fg, henceH(fH(g)) 4H(fg). On the other hand,
by Lemma 1.41, there exists anS-normal decomposition ofg whose first entry isH(g),
sayH(g)|s2| ··· |sp. We obtainH(fg) 4 fg = fH(g)s2 ···sp. AsH(fg) lies in S and
H(g)|s2| ··· |sp is S-greedy, we deduceH(fg) 4 fH(g), whenceH(fg) 4 H(fH(g))
sinceH(fg) lies inS. SoH obeys theH-law.

If H is sharp, the assumption thatH(fg) andH(fH(g)) belong toS and are=×-
equivalent impliesH(fg) = H(fH(g)), and the sharpH-law is obeyed.

We deduce new characterizations of Garside families in terms of head functions.

Proposition 1.50(recognizing Garside III). A subfamilyS of a left-cancellative cate-
goryC is a Garside family if and only ifS♯ generatesC and one of the following equivalent
conditions is satisfied:

There exists anS-head function with domainSC obeying the sharpH-law;(1.51)

There exists anS-head function obeying theH-law;(1.52)

There exists a partial mapH fromC toS whose domain includesC \ C×, and
that satisfies(1.46)and obeys theH-law;

(1.53)
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We haveC×S♯ ⊆ S♯ and there exists a partial mapH from C to S whose
domain isSC, and that satisfies (1.46) and obeys theH-law.

(1.54)

When (1.53) or (1.54) is satisfied,H is anS-head function.

Proof of Proposition 1.50.Assume thatS is a Garside family. By Proposition III.1.39
(recognizing Garside I),S♯ generatesC andC×S♯ ⊆ S♯ holds. Next, by Proposition 1.44,
there exists a sharpS-head function defined onSC. By Proposition 1.49, the latter sat-
isfies the sharpH-law. So (1.51) is satisfied, and therefore so is (1.52). Moreover, by
Lemma 1.45, anS-head function satisfies (1.46), so (1.53) and (1.54) hold aswell.

Conversely, it is clear that (1.51) implies (1.52). Moreover, owing to the last statement
in Lemma 1.45, a function whose domain includesC \ C× and that satisfies (1.46) must
be anS-head function, so (1.53) implies (1.52). On the other hand,if S♯ generatesC and
C×S♯ ⊆ S♯ holds, thenC \C× is included inSC: indeed, in this case, ifg is non-invertible,
it must be left-divisible by an element of the formǫs with ǫ ∈ C× ands ∈ S \ C×, hence
by an element ofS \ C× owing toC×S♯ ⊆ S♯. Hence (1.54) also implies (1.52), and we
are left with proving that (1.52) implies thatS is a Garside family.

Assume thatS satisfies (1.52). By assumption,S♯ generatesC and every non-invertible
element ofC admits anS-head. So, in order to show thatS satisfies (1.25) and apply
Proposition 1.24, it suffices to show thatS♯ is closed under right-divisor.

So assume thatt belongs toS♯ andg right-dividest, sayt = t′g. If g is invertible, it
belongs toS♯ by definition. Assume now thatg, and thereforet, are not invertible. Then
we havet =× s for some non-invertibles lying in S. By assumption,H(t) andH(s) are
defined and, by (1.46)(iii), we haveH(t) =× H(s), andH(s) =× s by (1.46)(ii), whence
H(t) =× s by (iii). We deduceH(t) =× t, that is,H(t′g) =× t′g. Then theH-law implies
H(t′g) =× H(t′H(g)), whereas (1.46)(i) givesH(t′H(g))4 t′H(g), so we find

t′g =× H(t′g) =× H(t′H(g))4 t′H(g),

hencet′g 4 t′H(g), andg 4H(g) by left-cancellingt′. AsH(g) 4 g always holds, we
deduceg =× H(g). As, by definition,H(g) lies inS, it follows thatg lies inS♯. SoS♯ is
closed under right-divisor. Then, by Proposition 1.24,S is a Garside family inC.

Further variants are possible, see Exercise 39 for another combination of conditions.

2 Special contexts

In Section 1 we established various characterizations of general Garside families in the
context of an arbitrary left-cancellative category. When we consider special families,
typically families that satisfy closure properties, or when the ambient category turns out
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to satisfy additional properties, typically Noetherianity conditions or existence of least
common multiples, some of the conditions defining Garside families take special forms,
or even are automatically satisfied, and we obtain new, simpler characterizations. In this
section, we list results in this direction.

The section contains four subsections. Subsection 2.1 deals with the case of what we
call solid families. Subsection 2.2 deals with right-Noetherian categories. Subsection 2.3
deals with categories that admit minimal common right-multiples, an important special
case being that of categories that admit conditional right-lcms. Finally, we address in
Subsection 2.4 categories that admit unique right-lcms.

2.1 Solid families

Up to now we considered general Garside families. Here we shall now adapt the results to
the case of Garside families calledsolid, which satisfy some additional closure conditions.
The interest of considering such families is that several statements take a more simple
form. Solid Garside families will appear naturally when germs are studied in Chapter VI.

Definition 2.1 (solid). A subfamilyS of a categoryC is said to besolid in C if S in-
cludes1C and it is closed under right-divisor.

As the terminology suggests, a family that is not solid can beseen as having holes:
some identity-elements or some right-divisors are missing.

Lemma 2.2. (i) If S is a solid subfamily in a left-cancellative categoryC, thenS in-
cludesC×, and we haveC×S = S andS♯ = SC×.

(ii) A family of the formS♯ is solid if and only if it is closed under right-divisor.

Proof. (i) Assumeǫ ∈ C×(-, y). By assumption,1y belongs toS. As we haveǫ−1ǫ = 1y
andS is closed under right-divisor,ǫmust lie inS. Next,1C is included inC×, soC×S ⊇ S
always holds. In the other direction, assumeǫ ∈ C×, s ∈ S, andǫs exists. Then we have
s = ǫ−1 (ǫs), soǫs, which right-divides an element ofS, lies inS.

(ii) By definition,S♯ always includes1C .

It turns out that many Garside families are solid:

Lemma 2.3. If S is a Garside family in a left-cancellative categoryC, thenS♯ is a solid
Garside family. IfC contains no nontrivial invertible element, every Garside family that
includes1C is solid.

Proof. Assume thatS is a Garside family inC. By Proposition III.1.33 (invariance),S♯
is a Garside family as well. By definition,1C is included inS♯, and, by Proposition 1.24,
S♯ is closed under right-divisor. HenceS♯ is solid.

In the caseC×= 1C , we haveS♯ = S ∪ 1C , whenceS♯ = S wheneverS includes1C ,
and we apply the above result.
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By Lemma 2.3, every Garside familyS that satisfiesS♯ = S is solid. The converse
implication need not be true, see Exercise 48. The assumption that a Garside familyS is
solid implies that several properties involvingS♯ in the general case are true forS.

Proposition 2.4 (solid Garside). If S is a solid Garside family in a left-cancellative
categoryC, thenS generatesC, and it is closed under right-divisor, right-comultiple, and
right-complement.

Proof. AsS is a Garside family,S ∪ C×generatesC. Now, by Lemma 2.2,C× is included
in S, soS ∪ C×coincides withS.

ThatS is closed under right-divisor follows from the definition ofbeing solid. Next,
Lemma 1.12 implies thatS is closed under right-comultiple, and, then, Lemma 1.8 im-
plies thatS is closed under right-complement.

Another property of the familiesS♯ shared by all solid Garside families is the ex-
istence ofS-normal decompositions with entries inS. The key technical point is the
following easy observation.

Lemma 2.5. If S is a Garside family in a left-cancellative categoryC andS is closed
under right-divisor, thenS satisfies Property�.

Proof. Let s1|s2 lie in S [2]. By Lemma 1.22, the assumption thatS is a Garside family
ands1s2 lies inSC implies thats1s2 admits anS-head, sayt1. Let t2 be determined by
s1s2 = t1t2. By Lemma 1.41, the patht1|t2 is S-greedy. Moreover, ass1 lies in S and
left-dividess1s2, it must left-dividet1, so we havet1 = s1s for somes. Then we have
s1s2 = t1t2 = s1st2, whences2 = st2 by left-cancellings1. So t2 right-dividess2,
which belongs toS, hencet2 belongs toS, as the latter is closed under right-divisor.
Thus,t1 |t2 is anS-normal decomposition ofs1s2 whose entries lie inS.

One can wonder whether, conversely, every generating family S satisfying Property�
must be solid: the answer is negative, see Exercise 49.

Proposition 2.6 (normal exist, solid case). If S is a solid Garside family in a left-
cancellative categoryC, every element ofC admits anS-normal decomposition with en-
tries inS.

Proof. The argument is the same as for Proposition III.1.39 (recognizing Garside I), re-
placingS♯ with S everywhere. The main step consists in showing the counterpart of
Proposition III.1.49 (left-multiplication), namely that, if s1| ··· |sp is anS-normal decom-
position ofs with entries inS andg is an element ofS such thatgs is defined, then an
S-normal decomposition ofgs with entries inS is obtained inductively using the assump-
tion thatS satisfies Property� and the first domino rule.

We cannot say more, in particular about the length of the decomposition involved in
Proposition 2.6: ifS is solid but does not coincide withS♯, then an element ofS♯ \ S has
S-length one, but it has noS-normal decomposition of length one with entry inS.

We now adapt the characterizations of Garside families established in Subsection 1.2.
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Proposition 2.7 (recognizing Garside, solid case).A solid subfamilyS in a left-
cancellative categoryC is a Garside family if and only ifS generatesC and one of the
following equivalent conditions is satisfied:

Every non-invertible element ofC admits anS-head;(2.8)

The familyS is closed under right-complement and every non-invertibleel-
ement ofS2 admits anS-head;(2.9)

The familyS is closed under right-comultiple and every non-invertibleele-
ment ofS2 admits a≺-maximal left-divisor lying inS.

(2.10)

Proof. Assume thatS is a solid Garside family inC. Then, by Proposition 2.4,S gen-
eratesC and, by Proposition 1.24, it satisfies (1.25)–(1.27). The latter include (2.8)
and (2.10). Moreover, by Lemma 1.8,S is closed under right-complement, and, by Propo-
sition 1.24, every non-invertible element ofS2 admits anS-head, soS satisfies (2.9).

Conversely, ifS is solid, generatesC, and satisfies (2.8), it satisfies (1.25) so, by
Proposition 1.24, it is a Garside family.

Next, if S is solid, generatesC, and satisfies (2.9), then, by Lemma 2.2, we have
C×S ⊆ S and then, by Lemma 1.13(iii),S♯ is closed under right-complement. SoS
satisfies Condition (1.27) and, by Proposition 1.24 again, it is a Garside family.

Finally, if S is solid, generatesC, and satisfies (2.9), it directly satisfies (1.27) and,
once more by Proposition 1.24, it is a Garside family.

2.2 Right-Noetherian categories

When the ambient category is right-Noetherian, the existence of≺-maximal elements is
automatic, and recognizing Garside families is easier thanin the general case. A typical
result in this direction is the following, which is a consequence of Proposition 2.18 below:

Proposition 2.11(recognizing Garside, solid right-Noetherian case).A solid subfamily
of a left-cancellative categoryC that is right-Noetherian is a Garside family if and only if
it generatesC and is closed under right-comultiple.

In terms of subfamilies that are not necessarily solid, we deduce

Corollary 2.12 (recognizing Garside, Noetherian case).A subfamilyS of a left-cancell-
ative categoryC that is right-Noetherian is a Garside family if and only ifS♯ generatesC
and satisfies one of the following equivalent conditions:

(i) The familyS♯ is closed under right-comultiple and right-divisor;
(ii) The familyS♯ is closed under right-comultiple and right-complement.

Proof. If S is a Garside family, thenS♯ generatesC and, by Proposition 1.23, it is closed
under right-comultiple, right-complement, and right-divisor.
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Conversely, assume thatS♯ generatesC and satisfies (i). By Lemma 2.2(ii),S♯ is
solid, and Proposition 2.11 implies thatS♯ is a Garside family. By Proposition III.1.33
(invariance), this implies thatS is a Garside family too. Finally, by Lemma 1.19 and
owing to the other assumptions, (i) is equivalent to (ii).

We recall from Lemma 1.13 thatS♯ is closed under right-comultiple if and only ifS
is, so some variants of Corollary 2.12 could be stated.

Example 2.13(recognizing Garside, Noetherian case).If (M,∆) is a Garside monoid,
then, by definition,M is right-Noetherian. So, in order to establish thatDiv(∆) is a
Garside family inM , it is actually enough to check thatDiv(∆) is closed under right-
comultiple and right-divisor, two immediate consequencesof the properties of∆.

We shall prove in Proposition 2.18 below a result that is stronger than Proposition 2.11.
Indeed, the Noetherianity assumption can be weakened into alocal condition only involv-
ing the considered familyS.

If S is a subfamily of a (left-cancellative) categoryC—more generally, ifS is a pre-
category equipped with a partial product—we can introduce alocal version of divisibility.

Definition 2.14 (S-divisor). If S is a subfamily of a categoryC ands, t lie in S, we say
thats is aright-S-divisor of t, writtens 4̃S t, or equivalentlyt <̃S s, if t = t′s holds for
somet′ in S. We say thats ≺̃S t, or t ≻̃S s, holds if t = t′s holds for somet′ in S \ S×,
whereS× is the family of all invertible elements ofS whose inverse lies inS.

Naturally, there exist symmetric relationss4S t ands ≺S t defined byst′ = t with t′

in S and inS \ S× respectively but, in this section, we shall use the right version only.
See Exercise 53 for a few results about the left version (whose properties may be different
when the assumptions aboutC andS are not symmetric).

Note that4̃S need not be transitive in general, and that, in a framework that is not
necessarily right-cancellative, there may be more than oneelementt′ satisfyingt = t′s:
in particular, there may be simultaneously an invertible and a non-invertible one. Clearly,
s 4̃S t implies s 4̃ t, but the converse need not be true, unlessS is closed under left-
quotient. The inclusion of̃≺S in ≺̃ is not true in general either.

Lemma 2.15. If S is a subfamily of a left-cancellative categoryC andS×= C×∩S holds,
thens ≺̃S t impliess ≺̃ t. This holds in particular ifS is solid.

Proof. The assumptionS×= C×∩S implies that an element ofS\S×cannot be invertible
in C. So, in this case,t = t′s with t′ ∈ S \ S× implies t ≻̃ s. If S is solid, then, by
Lemma 2.2,S includes all ofC×, so every invertible element ofS has its inverse inS, and
we haveS×= C×= C×∩ S.

With the local versions of divisibility naturally come local versions of Noetherianity.

Definition 2.16(locally right-Noetherian). A subfamilyS of a category is calledlocally
right-Noetherianif the relation≺̃S is well-founded, that is, every nonempty subfamily
of S has a≺̃S-minimal element.



2 Special contexts 191

Of course there is a symmetric notion oflocal left-Noetherianityinvolving≺S .
If C is a right-Noetherian category, then, by Lemma 2.15, every subfamily S of C

satisfyingS× = C×∩ S is locally right-Noetherian since an infinite descending sequence
for ≺̃S would be a descending sequence for≺̃. But local Noetherianity is a priori doubly
weaker than Noetherianity as it says nothing about descending sequences outsideS, and
about descending sequences insideS but with quotients outsideS. According to the
general scheme explained in Subsection II.2.3, a familyS is locally right-Noetherian if
and only if there exists no infinite descending sequence for≺̃S , if and only if there exists
an ordinal-valued mapλ onS such thats ≺̃S t impliesλ(s) < λ(t). In the case whenS
is finite, there exists a criterion that is usually simple to check on examples:

Lemma 2.17. Assume thatS is a finite subfamily of a categoryC. ThenS is locally
right-Noetherian if and only if̃≺S has no cycle.

Proof. Repeating a cycle for̃≺S , that is, a finite sequences1, ... , sp of elements ofS
satisfyingsi ≻̃S si+1 for everyi andsp ≻̃S s1 provides an infinite descending sequence.
Conversely, ifS hasn elements, every sequence of length larger thann contains at least
one entry twice, thus giving a cycle if it is̃≺S-decreasing.

Here is the main result we shall establish:

Proposition 2.18(solid Garside in right-Noetherian). For every solid generating sub-
familyS in a left-cancellative categoryC, the following are equivalent:

(i) The categoryC is right-Noetherian andS is a Garside family inC;
(ii) The familyS is locally right-Noetherian and closed under right-comultiple.

So, wheneverS is locally right-Noetherian, we can forget about the existence of the
head when looking whetherS is a Garside family, and the ambient category is automati-
cally right-Noetherian.

Proof of Proposition 2.11 from Proposition 2.18.Assume thatS is a solid Garside family
in C. ThenS generatesC and is closed under right-comultiple by Proposition 2.4.

Conversely, assume thatS is solid, generatesC, and is closed under right-comultiple.
As C is right-Noetherian andS is solid, S is locally right-Noetherian since, by Lem-
ma 2.15, a descending sequence for≺̃S would be a descending sequence for≺̃. Then
Proposition 2.18 implies thatS is a Garside family.

Proposition 2.18 follows from a series of technical results.
First, we observe that, in the situation of Proposition 2.18, the local right-Noetherianity

of S implies a global right-Noetherianity result involvingS, and evenS♯.

Lemma 2.19. Assume thatS is a solid generating subfamily in a left-cancellative cate-
goryC andS is locally right-Noetherian. Then the restriction of≺̃ to S♯ is well-founded.
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Proof. First we observe that, asS is solid, Lemma 2.2 impliesS♯ = SC×andC×S♯ = S♯.
Assume thatX is a nonempty subfamily ofS♯. Put

Y = CXC×∩ S = {s ∈ S | ∃g∈C ∃t∈X ∃ǫ∈C×(s = gtǫ)}.

For everyt in X , there existsǫ in C×such thattǫ lies inS, soY is nonempty and, therefore,
it has a≺̃S-minimal element, says (we recall that this means thats′ ≺̃S s holds for no
elements′). Write s = gtǫ with t in X andǫ in C×. We claim thatt is ≺̃-minimal inS♯.
Indeed, assumet = ht′ with h /∈ C× and t′ ∈ X . Then we haves = ght′ǫ. As S♯
generatesC andC×S♯ ⊆ S♯ holds, there existsp > 1 andt1, ... , tp in S♯ \ C× satisfying
gh = t1 ···tp. Write ti = siǫi with si in S \ C×andǫi in C×, and putg′ = ǫ1s2ǫ2 ···spǫp
ands′ = g′t′ǫ. Then we haves = s1ǫ1 ···spǫpt′ǫ = s1g

′t′ǫ = s1s
′. As s′ right-dividess

andS is solid,s′ lies inS, and the decompositiong′|t′|ǫ witnesses thats′ lies inY. Now
s1 is non-invertible, so we haves′ ≺̃S s, which contradicts the choice ofs. Thus the
existence oft′ is impossible, andt is ≺̃-minimal inS♯.

Next, we show that the conditions of Proposition 2.18 forceS to be a Garside family.

Lemma 2.20. If S is a solid generating subfamily in a left-cancellative categoryC andS
is locally right-Noetherian and closed under right-comultiple, thenS is a Garside family.

Proof. Owing to (1.27) in Proposition 1.24, it suffices to prove thatevery element ofS2

admits a≺-maximal left-divisor lying inS. So assumeg = s1s2 with s1, s2 in S. Put

X = {r ∈ S | s1r ∈ S andr 4 s2}.

If y is the target ofs1, then1y lies in X , which is nonempty. Towards a contradiction,
assume thatX has no≺-maximal element. Then there exists an infinite≺-increasing
sequence inX , sayr1 ≺ r2 ≺ ··· . By assumption,ri 4 s2 holds for eachi, so we have
s2 = riti for someti, which must lie inS sinceS is closed under right-divisor ands2 lies
in S. Now, by left-cancellativity,ris′ = ri+1 impliesti = s′ti+1, and thereforeri ≺ ri+1

impliesti ≻̃ ti+1. Thust1, t2, ... is a≺̃-decreasing sequence inS, and its existence would
contradict Lemma 2.19. HenceX has a≺-maximal element, sayr. Then it follows that
s1r, which belongs toS and left-dividesg by definition, is a≺-maximal left-divisor ofg
lying in S. By Proposition 1.24,S is a Garside family.

The last preparatory result says that a right-Noetherianity condition onS♯ extends to
the whole ambient category whenS is a Garside family.

Lemma 2.21. Assume thatS is a Garside family in a left-cancellative categoryC and the
restriction of≺̃ to S♯ is well-founded. ThenC is right-Noetherian.

Proof. Assume thatX is a nonempty subfamily ofC, and letm be the minimal value
of ‖g‖S for g in X . If m is zero, that is, ifX contains at least one invertible element, then
every such element is̃≺-minimal, and we are done. Otherwise, letXm be the family of
all elementst in S♯ satisfying

∃s1, ... , sm−1 ∈ S♯ (s1 | ··· |sm−1|t is S-normal ands1 ···sm−1t ∈ X ).



2 Special contexts 193

By definition,Xm is nonempty, so it admits ã≺-minimal element, saytm. Then letXm−1

be the family of all elementst in S♯ satisfying

∃s1, ... , sm−2 ∈ S♯ (s1| ··· |sm−2|t|tm is S-normal ands1 ···sm−2ttm ∈ X ).

Again Xm−1 is nonempty, so it admits ã≺-minimal element, saytm−1. We continue
in the same way, choosingti to be≺̃-minimal in Xi for i decreasing fromm to 1. In
particular,X1 is the family of all elementst in S♯ such thatt|t2| ··· |tm is S-normal and
tt2 ···tm lies in X . Let g = t1 ···tm. By construction,g lies in X , and we claim it is
≺̃-minimal inX .

Indeed, assume thatg′ belongs toX and right-dividesg, sayg = fg′. The point is
to show thatf is invertible. AsS is a Garside family,S♯ generatesC, and there existsp
such thatf belongs to(S♯)p. As g′ right-dividesg, we have‖g′‖S 6 m, sog′ admits an
S-normal decomposition of lengthm, says1| ··· |sm. Applying Proposition III.1.49 (left
multiplication) p times, we find anS-normal decompositions′1| ··· |s′m|s′m+1| ··· |s′m+p

of fg′, that is, ofg (see Figure 7). By construction, the vertical arrows represent ele-
mentsf0 = f, f1, ... , fr of (S♯)p. By Proposition III.1.25 (normal unique),s1| ··· |sm and
s′1| ··· |s′m|s′m+1| ··· |s′m+p must be aC×-deformations of one another, that is, there exist
invertible elementsǫ1, ... , ǫm+p−1 making the diagram of Figure 7 commutative. The
diagram shows thatǫmfm is an identity-element, and we havetm = (ǫm−1fm−1)sm,
whencesm 4̃ tm. On the other hand,sm belongs toXm since it is themth entry in an
S-normal decomposition of lengthm for an element ofX , namelyg. By the choice oftm,
the relationsm ≺̃ tm is impossible, soǫm−1fm−1, hencefm−1, must be invertible.

Put t′m−1 = sm−1f
−1
m−1ǫ

−1
m−1, an element ofS♯. By Proposition III.1.22 (deforma-

tion), s1| ··· |sm−2|t′m−1|tm is anS-normal decomposition ofg. Then we havetm−1 =
(ǫm−2fm−2)t

′
m−1, whencet′m−1 4̃ tm−1. On the other hand,t′m−1 belongs toXm−1

since it is them− 1st entry in anS-normal decomposition of lengthm finishing withtm
for an element ofX , namelyg. By the choice oftm−1, the relationt′m−1 ≺̃ tm−1 is
impossible, soǫm−2fm−2, hencefm−2, must be invertible.

Continuing in this way, we conclude afterm steps thatf0, that is,f , must be invertible,
which establishes thatt is ≺̃-minimal inX .

t1 tm−1 tm

s′1 s′m−1 s′m s′m+1 s′m+p

s1 sm−1 sm

ǫ1 ǫm−2 ǫm−1 ǫm ǫm+1 ǫm+p−1

f = f0 f1 fm−2 fm−1 fmt′m−1

Figure 7.Proof of Lemma 2.21

We can now complete our argument.

Proof of Proposition 2.18.Assume thatC is right-Noetherian andS is a solid Garside
family in C. By Lemma 2.15, the relatioñ≺S is included in≺̃, so the well-foundedness
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of ≺̃ implies that of≺̃S andS is locally right-Noetherian. On the other hand, by Propo-
sition 1.23,S is closed under right-comultiple. So (i) implies (ii).

Conversely, assume thatS generatesC and is solid, closed under right-comultiple,
and locally right-Noetherian. First, Lemma 2.20 implies thatS is a Garside family. Next,
Lemma 2.19 implies that the restriction of≺̃ to S♯ is well-founded. Finally, Lemma 2.21
implies thatC is right-Noetherian. So (ii) implies (i).

Proposition 2.18 involves solid subfamilies. RememberingthatS♯ is solid for every
Garside familyS, we deduce an analogous statement for general subfamilies.

Corollary 2.22 (Garside in right-Noetherian). If S is a subfamily of a left-cancellative
categoryC andS♯ generatesC, the following are equivalent:

(i) The categoryC is right-Noetherian andS is a Garside family inC;
(ii) The familyS is closed under right-comultiple andS♯ is locally right-Noetherian

and closed under right-divisor.
(iii) The familyS is closed under right-comultiple andS♯ is locally right-Noetherian

and closed under right-complement.

Proof. Assume (i). By Proposition III.1.33 (invariance) and Lemma2.3, S♯ is a solid
Garside family. Hence, by Propositions 2.18 and 1.23,S♯ is locally right-Noetherian and
closed under right-comultiple, right-divisor, and right-complement. By Lemma 1.13, it
follows thatS is closed under right-comultiple as well. So (i) implies (ii) and (iii).

Next, (ii) and (iii) are equivalent: ifS is closed under right-comultiple, then so isS♯
by Lemma 1.13 and, therefore, by Lemma 1.19, sinceS♯ generatesC, the familyS♯ is
closed under right-divisor if and only if it is closed under right-complement.

Finally, assume (ii) and (iii). ThenS♯ is a solid generating subfamily ofC that is
locally right-Noetherian and closed under right-comultiple. By Proposition 2.18,C is
right-Noetherian andS♯ is a Garside family inC. Then, by Proposition III.1.33 (invari-
ance),S is a Garside family inC as well.

The right-Noetherianity assumption is crucial in the aboveresults: otherwise, the
conditions of Proposition 2.11 do not characterize Garsidefamilies.

Example 2.23(Klein bottle monoid). In the Klein bottle monoidK+ (Reference Struc-
ture 5, page 17), considerS = {g ∈ K+ | |g|a 6 1}, where|g|a is the number of lettersa
in an expression ofg (we recall that the value does not depend on the expression).As S
containsa andb, it generatesK+. NextS is closed under right-comultiple since a com-
mon right-multiple off andg is a right-multiple ofmax4(f, g), which is one off, g and
which is a right-multiple off andg. Finally,S is closed under right-divisor, sinceg′ 4̃ g
implies|g′|a 6 |g|a. However,S is not a Garside family inK+, as the elementa2 admits
noS-head: every element ofS left-dividesa2, andS has no maximal element.

2.3 Categories that admit right-mcms

New features appear when the ambient categoryC, in addition to being right-Noetherian,
admits right-mcms, which is the case in particular whenC is Noetherian, and whenC
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admits right-lcms. The main result is then that, for every subfamily S of C, there exists a
smallest Garside family that includesS (Corollary 2.32).

We recall from Definitions II.2.9 and II.2.38 that a categoryC is said to admit right-
mcms (resp. to admit conditional right-lcms) if every common right-multiple of two el-
ements is necessarily a right-multiple of some right-mcm (resp. right-lcm) of these ele-
ments. Note that, ifh is a right-lcm off andg, then the family of all right-lcms off andg
is the=×-equivalence class ofh. Our starting point is the following easy observation.

Lemma 2.24.Assume thatC is a left-cancellative category that admits right-mcms. Then,
for every subfamilyS of C, the following are equivalent:

(i) The familyS is closed under right-comultiple;
(ii) The familyS♯ is closed under right-mcm, that is, ifs andt belong toS♯, then so

does every right-mcm ofs andt.

Proof. Assume thatS is closed under right-comultiple. By Lemma 1.13,S♯ is closed
under right-comultiple as well. Assume thats, t belong toS♯, andsg = tf is a right-
mcm of s andt. As S♯ is closed under right-comultiple, there existf ′, g′, h satisfying
sg′ = tf ′ ∈ S♯, f = f ′h, andg = g′h. The assumption thatsg is a right-mcm ofs andt
implies thath is invertible. Hencesg, which issg′h, belongs toS♯. So (i) implies (ii).

Conversely, assume thatS♯ is closed under right-mcm. Assume thats, t belong toS♯,
andsg = tf holds. By assumption, there exists a right-mcm ofs andt, saysg′ = tf ′,
that left-dividessg, that is, there existh satisfyingf = f ′h andg = g′h. By assumption,
sg′ belongs toS♯, so (f ′, g′, h) witnesses thatS♯ is closed under right-comultiple. By
Lemma 1.13, so isS, and, therefore, (ii) implies (i).

Owing to Lemma 2.24, Corollary 2.12 directly implies:

Proposition 2.25 (recognizing Garside, right-mcm case).A subfamilyS of a left-
cancellative categoryC that is right-Noetherian and admits right-mcms is a Garsidefam-
ily if and only ifS♯ generatesC and satisfies one of the following equivalent conditions:

(i) The familyS♯ is closed under right-mcm and right-divisor.
(ii) The familyS♯ is closed under right-mcm and right-complement.

By Proposition II.2.40 (right-mcm), every left-Noetherian category admits right-mcms,
so Proposition 2.25 implies in turn

Corollary 2.26 (recognizing Garside, Noetherian case).A subfamilyS of a left-cancell-
ative categoryC that is Noetherian is a Garside family if and only ifS♯ generatesC and
satisfies one of the following equivalent conditions:

(i) The familyS♯ is closed under right-mcm and right-divisor.
(ii) The familyS♯ is closed under right-mcm and right-complement.

In the more special case of a category that admits conditional right-lcms, the results
become even more simple.
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Definition 2.27(closure under right-lcm). Assume thatC is a left-cancellative category
that admits conditional right-lcms. A subfamilyS of C is said to beclosed(resp. weakly
closed) under right-lcmif, for all s, t in S admitting a common right-multiple, every (resp.
at least one) right-lcm ofs andt lies inS.

As the notions of right-mcm and right-lcm coincide in a category that admits condi-
tional right-lcms, we can easily establish an analog of Lemma 2.24.

Lemma 2.28. Assume thatC is a left-cancellative category that admits conditional right-
lcms. Then, for every subfamilyS of C, the following are equivalent:

(i) The familyS is closed under right-comultiple;
(ii) The familyS is weakly closed under right-lcm;
(iii) The familyS♯ is closed under right-lcm.

Proof. The equivalence of (i) and (ii) follows from the definition ofa right-lcm. Next,
by Lemma 1.13(ii),S is closed under right-comultiple if and only ifS♯ is, hence, by the
equivalence of (i) and (ii), if and onlyS♯ is weakly closed under right-lcm. Now, as every
element that is=×-equivalent to an element ofS♯ must belong toS♯, the familyS♯ is
weakly closed under right-lcm if and only if it is closed under right-lcm.

Proposition 2.25 then implies:

Corollary 2.29 (recognizing Garside, right-lcm case).A subfamilyS of a left-cancell-
ative categoryC that is right-Noetherian and admits conditional right-lcms is a Garside
family if and only ifS♯ generatesC and one of the following equivalent conditions holds:

(i) The familyS♯ is closed under right-lcm and right-divisor;
(ii) The familyS♯ is closed under right-lcm and right-complement;
(iii) The familyS is weakly closed under right-lcm andS♯ is closed under right-

divisor;
(iv) The familyS is weakly closed under right-lcm andS♯ is closed under right-

complement.

Proof. Proposition 2.25 gives the equivalence with (i) and (ii) directly. On the other hand,
Lemma 2.28 gives the equivalence of (i) and (iii) on the one hand, and that of (ii) and (iv)
on the other hand.

Many examples are eligible for the above criteria. As already mentioned, so is the
family of divisors of∆ in a Garside monoid(M,∆), sinceDiv(∆) is, by very definition,
closed under right-lcm and right-divisor. Here is a less classical example.

Example 2.30(affine braids). Consider the affine braid monoidB+ of type Ã2 and
the sixteen-element familyS of (Reference Structure 9, page 111). As mentioned in
Chapter III—and as will be more systematically discussed inChapter IX—the monoidB+

is not a Garside monoid; it admits conditional right-lcms, but does not admit right-lcms
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as, for instance, the elementsσ1, σ2, σ3 have no common right-multiple. Now the familyS
generates the monoid, it is closed under right-divisor by definition, and it turns out to be
closed under right-lcm: indeed, using right-reversing, one can check (which is easy owing
to the symmetries) that all pairs of elements ofS that do not admit a right-lcm inS actually
admit no common right-multiple in the monoid because the associated right-reversing has
a repeating pattern, hence does not terminate. Hence, by Corollary 2.29,S is a Garside
family in B+, and every element ofB+ admits anS-normal decomposition.

We refer to Exercise 45 for an example of a finite Garside family in a monoid that
admits right-mcms but does not admit conditional right-lcms, and Exercise 46 for an
example in a monoid that is right-Noetherian but not Noetherian.

Of course, all above characterizations of Garside familiesadmit counterparts in the
case of solid families, see Exercise 50.

An interesting consequence of the definition of Garside families in terms of closure is
the existence of smallest Garside families.

Proposition 2.31(smallest Garside). Assume thatC is a left-cancellative category that
is right-Noetherian and admits right-mcms. Then, for everysubfamilyS of C such that
S ∪ C×generatesC, there exists a smallest=×-closed Garside family that includesS.

Proof. Starting fromS0 = S ∪ C×, we inductively construct a sequence of subfamilies
of C by definingS2i+1 to be the family of all right-mcms of two elements ofS2i and
S2i+2 to be the family of all right-divisors of an element ofS2i+1. Let Ŝ =

⋃
i>0 Si. The

family (Si)i>0 is increasing: every elementt is a right-lcm oft andt, henceS2i ⊆ S2i+1

holds and every elementt is a right-divisor of itself, henceS2i+1 ⊆ S2i+2 holds. Then
Ŝ is a subfamily ofC that includesS andC×, hence it generatesC. Moreover,Ŝ is closed
under right-mcm: ifs, t belong toŜ andh is a right-mcm ofs andt, there existi such that
s andt belong toS2i and, therefore,h belongs toS2i+1, hence toŜ. Similarly,Ŝ is closed
under right-divisor: ift belongs toŜ andt′ is a right-divisor oft, there existsi such that
t belongs toS2i+1 and, therefore,h belongs toS2i+2, hence toŜ. Finally, Ŝ is closed
under right-multiplication by an invertible element: ift belongs toŜ andt′ =× t holds,t′

is a right-mcm oft andt, hence it belongs tôS as well. Hence, by Proposition 2.25,Ŝ is
an=×-closed Garside family inC.

On the other hand, by Proposition 2.25 again, every=×-closed Garside familŷS′

that includesŜ includesŜ ∪ 1C and is closed under right-mcm and right-divisor, hence it
inductively includes each familySi, and the union̂S of these families.

When we consider Garside families that need not be=×-closed, the possibly multiple
choices for the representatives of the=×-equivalence classes make it difficult to expect a
similar result, and the Axiom of Choice is of no help here.

In the case of a category that is strongly Noetherian, that is, that admits anN-valued
Noetherianity witness, we can say a little more.

Corollary 2.32 (smallest Garside). Every strongly Noetherian left-cancellative cate-
gory C contains a smallest=×-closed Garside family including1C , namely the closure
of the atoms under right-mcm and right-divisor. This Garside family is solid.
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Proof. LetA be the atom family ofC and letS be the smallest=×-closed Garside family
that includesA∪1C , that is, the family obtained fromA∪1C by closing under right-mcm
and right-divisor. By Proposition 2.31,S is a Garside family. Now assume thatS′ is an
=×-closed Garside family ofC. By Proposition II.2.58(i) (atoms generate),S′ includes
an=×-selector inA, hence it includesA and, by Proposition 2.31 again, it includesS.

Finally, by Proposition II.2.58(ii), the familyS generatesC, and, by definition, it is
closed under right-divisor, hence it is solid.

In practice, Proposition 2.31 leads to a (partly) effectivealgorithm (see Subsection 2.4).
In particular, if the closurêS happens to be finite, then the sequence(Si)i>0 of the proof
of Proposition 2.31 has to be eventually constant and one hasŜ = Si wherei is the first
integer for whichSi+2 = Si holds.

Example 2.33(smallest Garside). Consider the free Abelian monoidNn (Reference
Structure 1, page 3). ThenNn is strongly Noetherian with atomsa1, ... , an. In the process
of Proposition 2.31, we start withS0 = {a1, ... , an}. ThenS1 is the closure ofS0 under
right-mcm, hereS0 plus all elementsaiaj with i 6= j. ThenS2 is the closure ofS1 under
right-divisor, in this caseS1 ∪ {1}. Next,S3 consists of all elements that are products
of at most4 atoms, and, inductively,S2i+1 consists of all elements that are products of
at most2i atoms. The process stops for2i > n, yielding the smallest Garside family
in Nn, which consists of the2n products of atoms, that is, the familyDiv(∆n) illustrated
in Lemma I.1.3.

Now, let M be the partially Abelian monoid
〈a, b, c | ab = ba, bc = cb〉+ (a particular case of the
right-angled Artin–Tits monoids of Exercise 102). Arguing
as above, one sees that the smallest Garside family inM
consists of the6 elements displayed on the right; note that
this Garside family contains no unique maximal element. 1

a
b

c

ab bc

Here are two more examples. The first one shows that, even in the context of Corol-
lary 2.32, the smallest Garside family need not be proper.

Example 2.34(no proper Garside). LetM = 〈a, b | ab = ba, a2 = b2〉+. ThenM has
no nontrivial invertible element, and it is strongly Noetherian as it admits a homogeneous
presentation. Its atoms area andb, which admit two right-mcms, namelyab anda2. More
generally, the elementsam andam−1b admit two right-mcms, namelyam+1 andamb, for
everym. If S is a Garside family inM , it must containa andb and be closed under right-
mcm. An immediate induction using the above values shows that S must containam

andam−1b for every positivem. HenceS includes all ofM , except possibly1. SoM
andM \ {1} are the only Garside families inM . The case ofM can be compared with
the monoid of Exercise 45, where a finite Garside family exists: both presentations are
similar but, in the latter case, the generatora has been split intoa anda′, which admit no
common right multiple.

The second example shows the necessity of the Noetherianityassumption for the ex-
istence of a smallest Garside family.
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Example 2.35(no smallest Garside).Consider the Klein bottle monoidK+ (Reference
Structure 5, page 17), and the subset{a, b}, which generatesK+. We claim that there
exists no smallest Garside family including{a, b}. Indeed, form > 0, let Sm = {g ∈
K+ | g4abma}. ThenSm (enumerated in4-increasing order) consists of all elementsbp,
plus the elementsbpa, plus the elementsabp, plus the elementsabpa with p > m. As the
left-divisibility relation ofK+ is a linear order,Sm is closed under right-lcm and every
elementg of K+ admits anSm-head, namelymin4(g, abma). On the other hand, the
left- and right-divisors ofabma coincide, so, by Proposition 1.24,Sm is a Garside family
in K+ for everym.

Assume thatS is a Garside family including{a, b} in K+. ThenS is closed under
right-divisor, and therefore contains all right-divisorsof a, namely all elementsbp andabp

with p > 0. Considerba. If it does not belong toS, it must admit anS-heads, which
by definition satisfiess ≺ ba, hence must be either of the formbp with p > 0 or of the
form bpa with p > 1. Both are impossible:s = bp is impossible becausebp+1 would
be a larger left-divisor ofba lying in S, ands = bpa is impossible because this would
requirebpa ∈ S, and, asS is closed under right-divisor, implyba ∈ S, contrary to our
assumption. Soba must lie inS. The same argument applies to every elementbpa, and
S must include{g ∈ K+ | |g|a 6 1}. We saw in Example 2.23 that the latter family is
not a Garside family, hence the inclusion is proper, andS contains at least one elementg
with |g|a > 2. As S is closed under right-divisor, it contains at least one element of the
form abpa. HenceS must include at least one of the familiesSm. Now, by construction,
we haveSm+1 ⊂

6= Sm, and none of the Garside familiesSm can be minimal.

See Exercise 46 for an example of a monoid that is right-Noetherian, but not Noethe-
rian, and admits no smallest Garside family.

Existence of lcms. Up to now we concentrated on the question of recognizing Garside
families in categories that admit, say, conditional right-lcms. We conclude the section
with results in a different direction, namely recognizing the existence of lcms when a
Garside family is given. The results here are similar to whatwas done with Noetherianity
in Proposition 2.18: ifS is a Garside family, exactly as it suffices thatS be locally right-
Noetherian to ensure that the whole ambient category is right-Noetherian, it suffices that
S locally admits right-lcms to ensure that the ambient category admits right-lcms. So,
as in the case of right-Noetherianity, the existence of right-lcms can be decided locally,
inside the Garside familyS.

We recall from Definition 2.14 that, ifS is a subfamily of a left-cancellative categoryC
ands, t lies in S, we say thats is a left-S-divisor of t, written s 4S t, if st′ = t holds
for somet′ lying in S. We naturally introduce the derived notion of aright-S-lcm to be a
least upper bounds w.r.t.4S .

Lemma 2.36. Assume thatS is a solid Garside family in a left-cancellative categoryC
ands, t are elements ofS with the same source.

(i) If s andt admit a right-S-lcm, the latter is a right-lcm ofs andt.
(ii) Conversely, ifs and t admit a right-lcm, they admit one that lies inS, and the

latter is then a right-S-lcm ofs andt.
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Proof. (i) Assume thatr is a right-S-lcm of s andt. First4S is included in4, sor is a
common right-multiple ofs andt. Assume thath is a common right-multiple ofs andt
in C. By Proposition 1.23 (Garside closed),S is closed under right-divisor and right-
comultiple, hence, by Lemma 1.8,S satisfies (1.9), so there exists′, t′, r′ in S satisfying
r′ = st′ = ts′ 4 h. Thenr′ is a common right-S-multiple of s andt, so the assumption
onr impliesr 4S r

′, whencer 4 h. Hencer is a right-lcm ofs andt.
(ii) Assume thath is a right-lcm ofs andt in C, sayh = sg = tf . By Proposition 1.23

and Lemma 1.8 again,S satisfies (1.9), so there exists′, t′, r in S satisfyingr = st′ =
ts′ 4 h. The assumption thath is a right-lcm ofs andt impliesr =× h and, therefore,r
is also a right-lcm ofs andt. On the other hand, by construction,r is a common right-S-
multiple ofs andt, and a least one as a4S-upper bound must be a4-upper bound.

Lemma 2.37. Assume thatS is a solid Garside family in a left-cancellative categoryC.
Then the following are equivalent:

(i) Any two elements ofS with a common right-multiple admit a right-lcm.
(ii) Any two elements ofC with a common right-multiple admit a right-lcm.

Proof. SinceS is included inC, (i) is a specialization, hence a consequence, of (ii).
Assume (i). By Lemma 2.36, two elements ofS that admit a right-lcm admit one that

lie in S. Moreover, by assumption,S is closed under right-divisor. So there exists an
S-valued right-lcm selectorθ on S, that is, a map fromS × S to S such that, for every
pair {s, t} in S such thats and t admit a common right-multiple, we havesθ(s, t) =
tθ(t, s) andsθ(s, t) is a right-lcm ofs andt. Assume thatf, g belong toC and admit a
common right-multiple. AsS generatesC, we can findS-pathss1| ··· |sp andt1| ··· |tq that
are decompositions off andg, respectively. Usingθ we right-reverse the signedS-path
sp| ··· |s1|t1| ··· |tq, that is, we construct a rectangular grid based ons1| ··· |sp andt1| ··· |tq
in which each square corresponds to a right-lcm of the left and top edges, as in Figure 2.
The assumption thats andt admit a common right-multiple implies that each pair of ele-
ments ofS occurring in the grid admits a common right-multiple, so that the construction
of the grid can be completed, and repeated calls to Proposition II.2.12 (iterated lcm) imply
that, if s′1| ··· |s′p andt′1| ··· |t′q are the paths occurring on the right and the bottom of the
grid, thenft′1 ···t′q, which is alsogs′1 ···s′p, is a right-lcm ofs andt.

By merging Lemmas 2.36 and 2.37, we obtain

Proposition 2.38(existence of lcm). If S is a solid Garside family in a left-cancellative
categoryC, the following are equivalent:

(i) Any two elements ofS with a common right-S-multiple admit a right-S-lcm.
(ii) The categoryC admits conditional right-lcms, that is, any two elements ofC with

a common right-multiple admit a right-lcm.

Of course, a variant of the above result not assuming that theconsidered Garside
family is solid can be obtained by replacingS with S♯.
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2.4 Categories with unique right-lcms

As shown in Example 2.33, the proof of Proposition 2.31 givesan effective method for
constructing a smallest Garside family. However the methodis not really effective, as it
requires finding all right-divisors of the elements of a family. Except in some very simple
cases, there is no practical method to do that. By contrast, we shall now describe a new
criterion that, in a more restricted context, provides a really effective method.

Hereafter, we consider the case of a left-cancellative categoryC that contains no non-
trivial invertible elements and admits conditional right-lcms. In this case, a right-lcm is
unique when it exists; conversely, no invertible element may exist when right-lcms are
unique. We can therefore equivalently say thatC admit unique conditional right-lcms.
ThenS♯ = S ∪ 1C holds for every subfamilyS, and right-lcm is a well defined (partial)
binary operation. Associated comes a right-complement operation (Definition II.2.11):
for f, g in C admitting a common right-multiple, the right-complementf\g is the (unique)
elementg′ such thatfg′ is the right-lcm off andg. For instance, in the free Abelian
monoidNn based on{a1, ... , an} (Reference Structure 1, page 3), the right-lcm ofai
andaj is aiaj for i 6= j, and isai for i = j, and we findai\aj = aj for i 6= j and
ai\aj = 1 for i = j. Similarly, in the case of braids (Reference Structure 2, page 5),
unique right-lcms also exist, and we findσi\σj = σjσi for |i − j| = 1, σi\σj = σj for
|i− j| > 2, andσi\σj = 1 for i = j.

Lemma 2.39.For every subfamilyS of a left-cancellative categoryC that is right-Noether-
ian and admits unique conditional right-lcms, the following are equivalent:

(i) The familyS♯ is closed under right-complement (in the sense of Definition1.3);
(ii) The familyS♯ is closed under\, that is, ifs andt belong toS♯, then so doess\t

when defined, that is, whens andt admit a common right-multiple.

The proof just consists in applying the definitions and it is left to the reader. Owing to
Lemma 2.39, Corollary 2.29 and Lemma 2.28 directly imply:

Proposition 2.40(recognizing Garside, right-complement case).A subfamilyS of a
left-cancellative categoryC that is right-Noetherian and admits unique conditional right-
lcms is a Garside family if and only ifS♯ generatesC and is closed under right-lcm and
right-complement.

Corollary 2.41 (smallest Garside).For every generating subfamilyS of a left-cancellat-
ive categoryC that is right-Noetherian and admits unique conditional right-lcms, the
smallest Garside=×-closed family that includesS is the closure ofS under the right-lcm
and right-complement operations.

The difference between this description of the smallest Garside family and the one
of Proposition 2.31 is that the right-lcm and the right-complement are functional opera-
tions (at most one result for each choice of the arguments). Moreover, these operations
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can be computed easily whenever one is given a presentation(S,R) of the ambient cat-
egory for which right-reversing is complete. Indeed, Proposition II.4.46 (common right-
multiple) implies that, for allS-pathsu, v that represent elements admitting a common
right-multiple, there exist a unique pair ofS-pathsu′, v′ such thatuv is R-reversible
to v′u′, in which caseuv′ (andvu′) represent the right-lcm of[u] and[v], whereasv′ rep-
resents[v]\[u] andu′ represents[u]\[v]. So closing under right-lcm and right-complement
essentially means, at the level ofS-paths, closing under right-reversing.

Example 2.42(smallest Garside). Consider the braid monoidB+

4 (Reference Struc-
ture 2, page 5). The atoms areσ1, σ2, σ3. To find the smallest Garside family ofB+

4 , we
start withS0 = {σ1, σ2, σ3} and defineSi+1 to beSi completed with the right-lcms (resp.
right-complements) of elements ofSi wheni is odd (resp. even). One finds

S1 = S0 ∪ {σ1σ2σ1, σ2σ3σ2, σ1σ3},
S2 = S1 ∪ {1, σ1σ2, σ2σ1, σ2σ3, σ3σ2, σ1σ2σ3, σ3σ2σ1,

σ2σ1σ3σ2, σ2σ1σ3σ2σ1, σ1σ2σ3σ1σ2},
S3 = S2 ∪ {∆4, σ2σ3σ1, σ1σ3σ2σ1σ3, σ1σ2σ1σ3, σ2σ3σ2σ1, σ1σ2σ3σ2, σ1σ3σ2σ1},
S4 = S3 ∪ {σ1σ3σ2},
S5 = S6 = S4.

Hence the smallest Garside familyS in B+

4 that contains1, is the collection of the 24
divisors of∆4. Removing the saturation condition amounts to removing1, so the smallest
Garside family inB+

4 is the collection of the 23 nontrivial divisors of∆4.

2.5 Finite height

We saw in Subsection 2.2 that local conditions, namely conditions involving the elements
of the considered Garside family only, guarantee right-Noetherianity. It is natural to ad-
dress a similar question in the case of strong Noetherianity, that is, when every element
has a finite height. We shall establish now a partial result, in the case when the height is
uniformly bounded on the considered Garside family.

We recall from Proposition II.2.48 (finite height) that an elementg has height at
mostm if every decomposition ofg contains at mostm non-invertible entries.

Proposition 2.43(finite height). If C is a left-cancellative category andht(s) 6 K holds
for everys in some Garside familyS of C, thenC is strongly Noetherian andht(g) 6 Kp

holds for every elementg of C satisfying‖g‖S 6 p.

Proposition 2.43 follows from a stronger technical result—we shall see in Chapter XI
a situation where only the latter is relevant.

Lemma 2.44. Assume thatC is a left-cancellative category,S is a Garside family ofC,
and there exists a mapK : Obj(C) → N satisfying∀g ∈ S(-, y) (ht(g) 6 K(y)) and
such thatC(y, y′) 6= ∅ impliesK(y) 6 K(y′). Thenht(g) 6 K(y)p holds for everyg
in C(-, y) satisfying‖g‖S 6 p.
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Proof. As a preliminary remark, we observe thatht(g) 6 K(y) for everyg in S♯(-, y).
Indeed, by (the counterpart of) Lemma II.2.44(i),g′ =× g impliesht(g′) = ht(g).

Assume thatg belongs toC(-, y) and satisfies‖g‖S 6 p. Theng lies in (S♯)p(-, y).
By assumption,g has anS-normal decomposition of lengthp, says1| ··· |sp. Let t1| ··· |tq
be an arbitrary decomposition ofg. Ass1 ···sp = t1 ···tq holds, Proposition 1.15, which is
relevant by Proposition 1.24, guarantees the existence of arectangular grid as in Figure 8,
where the edges and diagonals of the squares lie inS♯. LetN(j) be the number of non-
invertible elements on thejth row of the diagram. We claim thatN(j) 6 K(y)p−j holds.

Indeed, lett1,j , ... , tq,j be the elements ofS♯ that appear on thejth row of the diagram
and, similarly, letsi,1, ... , si,p be those appearing on thejth column. We use induction
on j decreasing fromp to 0. For j = p, all elementsti,j left-divides1y, so they all must
be invertible, andN(p) = 0 6 K(y)0 holds.

Assume thatti,j is non-invertible in thejth row. In that row,ti,j is followed by a
certain number of invertible entries, sayn (possibly zero). Let us evaluate how many of
the entriesti,j−1, ... , ti+n,j−1 may be non-invertible. Locally, the diagram looks like

ti,j−1 ti+1,j−1 ti+n,j−1

ti,j ti+1,j ti+n,j

si−1,j si+n,j

yi+n,j .

By assumption,si−1,jti,j belongs toS♯ and ti+1,j , ... , ti+n,j are invertible, sosi−1,j

ti,j ···ti+n,j , which is alsoti,j−1 ···ti+n,j−1si+n,j , belongs toS♯. It follows that, among
ti,j−1, ... , ti+n,j−1 (andsi+n,j), there are at mostK(yi+n,j) non-invertible entries, where
yi+n,j is the common target ofti+n,j andsi+n,j . By construction, there exists a path
from yi+n,j to y in the diagram, soC(yi+n,j , y) is nonempty and, therefore, we have
K(yi+n,j) 6 K(y). Thus every non-invertible arrow in thejth row gives rise to at most
K(y) non-invertible arrows in the above row. Actually, the number is even at mostK(y)−
1, unlesssi+n,j is invertible, in which case the number of non-invertible elements at the
right of si+n,j is the same on thejth and(j−1)th rows. The block of invertible elements
possibly starting witht1,j together with the vertical arrows1,j may result inK(y) more
non-invertible elements on the(j − 1)th row. Finally, an easy bookkeeping argument
shows that, in all cases, the number of non-invertible elements on the(j − 1)th row
is at most(N(j) + 1)(K(y) − 1) + 1, hence, using the induction hypothesis, at most
K(y)p−j+1. Forj = 0, we obtainN(0) 6 K(y)p, which is the expected result.

Finally, asS is a Garside family, every elementg of C satisfies‖g‖S 6 p for somep,
and, therefore,ht(g) is finite for every element ofC.

Proof of Proposition 2.43.The result directly follows from Lemma 2.44 since, ifht(s) 6 K
holds for everys in S, then Conditions (i) and (ii) of Lemma 2.44 are satisfied for the con-
stant function with valueK.

Specializing, we obtain

Corollary 2.45 (finite height). Every left-cancellative categoryC that admits a finite
Garside family whose elements have a finite height is strongly Noetherian.
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t1 t2 tq

t1,1 t2,1 tq,1

t1,q−1 t2,q−1 tq,p−1

t1,p t2,p tq,p

s1

sp

1y

1y

y

Figure 8.Proof of Proposition 2.43: get an upper bound on the number of non-invertible elements on
each row of the diagram, starting from the bottom.

3 Geometric and algorithmic applications

We return to the general context of arbitrary left-cancellative categories, and use the clo-
sure properties introduced in Section 1 to derive new geometric and algorithmic results
completing those of Section III.3. The main point is the existence of presentations that
involve short relations and give rise to quadratic isoperimetric inequalities.

The section is organized as follows. In Subsection 3.1, we show that every Garside
family provides distinguished presentations of the ambient category, and we observe that
the latter satisfy quadratic isoperimetric inequalities.In Subsection 3.2, we deduce new
solutions for the Word Problem of a category or its enveloping groupoid using the previous
presentations and right-reversing (Section II.4) rather than appealing to normal decompo-
sitions. Finally, in Subsection 3.3, we discuss the specificcase of categories that admit
unique right-lcms.

3.1 Presentations

We show that every Garside family in a left-cancellative category provides a simple ex-
plicit presentation. The point is the following direct consequence of Proposition 1.15.

Lemma 3.1. Assume thatC is a left-cancellative category andS is a generating sub-
family that is closed under right-complement. Then each equality s1 ···sp = t1 ···tq with
s1, ... , tq in S satisfied inC is the consequence of

(i) pq relations of the formst′ = ts′ with s, t, s′, t′ in S, and
(ii) p+ q relations of the formǫ = ǫ′ǫ′′ with ǫ, ǫ′, ǫ′′ in C×\ 1C .

If S is closed under right-divisor and right-comultiple, we maymoreover assume that the
relationsst′ = ts′ involved in(i) satisfyst′ ∈ S.

Proof. Assumes1 ···sp = t1 ···tq with s1, ... , tq in S. Applying Proposition 1.15(i) with
f = g = 1y, wherey is the target ofsp andtq, we obtain a commutative diagram as
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in Figure 9, in which the edges of the squares all represent elements ofS and, therefore,
each square corresponds to an equality of the formst′ = ts′ with s, t, s′, t′ in S.

Moreover, as we have1y = s′1 ···s′p = t′1 ···t′q, each ofs′1, ... , s
′
p, t

′
1, ... , t

′
q, andh is

invertible. Therefore the right and bottom parts of the diagram split into triangular pieces
with invertible labels that correspond to relations of the form ǫ = ǫ′ǫ′′ with ǫ, ǫ′, ǫ′′ in C×.

If S is closed under right-divisor and right-comultiple, Proposition 1.15(ii) says that
we may assume that the diagonal of each rectangle represent an element ofS, hence that,
in the corresponding relationst′ = ts′, the diagonalst′ lies inS.

t1 tq

t′1 t′q

s1 s′1

sp s′p

1y

1y

h

Figure 9.Factorization of the equality s1 ···sp = t1 ···tq by means of pq relations of the type st′ = ts′

with s, t, s′, t′ in S, plus p + q relations ǫ = ǫ′ǫ′′ with ǫ, ǫ′, ǫ′′ invertible.

Definition 3.2 (families RC(S) and R×

C (S)). ForC a left-cancellative category andS a
subfamily ofC, we defineRC(S) to be the family of all relationsr = st with r, s, t in S
that are satisfied inC, andR×

C (S) to be the family of all relations
(i) rǫ = st with r, s, t in S \ C×andǫ in C×,
(ii) ǫs = s′ǫ′ with s, s′ in S \ C×andǫ, ǫ′ in C×,
(iii) ǫ = ǫ′ǫ′′ with ǫ, ǫ′, ǫ′′ in C×,

that are satisfied inC.

Note thatR×

C (S) contains as a particular case of type (ii) all relations of the form
ǫs = s′ ands = s′ǫ′ with s, s′ in S \ C×andǫ, ǫ′ in C×. We first consider the case of solid
Garside families.

Lemma 3.3. Assume thatC is a left-cancellative category andS is a solid subfamily
of C that generatesC and is closed under right-comultiple. ThenC admits the presenta-
tion 〈S |RC(S)〉+, and each equalitys1 ···sp = t1 ···tq with s1, ... , tq in S satisfied inC is
the consequence of2pq + p+ q relations ofRC(S).

Proof. First, by Proposition 1.23,S is closed under right-divisor, right-comultiple, and
right-complement and, therefore, it is eligible for Lemma 3.1. Then every relations|t′ =
t|s′ of Lemma 3.1(i) withs, t, s′, t′ and st′ in S is the consequence of two relations
of RC(S), namelys|t′ = r andt|s′ = r with r = st′. On the other hand, every relation
r = st of Lemma 3.1(ii) is either a free groupoid relation1xs = s, s1y = s, orss−1 = 1x,
that is implicit in every presentation, or a relation involving three elements ofC× \ 1C ,
which belongs toRC(S) since, by Lemma 2.2,C×\ 1C is included inS.



206 IV Garside families

By Lemma 3.1, every equalitys1 ···sp = t1 ···tq with s1, ... , tq in S follows from pq
relations of type (i) andp + q relations of type (ii), hence from2pq + p + q relations
of RC(S).

Proposition 3.4(presentation, solid case).If S is a solid Garside family in a left-cancell-
ative categoryC, thenC admits the presentation〈S |RC(S)〉+.

Proof. By Proposition 2.4, the assumption thatS is solid implies thatS generatesC and
is closed under right-divisor. AsS is Garside family,S is closed under right-comultiple.
Then we apply Lemma 3.3.

In other words, wheneverS is a solid Garside family, the family of all valid relations
r = st with r, s, t in S makes a presentation of the ambient category fromS.

We now address arbitrary Garside families using the fact that, if S is a Garside family,
thenS♯ is a solid Garside family. We begin with a comparison ofRC(S♯) andR×

C (S).

Lemma 3.5. If S is a subfamily of a left-cancellative categoryC, every relation ofR×

C (S)
is the consequence of at most two relations ofRC(S♯), and every relation ofRC(S♯) is
the consequence of at most five relations ofR×

C (S).

Proof. Every relation ofR×

C (S) of type (i) or (ii) has the formst′ = ts′ with s, t, s′, t′

in S♯ such thatr = st′ lies in S♯, hence it is the consequence of the two corresponding
relationsst′ = r andts′ = r, which lie inR×

C (S). On the other hand, every relation
of R×

C (S) of type (iii) is a relation ofRC(S♯).
Conversely, lett1, t2, t3 belong toS♯ andt1t2 = t3 be a relation ofRC(S♯), that is,

t1t2 = t3 holds inC. Assume first thatt1 andt2 are invertible. Thent3 is invertible as
well, andt1t2 = t3 is a relation ofR×

C (S) of type (iii).
Assume now thatt1 is invertible andt2 is not. Thent3 is not invertible either, sot2

andt3 lie in (S \ C×)C×. Hence, fori = 2, 3, we haveti = siǫi for somesi in S \ C×
andǫi in C×. Then the equalityt1t2 = t3 follows from the path derivation

t1|t2 ≡(ii) t1|s2|ǫ2 ≡(ii) s3|ǫ3ǫ−1
2 |ǫ2 ≡(iii) s3|ǫ3 ≡(ii) t3,

which involves three relations ofR×

C (S) of type (ii) and one of type (iii).
Assume now thatt2 is invertible andt1 is not. Thent3 is not invertible, andt1 andt3

lie in (S \ C×)C×. As above, writet1 = s1ǫ1 with s1 in S \ C× andǫ1 in C×. Then the
equalityt1t2 = t3 follows from the path derivation

t1|t2 ≡(ii) s1|ǫ1|t2 ≡(iii) s1|ǫ1t2 ≡(ii) t3,

which involves two relations ofR×

C (S) of type (ii) and one of type (iii).
Assume finally that neithert1 nor t2 is invertible. Thent3 is not invertible. For

i = 1, 3 write ti = siǫi with si in S \ C×andǫi in C×. By assumption,C×S ⊆ S♯ holds, so
we must haveǫ1t2 = t′2ǫ

′
1 for somet′2 in S \ C×andǫ′1 in C×. Then the equalityt1t2 = t3

follows from the path derivation

t1|t2 ≡(ii) s1|ǫ1|t2 ≡(ii) s1|t′2|ǫ′1 ≡(i) s3|ǫ3ǫ′1−1|ǫ′1 ≡(iii) s3|ǫ3 ≡(ii) t3,

which involves one relation ofRC(S) of type (i), three of type (ii), and one of type (iii).
So every relation ofRC(S♯) follows from at most five relations ofRC(S).
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We can now establish the general result.

Proposition 3.6(presentation). If S is a Garside family in a left-cancellative categoryC,
thenC admits the presentations〈S♯ |RC(S♯)〉+ and〈S ∪ C×|R×

C (S)〉+.

Proof. By Lemma 2.3,S♯ is a solid Garside family. By Proposition 1.24,S♯ is closed
under right-comultiple, and, therefore, it is eligible forProposition 3.4, so thatC admits
the presentation〈S♯ |RC(S♯)〉+. On the other hand,S♯ generatesC and, by Lemma 3.5,
the familiesRC(S♯) andR×

C (S) generate the same congruence. So〈S♯ |R×

C (S)〉+ is also
a presentation ofC.

When the ambient categoryC contains nontrivial invertible elements, the presentation
(S♯,RC(S♯)) is likely to be redundant, and(S ∪ C×,R×

C (S)) is more compact. Note that
(S♯,RC(S♯)) and(S ∪ C×,R×

C (S)) are finite ifS andC×are finite.

Example 3.7 (presentation). Consider the braid monoidB+

3 (Reference Structure 2,
page 5) with the solid Garside familyS = {1, a, b, ab, ba,∆}, where∆ stands foraba.
Then the familyRC(S) consists of the six relationsa|b = ab, b|a = ba, ab|a = ∆,
ba|b = ∆, a|ba = ∆, andb|ab = ∆, plus all relations1|s = s ands|1 = s.

Consider now the wreathed free Abelian monoid̃Nn (Reference Structure 6, page 19)
with the Garside familySn. ThenSn has2n elements and(Ñn)×, which is isomorphic
to Sn, hasn! elements. The familyR

fNn(S×

n ), which includes the complete diagram of
the cubeSn, plus the complete table of the groupSn, plus all semicommutation relations
between the latter, is redundant. Restricting to atoms ofSn and extracting a generating
family for Sn leads to the more compact presentation (I.3.5).

We conclude with the enveloping groupoid. By Proposition II.3.11 (Ore’s theorem),
if C is a left-Ore category, every presentation ofC is automatically a presentation of the
enveloping groupoidEnv(C). So Proposition 3.6 directly implies

Corollary 3.8 (presentation). If S is a strong Garside family in a left-Ore categoryC,
then the groupoidEnv(C) admits the presentations〈S♯ |RC(S♯)〉 and〈S ∪ C×|R×

C (S)〉.
A direct application of the rectangular grids of Figure 9 is the satisfaction of quadratic

isoperimetric inequalities.

Definition 3.9 (isoperimetric inequality). Assume thatC is a category,(S,R) is a pre-
sentation ofC, andF is a function ofN to itself. We say thatC satisfies aF -isoperimetric
inequalitywith respect to(S,R) if there exist a constantK such that, for allS-pathsu, v
representing the same element ofC and satisfyinglg(u) + lg(v) 6 n with n > K, there
exists anR-derivation of length at mostF (n) from u to v.

In practice, only the order of magnitude of growth rate of thefunctionF matters, and
one speaks of linear, quadratic, cubic... isoperimetric inequality. If the categoryC is a
groupoid, it is sufficient to consider one wordw that represents an identity-element.
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Every categoryC satisfies a linear isoperimetric inequality with respect tothe exhaus-
tive presentation(C,R) with R consisting of all relationsfg = h that are satisfied inC,
so the notion is meaningful mostly for finite presentations.It is known [117] that switch-
ing from one finite presentation to another one does not change the order of magnitude of
a minimal functionF for which an isoperimetric inequality is satisfied.

As the presentations(S♯,RC(S♯)) and(S ∪ C×,R×

C (S)) associated with a Garside
family are eligible for Proposition 3.4, we immediately obtain:

Proposition 3.10(isoperimetric inequality, positive case).If S is a Garside family in
a left-cancellative categoryC, thenC satisfies a quadratic isoperimetric inequality with
respect to the presentations(S♯,RC(S♯)) and(S ∪ C×,R×

C (S)).

In the case of a left-Ore category, the result extends to the enveloping groupoid.

Proposition 3.11(isoperimetric inequality, general case).If S is a strong Garside fam-
ily in a left-Ore categoryC, thenEnv(C) satisfies a quadratic isoperimetric inequality
with respect to the presentations(S♯,RC(S♯)) and(S ∪ C×,R×

C (S)).

Proof. Assume thatw is a signedS♯-path of lengthn that represents an identity-element
in Env(C). Owing to Proposition 3.10, it suffices to show that, using atmostO(n2)
relations ofRC(S♯), we can transformw into an equivalent negative–positive pathuv with
the same length. Indeed, the assumption thatw represents an identity-element implies that
u andv represent the same element ofC, and, by Proposition 3.10, we know thatu can
transformed intov usingO(n2) relations, henceuv can be transformed into an empty
path usingO(n2) relations ofRC(S♯).

Now, exactly as in Algorithm III.3.61 (Word Problem, general case), we can start from
the signed pathw and, callingp (resp. q) the number of negative (resp. positive) entries
in w, apply at mostpq relations of the forms′t = t′s with s, t, s′, t′ in S♯ to transformw
into a negative–positive path of the expected type (we recall that the existence of a strong
Garside family inC implies thatC admits left-lcms, so the above relations can be chosen
so thats′t is a left-lcm ofs andt). By Lemma 3.4, each of the above relations, which
are of the type considered in Lemma 3.1, can be decomposed into at most five relations
of RC(S♯).

Going from(S♯,RC(S♯)) to (S ∪ C×,R×

C (S)) is then easy.

3.2 Word Problem

In Section III.3, we described algorithms that solve the Word Problem of a category and,
possibly, its groupoid of fractions using (symmetric) normal decompositions. Using the
presentations of Proposition 3.6, we obtain alternative algorithms that can be conveniently
described using the reversing method of Section II.4.
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We recall that the reversing method is useful only when some technical condition,
the completeness condition of Definition II.4.40, is satisfied. It turns out that, in gen-
eral, right-reversing is not complete for the presentation(S♯,RC(S♯)), see Exercise 56.
However, in this case, the failure of completeness is an easily fixed lack of transitivity.

Definition 3.12 (families R̂C(S) and R̂×

C (S)). For C a left-cancellative category andS
included inC, we defineR̂C(S) to be the family of all relationsst′ = ts′ with s, t, s′, t′,
andst′ in S that are satisfied inC, andR̂×

C (S) to be the family of all relations obtained
from relations ofR̂C(S) by choosing an expression for every element ofS♯ \ C× as a
product of an element ofS and an element ofC×and replacing elements ofS♯ with their
decompositions in terms ofS andC×.

In other words,R̂C(S) is the family of all relationsst′ = ts′ such that there existsr
in S such that bothr = st′ andr = ts′ are relations ofRC(S). So, by definition,RC(S)

is included inR̂C(S), whereas every relation of̂RC(S) follows from at most two relations
of RC(S). Hence(S,RC(S)) and(S, R̂C(S)) are equivalent presentations.

Lemma 3.13. If S is a Garside family in a left-cancellative categoryC, right-reversing
is complete for the presentations(S♯, R̂C(S)) and(S ∪ C×, R̂×

C (S)).

Proof. The result directly follows from Proposition 1.15. Indeed,assume thatu, v, û, v̂
areS♯-paths anduv̂ andvû represent the same element ofC. Assumeu = s1| ··· |sp,
v = t1| ··· |tq, and letf̂ = [û], ĝ = [v̂]. Then, inC, we haves1 ···spĝ = t1 ···tq f̂ . As S♯
is a solid Garside family, it satisfies the hypotheses of Proposition 1.15(ii), and the latter
implies the existence of a grid as in Figure 2, with edges and diagonals of the squares
lying in S♯. Using the notation of the figure, putu′ = s′1| ··· |s′p andv′ = t′1| ··· |t′q,
and letw be anS♯-path representing the elementh. Then, by definition, the pathuv
is right-reversible tov′u′ with respect toR̂C(S), whereaŝu is R̂C(S)-equivalent tou′w
and v̂ is R̂C(S)-equivalent tov′w. Thusu′, v′, w witness for the expected instance of
completeness.

The translation for(S ∪ C×, R̂×

C (S)) is easy.

Then right-reversing provides a new way of deciding whethertwo paths represent the
same element in the ambient category.

Algorithm 3.14 (Word Problem, positive case).

Context: A left-cancellative categoryC, a Garside subfamilyS of C such thatR̂C(S♯) is
finite, a decision test for the membership and Word Problems of C×

Input: Two S♯-pathsu, v
Output: YES if u andv represent the same element ofC, NO otherwise

: compute all positive–negative pathsw1, ... , wN into whichuv is right-reversible with
respect toR̂C(S)

: for i increasing from1 toN do
: if wi belongs to(C×)∗ and[wi] belongs to1C then
: return YES andexit
: return NO
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Proposition 3.15 (Word Problem, positive case). If S is a Garside family in a left-
cancellative categoryC andR̂C(S♯) is finite, then Algorithm 3.14 solves the Word Prob-
lem ofC with respect toS♯.

Proof. First, as all relations of̂RC(S) involve words of length at most two, everŷRC(S)-
reversing terminates in finitely many steps, and the computation of the pathswi is feasible.
So Algorithm 3.14 always returns YES or NO.

Assume[u] = [v]. Let y be the target ofu (andv). By definition of completeness,
there existu′, v′, w such thatuv is R̂C(S)-right-reversible tov′u′, and we have1y =
[u′][w] = [v′][w]. It follows that [u′], [v′], and [w] consist of invertible entries, and
that v′u′ represents an identity-element. So, in this case, Algorithm 3.14 returns YES.
Conversely, if Algorithm 3.14 returns YES, we have[u][v′] = [v][u′] and[u′] = [v′] ∈ C×,
whence[u] = [v].

Corollary 3.16 (decidability). If S is a Garside family in a left-cancellative categoryC
andR̂C(S♯) is finite, the Word Problem ofC with respect toS♯ is decidable.

Note that the assumptions of Corollary 3.16 are slightly different from those of Corol-
lary III.3.60. Whenever̂RC(S♯) is finite, Algorithm 3.14 is effective. However, the pre-
sentation(S♯, R̂C(S♯)) need not be right-complemented: for each pair of elementss, t

in S♯, there are in general several relations of the forms... = t... in R̂C(S♯) and, there-
fore, there are in general several ways of reversing a signedworduv. If R̂C(S♯) comprises
m relations, there are at mostm possibilities for each reversing step, so, as the length can-
not increase, if we start with a path of lengthℓ, the only upper bound for the numberN
of positive–negative paths that can be reached using right-reversing ismℓ.

We now turn to the Word Problem for the enveloping groupoid ofa left-Ore category.
As recalled in the proof of Proposition 3.11 above, wheneverS is a strong Garside fam-
ily in a left-Ore category, we can use the relations ofRC(S♯) to transform an arbitrary
signedS♯-path into an equivalent negative–positive pathuv, and then apply any com-
parison algorithm to the pathsu andv. We can then repeat Algorithm III.3.61 replacing
Algorithm III.3.58 with Algorithm 3.14:

Algorithm 3.17 (Word Problem, general case).

Context: A left-Ore categoryC that admits left-lcms, a strong Garside subfamilyS of C
such thatR̂C(S♯) is finite, a short left-lcm selector̃θ for S♯

Input: A signedS♯-pathw
Output: YES if w represents an identity-element inEnv(C), NO otherwise

: left-reversew into a negative–positive pathvu usingθ̃
: compare[u] and[v] using Algorithm 3.14

Proposition 3.18(Word Problem). If S is a strong Garside family in a left-Ore cate-
goryC that admits left-lcms and̂RC(S♯) is finite, Algorithm 3.17 solves the Word Problem
of Env(C) with respect toS♯.
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Corollary 3.19 (decidability). If S is a strong Garside family in a left-Ore categoryC
that admits left-lcms and̂RC(S♯) is finite, Then the Word Problem ofEnv(C) with respect
to S♯ is decidable.

If the Garside family turns out to be perfect (Definition III.3.6), that is, whenS♯ is
closed under left-lcm, the description of Algorithm 3.17 becomes more symmetric: in this
case, the conjunction ofs′ = θ̃(s, t) andt′ = θ̃(t, s) implies thatst′ = t′s is a relation
of R̂C(S♯), so that left-̃θ-reversing coincides with left-̂RC(S♯)-reversing. In this case,
Algorithm 3.17 corresponds to left-reversing the signed word w into a negative–positive
path and then right-reversing the latter, both times using the set of relationŝRC(S♯).

Example 3.20(Word Problem). As in Example III.3.65, let us consider the braid groupB3

and start with the initial wordb|a|b|b|b|a. The first step in Algorithm 3.17 is the same as
in Algorithm III.3.61, namely left-reversing the given word using the left-lcm selector̃θ,
thus leading to the negative–positive worda|a|1|ba|b|a. Step 2 now is different: instead
of normalizing the numerator and denominator of the above fractionary word, we com-
pare them using right-reversing. In the current case, the positive words to be compared
area|a andba|b|a. Using the presentation of Example 3.7, we check that right-reversing
transformsa|a|1|ba|b|a into the wordba|ab|ba. The latter is nonempty, so we conclude
again that the initial word does not represent1 in B3.

3.3 The case of categories with lcms

As already observed, although their theoretical complexity is quadratic in good cases, Al-
gorithms 3.14 and 3.17 need not be efficient when compared with the methods of Chap-
ter III based on normal decompositions: reversing is non-deterministic in general, and
exhaustively enumerating all paths into which a signed pathcan be reversed is tedious
and inefficient.

However, there exists particular cases when the method is interesting in practice,
namely when reversing is deterministic, that is, when thereexists at most one way of re-
versing a given path. By Definition II.4.2, this correspondsto the case of right-complem-
ented presentations, which, by Corollary II.4.47 (right-lcm) can happen only in the case
of categories that admit conditional right-lcms. We shall see now that, in the latter case,
reversing does provide efficient algorithms.

It follows from their definition that, except in very simple cases (like the first one in
Example 3.7), the presentations(S♯, R̂C(S)) and(S∪C×, R̂×

C (S)) are not right-complem-
ented, as, for alls, t in S♯, there may in general exist several common right-multiplesof s
andt that lie inS♯. However, whenever right-lcms exist, there exist alternative presen-
tations that are more economical. For simplicity we only consider the case of categories
with no nontrivial invertible element. We recall that a left-cancellative categoryC is said to
admit conditional right-lcms if any two elements ofC that have a common right-multiple
have a right-lcm and, from Definition III.2.28, we recall that, in such a case, a right-lcm
selector on a subfamilyS of C is a partial mapθ from S × S to S∗ such that, for alls, t
in S admitting a common right-multiple, the pathss|θ(s, t) andt|θ(t, s) both represent
some right-lcm ofs andt, the same one fors andt. In a category that admits no nontrivial
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invertible element, right-lcms are unique when they exist,but right-lcm selectors need not
be unique as an element of the category may admit severalS-decompositions.

Proposition 3.21(right-lcm selector). Assume thatS is a generating family of a left-
cancellative categoryC that has no nontrivial invertible element. Assume moreoverthat
C is right-Noetherian, or thatS is closed under right-complement. Then the following are
equivalent:

(i) The categoryC admits conditional right-lcms;
(ii) The categoryC admits a right-complemented presentation(S,R) for which right-

reversing is complete;
(iii) For every right-lcm selectorθ on S, the pair(S,Rθ) is a presentation ofC for

which right-reversing is complete.

Proof. By Corollary II.4.47 (right-lcm), we know that (ii) implies(i), and (iii) implies (ii)
since, by definition, a right-lcm selector is a syntactic right-complement, and the derived
presentation(S,Rθ) is right-complemented. So the point is to prove that (i) implies (iii)
when at least one of the assumptions of the proposition is satisfied. So, letθ be a right-lcm
selector onS. We writey for right-reversing associated withRθ.

Assume first thatC is right-Noetherian. Letλ be a right-Noetherianity witness onC.
We shall prove using induction on the ordinalα the statement

(Hα)
For allS-pathsu, v, û, v̂ satisfying[uv̂] = [vû] andλ([uv̂]) 6 α, there exist
S-pathsu′, v′, w satisfyinguv y v′u′, [û] = [u′w], and[v̂] = [v′w].

For α = 0, the only possibility is thatu, v, û, v̂ are empty, and the result is true with
u′, v′ andw empty. So assumeα > 0, and letu, v, û, v̂ satisfying [uv̂] = [vû] and
λ([uv̂]) 6 α. If u is empty, the result is true withu′ = w = u and v′ = v, and
similarly if v is empty. So assume that neitheru nor v is empty. Writeu = s|u0 and
v = t|v0 with s and t in S, see Figure 10. By assumption,[uv̂] is a common right-
multiple of s and t, hence it is a right-multiple of their right-lcm[sθ(s, t)]. By defi-
nition, sθ(s, t) = tθ(t, s) is a relation ofRθ, so s|t y θ(s, t)|θ(t, s) is satisfied. As
[uv̂] is a right-multiple of[sθ(s, t)], hence[θ(s, t)] is a right-multiple of[u0] sinceC
is left-cancellative, so there exists anS-pathw0 satisfying[u0v̂] = [θ(s, t)w0] and, for
symmetric reasons,[v0û] = [θ(t, s)w0]. By assumption, we have[sθ(s, t)w0] 6 α,
henceλ([θ(s, t)w0]) < α, and, similarly,λ([θ(t, s)w0]) < α. Then the induction
hypothesis guarantees the existence ofS-pathsu′0, v′0, u′1, v′1, w1, andw2 satisfying
u0θ(s, t) y v′1u

′
0, θ(t, s)v0 y v′0u

′
1, [û] = [u′1w1], [w0] = [v′0w1] = [u′0w2], and

[v̂] = [v′1w2]. Finally, as we haveλ([w0]) 6 λ([θ(t, s)w0]) < α, the induction hy-
pothesis guarantees the existence ofS-pathsu′2, v′2, andw satisfyingu′0v

′
0 y v′2u

′
2,

[w1] = [u′2w], and [w2] = [v′2w]. Put u′ = u′1u
′
2 and v′ = v′1v

′
2. Then we have

uv y v′u′, [û] = [u′1w1] = [u′1u
′
2w] = [u′w], and[v̂] = [v′1w2] = [v′1v

′
2w] = [v′w]. So

(Hα) is satisfied for everyα.
We then easily conclude. First(S,Rθ) is a presentation ofC. Indeed, assume that

u, v areS-paths that represent the same element ofC. Then applying(Hα) with û andv̂
empty andα = λ([u]) gives the existence ofu′, v′, w satisfyinguv y v′u′ and1y =
[u′w] = [v′w] wherey is the target ofu. As C is assumed to have no nontrivial invertible
element, the only possibility is thatu′, v′, andw be empty, which, by Proposition II.4.34
(reversing implies equivalence), implies thatu andv areRθ-equivalent.
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Finally, once we know that(S,Rθ) is a presentation ofC, the relation[u] = [v]
is equivalent tou ≡+

Rθ
v, and then the property expressed in(Hα) is exactly the one

defining the completeness of right-reversing for(S,Rθ).
Assume now thatS is closed under right-complement. As we are in the case of unique

right-lcms, Lemma 2.39 guarantees that, for alls, t in S having a common right-multiple,
there exists′, t′ in S ∪ 1C such thatst′ andt′s both are the right-lcm ofs andt. We then
prove using induction onℓ the statement

(H′
ℓ)

For allS-pathsu, v, û, v̂ satisfying[uv̂] = [vû] andlg(u) + lg(v) 6 ℓ, there
existS-pathsu′, v′, w satisfyinguv y v′u′, [û] = [u′w], and[v̂] = [v′w].

The argument is entirely similar to the one for the right-Noetherian case, the only differ-
ence being the parameter used to control the induction. So the conclusion is the same,
and, in both cases, (i) implies (iii).

w2

w1

w0

w

t v0

θ(s, t)

v′0

v′1 v′2

û

s

u0

θ(t, s)

u′0

u′1

u′2

v̂
Figure 10. Inductive proof of Proposition 3.21: the argument is the same in the right-Noetherian
case and in the case of S closed under right-complement, with the only difference that the induction
parameter is λ([uv̂]) in the first case, and lg(u) + lg(v) in the second case.

Example 3.22(lcm-selector). Consider the braid monoidB+

3 once more. There are two
ways of applying Proposition 3.21 for defining a presentation for which right-reversing is
complete. Let us first take forS the Garside family{1, a, b, ab, ba,∆}, which is closed
under right-complement. Then we may choose the right-lcm selector θ on S so that
the associated presentation is the one of Example 3.7 (the choice is not unique since,
for instance, we may pick for, say,θ(a, b) either the length one wordba or the length
two wordb|a)—thus retrieving the framework of Subsection 3.2. What Proposition 3.21
says is that right-reversing is necessarily complete in this case (this however was already
implicit in Proposition 3.15).

Now,B+

3 is right-Noetherian (and even strongly Noetherian, since it admits a homo-
geneous presentation), andA = {a, b} is a generating family. In terms ofA, the right-lcm
selector, sayθ′, is unique: for instance, the only possibility here isθ′(a, b) = b|a. The re-
sulting presentation is the Artin presentation with the unique relationaba = bab. Propo-
sition 3.15 guarantees that right-reversing is complete also for this presentation—but this
requires to first know thatB+

3 is left-cancellative and admits conditional right-lcms, so
this isnot an alternative to the direct approach based on the cube condition and Proposi-
tion II.4.16 (right-complemented).
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The assumption that there exists no nontrivial invertible element is crucial in Proposi-
tion 3.21: for instance, in the wreathed free Abelian monoidÑ2, writing a andb for the
generators ofN2 ands for the order two element, lcms exists, but no right-lcm selector
can provide the relations2 = 1.

When Proposition 3.21 is relevant, right-reversing is a deterministic process, and the
algorithms of Subsection 3.2 become efficient—and extremely simple. Then, by defini-
tion of completeness, right-reversing starting from a negative–positive pathuv is termi-
nating if and only the elements[u] and[v] admit a common right-multiple, hence always
if the ambient category admits right-lcms.

Algorithm 3.23 (Word Problem, positive case II).

Context: A left-cancellative categoryC that admits unique right-lcms, a presentation
(S,R) of C associated with a syntactic right-complementθ for which right-reversing
is complete

Input: Two S-pathsu, v
Output: YES if u andv represent the same element ofC, NO otherwise

: right-reverseuv into a positive–negative pathv′u′ usingθ
: if u′ andv′ are emptythen
: return YES
: else
: return NO

Proposition 3.24(Word Problem, positive case II). If C is a left-cancellative categoryC
that admits unique right-lcms and(S,R) is a right-complemented presentation ofC for
which right-reversing is complete, then Algorithm 3.23 solves the Word Problem ofC with
respect toS.

Proof. The only potential problem is the termination of right-reversing since we do not
assume that the involved right-complement is short. Now, asright-reversing is complete,
we know that right-reversing a negative–positive pathuv terminates if and only if the
elements ofC represented byu andv admit a common right-multiple. By assumption,
this is always the case inC.

For the general case of a left-Ore category with left-lcms, we can derive a new al-
gorithm by using left-reversing to transform an initial signed pathw into an equivalent
negative–positive pathuv and then apply Algorithm 3.23. However, in the case when
right-lcms exist, we can also forget about left-reversing and left-lcms and instead use a
double right-reversing.
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Algorithm 3.25 (Word Problem, general case II). See Figure 11

Context: A right-Ore categoryC that admits unique right-lcms, a presentation(S,R) of C
associated with a syntactic right-complementθ for which right-reversing is complete

Input: A signedS-pathsw
Output: YES if w represent an identity-element ofEnv(C), NO otherwise

: if w has different source and targetthen
: return NO
: else
: right-reversew into a positive–negative pathvu usingθ
: right-reverseuv into a positive–negative pathv′u′ usingθ
: if u′ andv′ are emptythen
: return YES
: else
: return NO

v v′

v

u u′
w

yR

yR

Figure 11.Solution of the Word Problem by means of a double right-reversing: right-reverse w into vu,
copy v, and right-reverse uv: the initial path w represents an identity-element if and only if the second
reversing ends with an empty path.

Proposition 3.26(Word Problem II). If C is a right-Ore category that admits unique
right-lcms and(S,R) is a right-complemented presentation ofC for which right-reversing
is complete, Algorithm 3.25 solves the Word Problem ofEnv(C) with respect toS.

Proof. The assumption thatC admits right-lcms guarantees that right-R-reversing ter-
minates. Starting with a pathw and using the notation of Algorithm 3.25, we see that
w represents an identity-element inEnv(C) if and only if vu does, hence if and only if
u andv represent the same element ofC, hence if and only ifuv reverses to an empty
path.

Example 3.27(Word Problem II). Return once more to the braid groupB3 and to the
signed wordb|a|b|b|b|a. Using Algorithm 3.25 with the family of generators{a, b}
leads to first right-reversing the initial word intoa|a|a|b|a|b; then we exchange the de-
nominator and the numerator, obtaining the negative–positive worda|b|a|a|a|b, which
we right-reverse in turn, obtaininga|b: the latter word is nonempty, we conclude that the
initial word does not represent1 in B3.
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3.3.1 Computing upper and lower bounds. As seen in Proposition II.3.15 (left-divisib-
ility), whenC is an Ore category, the left-divisibility relation ofC naturally extends into a
relation on the groupoid of fractionsEnv(C), namely the relation, written4C or simply4,
such thatf 4 g holds if there existsh in C satisfyingfh = g. This relation is a partial
preordering onEnv(C), a partial ordering ifC admits no nontrivial invertible element. It
directly follows from the definition that, iff, g are elements ofC, then a least common
upper bound (resp. a greatest common lower bound) off andg with respect to4 is (when
it exists) a right-lcm (resp. a left-gcd) off andg.

Lemma 3.28. Assume thatC is an Ore category. Then any two elements ofEnv(C) with
the same source admit a least common upper bound (resp. a greatest common lower
bound) with respect to4 if and only if any two elements ofC with the same source admit
a right-lcm (resp. a left-gcd).

We skip the easy proof. Then a natural computation problem arises whenever the
above bounds exist. The solution is easy.

Algorithm 3.29 (least common upper bound).

Context: A strong Garside familyS in an Ore categoryC that admits unique left- and
right-lcms, a right-lcm selectorθ and a left-lcm selector̃θ onS ∪ 1C

Input: Two signedS-pathsw1, w2 with the same source
Output: A signedS-path representing the least common upper bound of[w1] and[w2]

: left-reversew1w2 into a negative–positive pathuv usingθ̃
: right-reverseuv into a positive–negative pathv′u′ usingθ
: return w1v

′

The solution for greatest lower bound is entirely symmetric.

Algorithm 3.30 (greatest lower bound).

Context: A strong Garside familyS in an Ore categoryC that admits unique left- and
right-lcms, a right-lcm selectorθ and a left-lcm selector̃θ onS ∪ 1C

Input: Two signedS-pathsw1, w2 with the same source
Output: A signedS-path representing the greatest lower bound of[w1] and[w2]

: right-reversew1w2 into a positive–negative pathuv usingθ
: left-reverseuv into a negative–positive pathv′u′ usingθ̃
: return w1v′

Proposition 3.31(bounds). If S is a strong Garside family in an Ore categoryC that
admits unique left- and right-lcms, Algorithm 3.29 (resp. Algorithm 3.30) running on two
signedS-pathsw1 andw2 returns the least upper bound (resp. the greatest lower bound)
of [w1] and[w2] with respect to4.

Proof. First consider Algorithm 3.29. The assumption thatC admits left- and right-
lcms guarantees that the considered reversing processes terminate. Step 1 produces two
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S♯-pathsu, v such that, inEnv(C), we have[uv] = [w1w2], hence[w1] = g[u] and
[w2] = g[v] for someg, namely the common class of the signed pathsw1u andw2v.
By Corollary II.4.47 (right-lcm), the right-reversing in line 2 produces twoS-pathsu′, v′

such thatuv′ andvu′ both represent the right-lcm of[u] and[v], hence their least upper
bound with respect to4. As the partial ordering4 is invariant under left-multiplication,
the result follows.

The claim for Algorithm 3.30 follows in an analogous way, noting that, for allf, g in
Env(C) andh in C, the conditionsfh = g andf−1 = hg−1 are equivalent.

When we restrict Algorithms 3.29 and 3.30 to positive paths,we obtain algorithms that
determine right-lcms and left-gcds. In this case, Algorithm 3.29 is a mere right-reversing,
since the left-reversing step is trivial: the initial pathw1w2 is directly negative–positive.
Algorithm 3.30, however, provides a path that represents the left-gcd but, in general, it
need not be a positive path, although it must be equivalent toa positive path. In order to
obtain a positive output, a third reversing step has to be added.

Algorithm 3.32 (left-gcd).

Context: A strong Garside familyS in an Ore categoryC that admits unique left- and
right-lcms, a right-lcm selectorθ and a left-lcm selector̃θ onS ∪ 1C

Input: Two S-pathsu, v with the same source
Output: An S-path that represents the left-gcd of[u] and[v] in C

: right-reverseuv into a positive–negative pathv′u′ usingθ
: left-reversev′u′ into a negative–positive pathu′′|v′′ usingθ̃
: left-reverseuu′′ into a positive pathw usingθ̃
: return w

Proposition 3.33(left-gcd). If S is a strong Garside family in an Ore-category that ad-
mits unique left- and right-lcms, Algorithm 3.32 running ontwo S-pathsu, v returns a
positiveS-path that represents the left-gcd of[u] and[v].

Proof. It follows from Proposition 3.31 that, foru′′ as computed in line 2, the pathu u′′

represents the left-gcd of[u] and[v]. As u andv are both positive, this pathu u′′ must
be equivalent to some positive path, sayu0. Then the signed pathuu′′ u0 represents an
identity-element inEnv(C), so the positive pathsu andu0u

′′ are equivalent. Since, by
the counterpart of Proposition 3.21, left-reversing is complete for the considered presen-
tation, the pathuu′′ u0 is left-reversible to an empty path, that is, the left-reversing grid
constructed fromu u′′ u0 has empty arrows everywhere on the left and on the top. This
implies in particular that the subgrid corresponding to left-reversingu u′′ has empty ar-
rows on the left, that is, with our current notation, that thewordw computed in line 3 is
positive (and equivalent tou0).

Example 3.34(left-gcd). Let us consider for the last time the monoidB+

3 and the ele-
ments represented byu = a|b|b andv = b|a|b|b in the alphabetA = {a, b}. Right-
reversinguv using the right-lcm selector leads to the positive–negative wordab|a. Then
left-reversing the latter word using the left-lcm selectorleads to the negative–positive



218 IV Garside families

word b|ab. Finally, left-reversinga|b|b|b gives the positive worda|b, and we conclude
that the left-gcd of[u] and [v] in B+

3 is ab. Note that we used aboveS-words and the
associated lcm selector (whereS is the 6-element Garside family), but we could instead
useA-words and the initial right-complement associated with the Artin presentation: the
uniqueness of the final result guarantees that the words obtained after each step are pair-
wise equivalent.

Exercises

Exercise 36(closure of power). Assume thatC is a left-cancellative category andS
is included inC that is closed under right-complement, right-comultiple,and satisfies
S♯ = S. Show thatSp is closed under right-comultiple for each positivep.

Exercise 37(squarefree words). Assume thatA is a nonempty set. LetS be the family
of all squarefree words inA∗, that is, the words that admit no factor of the formu2. Show
thatS is a Garside family in the free monoidA∗. [Hint: Show that every word admits a
longest prefix that is squarefree.]

Exercise 38(multiplication by invertible). Assume thatC is a cancellative category, and
S is a subfamily ofC that is closed under left-divisor and contains at least one element
with sourcex for each objectx. Show thatS♯ = S holds.

Exercise 39(recognizing Garside). Assume thatC is a left-cancellative category. Show
that a subfamilyS of C is a Garside family if and only ifS♯ generatesC and is closed under
right-complement, and there existsH : S2 → S that satisfies (1.46)(i) and (1.46)(iii).
Show thatH is then the restriction of anS-head function toS2 \ C×.

Exercise 40(headvs. lcm). Assume thatC is a left-cancellative category,S is included
in C, andg belongs toC \ C×. Show thats is anS-head ofg if and only if it is a right-lcm
of Div(g) ∩ S.

Exercise 41(closed under right-comultiple). Assume thatC is a left-cancellative cate-
gory,S is a subfamily ofC, and there existsH : C \ C×→ S satisfying (1.46). Show that
S is closed under right-comultiple.

Exercise 42(power). Assume thatS is a Garside family a left-cancellative categoryC.
Show that, ifg1| ··· |gp is anSm-normal decomposition ofg andsi,1| ··· |si,m is anS-
normal decomposition ofgi for everyi, thens1,1| ··· |s1,m|s2,1| ··· |s2,m| ··· |sp,1| ··· |sp,m
is anS-normal decomposition ofg.

Exercise 43(mcm of subfamily). Assume thatC is a left-cancellative category andS is a
subfamily inC such thatS♯ generatesC and, for alls, t in S♯, any common right-multiple
of s andt is a right-multiple of some right-mcm ofs and t. Assume moreover thatC
is right-Noetherian, or thatS♯ is closed under right-complement. Show thatC admits
right-mcms.
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Exercise 44(not right-Noetherian). Let M be the submonoid ofZ2 consisting of the
pairs(x, y) with y > 0 plus the pairs(x, 0) with x > 0. (i) Show thatM is neither left-
nor right-Noetherian. (ii) LetS = {ap | p > 0} ∪ {bi | i > 0}. Show thatS is a Garside
family in M . (iii) Show that theS-head of(x, y) is (x, y) if it lies in S and is(0, 1)
otherwise. Show that theS-normal decomposition of(x, y) is (b0, ... , b0, a

x), y timesb0,
for x > 0, and is(b0, ... , b0, b|x|), y − 1 timesb0, for x 6 0.

Exercise 45(no conditional right-lcm). LetM be the monoid generated bya, b, a′, b′

subject to the relationsab=ba, a′b′=b′a′, aa′=bb′, a′a=b′b. (i) Show that the cube con-
dition is satisfied on{a, b, a′, b′}, and that right- and left-reversing are complete for the
above presentation. (ii) Show thatM is cancellative and admits right-mcms.
(iii) Show thata andb admit two right-mcms
in M , but they admit no right-lcm. (iv) Let
S = {a, b, a′, b′, ab, a′b′, aa′, a′a}, see dia-
gram on the side. Show thatS is closed un-
der right-mcm, and deduce thatS is a Gar-
side family inM . (v) Show that the (unique)
strict S-normal decomposition of the ele-
menta2b′a′2 is ab|a′b′|b′. 1

a b a′ b′

ab aa′ a′a ab′

Exercise 46(lifted omega monoid). LetMω be the lifted omega monoid of Exercise 14,
which is right-Noetherian. LetS = {ap | p > 0}∪{bi | i 6 0}. (i) Show thatS is closed
under right-divisor. (ii) Show that, whenevers andt have a common right-multiple, then
s 4 t or t 4 s is satisfied so thats or t is a right-lcm ofs andt. Deduce thatMω admits
conditional right-lcms and thatS is closed under right-lcm. (iii) Show thatS is a Garside
family in Mω, and so is every family of the form{ap | p > 0} and{bi | i ∈ I} with I
unbounded on the left. (iv) Show thatMω admits no minimal Garside family.

Exercise 47(solid). Assume thatC is a left-cancellative category andS is a generating
subfamily ofC. (i) Show thatS is solid inC if and only if S includes1C and it is closed
under right-quotient. (ii) Assume moreover thatS is closed under right-divisor. Show
thatS includesC×\1C , thatǫ ∈ S ∩C× impliesǫ−1 ∈ S, and that andC×S = S holds, but
that thatS need not be solid.

Exercise 48(solid). LetM be the monoid〈a, e | ea = a, e2 = 1〉+. (i) Show that every
element ofM has a unique expression of the formapeq with p > 0 andq ∈ {0, 1}, and
thatM is left-cancellative. (ii) LetS = {1, a, e}. Show thatS is a solid Garside family
in M , but thatS = S♯ does not hold.

Exercise 49(not solid). LetM = 〈a, e | ea = ae, e2 = 1〉+, andS = {a, e}. (i) Show
thatM is left-cancellative. [Hint:M is N × Z/2Z] (ii) Show thatS is a Garside family
of M , butS is not solid inM . [Hint: ea right-dividesa, but does not belong toS.]

Exercise 50(recognizing Garside, right-lcm solid case).Assume thatS is a solid sub-
family in a left-cancellative categoryC that is right-Noetherian and admits conditional
right-lcms. Show thatS is a Garside family inC if and only if S generatesC and it is
weakly closed under right-lcm.
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Exercise 51(right-complement). Assume thatC is a left-cancellative category that ad-
mits unique conditional right-lcms. Show that, for allf, g, h in C, the relationf 4 gh is
equivalent tog\f 4 h.

Exercise 52(local right-divisibility). Assume thatC is a left-cancellative category and
S is a generating subfamily ofC that is closed under right-divisor. (i) Show that the
transitive closure of̃4S is the restriction of̃4 to S. (ii) Show that the transitive closure
of ≺̃S is almost the restriction of̃≺ to S, in the following sense: ifs ≺̃ t holds, there
existss′ ×= s satisfyings′ ≺̃S

∗ t.

Exercise 53(local left-divisibility). Assume thatS is a subfamily of a left-cancellative
categoryC. (i) Show thats 4S t implies s 4 t, and thats 4S t is equivalent tos 4 t
wheneverS is closed under right-quotient inC. (ii) Show that, ifS×= C×∩S holds, then
s ≺S t impliess ≺ t. (iii) Show that, ifS is closed under right-divisor, then4S is the
restriction of4 to S and, ifS×= C×∩ S holds,≺S is the restriction of≺ to S.

Exercise 54(finite implies left-Noetherian). Assume thatC is a left-cancellative cat-
egory. (i) Show that every subfamilyS of C such that=×

S has finitely many classes is
locally left-Noetherian. (ii) Is there a similar result forright-Noetherianity?

Exercise 55(locally right-Noetherian). Assume thatC is a left-cancellative category
andS is a subfamily ofC. (i) Prove thatS is locally right-Noetherian if and only if, for
everys in S♯, every≺S-increasing sequence inDivS(s) is finite. (ii) Assume thatS
is locally right-Noetherian and closed under right-divisor. Show thatS♯ is locally right-
Noetherian. [Hint: ForX ⊆ S♯ introduceX ′ = {s ∈ S | ∃ǫ, ǫ′ ∈ C× (ǫsǫ′ ∈ X )}, and
construct ã≺-minimal element inX from a≺̃-minimal element inX ′.]

Exercise 56(not complete). Consider the monoidN2 with a = (1, 0) andb = (0, 1).
Put∆ = ab, and letS be the Garside family{1, a, b,∆}. Show that right-reversing is
not complete for the presentation(S,RN2(S)), that is,({a, b, ab}, {ab = ∆, ba = ∆}).
[Hint: Show thatab is only reversible to itself.]

Notes

Sources and comments.The results in this chapter are mostly new, at least in their cur-
rent exposition, and constitute one of the contributions ofthis text. An abridged version of
the main results appears in D.–Digne–Michel [92]. The algorithmic aspects are addressed
in D.–Gebhardt [94]. Of course, many results are mild extensions of previously known
results, some of them quite standard. The key point here is the importance of closure
conditions, leading to the general philosophy that a Garside family is characterized by
two types of properties, namely various (connected) closure properties plus a maximal-
ity property (the existence of a head), the latter coming forfree in a Noetherian context.
In other words,S-normal decompositions essentially exist if and only if thereference
family S satisfies the above two types of properties.
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Closure under right-comultiple is crucial, and it captureswhat is really significant
in the existence of least common right-multiples: when lcmsexist, closure under right-
comultiple is equivalent to closure under right-lcm, but, in any case, even when right-lcms
do not exist, closure under right-comultiple is sufficient to obtain most of the standard
consequences of closure under right-lcm.

Among the few really new results established here, those involving Noetherianity are
probably the most interesting. In particular, the result that local Noetherianity implies
global Noetherianity in a Garside context (Proposition 2.18) may appear as unexpected.

Further questions. The left-absorbing monoidLn (Reference Structure 8, page 111)
shows that a Garside family need not be closed under left-divisor in general. Now, in this
case, the closure of the Garside familySn under left-divisor is again a Garside family.

Question 9. If S is a Garside family in a left-cancellative category, is the closure ofS
under left-divisor again a Garside family?

A general answer does not seem obvious. In the same vein, we raise

Question 10. If S is a solid Garside family in a left-Ore categoryC that admits left-lcms,
is there any connection betweenS being closed under left-complement, andS♯ being
closed under left-complement?

An equivalence would allow for a definition of a strong Garside family involvingS
rather thanS♯; we have no clue about an implication in either direction; the condition
SC×⊆ C×S, which amounts toSC×⊆ C×S whenS is a Garside family, might be relevant.

The current definition ofS-normal decompositions and all derived notions are not
invariant under left–right symmetry: what we consider herecorresponds to what is some-
times called theleft greedy normal form. Of course, entirely symmetric results could be
stated for the counterpart of a right greedy normal form, with a maximal tail replacing
a maximal head. However, questions arise when one sticks to the current definition and
tries to reverse some of the assumptions. Typically, the results of Subsection 2.2 assume
that the ambient category is right-Noetherian, a property of the right-divisibility relation.

Question 11. Do the results of Subsection 2.2 remain valid when left-Noetherianity re-
places right-Noetherianity?

About Noetherianity again, we established in Proposition 2.43 that, if every element
in a Garside family has a finite height bounded by some absolute constantK, then every
element in the ambient category has finite height, that is, the latter is strongly Noetherian.

Question 12. If a left-cancellative categoryC admits a Garside family whose elements
have a finite height, does every element ofC have a finite height?

On the other hand, in the case when every element in some Garside familyS has a
finite height bounded by some absolute constantK, then what was proved in Lemma 2.44
is the height of every element inSm is bounded byKm. However, all known examples
witness much smaller bounds, compatible with a positive answer to
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Question 13. If a left-cancellative categoryC admits a Garside familyS andht(s) 6 K
holds for everys in S, is the height of every element inSm bounded above by a linear
function ofm?

In another vein, we saw in Example 2.34 that the monoid〈a, b | ab = ba, a2 = b2〉+
admits no proper Garside family: every Garside family must coincide with the whole
monoid (with1 possibly removed). In this trivial case, the reason is that the elementsa
andb admit no right-lcm. When right-lcms exist, no such example is known, and the
following problem, which had already been considered in a different terminology in the
first times of Garside monoids, remains open:

Question 14. Assume thatC is a left-cancellative category that is Noetherian and admits
right-lcms (resp. this and is finitely generated). DoesC admit admits a proper (resp. finite)
Garside family?



Chapter V

Bounded Garside families

So far we considered arbitrary Garside families, and we observed that such families triv-
ially exist in every category. In this chapter, we consider Garside familiesS of a restricted
type, namely those satisfying the condition that, for all objectsx, y of the ambient cat-
egory, the elements ofS with sourcex admit a least common right-multiple and, sym-
metrically, the elements ofS with targety admit a least common left-multiple. Typical
examples are the Garside family of simple braids in the monoid B+

n , which admit the
braid∆n as a right- and a left-lcm and, more generally, the Garside family Div(∆) in a
Garside monoid(M,∆). What we do here is to show that most of the classical properties
known in the latter case extend to categories that are bounded in the above sense.

The chapter is organized as follows. In Section 1, we introduce the notion of a
right-bounded Garside family, which only appeals to left-divisibility and common right-
multiples. We associate with every right-bounded Garside family a certain functorφ∆

that plays a key technical role (Corollary 1.34), and show that every category that admits a
right-bounded Garside family admits common right-multiples (Proposition 1.46) and that,
under mild closure assumptions, a right-bounded Garside family is entirely determined by
the associated right-bounding map and that the latter can besimply axiomatized as what
we call a right-Garside map.

In Section 2, we introduce the notion of a bounded Garside family, a stronger version
that involves both left- and right-divisibility, and provides the most suitable framework.
The main result is that, in a cancellative category, the assumption that a Garside family is
bounded by a map∆ guarantees that the associated functorφ∆ is an automorphism of the
ambient category (Proposition 2.17). Here naturally appears the notion of a Garside map,
which provides a simple connection with earlier literature.

Finally, in Section 3, we show that the assumption that a Garside familyS is bounded
by a map∆ enables one to rephrase the existence ofS-normal decompositions in terms of
what we call Delta-normal decompositions, which are similar but give a specific role to the
elements of the form∆(x). More significantly, we show that every category that admits
a bounded Garside family—or, equivalently, a Garside map—must be an Ore category,
and we construct an essentially unique decomposition for every element of the associated
groupoid of fractions (Proposition 3.18), thus obtaining an alternative to the symmetric
normal decompositions of Section III.2.

Main definitions and results (in abridged form)

Definition 1.1 (right-bounded). If S is a subfamily of a left-cancellative categoryC and
∆ is a map fromObj(C) to C, we say thatS is right-boundedby ∆ if, for each objectx
of C, every element ofS(x, -) left-divides∆(x) and, moreover,∆(x) lies inS(x, -).
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Proposition 1.4 (finite right-bounded). If C is a left-cancellative category that admits
common right-multiples, every Garside familyS of C such thatS(x, -) is finite for everyx
is right-bounded.

Definition 1.15 (right-Garside map). If C is a left-cancellative category, aright-Garside
mapin C is a map∆ fromObj(C) to C that satisfies the following conditions: (1.16) For
everyx, the source of∆(x) isx, (1.17) The familyDiv(∆) generatesC, (1.18) The family
D̃iv(∆) is included inDiv(∆), (1.19) For everyg in C(x, -), the elementsg and∆(x)
admit a left-gcd.

Proposition 1.20 (right-Garside map). Assume thatC is a left-cancellative category.
(i) If S is a Garside family that is right-bounded by a map∆ andS♯ is closed under left-
divisor, then∆ is a right-Garside map andS♯ coincides withDiv(∆). (ii) Conversely,
if ∆ is a right-Garside map inC, thenDiv(∆) is a Garside family that is right-bounded
by∆ and closed under left-divisor.

Corollary 1.34 (functor φ∆). If C is a left-cancellative category andS is a Garside fam-
ily of C that is right-bounded by a map∆, there exists a unique functorφ∆ fromC into it-
self that extends∂2

∆
. It is determined by∆(x) ∈ C(x, φ∆(x)) andg∆(y) = ∆(x) φ∆(g).

Proposition 1.46 (common right-multiple). If C is a left-cancellative category and(i)
there exists a map∆ fromObj(C) to C that satisfies(1.16), (1.17), and(1.18), or (ii) there
exists a right-bounded Garside family inC, then any two elements ofC with the same
source admit a common right-multiple.

Definition 2.3 (bounded). A Garside familyS in a left-cancellative categoryC is said
to beboundedby a map∆ fromObj(C) to C if S is right-bounded by∆ and, in addition,
for everyy, there existsx satisfying∀s ∈ S♯(-, y) ∃r ∈ S♯(x, -) (rs = ∆(x)).

Proposition 2.6 (finite bounded). If C is a cancellative category andS is a Garside
family ofC such thatS♯ is finite andS is right-bounded by a target-injective map∆, then
S is bounded by∆ and the functorφ∆ is a finite order automorphism.

Corollary 2.14 (common left-multiple). Every left-cancellative category that admits a
bounded Garside family admits common left-multiples.

Proposition 2.17 (automorphism). If S is a Garside family in a left-cancellative cate-
gory C andS is right-bounded by a map∆, the following are equivalent:(i) The cate-
goryC is cancellative,S is bounded by∆, and∆ is target-injective;(ii) The functorφ∆

is an automorphism ofC. When(i) and(ii) hold, we havẽDiv(∆) = S♯ = Div(∆), the
familyS♯ is closed under left-divisor,∂∆ and the restriction ofφ∆ to S♯ are permutations
of S♯, and(φ−1

∆ , ∂−1
∆

) is the unique witness for(S,∆).

Definition 2.19 (Garside map). If C is a left-cancellative category, aGarside mapin C
is a map∆ from Obj(C) to C that satisfies the following conditions: (2.20) For everyx
in Obj(C), the source of∆(x) is x, (2.21) The map∆ is target-injective, (2.22) The
family Div(∆) generatesC, (2.23) The families̃Div(∆) andDiv(∆) coincide, (2.24)
For everyg in C(x, -), the elementsg and∆(x) admit a left-gcd.

Proposition 2.32 (Garside map). If ∆ is a Garside map in a cancellative categoryC:
(i) The categoryC is an Ore category;(ii) For s in Div(∆) andg in C, the pairs|g is
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Div(∆)-greedy if and only if the elements∂s andg are left-coprime;(iii) The functorφ∆

is an automorphism ofC and it preservesDiv(∆)-normality; (iv) For m > 1, ∆[m] is a
Garside map andDiv(∆[m]) = (Div(∆))m holds; (v) The second domino rule is valid
for Div(∆) and (2.33)max(sup∆(f), sup∆(g)) 6 sup∆(fg) 6 sup∆(f) + sup∆(g)

holds for allf |g in C[2].

Proposition 2.35 (lcms and gcds).If a cancellative categoryC admits a Garside map:(i)
The categoryC admits left-gcds and left-lcms;(ii) If C is left-Noetherian, thenC admits
right-lcms and right-gcds;(iii) If C is left-Noetherian and has no nontrivial invertible
element,(C,4) and(C, 4̃) are lattices.

Definition 3.3 (delta-normal). If S is a Garside family in a left-cancellative cate-
goryC that is right-bounded by a map∆, an(S,∆)-normal path of infimumm (m > 0)
is a pair(∆[m](x), s1 | ··· |sℓ) such that∆(x)|∆(φ∆(x))| ··· |∆(φm−1

∆ (x))|s1 | ··· |sℓ is S-
normal ands1 is not delta-like (forℓ > 1). We write∆[m](x)||s1| ··· |sℓ, or∆[m]||s1| ··· |sℓ,
for such a pair. IfS♯ = Div(∆) holds, we say∆-normalfor (S,∆)-normal.

Definition 3.17 (delta-normal). If ∆ is a Garside map in a cancellative categoryC, we
say that an elementg of Env(C)(x, -) admits the∆-normal decomposition∆(m)||s1| ··· |sℓ
(m ∈ Z) if s1| ··· |sℓ is ∆-normal,s1 is not delta-like, andg = ι(∆[m](x)) ι(s1)···ι(sℓ)
holds in the casem > 0 andg = ι(∆̃[−m](x))

−1 ι(s1)···ι(sℓ) holds in the casem < 0.

Proposition 3.18 (delta-normal). If ∆ is a Garside map in a cancellative categoryC,
every element ofEnv(C) admits a∆-normal decomposition; the exponent of∆ is uniquely
determined and theDiv(∆)-entries are unique up toC×-deformation.

Proposition 3.24 (interval). If ∆ is a Garside map in a cancellative categoryC and
g lies in Env(C)(x, -), theninf∆(g) is the greatest integerp satisfying∆[p](x) 4 g, and
sup∆(g) is the least integerq satisfyingg 4∆[q](x).

Proposition 3.26 (inverse). If ∆ is a Garside map in a cancellative categoryC and
∆(m)||s1| ··· |sℓ is a ∆-normal decomposition of an elementg of Env(C), then
∆(−m−ℓ)||∂(φ−m−ℓsℓ)| ··· |∂(φ−m−1s1) is a∆-normal decomposition ofg−1.

1 Right-bounded Garside families

In this section, we consider a weaker notion of boundedness that only involves the left-
divisibility relation. With this one-sided version, we canalready prove several important
results, in particular the existence of the functorφ∆ and the existence of common right-
multiples in the ambient category.

The section comprises five subsections. The notion of a right-bounded Garside fam-
ily is introduced in Subsection 1.1. Next, in Subsection 1.2, we axiomatize the right-
bounding maps that occur in the context of right-bounded Garside families and show how
to rephrase the results in terms of the right-Garside maps sointroduced. Then, we show in
Subsection 1.3 that a certain functorφ∆ naturally appears in connection with every right-
bounded Garside family, and in Subsection 1.4 that a power ofa right-bounded Garside
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family is still a right-bounded Garside family. Finally, wediscuss in Subsection 1.5 the
validity of the second domino rule in the context of right-bounded Garside families.

1.1 The notion of a right-bounded Garside family

Our starting point is the following simple and natural notion. We recall that, ifC is a
category andx is an object ofC, thenC(x, -) is the family of all elements ofC admitting
the sourcex and, similarly, ifS is a subfamily ofC, thenS(x, -) is the family of all
elements ofS admitting the sourcex.

Definition 1.1 (right-bounded). If S is a subfamily of a left-cancellative categoryC and
∆ is a map fromObj(C) to C, we say thatS is right-boundedby ∆ if, for each objectx
of C, every element ofS(x, -) left-divides∆(x) and, moreover,∆(x) lies inS(x, -).

Example 1.2(right-bounded). A number of the so far mentioned Garside families are
right-bounded. For instance, in the case of the free AbelianmonoidNI with base(ai)i∈I ,
consider the Garside familyS consisting of all elements

∏
i∈J ai with J ⊆ I. If I is

finite,
∏
i ai belongs toS and every element ofS left-divides it, soS is right-bounded

by
∏
i ai. On the other hand, ifI is infinite, the monoid contains infinitely many atoms

whereas an element can be (left)-divisible by finitely many elements only, soS cannot be
right-bounded by any element. HenceS is right-bounded if and only ifI is finite.

More generally, if(M,∆) is a Garside or quasi-Garside monoid (Definitions I.2.1
and I.2.2), the setDiv(∆) is a Garside family inM and, by definition,∆ is a right-lcm
for its left-divisors, henceDiv(∆) is right-bounded by∆.

ExceptB+
∞, which is similar toN(I) with I infinite, all examples of Section I.3 corre-

spond to right-bounded Garside families: the Garside family S of the Klein bottle monoid
(Reference Structure 5, page 17) is right-bounded by the elementa2, the familySn of the
wreathed free Abelian group (Reference Structure 6, page 19) is right-bounded by the ele-
ment∆n, and the familySn in the ribbon categoryBRn (Reference Structure 7, page 20)
is right-bounded by the constant map from{1, ... , n− 1} toBn with value∆n.

Similarly, in the left-absorbing monoidLn = 〈a, b | abn = bn+1〉+ (Reference Struc-
ture 8, page 111), the Garside familySn = {a, b, b2, ... , bn+1} is right-bounded bybn+1.

By contrast, in the affine braid monoid of typẽA2 (Reference Structure 9, page 111),
the sixteen-element Garside familyS is not right-bounded: every element ofS is a right-
divisor of (at least) one of the three maximal elementsσ1σ2σ3σ2, σ2σ3σ1σ3, σ3σ1σ2σ1,
but the three play similar roles and none is a right-multipleof the other two ones. The
same holds for the six-element Garside family in the partially commutative monoid of
Example IV.2.33: bothab andbc are maximal elements, but none is a multiple of the
other and the family is not right-bounded.

Finally, in the lifted omega monoidMω of Exercises 14 and 46, the Garside familyS
is not right-bounded, asa andb0, which both lie inS, have no common right-multiple.
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The first observation is that a right-bounding map is (almost) unique when it exists.

Proposition 1.3 (uniqueness). If a subfamilyS of a left-cancellative category is right-
bounded by two maps∆ and∆′, then∆′(x) =× ∆(x) holds for each objectx.

Proof. The assumption that∆(x) lies in S and thatS is right-bounded by∆′ implies
∆(x) 4 ∆′(x) and, symmetrically, the assumption that∆′(x) lies in S and thatS is
right-bounded by∆ implies∆′(x) 4∆(x), whence∆(x) =× ∆′(x).

Another way of stating Definition 1.1 is to say that, for everyobject x, the ele-
ment∆(x) is a right-lcm for the familyS(x, -). Indeed, we require that∆(x) is a right-
multiple of every element ofS(x, -) and then demanding that∆(x) belongs toS(x, -)
amounts to demanding that it left-divides every common right-multiple of S(x, -). It
follows that, if the existence of common right-multiples isguaranteed, then finiteness is
sufficient to ensure right-boundedness:

Proposition 1.4 (finite right-bounded). If C is a left-cancellative category that admits
common right-multiples, every Garside familyS of C such thatS(x, -) is finite for every
objectx is right-bounded.

Proof. Assume thatS is a Garside family as in the statement,x is an object ofC, ands
belong toS(x, -). Define∆(x) to be a≺-maximal element inS(x, -): such an element
necessarily exists sinceS(x, -) is finite. By assumption,s and∆(x) admit a common
right-multiple inC. Hence, ass and∆(x) belong toS andS is a Garside family, hence,
by Proposition IV.1.23 (Garside closed), it is closed underright-comultiple,s and∆(x)
admit a common right-multiplet that lies inS. Now, by construction,∆(x) ≺ t is
impossible. Therefore we havet =× ∆(x), whences 4∆(x). SoS(x, -) is a subfamily
of Div(∆(x)), andS is right-bounded by∆.

The example of a free monoid based on a finite setS with more than one element
shows that the assumption about common right-multiples cannot be removed: in this
case,S is a finite Garside family, but it is not right-bounded. Actually, we shall see
in Proposition 1.46 below that the existence of a right-bounded Garside family always
implies the existence of common right-multiples.

We now observe that being right-bounded is invariant under right-multiplying by in-
vertible elements. We recall thatS♯ stands forSC×∪ C×.

Lemma 1.5. Assume thatC is a left-cancellative category and∆ is a map fromObj(C)
to C. For S included inC, consider the statements:

(i) The familyS is right-bounded by∆;
(ii) The familyS♯ is right-bounded by∆.

Then(i) implies(ii) , and(ii) implies(i) whenever∆(x) lies inS for every objectx.
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Proof. Assume thatS is right-bounded by∆ and s belongs toS♯(x, -). If s belongs
to C×(x, -), thens left-divides every element ofC(x, -), hence in particular∆(x). Other-
wise, we haves = tǫ for somet in S(x, -) andǫ in C×. By assumption,t left-divides∆(x),
hence so doess. As ∆(x) belongs toS(x), hence toS♯(x), we conclude thatS♯ is right-
bounded by∆, and (i) implies (ii).

Conversely, ifS♯ is right-bounded by∆, asS is included inS♯, every element
of S(x, -) left-divides∆(x), so, if∆(x) lies inS, the latter is right-bounded by∆.

Notation 1.6(familiesDiv(∆) and D̃iv(∆)). ForC a category and∆ a map fromObj(C)
to C, we denote byDiv(∆) (resp. D̃iv(∆)) the family of all elements ofC that left-divide
(resp. right-divide) at least one element∆(x).

So, by definition, we have

Div(∆) = { g ∈ C | ∃x∈Obj(C) ∃h∈C (gh = ∆(x)) },

and, symmetrically,̃Div(∆) = { g ∈ C | ∃x∈Obj(C) ∃f∈C (fg = ∆(x)) }. Note that, if
an elementg belongs toDiv(∆), then the objectx such thatg left-divides∆(x) must be
the source ofg. On the other hand, forg in D̃iv(∆), nothing guarantees the uniqueness
of the objectx such thatg right-divides∆(x) in general. Also note that, whenever∆ is
a map fromObj(C) to C satisfying∆(x) ∈ C(x, -) for every object, the familyDiv(∆)
is right-bounded by∆. Then we have the following connections between a family that is
right-bounded by a map∆ and the familiesDiv(∆) andD̃iv(∆).

Lemma 1.7. Assume thatC is a left-cancellative category andS is a subfamily ofC that
is right-bounded by a map∆. Then we have

(1.8) S ⊆ Div(∆),

the inclusion being an equality if and only ifS is closed under left-divisor.
Moreover, ifS is closed under right-divisor, we have

(1.9) D̃iv(∆) ⊆ S.

Proof. By definition,S being right-bounded by∆ implies (1.8). Next,Div(∆) is closed
under left-divisor by definition, soS = Div(∆) requires thatS be closed under left-
divisor. Conversely, ifS is closed under left-divisor, then, as∆(x) belongs toS, every
left-divisor of an element∆(x) belongs toS, whenceDiv(∆) ⊆ S, andS = Div(∆)
owing to (1.8).

Symmetrically, ifS is closed under right-divisor, then, as∆(x) belongs toS, every
right-divisor of an element∆(x) belongs toS, and we deducẽDiv(∆) ⊆ S.

In the case of a Garside family, we deduce:

Proposition 1.10(inclusions). If C is a left-cancellative category andS is a Garside
family ofC that is right-bounded by a map∆, then we have

(1.11) D̃iv(∆) ⊆ S♯ ⊆ Div(∆),

and the right inclusion is an equality if and only ifS♯ is closed under left-divisor.
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Proof. By Lemma 1.5,S♯ is right-bounded by∆, and, by Proposition IV.1.23 (Garside
closed),S♯ is closed under right-divisor. Applying Lemma 1.7 toS♯ gives the result.

The example of the left-absorbing monoidLn with the Garside familySn (Reference
Structure 8, page 111) shows that both inclusions in (1.11) may be strict:a is an element
of Sn \ D̃iv(bn+1), andab is an element ofDiv(bn+1) \ Sn for n > 2. Note that, if a
Garside familyS is closed under left-divisor, then, by Lemma IV.1.13,S♯ is also closed
under left-divisor, and, therefore, we obtainS♯ = Div(∆).

On the other hand, in the case of a finite Garside family, the situation is very simple
whenever the ambient category is cancellative.

Corollary 1.12 (inclusions, finite case).Assume thatC is a cancellative category,S is a
Garside family ofC such thatS♯ is finite,S is right-bounded by a map∆ and, forx 6= y,
the targets of∆(x) and∆(y) are distinct. Then we havẽDiv(∆) = S♯ = Div(∆).

Proof. For everys in Div(∆)(x, -), there exists a unique element∂s satisfyings∂s =
∆(x). By construction,∂s belongs toD̃iv(∆), so∂ mapsDiv(∆) to D̃iv(∆). Assume
∂s = ∂t with s in Div(∆)(x, -) andt in Div(∆)(y, -). As we haves∂s = ∆(x) and
t∂t = ∆(y), the targets of∆(x) and∆(y) must coincide, implyingx = y by assumption.
Then we haves∂s = t∂s = ∆(s), implying s = t using right-cancellativity. So∂ is
injective. We deduce thatDiv(∆) is finite and#D̃iv(∆) > #Div(∆) holds, so the
inclusions of (1.11) must be equalities.

1.2 Right-Garside maps

Proposition 1.10 implies constraints for the maps∆ that can be a right-bound for a Garside
family: for instance (1.11) implies that we must havẽDiv(∆) ⊆ Div(∆), that is, every
right-divisor of∆ must be a left-divisor of∆. It turns out that these constraints can be
described exhaustively, leading to the notion of aright-Garside mapand providing an
alternative context for the investigation of right-bounded Garside families, more exactly
of those right-bounded Garside familiesS such thatS♯ is closed under left-divisor.

Lemma 1.13. Assume thatC is a left-cancellative category andS is a Garside family
that is right-bounded by a map∆.

(i) For everyx, the source of∆(x) is x.
(ii) The familyDiv(∆) generatesC.
(iii) The familyD̃iv(∆) is included inDiv(∆).

Proof. Point (i) holds by definition of a right-bounding map. Next, the assumption thatS
is a Garside family implies thatS♯ generatesC, hence so doesDiv(∆), which includesS♯
by (1.11). So (ii) is satisfied. Finally, again by (1.11) and as already noted,̃Div(∆) must
be included inDiv(∆), so (iii) is satisfied.

Next, there exists a simple connection between heads and left-gcds with elements∆(x).

Lemma 1.14. Assume thatC is a left-cancellative category andS is a subfamily ofC that
is right-bounded by∆. For g in C(x, -) ands in S, consider
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(i) The elements is a left-gcd ofg and∆(x),
(ii) The elements is anS-head ofg.

Then(i) implies(ii) and, ifS♯ is closed under left-divisor,(ii) implies(i).

Proof. Assume thats is a left-gcd ofg and∆(x). Firsts left-dividesg. Next, lett be an
element ofS that left-dividesg. Thent must belong toS(x, -), hence we havet4∆(x),
whencet 4 s sinces is a left-gcd ofg and∆(x). Hences is anS-head ofg, and (i)
implies (ii).

Assume now thatS♯ is closed under left-divisor,g lies in C(x, -), ands is anS-head
of g. Thens belongs toS(x, -), hence, by assumption, we haves 4 ∆(x), so s is a
common left-divisor ofg and∆(x). Now leth be an arbitrary common left-divisor ofg
and∆(x). As it left-divides∆(x), which belongs toS, hence toS♯, the elementh must
belong toS♯, and, therefore, as it left-dividesg, it left-divides everyS-head ofg, hence
in particulars. Sos is a left-gcd ofg and∆(x). So (ii) implies (i) in this case.

We deduce a new constraint for a map∆ to be a right-bounding map, namely that,
for every elementg with sourcex, there exists a left-gcd forg and∆(x). Closure un-
der left-divisor cannot be skipped in Lemma 1.14, even in thecase of a Garside family:
as observed in Example 1.2, in the left-absorbing monoidLn (Reference Structure 8,
page 111), the Garside familySn is right-bounded by∆n, but the (unique)Sn-head ofab
is a, whereas the (unique) left-gcd ofab and∆n is ab.

It turns out that the above listed constraints also are sufficient for ∆ to be a right-
bounding map, and it is therefore natural to introduce a specific terminology.

Definition 1.15(right-Garside map). If C is a left-cancellative category, aright-Garside
mapin C is a map∆ fromObj(C) to C that satisfies the following conditions:

For everyx, the source of∆(x) is x,(1.16)

The familyDiv(∆) generatesC,(1.17)

The familyD̃iv(∆) is included inDiv(∆),(1.18)

For everyg in C(x, -), the elementsg and∆(x) admit a left-gcd.(1.19)

Right-bounded Garside families and right-Garside maps areconnected as follows:

Proposition 1.20(right-Garside map). Assume thatC is a left-cancellative category.
(i) If S is a Garside family ofC that is right-bounded by a map∆ andS♯ is closed

under left-divisor, then∆ is a right-Garside map andS♯ coincides withDiv(∆).
(ii) Conversely, if∆ is a right-Garside map inC, thenDiv(∆) is a Garside family

that is right-bounded by∆ and closed under left-divisor.
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Proof. (i) Assume thatS is a Garside family that is right-bounded by∆ andS♯ is closed
under left-divisor. By Lemma 1.13,∆ satisfies (1.16)–(1.18). Letg belong toC(x, -). If
g is non-invertible, theng admits anS-head, hence, by Lemma 1.14,g and∆(x) admit
a left-gcd. Ifg is invertible, theng itself is a left-gcd ofg and∆(x). So, in every case,
g and∆(x) admit a left-gcd, and∆ satisfies (1.19). Hence, by definition,∆ is a right-
Garside map. Moreover, by Lemma 1.7,S♯ coincides withDiv(∆).

(ii) Assume that∆ is a right-Garside map. First, by (1.17),Div(∆) generatesC. Next,
assume thats lies in Div(∆)(x, -) ands′ right-dividess, says = rs′. By assumption,
s left-divides∆(x), say∆(x) = st. We deduce∆(x) = rs′t, whences′t ∈ D̃iv(∆),
ands′t ∈ Div(∆) owing to (1.18). This in turn impliess′ ∈ Div(∆). HenceDiv(∆)
is closed under right-divisor. Finally, letg be an element ofC(x, -). By assumption,
g and ∆(x) admit a left-gcd, says. By Lemma 1.14,s is a Div(∆)-head ofg. So
every element ofC admits aDiv(∆)-head. Hence, by Proposition IV.1.24 (recognizing
Garside II),Div(∆) is a Garside family inC. Moreover, every element ofDiv(∆)(x, -)
left-divides∆(x), henceDiv(∆) is right-bounded by∆. On the other hand,Div(∆) is
closed under left-divisor by definition (and it coincides withDiv(∆)♯).

Note that, in Proposition 1.20, (ii) is an exact converse of (i). Proposition 1.20 implies
that, if C is a left-cancellative category, a subfamilyS of C is a right-bounded Garside
family such thatS♯ is closed under left-divisor if and only if there exists a right-Garside
map∆ such thatS♯ coincides withDiv(∆). So, we have two equivalent frameworks,
namely that of a Garside familyS that is right-bounded and such thatS♯ is closed under
left-divisor, and that of a right-Garside map. All subsequent results can therefore be
equivalently stated both in terms of right-bounded Garsidefamilies and in terms of right-
Garside maps. Below we shall mostly use the terminology of right-Garside maps, which
allows for shorter statements, but it should be remembered that each statement of the form
“ ... if ∆ is a right-Garside map ... thenDiv(∆) ...” can be rephrased as “... if S is a
Garside family that is right-bounded andS♯ is closed under left-divisor ... thenS♯ ... ”.

In the case of a monoid, there is only one object and we shall naturally speak of a
right-Garsideelementrather than of a right-Garside map. As the notion is important, we
explicitly state the definition.

Definition 1.21 (right-Garside element). If M is a left-cancellative monoid, aright-
Garside elementin M is an element∆ of M that satisfies the following conditions:

The familyDiv(∆) generatesM ,(1.22)

The familyD̃iv(∆) is included inDiv(∆),(1.23)

For everyg in M , the elementsg and∆ admit a left-gcd.(1.24)

Proposition 1.20 directly implies

Proposition 1.25(right-Garside element). Assume thatM is a left-cancellative monoid.
(i) If S is a Garside family that right-bounded by an element∆ andS♯ is closed under

left-divisor, then∆ is a right-Garside element andS♯ coincides withDiv(∆);
(ii) Conversely, if∆ is a right-Garside element inM , thenDiv(∆) is a Garside family

ofM that is right-bounded by∆ and is closed under left-divisor.
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Remark 1.26. If any two elements with the same source admit a left-gcd, (1.19) becomes
trivial, and a (necessary and) sufficient condition for∆ to be a right-Garside map is that it
satisfies (1.16)–(1.18). However, the latter conditions are not sufficient in general. Indeed,
let for instanceM be the monoid〈a, b | ab = ba, a2 = b2〉+, and let∆ = ab. ThenM is
cancellative, and∆ satisfies satisfies (1.16)–(1.18). However, we saw in Example IV.2.34
thatM andM \ {1} are the only Garside families inM . So, there is no right-bounded
Garside family inM and, in particular,Div(∆) cannot be a right-bounded Garside family
in M . Note that, inM , the elements∆ anda2 admit no left-gcd.

1.3 The functor φ∆

We associate with every right-Garside map∆ a functorφ∆ of the ambient category into
itself. This functor will play a crucial rôle in all subsequent developments—especially
when it is an automorphism, see Section 2—and its existence is the main technical differ-
ence between right-bounded and arbitrary Garside families.

Most of the developments in this subsection and the next one only require that∆
satisfies the conditions (1.16), (1.17), and (1.18). Owing to Lemma 1.13, this implies that
the results are valid for every right-bounding map independently of whether the involved
family S♯ is closed under left-divisor or not.

Definition 1.27 (duality map ∂
∆

). If C is a left-cancellative category and∆ is a map
from Obj(C) to C that satisfies (1.16), (1.17), and (1.18), then, fors in Div(∆)(x, -), we
write ∂

∆
(s), or simply∂s, for the unique elementt of D̃iv(∆) satisfyingst = ∆(x).

By definition, ∂∆ is a map fromDiv(∆) to D̃iv(∆), and, for g in Div(∆), we
haves ∂

∆
(s) = ∆(x). Definition 1.27 makes sense as the assumption thatC is left-

cancellative guarantees the uniqueness of the elementt and, by definition, every element
of Div(∆)(x, -) left-divides∆(x). Then∂s belongs toD̃iv(∆)(y, x′), wherey is the
target ofs andx′ is the target of∆(x).

The inclusion of (1.18) implies that∂s belongs toDiv(∆). So,∂ mapsDiv(∆) into
itself, and it makes sense to iterate it: for eachm > 1, the map∂m is a well-defined map
from Div(∆) into itself. We shall see now that∂2 can be extended into a functor from
the ambient category into itself.

Proposition 1.28 (functor φ∆). If C is a left-cancellative category and∆ is a map
from Obj(C) to C that satisfies(1.16), (1.17), and (1.18), then there exists a unique
functor φ∆ from C into itself that extends∂2

∆
. For x in Obj(C) and g in C(x, y), the

valuesφ∆(x) andφ∆(g) are determined by

(1.29) ∆(x) ∈ C(x, φ∆(x)) and g∆(y) = ∆(x) φ∆(g).

Moreover, we have

(1.30) φ∆ ◦ ∆ = ∆ ◦ φ∆ and φ∆ ◦ ∂
∆

= ∂
∆

◦ φ∆,

andφ∆ maps bothDiv(∆) andD̃iv(∆) into themselves.
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Proof. Assume thatφ is a functor fromC to itself that extends∂2. Letx be an object ofC.
By definition,1x belongs toDiv(∆) and we have∂(1x) = ∆(x), hence1φ(x) = φ(1x) =
∂2(1x) = ∂(∆(x)) = 1y, wherey is the target of∆(x), whenceφ(x) = y.

Next, assume thats belongs toDiv(∆)(x, y). Then, by assumption,∂s belongs
to Div(∆)(y, -), and we find

(1.31) s∆(y) = s ∂s ∂2s = ∆(x) ∂2s,

which implies

(1.32) s∆(y) = ∆(x)φ(s).

Let g be an arbitrary element ofC(x, y). By (1.17),Div(∆) generatesC, so we haveg =
s1 ···sp for somes1, ... , sp lying in Div(∆). Callingyi the target ofsi and applying (1.32)
p times, we find

g∆(y) = s1 ··· sp∆(yp) = s1 ··· sp−1 ∆(yp−1)φ(sp)

= ··· = s1 ∆(y1)φ(s2) ··· φ(sp) = ∆(x)φ(s1) ··· φ(sp) = ∆(x)φ(g).

So (1.32) must hold for everyg in C. AsC is left-cancellative, this implies the uniqueness
of φ(g). So, if there exists a functorφ extending∂2, it is unique and determined on
elements by (1.32).

As for the existence, (1.31) shows that

(1.33) ∆(x) 4 s∆(y)

holds for everys in Div(∆)(x, y). We claim that (1.33) actually holds for every elementg
of C. Indeed, assumeg = s1 ···sp with s1, ... , sp in Div(∆), and let againyi be the target
of si. Applying (1.33)p times, we find

∆(x) 4 s1∆(y1)4 s1s2∆(y2)4 ··· 4 s1s2 ···sp∆(yp) = g∆(y).

Let us defineφ∆ by the condition thatφ∆(x) is the target of∆(x) for x in Obj(C) and
thatφ∆(g) is given by (1.29) forg in C(x, y). Thenφ∆ is well-defined as (1.33) holds.
We claim thatφ∆ is the desired functor.

First, assume thatg lies in C(x, y). Then, as (1.29) holds by definition, the source
of φ∆(g) is the target of∆(x), hence isφ∆(x), whereas its target is the target of∆(y),
hence it isφ∆(y).

Next, we claim thatφ∆ is a functor ofC to itself. Indeed, assumefg = h, with
f ∈ C(x, y) andg in C(y, z). Then, applying (1.29) three times, we find

∆(x)φ∆(h) = h∆(z) = f g∆(z) = f ∆(y)φ∆(g) = ∆(x)φ∆(f)φ∆(g),

whenceφ∆(h) = φ∆(f)φ∆(g) by left-cancelling∆(x). Furthermore, applying (1.29)
to 1x gives∆(x) = ∆(x)φ∆(1x), whenceφ∆(1x) = 1φ∆(x) by left-cancelling∆(x).

Finally, φ∆ extends∂2 as (1.31) and (1.29) give, for everys in Div(∆)(x, y), the
equality∆(x)∂2s = ∆(x)φ∆(s), whenceφ∆(s) = ∂2s by left-cancelling∆(x).

Soφ∆ is a functor with the expected properties.
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As for (1.30), first, by definition, the source of∆(x) is x and its target isφ∆(x),
hence applying (1.29) withg = ∆(x) yields∆(x)∆(φ∆(x)) = ∆(x)φ∆(∆(x)), hence
∆(φ∆(x)) = φ∆(∆(x)) after left-cancelling∆(x). On the other hand, fors in Div(∆),
we clearly have∂(φ∆(s)) = φ∆(∂s) = ∂3s.

Assume nows ∈ Div(∆)(x, -). By definition, there existst satisfyingst = ∆(x).
This impliesφ∆(s)φ∆(t) = φ∆(∆(x)) = ∆(φ∆(x)), the last equality by (1.30). We
deduceφ∆(s) ∈ Div(∆). The argument is similar for̃Div(∆).

A short way to state (1.29) is to say that the map∆
is a natural transformation from the identity functor
on C to φ∆, see on the right. Note that, forg in
Div(∆), the diagonal arrow splits the diagram into
two commutative triangles. φ∆(g)

g

∆(x) ∆(y)
∂(g)

x y

φ∆(x) φ∆(y)

We recall that, ifφ, φ′ are two functors fromC to itself, a mapF from Obj(C) to C
is anatural transformationfrom φ to φ′ if, for everyg in C(x, y), we have the equality
F (x)φ′(g) = φ(g)F (y).

In the case of a monoid, the functorφ∆ is an endomorphism, and it corresponds to
conjugating by the element∆ since (1.29) takes then the formg∆ = ∆ φ∆(g).

Merging Proposition 1.28 with Lemma 1.13, we deduce:

Corollary 1.34 (functor φ∆). If C is a left-cancellative category andS is a Garside
family ofC that is right-bounded by a map∆, there exists a unique functorφ∆ from C
into itself that extends∂2

∆
. It is determined by(1.29)and satisfies(1.30).

The possible injectivity and surjectivity of the functorφ∆ will play an important rôle
in the sequel, and we therefore introduce a specific terminology.

Definition 1.35(target-injective). If C is a category, a map∆ fromObj(C) to C is called
target-injectiveif x 6= x′ implies that∆(x) and∆(x′) have different targets.

In view of Proposition 1.28, saying that∆ is target-injective means that the functorφ∆

is injective on objects. On the one hand, it is easy to describe right-bounded Garside
families that are right-bounded by maps that are not target-injective (see Example 2.16
below), but, on the other hand, most natural examples involve target-injective maps.

In the framework of right-bounded Garside families, there is a simple connection
between the injectivity ofφ∆ and right-cancellation in the ambient category.

Proposition 1.36(right-cancellativity I). Assume thatC is a left-cancellative category
and∆ is a map fromObj(C) to C that satisfies(1.16), (1.17), and(1.18). Consider:

(i) The categoryC is right-cancellative;
(ii) The functorφ∆ is injective onC.

Then(ii) implies(i) and, if∆ is target-injective,(i) implies(ii) .
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Proof. Assume thatφ∆ is injective onC and we havegs = g′s with g in C(x, y) ands
in Div(∆). Theng′ must belong toC(x, y), and we deduceg s ∂s = g′ s ∂s, that is,
g∆(y) = g′∆(y). Then (1.29) gives∆(x)φ∆(g) = g∆(y) = g′ ∆(y) = ∆(x)φ∆(g′),
whenceφ∆(g) = φ∆(g′) by left-cancelling∆(x). As φ∆ is injective onC, we deduce
g = g′. Since, by assumption,Div(∆) generatesC, this is enough to conclude thatC is
right-cancellative. Hence (ii) implies (i).

Conversely, assume that∆ is target-injective andC is right-cancellative. Letg, g′

be elements ofC satisfyingφ∆(g) = φ∆(g′). Assume thatg belongs toC(x, y) andg′

belongs toC(x′, y′). By construction,φ∆(g) lies in C(φ∆(x), φ∆(y)) andφ∆(g′) lies
in C(φ∆(x′), φ∆(y′)). So the assumptionφ∆(g) = φ∆(g′) implies φ∆(x) = φ∆(x′)
andφ∆(y) = φ∆(y′). As ∆ is target-injective, we deducex′ = x andy′ = y. Next,
using (1.29) again, we obtaing∆(y) = ∆(x)φ∆(g) = ∆(x)φ∆(g′) = g′ ∆(y), whence
g = g′ by right-cancelling∆(y). So (i) implies (ii) in this case.

Using Lemma 1.13, we can restate Proposition 1.36 in terms ofGarside families:

Corollary 1.37 (right-cancellativity I). Assume thatC is a left-cancellative category and
S is a Garside family ofC that is right-bounded by a map∆. Consider:

(i) The categoryC is right-cancellative;
(ii) The functorφ∆ is injective onC.

Then(ii) implies(i) and, if∆ is target-injective,(i) implies(ii) .

Example 2.16 shows that the assumption that∆ is target-injective cannot be skip-
ped in Proposition 1.36. On the other hand, note that, ifφ∆ is injective onC (or simply
on Div(∆)), then it is necessarily injective on objects, that is,∆ is target-injective. In-
deed, asφ∆ is a functor,φ∆(x) = φ∆(x′) impliesφ∆(1x) = φ∆(1x′), so we deduce
1x = 1x′ andx = x′ wheneverφ∆ is injective on1C .

1.4 Powers of a right-bounded Garside family

By Proposition III.1.36 (power), ifS is a Garside family that includes1C in a left-
cancellative categoryC, then, for everym > 2, the familySm is also a Garside family
in C (we recall that the assumption aboutS including1C is innocuous: ifS is a Garside
family, S ∪1C is also a Garside family). In this subsection, we establish that, ifS is right-
bounded, thenSm is right-bounded as well and we describe an explicit right-bounding
map forSm starting from one forS. A direct consequence is that right-bounded Garside
families can exist only in categories that admit common right-multiples.

In the case of a monoid, the construction involves the powers∆m of the element∆.
In the general case of a category,∆ maps objects to elements, and taking powers does not
make sense. However, it is easy to introduce a convenient notion of iteration.

Definition 1.38 (iterate ∆[m]). Assume thatC is a left-cancellative category and∆ is a
map fromObj(C) to C that satisfies (1.16), (1.17), and (1.18). Form > 0, themth iterate
of ∆ is the map∆[m] fromObj(C) to C inductively specified by

(1.39) ∆[0](x) = 1x, and ∆[m](x) = ∆(x)φ∆(∆[m−1](x)) form > 1.
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Sinceφ∆ is a functor, we haveφ∆(1x) = 1φ∆(x), whence∆[1] = ∆. Then we find

∆[2](x) = ∆(x)φ∆(∆(x)) = ∆(x)∆(φ∆(x)),

the equality following from (1.30). An immediate inductiongives form > 1

(1.40) ∆[m](x) = ∆(x)∆(φ∆(x)) ··· ∆(φm−1
∆ (x)).

We begin with a few computational formulas involving the maps∆[m].

Lemma 1.41. If C is a left-cancellative category and∆ is a map fromObj(C) to C that
satisfies(1.16), (1.17), and (1.18), then, for every objectx and everym > 0, the ele-
ment∆[m](x) lies in (Div(∆))m and, for everyg in C(x, y), we have

(1.42) g∆[m](y) = ∆[m](x)φm∆ (g).

Proof. Form = 0, the element∆[m](x) is 1x, and (1.42) reduces tog 1y = 1x g. Assume
m > 1. First,∆(y) belongs toDiv(∆) for everyy, so (1.40) makes it clear that∆[m](x)
lies in (Div(∆))m. Then we find

g∆[m](y) = g∆(y)φ∆(∆[m−1](y)) by definition of∆[m](y),

= ∆(x)φ∆(g)φ∆(∆[m−1](y)) by (1.29),

= ∆(x)φ∆(g∆[m−1](y)) asφ∆ is a functor,

= ∆(x)φ∆(∆[m−1](x)φm−1
∆ (g)) by induction hypothesis,

= ∆(x)φ∆(∆[m−1](x))φm∆ (g) asφ∆ is a functor,

= ∆[m](x)φm∆(g) by definition of∆[m](x). �

Lemma 1.43. If C is a left-cancellative category and∆ is a map fromObj(C) to C that
satisfies(1.16), (1.17), and(1.18), then, for everym > 1, every element ofDiv(∆)m(x, -)
left-divides∆[m](x).

Proof. We show using induction onm > 1 the relationg 4 ∆[m](x) for every g in
Div(∆)m(x, -). Form = 1, this is the definition ofDiv(∆). Assumem > 2. Write
g = sg′ with s in Div(∆) andg′ in Div(∆)m−1. Let y be the source ofg′, which is also
the target ofs. Then we find

g = s g′ 4 s∆[m−1](y) by induction hypothesis,

= ∆[m−1](x)φm−1
∆ (s) by (1.42),

4∆[m−1](x)φm−1
∆ (∆(x)) ass4∆(x) holds andφm−1

∆ is a functor,

= ∆(x)∆[m−1](φ∆(x)) by (1.42) asφ∆(x) is the target of∆(x)

= ∆(x)φ∆(∆[m−1](x)) by (1.32) appliedm− 1 times,

= ∆[m](x) by definition. �
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Proposition 1.44(power). If C is a left-cancellative category and∆ is a map fromObj(C)
to C that satisfies(1.16), (1.17), and(1.18), then, for everym > 1, the map∆[m] satisfies
(1.16), (1.17), and (1.18), the familyDiv(∆)m is right-bounded by∆[m], and we have
thenφ∆[m] = φm∆ .

Proof. Letm > 1. By construction, the source of∆[m](x) is x, so∆[m] satisfies (1.16).
Next, Div(∆) is included inDiv(∆[m]), henceDiv(∆[m]) generatesC, so ∆[m] satis-
fies (1.17). Then, assume thatg lies in D̃iv(∆[m])(y, -), that is,fg = ∆[m](x) for somex
and somef in C(x, y). By Lemma 1.41, we havef∆[m](y) = ∆[m](x)φm∆ (f), that is,
f∆[m](y) = fgφm∆(f). By left-cancellingf , we deducegφm∆(f) = ∆[m](y), sog be-
longs toDiv(∆[m]). Hence∆[m] satisfies (1.18).

Then Lemma 1.41 shows that∆[m](x) lies in (Div(∆))m for every objectx, and
Lemma 1.43 shows that every element of(Div(∆))m(x, -) left-divides∆[m](x). This
implies that(Div(∆))m is right-bounded by∆[m].

Finally, (1.42) shows thatφm∆ satisfies the defining relations ofφ∆[m] , so, by unique-
ness, they must coincide.

Returning to the language of Garside families, we deduce:

Corollary 1.45 (power). If C is a left-cancellative category andS is a Garside family
ofC that includes1C and is right-bounded by a map∆, then, for everym > 1, the Garside
familySm is right-bounded by∆[m], and we haveφ∆[m] = φm∆ .

(We recall that assuming that1C is included inS is needed to guarantee thatS is
included inSm; otherwise, we should useS ∪ S2 ∪ ··· ∪ Sm instead.)

A consequence of the above results is the existence of commonright-multiples.

Proposition 1.46(common right-multiple). If C is a left-cancellative category and
(i) there exists a map∆ fromObj(C) to C that satisfies(1.16), (1.17), and(1.18),
or (ii) there exists a right-bounded Garside family inC,

then any two elements ofC with the same source admit a common right-multiple.

Proof. Proposition 1.44 implies that any two elements ofC(x, -) left-divide ∆[m](x) for
everym that is large enough.

Merging with Proposition 1.4, we deduce:

Corollary 1.47 (finite right-bounded). if S is a finite Garside family in a left-cancellative
categoryC, the following are equivalent:

(i) The familyS is right-bounded.
(ii) The categoryC admits common right-multiples.

In the case of a monoid, Proposition 1.46 takes the form:
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Corollary 1.48 (common right-multiple). If M is a left-cancellative monoid and
(i) there exists an element∆ of M such thatDiv(∆) generatesM and every right-

divisor of∆ left-divides∆,
or (ii) there exists a right-bounded Garside family inM ,

then any two elements ofM admit a common right-multiple.

We can then wonder whether the existence of a right-bounded Garside family implies
the existence of right-lcms. The following example shows that this is not the case.

Example 1.49(no right-lcm). Let C be the category with six objects and eight atoms
whose diagram with respect to{a, ... , f} is shown below and that is commutative, that
is, we havebc = ad, etc. The categoryC is left-cancellative as shows an exhaustive
inspection of its finite multiplication table, andC is a finite Garside family in itself.
Let ∆ be the map that sends every objectx to the
unique element ofC that connectsx to5: for instance,
we have∆(0) = ade (= ad′f = bce = bc′f),
∆(1) = de (= d′f), ... ,∆(5) = 15. ThenC is right-
bounded by∆. Howevera andb admit no right-lcm
as bothad andad′ are right-mcms ofa andb. Sym-
metrically,e andf admit no left-lcm.

a

b

d′

c

f

e

d

c′
0

1

2

3

4

5

1.5 Preservation of normality

Here we address the question of whether theφ∆-image of a normal path necessarily is
a normal path. We show in particular that, when this condition is satisfied, the second
domino rule (Definition III.1.57) must be valid.

Definition 1.50 (preserving normality). If S is a subfamily of a left-cancellative cate-
gory C, we say that a functorφ from C to itself preservesS-normality if φ(s1)|φ(s2) is
S-normal whenevers1|s2 is.

If ∆ is a right-Garside map, various conditions imply that the functorφ∆ preserves
normality (this meaningDiv(∆)-normality, if there is no ambiguity), see in particular
Proposition 2.18 below and Exercise 61. On the other hand, simple examples exist where
normality is not preserved.

Example 1.51(not preserving normality). In the left-absorbing monoidLn (Reference
Structure 8, page 111) with∆ = bn+1, the associated functorφ∆ does not preserve
normality. Indeed, we findφ∆(a) = φ∆(b) = b. Now a|b is Div(∆)-normal, whereas
φ∆(a)|φ∆(b), that isb|b, is notDiv(∆)-normal.

The main result we shall prove is

Proposition 1.52(second domino rule).If ∆ is a right-Garside map in a left-cancellative
categoryC andφ∆ preserves normality, the second domino rule is valid forDiv(∆).

In order to establish Proposition 1.52, we need a criterion for recognizing greediness
in the context of a right-bounded Garside family. The following one will be used several
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times, and it is of independent interest. We recall that two elementsf, g with the same
source are called left-coprime if every common left-divisor of f andg is invertible.

Proposition 1.53(recognizing greedy).Assume thatC is a left-cancellative category and
S is a Garside family ofC that is right-bounded by∆. For s in S♯ andg in C, consider

(i) The paths|g is S-greedy;
(ii) The elements∂s andg are left-coprime.

Then(ii) implies(i) and, ifS♯ is closed under left-divisor, then(i) implies(ii) .

Proof. Assume that∂s andg are left-coprime, andh is an element ofC satisfyingsh ∈ S
andh 4 g. Let x be the source ofs. As sh belongs toS, we havesh 4 ∆(x) = s∂s,
whenceh 4 ∂s by left-cancellings. As ∂s andg are left-coprime,h must be invertible.
By Proposition IV.1.20 (recognizing greedy),s|g is S-greedy. So (ii) implies (i).

Conversely, assume thats|g is S-greedy andh is a common left-divisor of∂s andg.
Then we havesh 4 s ∂s = ∆(x), wherex is the source ofs. By assumption∆(x)
belongs toS, hence, asS♯ is closed under left-divisor,sh belongs toS♯. So there existsh′

satisfyingh′ =× h andsh′ ∈ S. Thenh4 g impliesh′ 4 g, and, by Proposition IV.1.20
(recognizing greedy),h′, henceh, is invertible, and (i) implies (ii).

Owing to Proposition 1.20, Proposition 1.53 can be restatedas

Corollary 1.54 (recognizing greedy). If ∆ is a right-Garside map in a left-cancellative
categoryC, then, fors in Div(∆) andg in C, the paths|g is Div(∆)-greedy if and only
if ∂s andg are left-coprime.

We can now establish Proposition 1.52.

Proof of Proposition 1.52.PutS = Div(∆), and assume thats1, s2, s′1, s
′
2, andt0, t1, t2

lie in S and satisfys1t1 = t0s
′
1 ands2t2 = t1s

′
2 with s1|s2 andt1|s′2 bothS-normal.

We wish to show thats′1|s′2 is Div(∆)-greedy. Let
xi be the source ofti for i = 0, 1, 2. Let us in-
troduce the elements∂ti and φ∆(si) as shown on the
right. We claim that the diagram is commutative. In-
deed, applying (1.29), we findt0 s′1 ∂t1 = s1 t1 ∂t1 =
s1 ∆(x1) = ∆(x0)φ∆(s1) = t0 ∂t0 φ∆(s1), hence
s′1 ∂t1 = ∂t0 φ∆(s1) by left-cancellingt0. By a similar
argument, we obtains′2 ∂t2 = ∂t1 φ∆(g). φ∆(s1) φ∆(s2)

s′1 s′2

s1 s2

t0 t1 t2

∂t0 ∂t1 ∂t2
h

In view of applying the criterion of Proposition IV.1.20(iii) (recognizing greedy), as-
sume thats′1h belongs toS andh left-dividess′2. We wish to prove thath is invertible.
Now s′1h left-dividess′1 s

′
2 ∂t2, which is also∂t0 φ∆(s1)φ∆(s2). The assumption that

φ∆ preserves normality implies thatφ∆(s1)|φ∆(s2) is Div(∆)-greedy, and, therefore,
s′1h 4 ∂t0 φ∆(s1)φ∆(s2) implies s′1h 4 ∂t0 φ∆(s1). As the bottom left square of the
diagram is commutative, we deduces′1h4 s

′
1 ∂t1, whenceh4 ∂t1 by left-cancellings′1.

So h left-divides both∂t1 ands′2. By Corollary 1.54, the assumption thatt1 |s′2 is ∆-
normal implies that∂t1 ands′2 are left-coprime. Henceh is invertible and, by Proposi-
tion IV.1.20(iii) (recognizing greedy),s′1|s′2 isDiv(∆)-greedy.
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Once the second domino rule is known to be valid, the results of Subsection III.1.5
apply and Proposition III.1.62 (length) is valid. It will beconvenient to fix a specific
notation for the length with respect to a familyDiv(∆).

Definition 1.55(supremum). If ∆ is a right-Garside map in a left-cancellative categoryC
andg belongs toC, the∆-supremumof g, writtensup∆(g), is theDiv(∆)-length ofg.

Corollary 1.56 (supremum). If ∆ is a right-Garside map in a left-cancellative cate-
goryC andφ∆ preserves normality, then, for allf |g in C[2], we have

(1.57) max(sup∆(f), sup∆(g)) 6 sup∆(fg) 6 sup∆(f) + sup∆(g).

An application of Corollary 1.56 is the following transfer result.

Proposition 1.58(iterate). If ∆ is a right-Garside map in a left-cancellative categoryC
andφ∆ preserves normality, then, for eachm > 2, the map∆[m] is a right-Garside map
and we haveDiv(∆[m]) = (Div(∆))m.

Proof. Assumem > 2. By Lemma 1.43, every element of(Div(∆))m(x, -) left-divi-
des∆[m](x). Conversely,g 4 ∆[m](x) implies sup∆(g) 6 sup∆(∆[m](x)) by Corol-
lary 1.56, whencesup∆(g) 6 m. Henceg 4 ∆[m] implies g ∈ (Div(∆))m. So
Div(∆[m]) = (Div(∆))m holds.

As ∆ is a right-Garside map, the familyDiv(∆) is a Garside family ofC that in-
cludes1C . By Proposition III.1.36 (power), itsmth power, which we have seen coincides
with Div(∆[m]), is also a Garside family and, by definition, it is right-bounded by∆[m]

and is closed under left-divisor. By Proposition 1.20,∆[m] is a right-Garside map.

In the context of Proposition 1.58, if we do not assume thatφ∆ preserves normality,
Div(∆) is a Garside family that is right-bounded by∆, and one easily deduces that
Div(∆)m is a Garside family that is right-bounded by∆[m]. However, we cannot deduce
that∆[m] is a right-Garside map as, unless Corollary 1.56 is valid, nothing guarantees that
Div(∆)m is closed under left-multiplication.

We conclude with another application of preservation of normality. We saw in Propo-
sition 1.36 that, if a Garside family is right-bounded by a map ∆, the injectivity ofφ∆

on objects and elements implies that the ambient category isright-cancellative. Whenφ∆

preserves normality, the injectivity assumption on elements can be weakened.

Proposition 1.59 (right-cancellative II). If S is a Garside family in a left-cancellat-
ive categoryC that is right-bounded by a target-injective map∆, andφ∆ preservesS-
normality and is surjective onC×, then the following are equivalent:

(i) The categoryC is right-cancellative;
(ii) The functorφ∆ is injective onC;
(iii) The functorφ∆ is injective onS♯.

In Proposition 1.59, (i) and (ii) are equivalent by Proposition 1.36, and (ii) obvi-
ously implies (iii). So the point is to prove that (iii) implies (ii). The argument consists
in showing thatφ∆(s′) =× φ∆(s) implies s =× s′ for s, s′ in S♯, and then establish-
ing using induction onp that φ∆(g) = φ∆(g′) implies g = g′ for all g, g′ satisfying
max(‖g‖S , ‖g′‖S) 6 p. We skip the details here.
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2 Bounded Garside families

The definition of a right-bounded Garside familyS requires that the elements ofS(x, -)
all left-divide a certain element∆(x), thus it only involves left-divisibility. We could also
consider a symmetric condition and require that, for each objecty, the elements ofS(-, y)
all right-divide some prescribed element depending ony. Things become interesting when
the two conditions are merged and the same bounding map occurs on both sides. This is
the situation investigated in this section. The main technical result is that, provided the
ambient categoryC is cancellative (on both sides), these boundedness conditions imply,
and actually are equivalent to the functorφ∆ being an automorphism ofC.

The section comprises five subsections. In Subsection 2.1 weexplain how to define a
convenient notion of two-sided bounded Garside family and gather direct consequences
of the definition. In Subsection 2.2, we establish that bounded Garside families are pre-
served under power and deduce that their existence implies the existence of common
left-multiples. In Subsection 2.3, we investigate boundedGarside families in the context
of cancellative categories, with the key result that, in this case, the associated functorφ∆

is an automorphism. In Subsection 2.4, we introduce the notion of a Garside map, a re-
finement of a right-Garside map, and show how to rephrase mostresults in this context.
Finally, in Subsection 2.5, we discuss the existence of lcmsand gcds in a category that
admits a Garside map. The main result is that, left-gcds and left-lcms always exist, and
so right-lcms and right-gcds whenever the ambient categoryis left-Noetherian.

2.1 The notion of a bounded Garside family

The notion of a right-bounded Garside family was introducedin Section 1 using the con-
dition that all elements ofS(x, -) left-divide some distinguished element∆(x). We now
consider a two-sided version in which the elements ofS have to both left-divide and
right-divide some element∆(x). Several formulations are possible, and, to obtain the
convenient one, we first restate the definition of a right-bounded Garside family.

Lemma 2.1. A Garside familyS in a left-cancellative categoryC is right-bounded by a
map∆ if and only if, for every objectx, the element∆(x) lies in S and there exists an
objecty satisfying

(2.2) ∀s ∈ S♯(x, -) ∃t ∈ S♯(-, y) (st = ∆(x)).

Proof. Assume thatS is right-bounded by∆ andx belongs toObj(C). Let y = φ∆(x)
ands ∈ S♯(x, -). Then there existss′ in S(x, -) satisfyings′ =× s. By assumption, we
haves′4∆(x), hences4∆(x), that is,st = ∆(x) for somet. By construction,t belongs
to C(-, y) and it lies inS♯ as∆(x) does andS♯ is closed under right-divisor. So (2.2) is
satisfied. Conversely, if (2.2) holds, every element ofS(x, -) left-divides∆(x), andS is
right-bounded by∆.

Relation (2.2) is the one we shall reverse in order to define bounded Garside families.
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Definition 2.3 (bounded). A Garside familyS in a left-cancellative categoryC is said to
beboundedby a map∆ from Obj(C) to C if S is right-bounded by∆ and, in addition,
for every objecty, there exists an objectx satisfying

(2.4) ∀s ∈ S♯(-, y) ∃r ∈ S♯(x, -) (rs = ∆(x)).

Example 2.5(bounded). In the braid monoidB+
n (Reference Structure 2, page 5), the

Garside family of simple braids is right-bounded by∆n. It is actually bounded by∆n:
every simplen-strand braid is a right-divisor of∆n, so (2.4) is satisfied.

More generally, if(M,∆) is a Garside or quasi-Garside monoid, the Garside fam-
ily Div(∆) is bounded by∆ since every left-divisor of∆ is also a right-divisor of∆.
Note that the condition about objects vanishes in the case ofa monoid.

On the other hand, the Garside familySn in the left-absorbing monoidLn (Reference
Structure 8, page 111) is right-bounded, but not bounded bybn+1: indeed,a lies inSn,
but no elementr of Sn (or ofLn) satisfiesra = bn+1.

Finally, the categoryC of Example 1.49, viewed as a Garside family in itself, is right-
bounded by the map∆, but it is not bounded by∆. For instance,bd belongs toS(0, 4),
and the only element by whichbd can be left-multiplied is10. As no objectx satisfies
∆(x) = bd, (2.4) cannot be satisfied andS is not bounded by∆. However, if∇(y)
denotes the unique element ofC that maps0 to y, then, for every objecty, we have
∀s ∈ S♯(-, y) ∃r ∈ S♯(0) (rs = ∇(y)), and, in an obvious sense,S is left-bounded
by ∇. But this is not (2.4) because∇(y) is not ∆(x) for anyx: in Definition 2.3, we
insist that the same map∆ witnesses for right- and left-boundedness.

As the above example shows, being right-bounded does not imply being bounded.
However, both notions coincide in particular cases, notably in the cancellative finite case.

Proposition 2.6 (finite bounded). If C is a cancellative category andS is a Garside
family ofC such thatS♯ is finite andS is right-bounded by a target-injective map∆, then
S is bounded by∆ and the functorφ∆ is a finite order automorphism.

Proof. First, Corollary 1.12 impliesS♯ = Div(∆) = D̃iv(∆).
Next, by Proposition 1.28,∂∆ maps the finite setS♯ into itself and, by Proposition 1.36,

φ∆, which is∂2
∆

, is injective onC, hence in particular onS♯. So∂
∆

is injective, hence
bijective onS♯. This means that, for everys in S♯(-, y), there existsr in S♯ satisfying
rs = ∆(x) wherex is the source ofr. Now, asφ∆ is injective on objects,x must be the
unique object satisfyingφ∆(x) = y. So (2.4) holds, andS is bounded by∆.

Finally, the assumption thatS♯ is finite implies thatObj(C) is finite. Asφ∆ is injective
onObj(C) and onS♯, there must exist an exponentd such thatφd∆ is the identity onObj(C)
and onS♯, hence onC. Thus, in particular,φ∆ must be an automorphism.
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In the case of a cancellative monoid, the target-injectivity condition vanishes and
Proposition 2.6 says that every right-bounded Garside family S such thatS♯ is finite
is bounded. Right-cancellativity cannot be skipped in Proposition 2.6: as seen in Exam-
ple 2.5, the finite right-bounded familySn in the left-absorbing monoidLn (Reference
Structure 8, page 111) is not bounded.

We turn to properties of bounded Garside families. If a Garside family is bounded by
a map∆, it is in particular right-bounded by∆ and, therefore, it inherits all properties
established in Section 1. We now list additional properties.

Lemma 2.7. Assume thatS is a Garside family in a left-cancellative categoryC andS is
bounded by a map∆.

(i) We havẽDiv(∆) = S♯ ⊆ Div(∆).
(ii) For every objecty, the element∆(x) is a left-lcm forS♯(-, y), wherex is any

object for which(2.4)holds.
(iii) The functorφ∆ is surjective onObj(C).
(iv) The map∂

∆
induces a surjection fromS♯ onto itself.

(v) The functorφ∆ is surjective onC and induces a surjection fromS♯ onto itself.

Proof. (i) By (2.4), every element ofS♯ right-divides some element∆(x), so S♯ ⊆
D̃iv(∆) holds. Owing to (1.11), this forces̃Div(∆) = S♯ ⊆ Div(∆).

(ii) By assumption,∆(x) belongs toS(-, y), hence a fortiori toS♯(-, y). Now, for
s ∈ S♯(-, y), (2.4) says thats right-divides∆(x), so the latter is a left-lcm forS♯(-, y).

(iii) Let y be an object ofC. By definition, there exists an objectx satisfying (2.4).
Applying the latter relation to1y, an element ofS♯(y, y), we deduce the existence ofr
in S♯(x, y) satisfyingr1y = ∆(x), hencey = φ∆(x). Henceφ∆ is surjective onObj(C).

(iv) By definition, ∂
∆

mapsDiv(∆) to D̃iv(∆). Owing to (1.11), it induces a map
from S♯ to D̃iv(∆), which by (i) isS♯. By (2.4), every element ofS♯ belongs to the
image of this map.

(v) By definition, the restriction ofφ∆ toS♯ is the square of the restriction of∂∆ toS♯.
Hence the sujectivity of the latter implies the surjectivity of the former. It follows thatS♯
is included in the image ofφ∆. Asφ∆ is a functor andS♯ generatesC, it follows that the
image ofφ∆ includes all ofC.

Remark 2.8. Condition (2.4) implies bothS ⊆ D̃iv(∆) andS♯ ⊆ D̃iv(∆) (which,
contrary toS ⊆ Div(∆) andS♯ ⊆ Div(∆), need not be equivalent conditions), but it is
a priori stronger. Defining boundedness by any of the above conditions and not requiring
that the elements ofS♯(-, y) all right-divides the same element∆(x) seems to be a useless
assumption. Note that, if the ambient category is not right-cancellative, (2.4) says nothing
about the uniqueness ofg and (2.2) says nothing about the injectivity ofφ∆ on objects.

2.2 Powers of a bounded Garside family

We proved in Subsection 1.4 that, ifS is a Garside family that is right-bounded by∆,
then, for everym > 1, the powerSm is a Garside family that is right-bounded by∆[m].
We shall now establish a similar transfer result for a bounded Garside family.
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Definition 2.9 (witness). If S is a Garside family in a left-cancellative categoryC andS
is bounded by a map∆, awitnessfor (S,∆) is a pair(φ̃, ∂̃) with φ̃ : Obj(C) → Obj(C),
∂̃ : S♯ → S♯ that satisfies, for every objecty,

(2.10) ∀s ∈ S♯(-, y) (∂̃s s = ∆(φ̃(y))).

The definition of a bounded Garside family says that, for every objecty, there exists
an objectx, and, for every elements, there exists an elementr satisfying some properties.
Fixing a witness just means choosing suchx andr, so every bounded Garside family
admits (at least one) witness.

The following result is a weak converse of Proposition 1.28.

Lemma 2.11.Assume thatS is a Garside family in a left-cancellative categoryC andS is
bounded by a map∆. Let(φ̃, ∂̃) be a witness for(S,∆). Then, for everyg in (S♯)m(x, y),
there existsg′ in (S♯)m(φ̃(x), φ̃(y)) satisfying

(2.12) g′ ∆(φ̃(y)) = ∆(φ̃(x)) g.

Proof. The argument, which corresponds to
the diagram on the right, is similar to the proof
of Proposition 1.28, with the difference that we
do not claim that̃φ is a functor. We begin with
m = 1. Fors in S♯, we putφ̃(s) = ∂̃2s. Then,
for s in S♯(x, y), we obtain

g

φ̃(g)

∆(φ̃(x)) ∆(φ̃(y))
∂̃(g)

φ̃(x) φ̃(y)

x y

φ̃(s)∆(φ̃(y)) = φ̃(s) ∂̃s s = ∂̃(∂̃s) ∂̃(s) s = ∆(φ̃(x)) s,

and (2.12) is satisfied fors′ = φ̃(s).
Assume now thatg lies in (S♯)m(x, y). We fix a decomposition ofg into a product

of elements ofS♯, sayg = s1 ···sm, and putg′ = φ̃(s1)···φ̃(sm). Applying (2.12) in the
casem = 1 for s1, ... , sq, and denoting byyi the target ofsi, we obtain

g′ ∆(φ̃(y)) = φ̃(s1) ··· φ̃(sm)∆(φ̃(ym))

= φ̃(s1) ··· φ̃(sm−1)∆(φ̃(ym−1)) sm

= φ̃(s1) ··· φ̃(sm−2)∆(φ̃(ym−2)) sm−1 sm

= ... = ∆(φ̃(x)) s1 ··· sm = ∆(φ̃(x)) g.

which establishes (2.12) sinceg′ belongs to(S♯)m(φ̃(x), φ̃(y)). �

Proposition 2.13(power). If C is a left-cancellative category andS is a Garside family
of C that includes1C and is bounded by a map∆, then, for everym > 1, the Garside
familySm is bounded by∆[m]. Moreover, if(φ̃, ∂̃) is a witness for(S,∆), then(S,∆[m])
admits a witness of the form(φ̃m, -).

Proof. Let (φ̃, ∂̃) be a witness for(S,∆). We use induction onm > 1. Form = 1, the
result is the assumption. Assumem > 2. By Proposition 1.44,Sm is a Garside family
in C and it is right-bounded by∆[m]. It remains to establish (2.4). So lety be an object
andg be an element of(Sm)♯(-, y). By construction,g belongs to(S♯)m. Write g = sg′
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with s in S♯ andg′ in (S♯)m−1, see Figure 1. Letz be the target ofs. By assumption, we
have∂̃s s = ∆(φ̃(z)). On the other hand, by induction hypothesis,(S♯)m−1 is bounded
by ∆[m−1] with a witness of the form(φ̃m−1, -) so, asg′ belongs to(S♯)m−1(z, y), there
existsh in (S♯)m−1(φ̃m−1(y), z) satisfyinghg′ = ∆[m−1](φ̃m−1(y)).

We now apply Lemma 2.11 to the elementh of (S♯)m−1(φ̃m−1(y), z), obtaining an
elementf ′ in (S♯)m−1(φ̃m(y), φ̃(z)) that satisfiesf ′ ∆(φ̃(z)) = ∆(φ̃(φ̃m−1(y)))h. Put
f = f ′ ∂̃(s). Thenf belongs to(S♯)m by construction, and the commutativity of the
diagram of Figure 1 givesf g = ∆(φ̃m(y))∆[m−1](φ̃m−1(y)) = ∆[m](φ̃m(y)). This is
the expected result as we haveC×S ⊆ S♯, whence(S♯)m = (Sm)♯ by Lemma II.1.26.

φ̃m(y)
∆(φ̃m(y))

φ̃m−1(y)
∆[m−1](φ̃m−1(y))

y

f ′ h

φ̃(z)
∆(φ̃(z))

z
g′

y

∂̃(s)

s z
g′

y

Figure 1.Induction step in the proof of Proposition 2.13.

In Proposition 2.13, explicitly defining a witness for(S,∆[m]) would be easy, but this
is not useful as that witness would not be not canonical. Using Lemma 2.7(ii), we deduce
a new constraint for categories admitting a bounded Garsidefamily.

Corollary 2.14 (common left-multiple). Every left-cancellative category that admits a
bounded Garside family admits common left-multiples. Moreprecisely, ifS is a Gar-
side family that is bounded by∆, any two elements of(S♯)m(-, y) admit a common left-
multiple of the form∆[m](-).

2.3 The case of a cancellative category

When we assume that the ambient category is cancellative on both sides and, in addition,
that the functorφ∆ is injective on objects, new results appear, the most important being
that the functorφ∆ is an automorphism, which in turn implies a number of consequences.

We recall that a map∆ is calledtarget-injectiveif the associated functorφ∆ is in-
jective on objects. In the context of bounded Garside families, bounding maps are often
target-injective, in particular due to the following connection.

Proposition 2.15(target-injective). If C is a left-cancellative category with finitely many
objects, a map bounding a Garside family ofC (if any) is necessarily target-injective.
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Proof. By Lemma 2.7,φ∆ gives a surjective map fromObj(C) into itself. If Obj(C) is
finite, this implies thatφ∆ is injective as well.

It is easy to see that Proposition 2.15 does not extend to arbitrary categories.

Example 2.16(not target-injective). Let C be the category with infinitely many objects
0, 1, ··· , generated by elementsa1, a2, ···, and whose diagram with respect to{a1, a2, ···}
is

0 a1 1 a2 2 a3 3
.

The elements ofC are all finite productsaiai−1 ···aj with j 6 i. Let S be{a1, a2, ...}.
The categoryC is cancellative, andS is a Garside family inC. Let ∆ : Obj(C) → C
be defined by∆(k) = ak for k > 1 and∆(0) = 10. ThenS is bounded by∆, with a
witness(φ̃, ∂̃) for (S,∆) given by φ̃(k) = k + 1, ∂̃(1k) = ak+1, and∂̃(ak) = 1k for
everyk. However,∆ is not target-injective, as we haveφ∆(1) = φ∆(0) = 0. Note that
φ∆ is not injective on elements ofC either, as we haveφ∆(ak) = ak−1 for k > 1 and
φ∆(a1) = 10 = φ∆(10).

We observed in Proposition 1.36 that, in the context of right-bounded Garside fami-
lies, there exists a simple connection between the injectivity of φ∆ and right-cancellativity
in the ambient category. In the case of bounded Garside families, we can say more.

Proposition 2.17(automorphism). If S is a Garside family in a left-cancellative cate-
goryC andS is right-bounded by a map∆, the following are equivalent:

(i) The categoryC is cancellative,S is bounded by∆, and∆ is target-injective;
(ii) The functorφ∆ is an automorphism ofC.

When(i) and (ii) hold, we havẽDiv(∆) = S♯ = Div(∆), the familyS♯ is closed under
left-divisor,∂

∆
and the restriction ofφ∆ to S♯ are permutations ofS♯, and(φ−1

∆ , ∂−1
∆

) is
the unique witness for(S,∆).

Proof. Assume (i). By assumption,∆ is target-injective, henceφ∆ is injective onObj(C);
by Lemma 2.7(iii),φ∆ is surjective onObj(C), soφ∆ is bijective on objects. Next, by
Proposition 1.36,φ∆ is injective onC and, by Lemma 2.7(v),φ∆ is surjective onC, so
φ∆ is bijective on elements as well, and it is an automorphism ofC. So (i) implies (ii).

Conversely, assume thatφ∆ is an automorphism ofC. Then, by Proposition 1.36, the
categoryC must be right-cancellative sinceφ∆ is injective onC, and the map∆ must be
target-injective sinceφ∆ is injective onObj(C).

Let s be an element ofDiv(∆)(x, -). Thens4∆(x) impliesφ−1
∆ (s) 4 φ−1

∆ (∆(x)),
henceφ−1

∆ (s) 4∆(φ−1
∆ (x)) since, by (1.30),φ∆ andφ−1

∆ commute with∆. Soφ−1
∆ (s)

lies in Div(∆). By construction,∂∆ mapsDiv(∆) to D̃iv(∆) so, a fortiori,φ∆ maps
Div(∆) to D̃iv(∆). Asφ−1

∆ (s) lies inDiv(∆), we deduce thats, which isφ∆(φ−1
∆ (s)),

belongs tõDiv(∆). Thus we haveDiv(∆) ⊆ D̃iv(∆), whencẽDiv(∆) = S♯ = Div(∆)
owing to (1.11). AsDiv(∆) is closed under left-divisor by definition, so isS♯.
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It follows that∂∆ is a map fromS♯ to itself. This map is injective because its squareφ∆

is. We claim that∂
∆

is also surjective, hence it is a permutation ofS♯. Indeed, assume
s ∈ S♯(-, y). AsS♯ coincides withD̃iv(∆), there existsx satisfying∆(x) <̃ s. So there
existsr satisfyingrs = ∆(x). Thenr belongs toDiv(∆) and, by construction, we have
∂r = s. In addition, we note thaty is the target of∆(x), so that we haveφ∆(x) = y,
hencex = φ−1

∆ (y), and, similarly, we haver = ∂−1(s). As S♯ coincides withDiv(∆),
we have shown that∂−1

∆
(s) s = ∆(φ−1

∆ (y)) is satisfied for everys in S♯(-, y), showing
thatS is bounded by∆ and(φ−1

∆ , ∂−1
∆

) is a witness for(S,∆). So (ii) implies (i).
There remain two points. First, as the restriction ofφ∆ to S♯ is the square of∂

∆
and

the latter is a permutation ofS♯, so is the former.
Finally, assume that(φ̃, ∂̃) is a witness for(S,∆). By definition,φ∆(φ̃(y)) = y

holds for every objecty, which forcesφ̃(y) = φ−1
∆ (y). Similarly, ∂̃s s = ∆(x) holds for

everys in S♯(-, φ∆(x)). This implies∂∆(∂̃(s)) = s, whence∂̃(s) = ∂−1
∆

(s).

Proposition 2.17 explains why most examples of Garside families are closed under
left-divisor: to obtain a Garside familyS such thatS♯ is not closed under left-divisor,
we must either use a Garside family that is not bounded, or usea category with infinitely
many objects (so as to escape Proposition 2.15), or use a non-right-cancellative category,
as in the case of the left-absorbing monoidLn.

When Proposition 2.17 is eligible, that is, whenφ∆ is an automorphism,φ∆ andφ−1
∆

automatically preserve all properties and relations that are definable from the product.
So, in particular,φ∆ andφ−1

∆ induce permutations ofC×, and they preserve the rela-
tions =× and ×=× (Lemma II.1.27), as well as the left- and right-divisibility relations
(Lemma II.2.8) and the derived notions, lcms, gcds, etc. Dueto its importance, we explic-
itly state the following consequence:

Proposition 2.18 (preserving normality). If S is a Garside family in a cancellative
categoryC andS is bounded by a target-injective map∆, thenφ∆ preserves normality.

Proof. Lets1|s2 be anS-normal pair. By Lemma 2.7(iv),φ∆ mapsS♯ to itself, soφ∆(s1)
andφ∆(s2) lie in S♯. Assumes 4 φ∆(s1)φ∆(s2) with s ∈ S. By Lemma II.2.8, we
deduceφ−1

∆ (s)4 s1s2, whenceφ−1
∆ (s)4 s1 asφ−1

∆ mapsS♯ into itself ands1|s2, which
is S-normal by assumption, is alsoS♯-normal by Lemma III.1.10. Reapplyingφ∆, we
deduces4 φ∆(s1), hence, by Corollary IV.1.31,φ∆(s1)|φ∆(s2) is S-normal.

2.4 Garside maps

As in Subsection 1.2, we can change our point of view and describe Garside families
that are bounded by a target-injective map in terms of the associated bounding functions.
A nice point is that no special assumption is needed here: in the case of right-bounded
Garside families, we had to restrict to familiesS such thatS♯ is closed under left-divisor,
whereas, here, by Proposition 2.17, all needed closure conditions are automatic.
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Definition 2.19 (Garside map). If C is a left-cancellative category, aGarside mapin C
is a map∆ fromObj(C) to C that satisfies the following conditions:

For everyx in Obj(C), the source of∆(x) is x,(2.20)

The map∆ is target-injective,(2.21)

The familyDiv(∆) generatesC,(2.22)

The familiesD̃iv(∆) andDiv(∆) coincide,(2.23)

For everyg in C(x, -), the elementsg and∆(x) admit a left-gcd.(2.24)

Thus a Garside map is a right-Garside map∆ that satisfies two more conditions,
namely that∆ is target-injective and that̃Div(∆) coincides withDiv(∆), instead of just
being included in it. On the shape of Proposition 1.20, we have now:

Proposition 2.25(Garside map). Assume thatC is a left-cancellative category.
(i) If S is a Garside family that is bounded by a target-injective map∆ andS♯ is

closed under left-divisor, then∆ is a Garside map andS♯ coincides withDiv(∆).
(ii) Conversely, if∆ is a Garside map inC, thenDiv(∆) is a Garside family that is

bounded by∆.

Proof. (i) Assume thatS is a Garside family that is bounded by a target-injective map∆
andS♯ is closed under left-divisor. By Proposition 1.20,∆ is a right-Garside map. AsS is
bounded by∆, Lemma 2.7 implies̃Div(∆) = S♯ and, asS♯ is closed under left-divisor,
Lemma 1.7 impliesS♯ = Div(∆). SoD̃iv(∆)=Div(∆) holds, and∆ is a Garside map.

(ii) Assume that∆ is a Garside map inC. PutS = Div(∆). Then∆ is a right-Garside
map, so, by Proposition 1.20,S is a Garside family that is right-bounded by∆ andS♯,
which isS, is closed under left-divisor. It remains to show thatS is bounded by∆, that
is, for each objecty, to find an objectx satisfying (2.4). So, lety belong toObj(C) and
s belong toS(-, y). By assumption,S coincides withD̃iv(∆), so there existsx (a priori
depending ons) such thats right-divides∆(x), sayrs = ∆(x). By construction, the
target of∆(x) is y, so we haveφ∆(x) = y, and the assumption that∆ is target-injective
implies thatx does not depend ons. Thenr belongs toS(x, -), and (2.4) is satisfied. So
S is bounded by∆.

If the ambient category is cancellative, the result takes a slightly more simple form as,
by Proposition 2.17, the condition about left-divisors canbe forgotten.

Corollary 2.26 (Garside map). Assume thatC is a cancellative category.
(i) If S is a Garside family that is bounded by a target-injective map∆, then∆ is a

Garside map andS♯ coincides withDiv(∆).
(ii) Conversely, if∆ is a Garside map inC, thenDiv(∆) is a Garside family that is

bounded by∆.

Because of their practical importance, we now restate the definition in the particular
case of a monoid. As there is only one object, the target-injective condition vanishes.
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Definition 2.27(Garside element).If M is a left-cancellative monoid, aGarside element
in M is an element∆ of M that satisfies the following conditions:

The familyDiv(∆) generatesM ,(2.28)

The familiesDiv(∆) andD̃iv(∆) coincide,(2.29)

For everyg in M , the elementsg and∆ admit a left-gcd.(2.30)

Let us immediately note the compatibility between the current notion of a Garside
element as defined above and the one commonly used in literature:

Proposition 2.31(compatibility). Assume thatM is a cancellative monoid that admits
left-gcds. Then an element ofM is a Garside element in the sense of Definition I.2.2
(Garside monoid) if and only if it is a Garside element in the sense of Definition 2.27.

Proof. Whenever any two elements of the ambient monoidM admit a left-gcd, (2.30) is
automatically satisfied, so an element∆ of M is a Garside element in the sense of Defi-
nition 2.27 if and only if the left- and right-divisors of∆ coincide and they generateM ,
which is Definition I.2.2.

From now on, cancellative categories equipped with a Garside map, that is, equiv-
alently, with a Garside family bounded by a target-injective map, will be our preferred
context. The general philosophy is that all properties previously established for Garside
monoids should extend to such categories. For further reference, we summarize the main
properties established so far.

Proposition 2.32(Garside map). If ∆ is a Garside map in a cancellative categoryC:
(i) The categoryC is an Ore category;
(ii) For s in Div(∆) and g in C, the pair s|g is Div(∆)-greedy if and only if the

elements∂s andg are left-coprime;
(iii) The functorφ∆ is an automorphism ofC and it preservesDiv(∆)-normality;
(iv) For m > 1, ∆[m] is a Garside map andDiv(∆[m]) = (Div(∆))m holds;
(v) The second domino rule is valid forDiv(∆) and, for allf |g in C[2], we have

(2.33) max(sup∆(f), sup∆(g)) 6 sup∆(fg) 6 sup∆(f) + sup∆(g).

Proof. PutS = Div(∆), so thatS is a Garside family that is bounded by∆. Point (i) fol-
lows from Proposition 1.46 and Corollary 2.14, whereas (ii)follows from Corollary 1.54.
Then Proposition 2.17 says thatφ∆ is an automorphism, and Proposition 2.18 that it pre-
servesS-normality, so (iii) is valid.

Next, Proposition 1.58, which is eligible sinceφ∆ preserves normality, guarantees
that, for everym, the map∆[m] is a right-Garside map and we haveDiv(∆[m]) =
(Div(∆))m so, in particular,(Div(∆))m is closed under left-divisor. On the other hand,
Proposition 2.13 implies that(Div(∆))m is bounded by∆[m]. Finally, ∆[m] is target-
injective, asφ∆[m] is φm∆ and, therefore, it is injective onObj(C) wheneverφ∆ is. Then,
by Proposition 2.25,∆[m] is a Garside map, and (iv) holds.
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Finally, owing to (iii), Proposition 1.52 and Corollary 1.56 give (v).

When we consider Garside maps in categories that are left-cancellative, but not nec-
essarily cancellative, some results from Proposition 2.32remain valid, namely (i), (ii),
and the fact thatφ∆ is an automorphism, but the results of (iv) and (v) are valid only if
we assume thatφ∆ preserves normality, which is not automatic. It is natural to wonder
whether the latter assumption is weaker than cancellativity: the next result shows that the
gap is small since adding the injectivity ofφ∆ on (Div(∆))2 is then sufficient to imply
right-cancellativity.

Proposition 2.34(right-cancellativity III). If C is a left-cancellative category and∆ is
a Garside map ofC such thatφ∆ preserves normality, thenC is right-cancellative if and
only if φ∆ is injective on(Div(∆))2.

If C is cancellative,φ∆ is an automorphism, hence injective onC and a fortiori
on (Div(∆))2, so the condition of Proposition 2.34 is trivially necessary, and the point is
to prove that it is sufficient. To this end, on first observes thatφ∆ must induce a permuta-
tion of C×and one then applies Proposition 1.59. We skip the details.

2.5 Existence of lcms and gcds

As every (left-cancellative) category is a Garside family in itself, the existence of a Gar-
side family cannot imply any structural consequence. Things are different with the exis-
tence of a (right)-bounded Garside family: for instance, wehave seen that it implies the
existence of common right-multiples and, in the bounded case, of common left-multiples.
We now address the existence of lcms and gcds. Example 1.49 shows that the existence
of a right-bounded Garside family does not imply the existence of right- or left-lcms. By
contrast, we shall see now that the existence of a bounded Garside family does imply the
existence of left-lcms and left-gcds, and it implies that ofright-lcms right-gcds whenever
the ambient category is left-Noetherian. This explains whycategories with a bounded
Garside family but no right-lcm must be somehow complicated.

Proposition 2.35(lcms and gcds).If a cancellative categoryC admits a Garside map:
(i) The categoryC admits left-gcds and left-lcms;
(ii) If C is left-Noetherian, thenC admits right-lcms and right-gcds;
(iii) If C is left-Noetherian and has no nontrivial invertible element, (C,4) and(C, 4̃)

are lattices.

We split the proof into several steps, starting with left-gcds. We saw in Lemma 1.14
that, if∆ is a right-Garside map, then, for everyg with sourcex, the elementsg and∆(x)
must admit a left-gcd. The argument can be extended to more elements.
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Lemma 2.36. (i) In a left-cancellative category that admits a right-Garside map∆, any
two elements sharing the same source and such that at least one of them lies iñDiv(∆)
admit a left-gcd.

(ii) A cancellative category that admits a Garside map admits left-gcds.

Proof. (i) Assume thatf, g share the same source andf right-divides∆(x), saysf =
∆(x). By definition, ∆(x) and sg admits a left-gcd, sayh. By construction,s left-
divides∆(x) andsg, so it left-dividesh, sayh = sh′. Sosh′ is a left-gcd ofsf andsg,
which implies thath′ is a left-gcd off andg since the ambient category is left-cancellative
(see Exercise 8(i) in Chapter II).

(ii) If C is a cancellative category and∆ is a Garside map inC, then, by Proposi-
tion 2.32(iv), so is∆[m] for m > 1. By Corollary 2.14, every element ofC right-divides
some element∆[m](-) with m > 1, and we apply (i).

Lemma 2.37. A cancellative category that admits a Garside map admits left-lcms.

Proof. Assume thatC is a cancellative category and∆ is a Garside map inC. Assume
first thats andt are two elements ofDiv(∆) sharing the same target. Lety be the source
of t, andx beφ−1

∆ (y). Then we have∆(x)t = φ−1
∆ (t)∆(-), sos right-divides∆(x)t,

say ∆(x)t = gs. Let t1 be aDiv(∆)-head ofg, let t′ be defined byg = t1t
′, and

let s′ = ∂t1. By construction, we haves′t = t′s. Moreover, by Corollary 1.54,
the assumption thatt1|t′ is Div(∆)-greedy implies thats′ andt′ are left-coprime. By
Lemma 2.36, the categoryC admits left-gcds and, therefore, by Proposition III.2.5 (left-
disjoint vs. left-coprime), the fact thats′ and t′ are left-coprime implies that they are
left-disjoint; by Lemma III.2.8, this implies thats′t is a left-lcm ofs andt. Moreover,s′

lies inDiv(∆) by construction, and so doest′ since the∆-length ofg is at most that of
its right-multiple∆(x)t, which is at most2. Hence, we proved that any two elementss, t
of Div(∆) sharing the same target admit a left-lcm of the formt′s = s′t wheres′ andt′

lie in Div(∆).
It then follows from (the left counterpart of) Proposition II.2.12 (iterated lcm) and

an easy induction onm > 1 that any two elementss, t of Div(∆)[m] sharing the same
target admit a left-lcm of the formt′s = s′t wheres′ andt′ lie in Div(∆)[m]. As, by
assumption,Div(∆) generatesC, we conclude that any two elements ofC with the same
target admit a left-lcm.

Once the existence of left-gcds is granted, one easily deduces that of right-lcms pro-
vided some Noetherianity condition is satisfied and, from there, that of right-gcds.

Lemma 2.38. (i) A left-cancellative category that is left-Noetherian and admits left-gcds
admits conditional right-lcms.

(ii) In a cancellative category that admits conditional right-lcms, any two elements
of C that admit a common left-multiple admit a right-gcd.

We skip the proof, which has nothing to do with Garside families and which just
exploits the definitions: in (i), the right-lcm arises as a≺-minimal left-gcd of common
right-multiples, whereas, in (ii), the right-gcd arises asthe right-complement of the right-
lcm of the left-complements in a common left-multiple.
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Proof of Proposition 2.35.(i) The result directly follows from Lemmas 2.36 and 2.37.
(ii) Assume thatC is left-Noetherian. By Lemma 2.38(i), the existence of left-gcds

implies that of conditional right-lcms. Now, by Proposition 1.46, any two elements ofC
with the same source admit a common right-multiple. Hence any two elements ofC
with the same source admit a right-lcm. On the other hand, by Corollary 2.14, any two
elements ofC with the same target admit a common left-multiple. By Lemma 2.38(ii),
they must admit a right-gcd.

(iii) Assume in addition thatC has no nontrivial invertible element. Then the left- and
right-divisibility preorderings are partial orderings, and the fact that(C,4) and(C, 4̃) are
lattices is a reformulation of the fact that left- and right-lcms and gcds (which are unique
in this case) are suprema and infima with respect to these orderings.

In the context of left-Ore categories that admit left-lcms,we introduced the notions of
a strong and a perfect Garside family (Definitions III.2.29 and III.3.6). A direct applica-
tion of Proposition 2.35 is:

Corollary 2.39 (perfect). If ∆ is a Garside map in a cancellative categoryC, then the
Garside familyDiv(∆) is perfect.

Proof. Lets, t be two elements ofDiv(∆) sharing the same targety. By Proposition 2.35,
s andt admit a left-lcm, sayh = ft = gs. Let x = φ−1

∆ (y). Then we havẽ∂s s =

∂̃t t = ∆(x), and∆(x) is a common left-multiple ofs andt, hence a left-multiple of
their left-lcmh. In other words,h lies in D̃iv(∆), which is alsoDiv(∆). Moreover,f
andg left-divideh, hence they lie inDiv(∆) as well. Thenf andg are left-disjoint by
Lemma III.2.8, and(f, g, h) witness thatDiv(∆) is perfect.

Returning to Noetherianity, we can look for conditions involving a Garside map∆
guaranteeing that the ambient category is, say, right-Noetherian. By Proposition IV.2.18
(solid Garside in right-Noetherian), a necessary and sufficient condition is that the family
Div(∆) be locally right-Noetherian, leading to the following criterion:

Proposition 2.40(right-Noetherian). If ∆ is a right-Garside map in a left-cancellative
categoryC and, for everyx, we haveht(∆(x)) < ∞ (resp.6 K for some constantK),
thenC is right-Noetherian (resp. strongly Noetherian).

Proof. Assume first thatC is not right-Noetherian. By Proposition IV.2.18 (solid Garside
in right-Noetherian), the Garside familyDiv(∆) cannot be locally right-Noetherian. So
there exists an infinite descending sequences0, s1,... with respect tõ≺ insideDiv(∆).
Let ti satisfytisi+1 = si. Then we haves0 = t0s1 = t0t1s2 = ··· and, callingx the
source ofs0, we findht(t0) < ht(t0) + ht(t1) < ··· < ht(s0) 6 ht(∆(x)). Hence∆(x)
cannot have a finite height.

On the other hand, ifht(∆(x)) 6 K holds for every objectx, then a fortioriht(s) 6 K
holds for everys in the Garside familyDiv(∆) and Proposition IV.2.43 (finite height) im-
plies that every element ofC has a finite height.

In the particular case of a monoid, we deduce
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Corollary 2.41 (quasi-Garside monoid). If M is a cancellative monoid, then the fol-
lowing conditions are equivalent:

(i) The monoidM has no nontrivial invertible element and∆ is a Garside element
in M that has a finite height;

(ii) The pair(M,∆) is a quasi-Garside monoid.

Proof. That (ii) implies (i) is clear from the definition of a quasi-Garside monoid.
Assume (i). Then Proposition 2.40 implies thatC is strongly Noetherian, that is, there

existsλ : M → N satisfyingλ(fg) > λ(f) + λ(g) andg 6= 1 ⇒ λ(g) 6= 0. Next,
by Proposition 2.35,M admits left- and right-lcms and gcds. Then Proposition 2.31says
that∆ is a Garside element inM in the sense of Definition I.2.2 and, therefore,(M,∆)
is a quasi-Garside monoid. So (i) implies (ii).

Thus, when one restricts to monoids that contain no nontrivial invertible element and
are strongly Noetherian, the context of bounded Garside families essentially coincides
with that of quasi-Garside monoids.

3 Delta-normal decompositions

By definition, every Garside family gives rise to distinguished decompositions for the
elements of the ambient category and, possibly, of its enveloping groupoid. We show
now how to adapt the results in the special case of (right)-bounded Garside categories, or,
equivalently, categories equipped with (right)-Garside maps. The principle is to use the
elements∆(x) as much as possible.

In Subsection 3.1, we address the positive case, that is, theelements of the ambient
category, and construct new distinguished decompositionscalled delta-normal. Next, in
Subsection 3.2, we similarly address the signed case, that is, the elements of the envelop-
ing groupoid. In Subsection 3.3, we compare the delta-normal decompositions with the
symmetric normal decompositions of Chapter III. Finally, we discuss in Subsection 3.4
the counterpart of delta-normal decompositions in which, instead of considering maximal
left-divisors, one symmetrically consider maximal right-divisors. The results are similar
but, interestingly, an additional assumption about the considered Garside map is needed
to guarantee the existence of such decompositions.

3.1 The positive case

Our aim is to construct new distinguished decompositions giving a specific role to the
bounding map, when it exists. We start from the following simple observation: if a Gar-
side familyS is right-bounded by a map∆, thenS-normal sequences necessarily begin
with terms that are=×-equivalent to elements∆(x). Thus the elements∆(x), which
are4-maximal elements inS♯, necessarily occur at the beginning of normal sequences,
reminiscent of invertible elements, which are4-minimal elements inS♯ and necessarily
occur at the end ofS-normal sequences.
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Definition 3.1 (delta-like). If S is a Garside family that is right-bounded by a map∆, an
elementg of C(x, -) is calleddelta-likeif it is =×-equivalent to∆(x).

It can be easily checked that the notion of a delta-like element depends on the Garside
family S only, and not on the choice of the map∆, see Exercise 58.

Lemma 3.2. Assume thatC is a left-cancellative category andS is a Garside family ofC
that is right-bounded by∆.

(i) The family of delta-like elements is closed under×=×-equivalence.
(ii) If s1|s2 is S-normal ands2 is delta-like, then so iss1.
(iii) If s is delta-like, thens|g is S-greedy for everyg.
(iv) In everyS-normal decomposition of an elementg of C, the delta-like entries (if

any) occur first, and their number only depends ong.

Proof. (i) Assumesǫ = ǫ′∆(y) with ǫ, ǫ′ ∈ C×. Letx be the source ofs andǫ′. By (1.29),
we haveǫ′ ∆(y) = ∆(x)φ∆(ǫ′). As φ∆ is a functor,φ∆(ǫ′) is invertible with inverse
φ∆(ǫ′−1), and we deduces = ∆(x)φ∆(ǫ′) ǫ−1, whences=× ∆(x).

(ii) Assumes2 = ∆(y)ǫ with ǫ ∈ C×. Let x be the source ofs1. Using (1.29), we
find s1s2 = s1∆(y)ǫ = ∆(x)φ∆(s1)ǫ, whence∆(x)4 s1s2. As ∆(x) belongs toS and
s1|s2 isS-normal, we deduce∆(x)4 s1. As s14∆(x) follows from the assumption that
s1 belongs toS andS is right-bounded by∆, we deduces1 =× ∆(x).

(iii) By Lemma III.1.9, we may assumes = ∆(x) for some objectx. Assume that
sg is defined,t belongs toS, andt 4 sg holds. By definition, we havet4∆(x), that is,
t4 s. By Proposition IV.1.20 (recognizing greedy), this implies thats|g is S-greedy.

(iv) That the delta-like entries occur first follows from (ii) directly. If s1| ··· |sp and
t1| ··· |tq are twoS-normal decompositions ofg, Proposition III.1.25 (normal unique) im-
pliessi ×=× ti for eachi (at the expense of extending the shorter sequence with identity-
elements if needed). Then, by (i),si is delta-like if and only ifti is.

Definition 3.3 (delta-normal). If S is a Garside family that is right-bounded by a map∆
in a left-cancellative categoryC, an(S,∆)-normal path of infimumm (m > 0) is a pair
(∆[m](x), s1 | ··· |sℓ) such that∆(x)|∆(φ∆(x))| ··· |∆(φm−1

∆ (x))|s1 | ··· |sℓ is S-normal
ands1 is not delta-like (forℓ > 1). We write∆[m](x)||s1| ··· |sℓ, or ∆[m]||s1| ··· |sℓ, for
such a pair. IfS♯ = Div(∆) holds, we say∆-normalfor (S,∆)-normal.

Thus, an(S,∆)-normal path of infimumm begins withm entries of the form∆(y),
hence∆ repeatedm times in the case a monoid. Of course, we say that∆[m](x)||s1 | ··· |sℓ
is an(S,∆)-normal decompositionfor g if we haveg = ∆[m](x) s1 ···sℓ.

Proposition 3.4(delta-normal). If S is a Garside family ofC that is right-bounded by
a map∆ in a left-cancellative categoryC, every element ofC admits an(S,∆)-normal
decomposition; the infimum is uniquely determined and theS-entries are unique up to
C×-deformation.
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Proof. We show using induction onm > 0 that every element that admits anS-decompos-
ition withm delta-like entries admits an(S,∆)-normal decomposition. Form = 0, every
S-normal decomposition is(S,∆)-normal and the result is trivial. Assumem > 1, and
let g be an element ofC(x, -) that admits anS-decomposition withm delta-like entries.
Let s1| ··· |sp be an arbitraryS-normal decomposition ofg. By assumption,s1 is delta-
like, so we haves1 = ∆(x) ǫ for some invertible elementǫ. Letg′ = ǫ s2 ··· sp. AsC×S is
included inS♯, there exist invertible elementsǫ1 = ǫ, ǫ2, ... , ǫp andg′2, ... , g

′
p in S∪C×sat-

isfying ǫi−1 si = g′i ǫi. By construction,g′i
×=× si holds for eachi, so, by Lemma III.1.9,

g′2| ··· |g′p|ǫp is anS-normal decomposition ofg′ and, by Lemma 3.2, it hasm − 1 delta-
like entries. By induction hypothesis,g′ has an(S,∆)-normal decomposition. Append-
ing ∆(x) at the beginning of the latter gives an(S,∆)-normal decomposition ofg.

For uniqueness, Lemma 3.2(iv) implies that the number of delta-like entries in an
S-normal decomposition of an elementg does not depend on the choice of the bounding
map, so the infimum is uniquely determined. The uniqueness ofS-entries then follows
from Proposition III.1.25 (normal unique).

Definition 3.5 (infimum). If S is a Garside family ofC that is right-bounded by a map∆
in a left-cancellative categoryC, theS-infimumof an elementg of C, written infS(g),
is the exponent of∆ in an (S,∆)-normal decomposition ofg. ForS♯ = Div(∆), we
write inf∆ for infDiv(∆).

We recall from Definition III.1.29 that‖g‖S is the number of non-invertible entries in
anS-normal decomposition ofg. Then, by definition, the inequality

(3.6) infS(g) 6 ‖g‖S

always holds:‖g‖S − infS(g) is the number of “really nontrivial” entries in aS-normal
decomposition ofg, namely those that are neither invertible nor delta-like. We recall from
Definition 1.55 that, whenS♯ = Div(∆) holds, we writesup∆(g) for ‖g‖S . In this case,
(3.6) takes the even more natural forminf∆(g) 6 sup∆(g).

Computation rules for(S,∆)-normal decompositions are simple. We saw in Proposi-
tion III.1.49 (left-multiplication) how to compute, fors in S♯, anS-normal decomposition
for sg starting from anS-normal decomposition ofg. We now state a similar result for
(S,∆)-normal decompositions.

Convention 3.7(omitting source). To make reading easier, in the sequel (in this chap-
ter, as well as in subsequent chapters, specially Chapters VIII and XIV), we shall often
write ∆[m](-), or even∆[m], for ∆[m](x), when there is no need to specify the sourcex
explicitly. Also we often writeφ for φ∆.

Algorithm 3.8 (left-multiplication, positive case). (See Figure 2)

Context: A Garside familyS that is right-bounded by a map∆ in a left-cancellative
categoryC, a�-witnessF for S♯, an=×-testE in C

Input: An (S,∆)-normal decomposition∆[m]||s1| ··· |sℓ of an elementg of C and an
elements of S♯ such thatsg is defined

Output: An (S,∆)-normal decomposition ofsg
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: putr0 := φm(s)
: for i increasing from1 to ℓ do
: put (s′i, ri) := F (ri−1, si)
: if E(∆(-), s′1) is definedthen (case whens′1 is ∆-like)
: puts′2 := E(∆(-), s′1)s

′
2

: return ∆[m+1]||s′2| ··· |s′ℓ|rℓ
: else (case whens′1 is not∆-like)
: return ∆[m]||s′1| ··· |s′ℓ|rℓ

s ∆[m](-) s1 sℓ

∆[m](-) s′1 s′ℓ

s φm(s) r0 r1 rℓ−1 rℓ

∆[m+1](-)E(∆(-), s′1) if s′1 is ∆-like

Figure 2. Computing an (S,∆)-normal decomposition of sg from an (S,∆)-normal decomposition
of g: first use φm

∆ to cross the m initial ∆(-) entries, and then apply the standard procedure, making
sure that s′1 is chosen to be ∆(-) if it is delta-like; if this happens, we merge it in the ∆ block.

Proposition 3.9(left-multiplication, positive case). Assume thatC is a left-cancellative
category,S is a Garside family inC that is right-bounded by a map∆, andF is a�-
witness forS♯, andE is an=×-testE in C. Then Algorithm 3.8 running on an(S,∆)-
normal decomposition ofg ands returns an(S,∆)-normal decomposition ofsg.

Proof. Assume that∆[m]||s1| ··· |sℓ is an(S,∆)-normal decomposition ofg ands belongs
to S♯. By Lemma 1.41, we haves∆[m] = ∆[m]φm(s), whencesg = ∆[m] φm(s) s1 ···sℓ.
Starting fromr0 = φm(s) and filling the diagram of Figure 2 using the method of
Proposition III.1.49 (left-multiplication) gives anS-normal decompositions′1| ··· |s′ℓ|rℓ
for φm(s) s1 ···sℓ, and we deducesg = ∆[m] s′1 ···s′ℓrℓ. It only remains to discuss whether
∆[m]||s′1| ··· |s′ℓ is (S,∆)-normal. If s′1 is not delta-like, the sequence is(S,∆)-normal.
Otherwise,s′1 must be a∆ element, and we can incorporate it to∆[m] to obtain∆[m+1].

We claim that, in this case,s′2 cannot be delta-like. Indeed, assume∆ 4 s′2. This
implies ∆[2] 4 s′1s

′
2, hence a fortiori∆[2] 4 r0s1 ··· sℓ. Using (1.29), we find∆[2] =

r0 ∂r0 ∆ = r0 ∆φ(∂r0), whencer0 ∆ 4 r0s1 ···sℓ, and∆ 4 s1 ···sℓ. As s1| ··· |sℓ is S-
normal,s1 must be delta-like, contradicting the assumption that∆[m]||s1| ··· |sℓ is (S,∆)-
normal. Sos′2 cannot be delta-like, and∆[m+1]||s′2| ··· |s′ℓ|rℓ is (S,∆)-normal.

Corollary 3.10 (infimum). If S is a right-bounded Garside family in a left-cancellative
categoryC, then, for allf |g in C[2], we have

(3.11) infS(g) 6 infS(fg) 6 supS(f) + infS(g).

Proof. Fors in S♯, Proposition 3.9 gives the inequalities

infS(g) 6 infS(sg) 6 1 + infS(g).
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If supS(f) is d, thenf admits a decomposition as the product ofd elements ofS♯, and
d applications of the above inequalities give (3.11).

3.2 The general case

We now extend the(S,∆)-normal decompositions of Proposition 3.4 to the enveloping
groupoid of the involved category.

In this subsection, we always consider cancellative categories. Owing to Corol-
lary 2.26, Garside families that are bounded by a target-injective map are equivalent
to Garside maps. From now on, we always adopt the latter framework (which pro-
vides slightly simpler statements). According to Definition 3.3, we say∆-normal for
(Div(∆),∆)-normal.

We saw in Proposition 2.32 that, if∆ is a Garside map in a cancellative categoryC,
thenC is necessarily an Ore category. Hence, by Ore’s theorem (Proposition II.3.11),C
embeds in its enveloping groupoidEnv(C), which is both a groupoid of left and of right
fractions forC. In order to extend the definition of∆-normal decompositions fromC
to Env(C), the first step is to analyze the relation⊲⊳ involved in the embedding ofC
into Env(C).

Lemma 3.12. If ∆ is a Garside map in a cancellative categoryC, then, for allf, g in C
sharing the same source, there exists a unique triple(x,m, g′) with x an object ofC,m a
nonnegative integer, andg′ an element ofC(x, -) satisfying

(3.13) (∆[m](x), g′) ⊲⊳ (f, g) and ∆(x) 64 g′.

Proof. Assume thatf, g are elements ofC sharing the same source. Let

A = {m > 0 | ∃x∈Obj(C) ∃g′ ∈ C(x, -) ((∆[m](x), g′) ⊲⊳ (f, g))}.

First, we claim thatA is nonempty. Indeed, lety be the target off . By Corollary 2.14,
there existx andm such thatf right-divides∆[m](x), say∆[m](x) = hf with h in C(x, -).
Then we haveφm∆(x) = y, whencex = φ−m∆ (y). Then the pair(1x, h) witnesses for
(∆[m](x), hg) ⊲⊳ (f, g), and, therefore,m belongs toA.

Letm be the least element ofA, and letx andg′ satisfy((∆[m](x), g′) ⊲⊳ (f, g). We
claim that∆(x) does not left-divideg′. Indeed, assumeg′ = ∆(x) g′′. Putx′ = φ∆(x).
Then g′′ belongs toC(x′, -), and the pair(∆(x), 1x′) witnesses for(∆[m](x), g′) ⊲⊳
(∆[m−1](x′), g′′). By transitivity,(∆[m−1](x′), g′′) ⊲⊳ (f, g) holds as well, which shows
thatm− 1 belongs toA and contradicts the choice ofm. Thus, at this point, we obtained
a triple(x,m, g′) satisfying (3.13).

It remains to prove uniqueness. Assume that(x′,m′, g′′) satisfies (3.13). Thenm′

belongs toA, and we must havem′ > m. By construction, we have∆[m](x) = ∆̃[m](y)

and∆[m′](x′) = ∆̃[m′](y), wheny is the target off , hence of∆[m](x) and∆[m′](x′).

The bijectivity ofφ∆ onObj(C) impliesx′ = φ
−(m′−m)
∆ (x), whence

(3.14) ∆[m′](x′) = ∆[m′−m](x′)∆[m](x).
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Then we have(∆[m′](x′), g′′) ⊲⊳ (∆[m](x), g′) as both pairs are⊲⊳-equivalent to(f, g). So
(3.14) impliesg′′ = ∆[m′−m](x′) g′, and the assumption that(x′,m′, g′′) satisfies (3.13),
hence that∆(x′) does not left-divideg′′, impliesm′ − m = 0. As we havex′ =

φ
−(m′−m)
∆ (x) andg′′ = ∆[m′−m](x′) g′, we deducex′ = x andg′′ = g′.

We now introduce convenient negative powers of a Garside map.

Notation 3.15(∆̃, ∆̃[m]). If ∆ is a Garside map in a cancellative categoryC andy is an

object ofC, we put∆̃(y) = ∆(φ−1
∆ (y)) and, more generally, form > 0,

(3.16) ∆̃[m](y) = ∆[m](φ−m∆ (y)).

Note that, by definition, thetarget of ∆̃[m](y) is y (whereas the source of∆[m](x)
is x). Then we extend∆-normal paths to negative values of the exponent.

Definition 3.17 (delta-normal). If ∆ is a Garside map in a cancellative categoryC, we
say that an elementg of Env(C)(x, -) admits the∆-normal decomposition∆(m)||s1| ··· |sℓ
(m ∈ Z) if s1| ··· |sℓ is ∆-normal,s1 is not delta-like, and we have

g =

{
ι(∆[m](x)) ι(s1)···ι(sℓ), in the casem > 0,

ι(∆̃[−m](x))
−1 ι(s1)···ι(sℓ), in the casem < 0.

We recall thatι denotes the embedding ofC into Env(C), which is often dropped.
If the first entrym is nonnegative, Definition 3.17 coincides with Definition 3.3, and it
corresponds to a∆-normal decomposition that begins withm factors of the form∆(-).
If m is negative,∆(m)(x) means(∆̃[−m](x))

−1, so it does not belong to the categoryC,
and the decomposition corresponds to a left fraction whose denominator is a product of
|m| factors of the form∆(-). One should pay attention to the possible ambiguity resulting
from the fact the the exponent−1 is used both to denote the inverse (reciprocal) of a
bijective map, and the inverse of an invertible element in a category.

Lemma 3.12 gives the expected existence and uniqueness of∆-normal decomposi-
tions:

Proposition 3.18(delta-normal). If ∆ is a Garside map in a cancellative categoryC,
every element ofEnv(C) admits a∆-normal decomposition; the exponent of∆ is uniquely
determined and theDiv(∆)-entries are unique up toC×-deformation.

Proof. Let h belong toEnv(C). If h belongs toι(C), then the existence follows from
Proposition 3.4. Otherwise,h can be written asι(f)−1ι(g) with (f, g) in C × C and
f 64 g. Then Lemma 3.12 shows that(f, g) is ⊲⊳-equivalent to a pair(∆[m](x), g′) with
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m > 1 andg′ not left-divisible by∆(x), for g′ in C(x, -). Then, by construction, another
expression ofh is ι(∆[m](x))−1ι(g′). Let s1| ··· |sℓ be a∆-normal decomposition ofg′.
The assumption that∆(x) does not divideg′ is equivalent tos1 not being delta-like. Thus,
in this case,∆(−m)(x)||s1| ··· |sℓ is a∆-normal decomposition ofh.

As for uniqueness, the above two cases are disjoint. In the first case, uniqueness
follows from Proposition 3.4. In the second case, it followsfrom Lemma 3.12, since every
(S,∆)-normal decomposition forh gives a pair(∆[m](x), g′) satisfying (3.13). Finally,
we apply the uniqueness result of Proposition III.1.25 (normal unique) for theS-normal
decompositions ofg′.

As in the positive case, simple algorithmic rules enable oneto compute∆-normal
decompositions in enveloping groupoids. As in Proposition3.9, we writeφ for φ∆ and
∆(-) for a∆ element with unspecified source. We drop the embeddingι, and use∂ for ∂

∆

and∂̃ for ∂−1
∆

. The question is, starting with a∆-normal decomposition of an elementg
of Env(C) ands in Div(∆), to determine a∆-normal decomposition ofsg ands−1g.

Algorithm 3.19 (left-multiplication). (See Figure 3)

Context: A Garside familyS that is bounded by a map∆ in a cancellative categoryC, a
�-witnessF for S♯, an=×-testE in C

Input: A ∆-normal decomposition∆[m]||s1| ··· |sℓ of an elementg of Env(C) and an
elements of S♯ such thatsg is defined

Output: A ∆-normal decomposition ofsg
: putr0 := φm(s)

: for i increasing from1 to ℓ do
: put (s′i, ri) := F (ri−1, si)

: if E(∆(-), s′1) is definedthen (case whens′1 is ∆-like)
: puts′2 := E(∆(-), s′1)s

′
2

: return ∆[m+1]||s′2| ··· |s′ℓ|rℓ
: else (case whens′1 is not∆-like)
: return ∆[m]||s′1| ··· |s′ℓ|rℓ

s ∆[m] s1 sℓ

∆[m] s′1 s′ℓ

s φm(s) r0 r1 rℓ−1 rℓ

∆[m+1]E(∆, s′1) if s′1 is ∆-like

Figure 3. Computing a ∆-normal decomposition for sg from a ∆-normal decomposition of g: Al-
gorithm 3.19 is identical to Algorithm 3.8, the only difference is that the orientation of the left two
horizontal arrows now depends on the sign of m.
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Proposition 3.20 (left-multiplication). If ∆ is a Garside map in a cancellative cate-
goryC, F is a�-witness forS♯, andE is an=×-testE in C, then Algorithm 3.19 running
on a∆-normal decomposition ofg ands returns a∆-normal decomposition ofsg.

Proof. The argument is similar to that for Proposition 3.9, with thedifference that the
parameterm may now be negative. However, the equalitys∆(m)(-) = ∆(m)(-)(s)φm(s)
always holds, so, in any case, the constructed path is a decomposition ofsg. It remains
to see that this path is∆-normal. Ifm > 0 holds, this was done for Proposition 3.9.
If m is negative, the only problem is whens′1 is delta-like, says′1 = ∆(-)ǫ. Then the
factor∆(-) cancels the first∆(-)−1 in ∆(|m|)(-)−1, andǫs′2 belongs toC×Div(∆), which
is Div(∆). By Lemma III.1.9,ǫs′2|s′3| ··· |s′ℓ is ∆-normal. Finally, as noted in the proof
of Proposition 3.9, it is impossible fors′2 to be delta-like, and no cascade may occur.

Left-dividing a∆-normal decomposition is equally easy.

Algorithm 3.21 (left-division). (See Figure 4)

Context: A Garside map∆ in a cancellative categoryC, a�-witnessF for S♯, an=×-
testE in C

Input: A ∆-normal decomposition∆[m]||s1| ··· |sℓ of an elementg of Env(C) and an
elements of S♯ such thats−1g is defined

Output: A ∆-normal decomposition ofs−1g

: putr0 := φm(∂̃s)
: for i increasing from1 to ℓ do
: put (s′i, ri) := F (ri−1, si)
: if E(∆, s′1) is definedthen (case whens′1 is ∆-like)
: puts′2 := E(∆, s′1)s

′
2

: return ∆[m+1]||s′2| ··· |s′ℓ|rℓ
: else (case whens′1 is not∆-like)
: return ∆[m]||s′1| ··· |s′ℓ|rℓ

s ∆[m](x) s1 sℓ

∆ ∆[m] s′1 s′ℓ

∂̃s r0 r1 rℓ−1 rℓ

∆[m−1]

∆[m]E(∆, s′1) if s′1 is ∆-like

Figure 4.Algorithm 3.21 : Computing a ∆-normal decomposition for s−1g from a ∆-normal decom-
position of g. Note the similarity with Algorithm 3.19: dividing by s is the same as multiplying by e∂s.

Proposition 3.22(left-division). If ∆ is a Garside map in a cancellative categoryC, F
is a �-witness forS♯, andE is an =×-testE in C, then Algorithm 3.21 running on a
∆-normal decomposition ofg ands returns a∆-normal decomposition ofs−1g.
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Proof. Let x be the source of∂−1
∆

(s), here denoted bỹ∂s. By definition, we have

∂̃s s = ∆(x), whences−1 = ∆(x)−1∂̃s, so left-dividing bys in Env(C) amounts to
first left-multiplying by ∂̃s and then left-dividing by∆(x). This is what Algorithm 3.21
does, thus providing a∆-normal decompositions′1| ··· |s′ℓ|rℓ of φm(∂̃s)s1 ···sℓ and possi-
bly mergings′1 with ∆(m)(-) if s′1 is delta-like. Then the final multiplication by∆(x)−1

simply amounts to diminishing the exponent of∆ by one.

Next, the∆-supremum and∆-infimum functions can be extended to the enveloping
groupoid.

Definition 3.23 (infimum, supremum, canonical length). If ∆ is a Garside map in
a cancellative categoryC, then, forg in Env(C) admitting a∆-normal decomposition
∆[m]||s1| ··· |sℓ with sℓ non-invertible, we define the∆-infimuminf∆(g), the ∆-supre-
mumsup∆(g), and thecanonical∆-lengthℓ∆(g) of g by

inf∆(g) = m, sup∆(g) = m+ ℓ, and ℓ∆(g) = ℓ;

If g admits a∆-normal decomposition∆[m] or ∆[m]||s1 with s1 invertible, we put

inf∆(g) = sup∆(g) = m, and ℓ∆(g) = 0.

By construction, forg in C, the values ofinf∆(ι(g)) and sup∆(ι(g)) as evaluated
in Env(C) coincide with the previously defined values ofinf∆(g) andsup∆(g).

We recall from Definition II.3.14 that, ifC is a left-Ore category, and forg, h in Env(C),
we writeg 4C h for g−1h ∈ C. By Proposition II.3.15 (left-divisibility), the relation4C

is a partial ordering onEnv(C) that extends the left-divisibility relation ofC. So there is
no ambiguity in writing4 for 4C when the choice ofC is clear. Then there exist simple
connections between the functionsinf∆ andsup∆ and the relation4.

Proposition 3.24(interval). If ∆ is a Garside map in a cancellative categoryC andg lies
in Env(C)(x, -), theninf∆(g) is the greatest integerp satisfying∆[p](x)4g, andsup∆(g)
is the least integerq satisfyingg 4∆[q](x).

Proof. Let∆(m)||s1| ··· |sℓ be a∆-normal decomposition ofg with sℓ not invertible. Then
we haveg = ∆(m)(x) s1 ···sℓ, whence∆[m](x)4 g.

On the other hand, we claim that∆(m+1)(x) 4 g cannot hold. Indeed, assumeg =
∆(m+1)(x) g. Then we deduces1 ···sℓ = ∆(-) g, whence∆(-)4 s1 ···sℓ and, ass1 | ··· |sℓ
is ∆-greedy,∆(-) 4 s1, contradicting the definition of an∆-normal sequence which
demands thats1 be not delta-like. Soinf∆(g) is the maximalp satisfying∆(p)(x)4 g.

Next, ass1, ... , sℓ belong toDiv(∆), we haves1 ···sℓ 4 ∆(ℓ)(-) by Lemma 1.43,
whenceg 4∆(m+ℓ)(-).

Finally, we claim thatg 4 ∆(m+ℓ−1)(-) does not hold. Indeed, this would imply
s1 ···sℓ 4 ∆(ℓ−1)(-). Now, asC is cancellative and∆ is a Garside map, Corollary 1.56
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would imply‖s1 ···sℓ‖∆ 6 ‖∆(ℓ−1)(-)‖∆ = ℓ−1. As the assumption thats1 | ··· |sℓ is ∆-
normal andsℓ is not invertible implies‖s1 ···sℓ‖∆ = ℓ, the inequality‖s1 ···sℓ‖∆ 6 ℓ−1
is impossible, and so isg4∆(m+ℓ−1)(-). Sosup∆(g) is the leastq satisfyingg4∆(q)(x).

The particular case wheng admits a∆-normal decomposition∆[m]||s1 with s1 invert-
ible can be treated similarly.

Remark 3.25. The assumption that the Garside family consists of all left-divisors of∆ is
crucial in Proposition 3.24. In the left-absorbing monoidLn with Sn = {a, b, ... , bn+1}
and∆ = bn+1 (Reference Structure 8, page 111), we havesupSn

(ab) = 2, whereas
ab4∆ holds. Of course, Proposition 3.24 is not relevant here asSn is right-bounded but
not bounded by∆ andLn is not right-cancellative.

We complete the analysis of∆-normal decompositions with an explicit formula con-
necting the decompositions of an element and its inverse.

Proposition 3.26 (inverse). If ∆ is a Garside map in a cancellative categoryC
and ∆(m)||s1| ··· |sℓ is a ∆-normal decomposition of an elementg of Env(C), then
∆(−m−ℓ)||∂(φ−m−ℓsℓ)| ··· |∂(φ−m−1s1) is a∆-normal decomposition ofg−1.

Proof. We first check that the sequence mentioned in the statement is∆-normal, and then
we shall check that it corresponds to a decomposition ofg−1.

So first leti < ℓ. By assumption,si|si+1 is ∆-normal. By Proposition 2.18,φ∆

preserves normality, soφ−m−isi|φ−m−isi+1 is ∆-normal as well. By Proposition 1.53,
this implies that∂(φ−m−isi) andφ−m−isi+1 are left-coprime. The latter element is
φ(φ−m−i−1si+1), hence it is∂(∂(φ−m−i−1si+1)). Reading the above coprimeness re-
sult in a symmetric way and applying Proposition 1.53 again,we deduce that the path
∂(φ−m−i−1si+1)|∂(φ−m−isi) isDiv(∆)-greedy, hence∆-normal. So

∂(φ−m−ℓsℓ)| ··· |∂(φ−m−1s1)

is ∆-normal. Moreover, the assumption thats1 is not delta-like implies thatφ−m−1s1
is not delta-like either, and, therefore,∂(φ−m−1s1) is not invertible. On the other hand,
the assumption thatsℓ is not invertible implies thatφ−m−ℓsℓ is not invertible either, and,
therefore,∂(φ−m−ℓsℓ) is not delta-like. Hence∆(−m−ℓ)||∂(φ−m−ℓsℓ| ··· |∂(φ−m−1s1)
is ∆-normal.

It remains to show that the above∆-normal path is a decomposition ofg−1. Assume
g ∈ C(x, y). Using the fact that, by (1.32),φ and∂ commute and using (1.29) repeatedly,
we can push the factor∆(m) to the left to obtain

(3.27) ∆(−m−ℓ)(-) ∂(φ−m−ℓsℓ)···∂(φ−m−1s1) · ∆(m)(-) s1 ···sℓ
= ∆(−m−ℓ)(-)∆(m)(-) ∂(φ−ℓsℓ)···∂(φ−1s1) s1 ···sℓ,
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and our goal is to prove that this element is1y. Let us call the right term of (3.27)
E(m, s1, ... , sℓ). We shall prove using induction onℓ > 0 that an expression of the
formE(m, s1, ... , sℓ) equals1y.

For ℓ = 0, what remains forE(m) is ∆(−m)(-)∆(m)(-). Form > 0, we findg =

∆[m](x), and the value ofE is ∆̃[m](y)
−1 ∆[m](x), which is1y by definition. Form < 0,

we findg = ∆̃[|m|](x)
−1, and the value ofE is ∆[|m|](y) ∆̃[|m|](x)

−1, which is1y again.
Assume nowℓ > 1. The above result enables us to gather the first two entries ofE

into ∆(−ℓ)(-). Then∂(φ−1s1) s1, which is alsõ∂s1 s1, equals∆(z), wherez is the source
of ∂̃s1. But, then, we can push this∆(-)-factor to the left through the∂φ−i(si) factors
with the effect of diminishing the exponents ofφ by one. In this way,E(m, s1, ... , sℓ)
becomes∆(−ℓ)(-)∆(-) ∂(φ−ℓ+1sℓ)···∂(φ−1s2) s2 ···sℓ, which isE(1, s2, ... , sℓ). By in-
duction hypothesis, its value is1y.

Corollary 3.28 (inverse). If ∆ is a Garside map in a cancellative categoryC andg lies
in Env(C)(x, -), we have
(3.29) inf∆(g−1) = −sup∆(g), sup∆(g−1) = −inf∆(g), andℓ∆(g−1) = ℓ∆(g).

Proof. The values can be read on the explicit∆-normal decomposition ofg−1 provided
by Proposition 3.26.

With the help of Proposition 3.24 and Corollary 3.28, we deduce various inequalities
involving inf∆, sup∆, andℓ∆.

Proposition 3.30(inequalities). If ∆ is a Garside map in a cancellative categoryC and
g, h lie in Env(C) with gh defined, we have

inf∆(g) + inf∆(h) 6 inf∆(gh) 6 inf∆(g) + sup∆(h),(3.31)

sup∆(g) + inf∆(h) 6 sup∆(gh) 6 sup∆(g) + sup∆(h),(3.32)

|ℓ∆(g) − ℓ∆(h)| 6 ℓ∆(gh) 6 ℓ∆(g) + ℓ∆(h).(3.33)

Proof. The results are obvious ifg or h is invertible. Otherwise, assume that the source
of g is x and that∆[m]||g1| ··· |gp and∆[n]||h1| ··· |hq are strict∆-normal decompositions
of g andh, respectively. We find

(3.34) gh = ∆[m+n](x)φn∆(g1)···φn∆(gp)h1 ···hq,
whence∆[m+n](x) 4 gh, and, by Proposition 3.24,m + n 6 inf∆(gh), which is the
left part of (3.31). Next, (3.34) also impliesgh 4 ∆[m+n+p+q](x), whence, by Proposi-
tion 3.24,sup∆(gh) 6 m+ n+ p+ q, which is the right part of (3.32).

Applying the above inequalities togh andh−1, we obtain

inf∆(gh) + inf∆(h−1) 6 inf∆(g) and sup∆(g) 6 sup∆(gh) + sup∆(h−1).

Using the values ofinf∆(h−1) andsup∆(h−1) provided by Corollary 3.28 and transfer-
ring factors, we deduce

inf∆(gh) 6 inf∆(g) + sup∆(h) and sup∆(g) + inf∆(h) 6 sup∆(gh),

which complete (3.31) and (3.32).
Subtracting the inequalities givesℓ∆(g) − ℓ∆(h) 6 ℓ∆(gh) 6 ℓ∆(g) + ℓ∆(h),

whence (3.33), the absolute value coming from applying the formula togh and(gh)−1

simultaneously.
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3.3 Symmetric normal decompositions

In Chapter III, we showed that, ifC is an Ore category admitting left-lcms andS is a Gar-
side family inC, then every element of the groupoidEnv(C) admits a symmetricS-normal
decomposition (Corollary III.2.21). By Propositions 2.32and 2.35, every cancellative cat-
egoryC that admits a Garside map∆ is an Ore category and admits left-lcms, hence it
is eligible for the above results. Thus every element ofEnv(C) possesses both∆-normal
decompositions and symmetricS-normal decompositions. In the positive case (elements
of C), the connection directly follows from Proposition 3.4. The following result explicitly
describes the connection in the general case.

Proposition 3.35(symmetric normal vs.∆-normal). Assume that∆ is a Garside map
in a cancellative categoryC andg is an element ofEnv(C).

(i) If tq | ··· |t1|s1| ··· |sp is a symmetricDiv(∆)-normal decomposition ofg and tq is
non-invertible, a∆-normal decomposition ofg is ∆(−q)||∂̃2q−1tq | ··· |∂̃3t2|∂̃t1|s1| ··· |sp.

(ii) If ∆(−m)||s1| ··· |sℓ is a ∆-normal decomposition ofg, a symmetricDiv(∆)-
normal decomposition ofg is

∂2m−1s1| ··· |∂sm|sm+1| ··· |sℓ if m < ℓ holds,

∂2m−1s1| ··· |∂2m−2ℓ+1sℓ|∆(-)| ··· |∆(-),m− ℓ times∆, if m > ℓ holds.

Proof. (i) PutS = Div(∆). An induction onq givest1 ···tq · ∂tq ···∂2q−1t1 = ∆[q](-):
the formula is clear forq = 1 and, forq > 2, we write

t1 ···tq∂tq ···∂2q−1t1 = t1 ···tq−1∆(-)∂3tq−1 ···∂2q−1t1

= t1 ···tq−1∂tq−1 ···∂2q−3t1∆(-),

and apply the induction hypothesis. We deduce(t1 ···tq)−1 = ∂tq ···∂2q−1t1∆
[−q](-),

whence(t1 ···tq)−1 = ∆[−q](-)∂̃2q−1tq ··· ∂̃t1 owing to∂rh∆[−q](-) = ∆[−q](-)∂̃2q−rh.
Hence the two decompositions represent the same element ofEnv(C). So it remains to
check that the second decomposition is∆-normal.

Now the assumption thattq is not invertible implies that̃∂2q−1 is not delta-like. Next,
by Proposition 2.32, the assumption thatti|ti+1 is S-normal for1 6 i < q implies that
∂ti andti+1 are left-coprime, hence, applyingφ−2i

∆ , that ∂̃2i−1ti and ∂̃2iti+1 are left-
coprime, whence, by Proposition 2.32 again, that∂̃2i+1ti+1|∂̃2i−1ti is Div(∆)-normal.
Finally, as already noted in the proof of Proposition 3.37, the existence of left-gcds inC
implies that two elements ofDiv(∆) are left-coprime if and only if they are left-disjoint.
Hence, the assumption thats1 andt1 are left-disjoint implies that they are left-coprime
and, therefore, by Proposition 2.32(ii), that∂̃t1|s1 isDiv(∆)-normal. Hence, as expected,
the second decomposition is∆-normal.

(ii) The argument is entirely similar, going in the other direction: the two paths repre-
sent the same element, and the assumption that the first one is∆-normal implies that the
second one is symmetricDiv(∆)-normal.

In Chapter III, we solved the questions of determining symmetric S-normal decom-
positions ofsg and ofgs−1 from one ofg whens lies inS♯, but the symmetric questions
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of computing a symmetricS-normal decomposition ofgs and ofs−1g were left open as
Question 4. As announced in Chapter III, we shall now solve the question in the case when
the considered Garside familyS is bounded by a target-injective map∆. What makes the
solution easy in this case is that left-dividing (or right-multiplying) by an element∆(-) is
easy, and that left-dividing by an elements of S♯ amounts to first left-dividing by∆(-)
and then left-multiplying by∂(s)—which we know how to do. As usual, we state the
results in terms of Garside maps.

Algorithm 3.36 (left-division). (See Figure 5

Context: A cancellative categoryC, a Garside map∆ in C, a�-witnessF for Div(∆)
Input: A symmetricDiv(∆)-normal decompositiontq | ··· |t1|s1| ··· |sp of an elementg

of Env(C) and an elements of S♯ such thats−1g is defined
Output: A symmetricDiv(∆)-normal decomposition ofs−1g

: putr−q := s
: for i decreasing fromq to 1 do
: put (r−i+1, t

′
i) := F (ti, r−i)

: putr′0 := ∂̃(r0)
: for i increasing from1 to p do
: put (s′i, r

′
i) := F (r′i−1, si)

: put t′0 := ∂̃(s′1)
: return t′q | ··· |t′1|t′0|s′2| ··· |s′p|r′p

t′q t′1

s tq

t1 s1 s2 sp

φ−1(t′1) s′1 s′2 s′p

r−q r−q+1 r−1 r0

∂̃(r−1) ∂̃(r0) r′0 r′1 r′2 r′p−1 r′p

t′0

Figure 5. Left-division by an element of Div(∆) starting from a symmetric Div(∆)-normal path
tq | ··· |t1|s1| ··· |sp: the subtlety is the transition from negative to positive entries.

Proposition 3.37(left-division). If ∆ is a Garside map in a cancellative categoryC, then
Algorithm 3.36 running on a symmetricDiv(∆)-normal decomposition ofg ands returns
a symmetricDiv(∆)-normal decomposition ofs−1g.

Proof. By construction, the diagram of Figure 5 is commutative, so the returned path is
equivalent tos|tq | ··· |t1|s1| ··· |sp, hence it is a decomposition ofs−1g, and its entries are
elements ofDiv(∆). So the point is to check that the path is symmetricDiv(∆)-greedy.

First, the automorphismφ∆ preserves normality by Proposition 2.18, hence, by Propo-
sition 1.52), the second domino rule is valid forDiv(∆). Therefore, the assumption that
ti|ti+1 is Div(∆)-normal fori = 1, ... , q − 1 implies thatt′i|t′i+1 is Div(∆)-normal as
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well. Similarly, assi|si+1 is Div(∆)-normal fori = 1, ... , p − 1, the first domino rule
implies thats′i|s′i+1 isDiv(∆)-normal as well.

So it remains to check thatt′0|t′1 isDiv(∆)-normal and thatt′0 ands′2 are left-disjoint.
Considert′0|t′1. Assume thatt is an element ofDiv(∆) satisfyingt4φ−1

∆ (t′1) andt4 s′1.
A fortiori, we havet 4 φ−1

∆ (t′1)∂̃r−1 andt 4 s′1r
′
1, that is,t 4 r′0t1 andt 4 r′0s1. By

assumption,t1 ands1 are left-disjoint, hence we deducet 4 r′0. Now, by assumption,
r0|t′1 is Div(∆)-normal, hence, by Proposition 1.53,∂r0 andt′1 are left-coprime. Asφ∆

and, therefore,φ−1
∆ is an automorphism,φ−1

∆ (∂r0) andφ−1
∆ (t′1) are left-coprime as well.

Now, by definition,φ−1
∆ (∂r0) is r′0. As we havet4φ−1

∆ (t′1) andt4r′0, we deduce thatt is
invertible and, therefore,φ−1

∆ (t′1) ands′1 left-coprime. Applying the automorphismφ∆,
we deduce thatt′1 andφ∆(s′1), that is,t′1 and∂t′0, are left-coprime. By Proposition 1.53
again, we deduce thatt′0|t′1 isDiv(∆)-normal.

Finally, again by Proposition 1.53, the assumption thats′1|s′2 is Div(∆)-normal im-
plies that∂s′1 and s′2 are left-coprime: by definition,∂s′1 is t′0, so t′0 and s′2 are left-
coprime. Now, by Proposition 2.35, the categoryC admits left-gcds. Hence, by Propo-
sition III.2.5 (left-disjointvs. left-coprime), two elements ofDiv(∆) are left-disjoint if
and only if they are left-coprime. So we deduce thatt′0 and s′2 are left-disjoint, and
t′q | ··· |t′1|t′0|s′2| ··· |s′p|r′p is indeed a symmetricDiv(∆)-normal path.

Example 3.38 (left-division). Consider
(ab)−1(ba2) in B+

3 once more. Suppose that
we found thatba|a is an Div(∆)-normal de-
composition ofba2, and we wish to find a (the)
Div(∆)-normal decomposition of(ab)−1(ba2).
Then applying Algorithm 3.36 amounts to com-
pleting the diagram on the right, in which we read
the expected symmetric normal decomposition
ab|ba|a.

ab ba a

b ba

ab

b ba a

ab

If, in Algorithm 3.36,s is ∆(x), then each elementr−i is of the form∆(-), so thatt′i
is φ∆(ti), hencer′0 is trivial, and so are all elementsri with i > 0. We deduce

Corollary 3.39 (left-division by ∆). If ∆ is a Garside map in a cancellative categoryC
and tq | ··· |t1|s1| ··· |sp is a symmetricDiv(∆)-normal decomposition of an elementg
of Env(C)(x, -), thenφ∆(tq)| ··· |φ∆(t1)|∂(s1)|s2| ··· |sp is a symmetricDiv(∆)-normal
decomposition of∆(x)−1g.

3.4 Co-normal decompositions

If ∆ is a Garside map in a cancellative categoryC, the duality map∂ associated with∆
and, similarly, the duality maps associated with the iterates ∆[m] establish a bijective
correspondence between the left- and the right-divisors of∆[m] that exchanges the roles
of left- and right-divisibility. This duality leads to symmetric versions of the normal
decompositions considered so far.
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Hereafter, we indicate with the sigñ the symmetric versions of the notions previ-
ously introduced in connection with left-divisibility, and use the prefix “co” in terminol-
ogy. Then, if∆ is a Garside map, using̃∆(y) for ∆(φ−1

∆ (y)) is natural as, by defini-
tion, ∆̃(y) is a left-lcm for all elements ofDiv(∆)(-, y). So we can say thatDiv(∆)

is co-boundedby ∆̃. Similarly, it is natural to usẽ∂ for ∂−1 since, for everyg right-
dividing ∆̃(y), we have∂−1(g) g = ∆̃(y). The following relations are straightforward:

Lemma 3.40. If ∆ is a Garside map in a cancellative categoryC, then, for all s, t
in Div(∆), we haves4 t ⇔ ∂s <̃ ∂t ands <̃ t ⇔ ∂̃s4 ∂̃t.

The easy verification is left to the reader.
Thus∂ and ∂̃ exchange left- and right-divisibility (changing the orientation) inside

each family of the formDiv(∆(x)). In order to extend the results to arbitrary elements,
we appeal to Lemma 1.43, which ensures that every element left-divides a sufficiently
large iterate of∆.

Notation 3.41 (duality maps ∂[m] and ∂̃[m]). If ∆ is a Garside map in a cancellative
categoryC, then, form > 1, we denote by∂[m] the duality map associated with∆[m], and
by ∂̃[m] the co-duality map associated with̃∆[m].

So, forg left-dividing ∆[m](x), we haveg ∂[m](g) = ∆[m](x), and, similarly, forg
right-dividing ∆̃[m](y), we have∂̃[m](g) g = ∆̃[m](y). In particular, we have∂[1] = ∂

and ∂̃[1] = ∂̃. If g lies in Div(∆[m]), it lies in Div(∆[m′]) for m′ > m, and one easily
checks the equalities (see Exercise 64)

(3.42) ∂[m′](g) = ∂[m](g)∆[m′−m](φm∆(x)),

and, symmetrically,̃∂[m′](g) = ∆̃[m′−m](φ
−m
∆ (y)) ∂̃[m](g) for g in D̃iv(∆̃[m](y)).

Once we consider right-divisibility, it is natural to introduce the symmetric counter-
parts to the notions ofS-greedy sequence,S-normal sequence, and Garside family. IfC is
a right-cancellative category andS is included inC, we say that a length twoC-pathg1|g2
is S-cogreedyif every relation of the formg1g2f <̃ h with h in S impliesg2f <̃ h. We
similarly introduce the notions of aS-conormalpath and aco-Garside familysimilarly.
Applying the results of Chapter III to the opposite categoryCopp shows that, ifC is a right-
cancellative category andS is a co-Garside family inC, then every element ofC admits a
S-conormal decomposition that is unique up toC×-deformation. In the current context, it
is natural to consider the counterpart of a Garside map.

Definition 3.43 (co-Garside). A co-Garside mapin a right-cancellative categoryC is a
map∇ fromObj(C) to C that is a Garside map in the opposite categoryCopp.

Thus∇ is a co-Garside map inC if (i) for each objecty, the target of∇(y) is y,
(ii) the family D̃iv(∇) generatesC, (iii) the familiesDiv(∇) andD̃iv(∇) coincide, and
(iv) for everyg in C with targety, the elementsg and∇(y) admit a right-gcd. If∇ is a
co-Garside map, then the familỹDiv(∇) is a co-Garside family, and every element ofC
admits aD̃iv(∇)-co-normal decomposition.

The question we address now is whether every Garside map gives rise to a co-Garside
map. We have no answer in the most general case, but weak additional assumptions
provide a positive answer.
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Proposition 3.44(co-Garside). If ∆ is a Garside map in a cancellative categoryC, the
following conditions are equivalent:

(i) The map∆̃ is a co-Garside map inC;
(ii) For everyg in C(-, y), the elementsg and∆̃(y) admit a right-gcd;
(iii) For everyg in C(x, -), the elementsg and∆(x) admit a right-lcm.

We do not know whether every Garside map∆ satisfies the conditions of Proposi-
tion 3.44, that is, whether, for everyg in C(x, -), the elementsg and∆(x) must have a
right-lcm. This is so in every category that admits right-lcms, so Proposition 2.35 implies:

Corollary 3.45 (co-Garside). If ∆ is a Garside map in a cancellative categoryC that
is left-Noetherian, theñ∆ is a co-Garside map inC and every element ofC admits a
∆-conormal decomposition.

Before proving Proposition 3.44, we begin with an auxiliaryresult about duality.

Lemma 3.46. If ∆ is a Garside map in a cancellative categoryC andf, g are elements
of C(x, -), then, for everym satisfyingm > max(sup∆(f), sup∆(g)) and for everyh
in Div(∆[m](x)), the following are equivalent:

(i) The elementh is a right-lcm off andg;
(ii) The element∂[m]h is a right-gcd of∂[m]f and∂[m]g.

We skip the verification, which simply consists of applying the equivalences of Lem-
ma 3.40 in the definition of a right-lcm.

Proof of Proposition 3.44.First, by definition, the target of̃∆(y) is y. Next, always by
definition, we haveDiv(∆̃) = Div(∆) = D̃iv(∆) = D̃iv(∆̃), and the latter family
generatesC. Hence, by definition,̃∆ is a co-Garside map inC if and only if, for everyg
in C(-, y), the elementsg and∆̃(y) have a right-gcd. So (i) and (ii) are equivalent.

Assume now that (i) and (ii) are satisfied, and letg belong toC(x, -). By Lemma 1.43,
there existsm such thatg left-divides∆[m](x). The map∆̃ is co-Garside, hence, by
the counterpart of Proposition 1.44, so is its iterate∆̃[m−1]. Hence the elements∂[m]g

and∆̃[m−1](φ
m(x)) admit a right-gcd. By Lemma 3.46, this implies that∂̃[m](∂

[m]g))

and∂̃[m](∆̃[m−1](φ
m(x))), that is,g and∆(x), admit a right-lcm. So (i) implies (iii).

Conversely, assume (iii). By (1.40),∆[m](x) is a product of factors∆(-), so, by
Proposition II.2.12 (iterated lcm), for everym and everyf in C(x, -), the elementsf
and∆[m](x) admit a right-lcm. Letg be an element ofC(-, y). There existsm such thatg
right-divides∆̃[m](y). By the above remark,̃∂[m]g and∆[m−1](φ−m(x)) admit a right-

lcm. By Lemma 3.46, this implies that∂[m](∂̃[m]g)) and∂[m](∆[m−1](φ−m(y))), that is,

g and∆̃(y), admit a right-gcd. So (iii) implies (ii).

We conclude with an explicit computation of a co-head starting from a map that de-
termines the right-lcm with∆.

Proposition 3.47 (co-head). If ∆ is a Garside map in a cancellative categoryC and
∆(x)H̃(f) is a right-lcm off and ∆(x) for everyf in C(x, -), then, forg satisfying
sup∆(g) 6 m, the element∂(H̃m−1(∂̃[m]g)) is a ∆̃-co-head ofg .
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Proof. First Proposition II.2.12 (iterated lcm) and (1.40) imply that, for everyf in C(x, -)
and everyk, a right-lcm off and∆[k](x) is ∆[k](x) H̃k(f).

Now assume thatg lies in C(-, y) and satisfiessup∆(g) 6 m. By the above remark,
a right-lcm of ∂̃[m]g and∆[m−1](φ−m(y)) is ∆[m−1](φ−m(y))Am−1(∂̃[m]g). Then the

proof of Proposition 3.44 shows that∂[m](∆[m−1](φ−m(y)) H̃m−1(∂̃[m]g)) is a right-

gcd of g and∆̃(y), hence is ã∆-co-head ofg. Now, by (3.42), the above element is
∂(H̃m−1(∂̃[m]g)).

Exercises

Exercise 57(invertible elements). Assume thatC is a left-cancellative category and
S is a Garside family ofC that is right-bounded by∆. Show that, forǫ in C×(x, y),
one has∂

∆
(ǫ) = ǫ−1∆(x) andφ∆(ǫ) = ǫ1∂∆(g), wheres in S and ǫ1 in C× satisfy

ǫ−1∆(x) = sǫ−1
1 .

Exercise 58(changing∆). Assume thatC is a left-cancellative category andS is a Gar-
side family ofC that is right-bounded by two maps∆,∆′. (i) DefineE : Obj(C) → C×
by ∆′(x) = ∆(x)E(x). Show thatφ∆′(g) = E(x)−1 φ∆(g)E(y) holds for everyg
in C(x, y). (ii) Show that an element is delta-like with respect to∆ if and only if it is
delta-like with respect to∆′.

Exercise 59(preservingDiv(∆)). Assume thatC is a category,∆ is a map fromObj(C)
toC andφ is a functor fromC into itself that commutes with∆. Show thatφmapsDiv(∆)
andD̃iv(∆) to themselves.

Exercise 60(preserving normality I). Assume thatC is a cancellative category,S is a
Garside family ofC, andφ is a functor fromC to itself. (i) Show that, ifφ induces a per-
mutation ofS♯, thenφ preservesS-normality. (ii) Show thatφ preserves non-invertibility,
that is,φ(g) is invertible if and only ifg is.

Exercise 61(preserving normality II). Assume thatC is a left-cancellative category and
S is a Garside family ofC that is right-bounded by a map∆. (i) Show thatφ∆ preserves
normality if and only if there exists anS-head mapH satisfyingH(φ∆(g))=×φ∆(H(g))
for everyg in (S♯)2, if and only if, for eachS-head mapH , the above relation is satisfied.
(ii) Show that a sufficient condition forφ∆ to preserve normality is thatφ∆ preserves
left-gcds onS♯, that is, ifr, s, t belong toS♯ andr is a left-gcd ofs andt, thenφ∆(r) is
a left-gcd ofφ∆(s) andφ∆(t).

Exercise 62(normal decomposition). Assume thatC is a left-cancellative category,∆
is a right-Garside map inC such thatφ∆ preserves normality, andf, g are elements
of C such thatfg is defined andf 4 ∆[m](-) holds, sayff ′ = ∆[m](-) with m > 1.
Show thatf ′ andg admit a left-gcd and that, ifh is such a left-gcd, then concatenating
a Div(∆)-normal decomposition offh and aDiv(∆)-normal decomposition ofh−1g
yields aDiv(∆)-normal decomposition offg. [Hint: First show that concatenatingfh
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and aDiv(∆[m])-normal decomposition ofh−1g yields aDiv(∆[m])-normal decomposi-
tion of fg and apply Exercise 42 in Chapter IV.]

Exercise 63(no left-gcd). LetM = (Z × N × N) \ (Z<0 × {0} × {0}), a = (1, 0, 0),
bi = (−i, 1, 0), andci = (−i, 0, 1) for i > 0.
(i) Show thatM is a submonoid of the additive
monoidZ × N2, and it is presented by the commu-
tation relations plus the relationsbi = bi+1a and
ci = ci+1a for i > 0. (ii) Show that the ele-
mentsb0 andc0 admit no right-lcm. [Hint: Observe
thatb0ci = c0ci = (−i, 1, 1) holds for everyi.] (iii)
Is∆ = (1, 1, 1) a Garside element inM? [Hint: Look
for a left-gcd ofb2

0 and∆.]

Exercise 64(iterated duality). Assume that∆ is a Garside map in a cancellative cate-
gory C. (i) Show that∂[m′](g) = ∂[m](g)∆[m′−m](φm∆(x)) holds form′ > m andg
in Div(∆[m](x)). (ii) Show that∂̃[m′](g) = ∆̃[m′−m](φ

−m
∆ (y)) ∂̃[m](g) holds form′ > m

andg in D̃iv(∆̃[m](y)).

Notes

Sources and comments.The developments in this chapter are probably new in the cur-
rent general framework but, of course, they directly extenda number of previously known
results involving Garside elements. It seems that the latter have been considered first in
D.–Paris [98] (with the additional assumption that the Garside element is the least com-
mon multiple of the atoms) and in [79] in the now standard form. The observation that,
in a categorical context, a Garside element has to be replaced with a map or, equivalently,
with a sequence of elements that locally play the role of a Garside element, which is im-
plicit in [76, Chapter VIII] (see Chapter XI) and in Krammer [161] (see Chapter XIV),
appears explicitly in Digne–Michel [108], Godelle [137], and Bessis [8]. In particular,
the latter source explicitly mentions the construction of the automorphismφ∆ associated
with a Garside map∆ as a natural transformation.

The name “Garside category” was used in some sources, and it could be used in the
current framework to qualify a cancellative category that admits a Garside map, that is,
equivalently, that admits a Garside family that is bounded by a target-injective map. We
did not find it useful to introduce this terminology here, butit is certainly natural.

The introduction of∆-normal decompositions goes back at least to the book of D. Ep-
steinet al. [117], and it is the one F.A. Garside was closed to in [123]. The extension to
the category context is just an exercise—however some fine points like the connection
with the symmetric normal decompositions and with co-normal (or “right-normal”) de-
compositions requires some care.

The technical notion of a right-Garside map had not been considered before and prob-
ably has little interest in itself, but it is useful to noticethat a number of consequences of
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the existence of a Garside map, typically the existence of common right-multiples, follow
from weaker assumptions. By the way, one could even considerthe still weaker assump-
tion that all elements ofS(x, -) admit a common right-multiple but not demanding that
the latter lies inS: it seems that not much can be said starting from that assumption, ex-
cept when the ambient category is Noetherian, in which case it turns out to be essentially
equivalent to being right-bounded.

The main new result in this chapter is maybe Proposition 2.35about the existence
of gcds and lcms when the ambient category is not assumed to beNoetherian. Corol-
lary 2.41 shows that, when one restricts to monoids that contain no nontrivial invertible
element and that are strongly Noetherian, the context of bounded Garside families essen-
tially coincides with that of quasi-Garside monoids. In a sense, this shows that, apart from
more or less pathological examples, typically non-Noetherian monoids or categories, no
completely new example is to be expected. However, the current approach arguably pro-
vides a better understanding of what is crucial and what is not for each specific property,
typically the existence of lcms and gcds. Also, we shall see in Chapter XII a number of
non-Noetherian examples that would be non-eligible in a restricted framework although
they are not pathological in any sense.

Further questions. For a cancellative category to admit a Garside map implies con-
straints, like the existence of left-gcds and left-lcms, but we do not know exactly how
strong is the condition. It can be shown that, ifS is any Garside family in a cancellative
categoryC that admits lcms and gcds, then there exists an extensionĈ of C in which S
becomes bounded. The principle is to embedS into a bounded Garside germ̂S (see
Chapter VI) whose domain is defined bŷS(x, y) = S(x, y)×{0} ∐ S(y, x)×{1},
and, with obvious conventions, the multiplication is givenby (s, 0) • (t, 0) = (st, 0),
(s, 0) • (t, 1) = (r, 1) for rt = s, (s, 1) • (t, 0) = (r, 1) for rs = t, and(s, 1) • (t, 1) never
defined. An amusing verification involving the rules satisfied by the left-gcd and right-
lcm shows that the germ̂S admits anI-function that satisfies theI-law and, therefore, it
is a Garside germ by Proposition VI.2.8 (recognizing Garside germ I). It is then easy to
check that the map̂∆ defined by∆̂(x) = (1x, 1) provides the expected Garside map in
the categorŷC generated bŷS and that mappingg to (g, 0) embedsC into Ĉ. However,
using this abstract construction to deduce new properties of C remains an open question.

We saw in Example 1.49 that the existence of a right-bounded Garside family does
not imply the existence of right-lcms. However, the non-existence of right-lcms in this
trivial example comes from the existence of several objects, and on the fact that the family
is right-bounded, but not bounded. On the other hand, Proposition 2.35 shows that right-
lcms do exist in the case of a bounded Garside family wheneverthe ambient category is
left-Noetherian. This leads to the following questions:

Question 15. Does every right-cancellative monoid that admits a right-bounded Garside
family admit right-lcms?

Question 16. Does every cancellative category that admits a bounded Garside family
admit right-lcms?
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Both questions seem open. For instance, the naive
tentative consisting in starting from the presentation
〈a, b, c, d | ab=bc=ca, ba=ad=db〉+ as on the right fails:
indeed,a andb admit no right-lcm since bothab andba
are distinct right-mcm’s, but the divisors of∆ do not make
a Garside family sincea2b has no unique head, being left-
divisible both bya2 and byab. See Exercise 63 for another
simple example failing to negatively answer Question 15. 1

∆

c d

a b

Always in the chapter of Noetherianity conditions, severalquestions involve the height
of elements (maximal length of a decomposition into non-invertible elements). In partic-
ular, Proposition 2.40 leaves the following open:

Question 17. If ∆ is a right-Garside map in a left-cancellative categoryC and every
element∆(x) has a finite height, isC strongly Noetherian?

On the other hand, Question 13 in Chapter IV specializes to

Question 18. If ∆ is a Garside map in a cancellative categoryC andht(∆(x)) 6 K
holds for everyx, is ht(∆[m](x)) bounded above by a linear function ofm?

We recall that Proposition 2.40 gives forht(∆[m](x)) the upper boundKm. The ques-
tion was addressed for monoids by H. Sibert in [206], but leftopen: it is proved there that
the answer to Question 18 is positive for the monoid〈a, b | ababa = b2〉+, yet a natural
candidate for a negative answer. Proving that the monoid is strongly Noetherian is non-
trivial, and proving that, for∆ = b3, the height of∆m is bounded above by a linear
function ofm resorts on a very tricky argument combining normal and co-normal decom-
positions. Monoids for which the answer to Question 18 is positive have been calledtame.
The results of Charney–Meier–Whittlesey [56] about the homology of Garside groups use
the assumption that the considered monoid is tame.

We saw in Lemma 3.40 that the duality maps∂ and∂̃, or their iterated versions∂[m]

and∂̃[m], exchange left- and right-divisibility, and one can wonderwhether there exists a
simple connection between left- and right-Noetherianity when a bounded Garside family
exists. There is no clear positive answer, because the formulas of Lemma 3.40 reverse the
orientation of inequalities.

Finally, note that the validity of the second domino rule hasbeen established under two
different families of conditions. In both cases, the considered Garside familyS is assumed
to be closed under left-divisor, but, in Proposition IV.1.39 (domino 2),S is closed under
left-comultiple and the ambient category is cancellative,whereas, in Proposition 1.52,S
is right-bounded by a map∆ such thatφ∆ preserves normality.

Question 19. Can one merge the arguments used to establish the second domino rules?
Are there underlying common sufficient conditions?

We know of no connection between the latter conditions, but we have no example
separating them either.



Chapter VI

Germs

In Chapter IV, we assume that a categoryC is given and investigate necessary and suf-
ficient conditions for a subfamilyS of C to be a Garside family. In the current chapter,
we do not start from a pre-existing category but consider instead an abstract familyS
equipped with a partial product and investigate necessary and sufficient conditions for
such a structure, called a germ, to generate a category in which S embeds as a Garside
family. The main result here are Propositions 2.8 and 2.28 which provide simple charac-
terizations of such structures, naturally called Garside germs. These results arguably pro-
vide intrinsic axiomatizations of Garside families. As we shall see in several subsequent
examples, the germ approach provides a powerful mean for constructing and investigating
Garside structures.

The chapter comprises three sections. Section 1 contains basic results about general
germs and Garside germs, in particular results showing how anumber of global properties
of the category can be read inside the germ. Next, we establish in Section 2 the character-
izations of Garside germs alluded to above. As can be expected, the criteria take a more
simple form (Propositions 2.41 and 2.49) when additional assumptions are satisfied, typ-
ically (local versions of) Noetherianity or existence of lcms. We also describe a general
scheme for constructing a Garside germ starting from a groupwith a distinguished family
of generators (Proposition 2.69 and its variations). Finally, in Section 3, we introduce
the natural notion of a bounded germ, corresponding to the bounded Garside families of
Chapter V, and establish a new characterization (Proposition 3.12), as well as a scheme
for constructing a Garside germ, this time from a group with alattice ordering.

Main definitions and results (in abridged form)

Definition 1.3 (germ). A germ is a triple(S,1S , • ) whereS is a precategory,1S is a
subfamily ofS consisting of an element1x with source and targetx for each objectx,
and • is a partial map fromS [2] into S that satisfies (1.4) Ifs • t is defined, the source
of s • t is the source ofs, and its target is the target oft; (1.5) The relations1x • s =
s = s • 1y hold for eachs in S(x, y); (1.6) If r • s ands • t are defined, then(r • s) • t
is defined if and only ifr • (s • t) is, in which case they are equal. A germ is said to
be left-associative(resp. right-associative) if (1.7) if (r • s) • t is defined, then so iss • t
(resp. (1.8) if r • (s • t) is defined, then so isr • s). If (S,1S , • ) is a germ, we denote
by Cat(S,1S , • ) the category〈S |R•〉+, whereR• is the family of all relationsst = s • t
with s, t in S ands • t defined.

Proposition 1.11 (germ from Garside). If S is a solid Garside family in a left-cancellative
categoryC, thenS equipped with the induced partial product is a germS andC is iso-
morphic toCat(S).
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Proposition 1.14 (embedding).If S is a left-associative germ, the mapι of Notation 1.12
is injective and the product ofCat(S) extends the image of• underι. Moreover,ιS is a
solid subfamily ofCat(S), and it is closed under left-divisor inCat(S) if and only ifS is
right-associative.

Definition 1.17 (cancellative). A germS is calledleft-cancellative(resp. right-cancell-
ative) if there exist no triples, t, t′ in S satisfyingt 6= t′ ands • t = s • t′ (resp. t • s =
t′ • s). It is calledcancellativeif it is both left- and right-cancellative.

Definition 1.21 (Noetherian germ). A germS is calledleft-Noetherian(resp. right-
Noetherian) if the relation≺S (resp. the relatioñ≺S) is well-founded. It is calledNoethe-
rian if it is both left- and right-Noetherian.

Definition 1.23 (Garside germ). A germS is a Garside germif there exists a left-
cancellative categoryC such thatS is a solid Garside family ofC.

Definition 2.5 (I-law, J-law). If S is a germ andI, J are maps fromS [2] to S, we say
thatI obeys theI-law if, for every (s1, s2, s3) in S [3] with s1 • s2 defined, we have (2.6)
I(s1, I(s2, s3)) =× I(s1 • s2, s3). We say thatJ obeys theJ-law if, for every(s1, s2, s3)

in S [3] with s1 • s2 defined, we have (2.7)J(s1, s2 • J(s2, s3)) =× s2 • J(s1 • s2, s3). If
the counterpart of (2.6) or (2.7) with= replacing=× is satisfied, we say thatI (resp. J)
obeys thesharpI-law (resp. thesharpJ-law).

Proposition 2.8 (recognizing Garside germ I). A germS is a Garside germ if and
only if it satisfies one of the following equivalent conditions: (2.9)S is left-associative,
left-cancellative, and admits anI-function obeying the sharpI-law; (2.10) S is left-
associative, left-cancellative, and admits aJ-function obeying the sharpJ-law.

Proposition 2.24 (recognizing Garside IV). A solid generating subfamilyS of a left-
cancellative categoryC is a Garside family if and only if one of the following equivalent
conditions is satisfied:(2.25)There existsI : S [2] → S satisfyings1 4 I(s1, s2) 4 s1s2
for all s1, s2, and I(s1, I(s2, s3)) = I(s1s2, s3) for everys1|s2|s3 in S [3] with s1s2
in S; (2.26)There existsJ : S [2] → S satisfyings1J(s1, s2) ∈ S andJ(s1, s2) 4 s2 for
all s1, s2, andJ(s1, s2J(s2, s3))=s2J(s1s2, s3) for everys1|s2|s3 in S [3] with s1s2 in S.

Definition 2.27 (greatestI- or J-function). An I-functionI for a germS is called a
greatestI-functionif, for everys1|s2 in S [2], the valueI(s1, s2) is a4-greatest element
in IS(s1, s2); id. for a greatestJ-functionreplacingIS(s1, s2) with JS(s1, s2).

Proposition 2.28 (recognizing Garside germ II). A germS is a Garside germ if and
only if it satisfies one of the following equivalent conditions: (2.30)The germS is left-
associative, left-cancellative, and admits a greatestJ-function;(2.32)The germS is left-
associative, left-cancellative, and admits a greatestI-function.

Proposition 2.41 (recognizing right-Noetherian germ). A right-Noetherian germS is
a Garside germ if and only if it is left-associative, left-cancellative, and satisfies(2.40).
In this case, the categoryCat(S) is right-Noetherian.

Proposition 2.47 (recognizing Garside germ, atomic case).If a germS is associative,
left-cancellative, right-Noetherian, and admits conditional right-lcms, andA is a sub-
family ofS such thatA ∪ S× generatesS and satisfiesS×A ⊆ AS×, thenS is a Garside
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germ whenever it satisfies the condition:(2.48)For r in S ands, s′ in A, if r • s andr • s′

are defined, then so isr • t for every right-S-lcm t of s and s′. If S is Noetherian, the
criterion applies in particular whenA is the atom family ofS.

Definition 2.52 (tight). If Σ positively generates a groupoidG, a G-pathg1| ··· |gp is
calledΣ-tight if ‖g1 ···gp‖Σ = ‖g1‖Σ + ··· + ‖gp‖Σ is satisfied.

Definition 2.54 (Σ-prefix, Σ-suffix). If Σ positively generates a groupoidG, then for
f, g in G with the same source, we say thatf is aΣ-prefixof g, writtenf 6Σ g, if f |f−1g
is Σ-tight. Symmetrically, we say thath is aΣ-suffixof g, writtenh 6̃Σ g, if g, h have
the same target andgh−1|h is Σ-tight.

Definition 2.58 (derived structure). If a groupoidG is positively generated by a fam-
ily Σ andH is a subfamily ofG, the structurederived fromH andΣ, denoted byHΣ, is
(H,1H, • ), where• is the partial operation onH such thatf • g = h holds if and only if
fg = h holds inG andf |g is Σ-tight.

Proposition 2.66 (derived Garside II). If a groupoidG is positively generated by a
family Σ andH is a subfamily ofG that is closed underΣ-prefix andΣ-suffix, thenHΣ

is a Garside germ whenever the following two conditions are satisfied: (2.67)Any two
elements ofΣ that admit a common6Σ-upper bound inH admit a least6Σ-upper bound
in H; (2.68)For f in H ands, s′ in Σ, if f |s andf |s′ areΣ-tight, then so isf |h for every
least6Σ-upper boundh of s ands′.

Proposition 2.69 (derived Garside III). If a groupoidG is positively generated by a
familyΣ andH is a subfamily ofG that is closed underΣ-prefix andΣ-suffix and any two
elements ofH admit a6Σ-least upper bound, thenHΣ is a Garside germ.

Definition 3.1 (right-bounded). A germS is calledright-boundedby a map∆ from
Obj(S) to S if (i) For every objectx, the source of∆(x) is x, (ii) For everys in S(x, -),
there existst in S satisfyings • t = ∆(x). If S is left-cancellative, we denote by∂∆(s),
or ∂s, the elementt involved in (ii).

Proposition 3.5 (recognizing right-bounded Garside germ). If a germS is associative,
left-cancellative, right-bounded by a map∆ and admits left-gcds, thenS is a Garside
germ, and its image inCat(S) is a Garside family that is right-bounded by∆.

Definition 3.7 (bounded germ). A germS is calledboundedby a map∆ fromObj(S)
toS if it is right-bounded by∆ and, in addition, for every objecty, there exists an objectx
such that, for everys in S(-, y), there existsr in S(x, -) satisfyingr • s = ∆(x).

Proposition 3.12 (recognizing bounded Garside germ).For an associative, cancella-
tive, and bounded germS, the following conditions are equivalent:(i) The germS is a
Garside germ;(ii) The germS admits left-gcds.

Proposition 3.13 (right-cancellativity). Assume thatS is a germ that is associative,
cancellative, with no nontrivial invertible element, and bounded by a map∆, that ∆ is
target-injective, that∂ is a bijection fromS to itself, and that, ifs • t is defined, then so is
∂−2s • ∂−2t. ThenCat(S) is cancellative andφ∆ is an automorphism.
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1 Germs

If C is a category andS is a subfamily ofC, the restriction of the multiplication toS is
a partial binary operation that gives information aboutC. This lacunary structure is what
we call agerm. In this section, we gather basic results about germs and introduce the
notion of a Garside germ that will be central in the sequel.

The section is organized as follows. In Subsection 1.1, we introduce the abstract
notion of a germ, which is a precategory equipped with a partial product satisfying some
weak associativity conditions. In Subsection 1.2, we give asufficient condition for a germ
to embed in the canonically associated category and, when itis so, we establish a few basic
results involving derived notions like divisibility or atoms. Finally, in Subsection 1.3, we
introduce the notion of a Garside germ and deduce from the results of Chapter IV several
transfer results from a Garside germ to the associated category.

1.1 The notion of a germ

If C is a category andS is a subfamily ofC, then, ifs, t lie in S andst is defined, that is,
the target ofs is the source oft, the productst may belong or not belong toS. When we
restrict to the case when the product belongs toS, we obtain apartial map fromS × S
to S. We observe in this subsection that, whenS is a solid Garside family inC, then the
whole structure ofC can be recovered from this partial product onS.

Notation 1.1 (partial product •
S

). If S is a subfamily of a categoryC, we denote byS
the structure(S,1S , • ), where • is the partial map fromS [2] to S defined bys • t = st
wheneverst lies inS.

Two typical examples are displayed in Figure 1.

• 1 a b ab c ac bc ∆
1 1 a b ab c ac bc ∆
a a ab ac ∆
b b ab bc ∆
ab ab ∆
c c ac bc ∆
ac ac ∆
bc bc ∆
∆ ∆

• 1 σ1 σ2 σ1σ2 σ2σ1 ∆
1 1 σ1 σ2 σ1σ2 σ2σ1 ∆
σ1 σ1 σ1σ2 ∆
σ2 σ2 σ2σ1 ∆
σ1σ2 σ1σ2 ∆
σ2σ1 σ2σ1 ∆
∆ ∆

Figure 1.Partial products induced by the ambient monoid multiplication, in the case of the family S3

in the monoid N3 (left, Reference Structure 1, page 3, writing a, b, c for a1, a2, a3), and in the case of
the family Div(∆3) in the braid monoid B+

3 (right, Reference Structure 2, page 5, writing ∆ for ∆3).

In the above situation, the partial product necessarily obeys some constraints. We
recall that, ifC is a category andS is included inC, then, forx, y in Obj(C), we denote
by S(x, y) the family of all elements ofS with sourcex and targety.
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Lemma 1.2. Assume thatS is a subfamily of a categoryC that includes1C . Let • be the
partial operation onS induced by the multiplication ofC.

(i) If s • t is defined, the source (resp. target) ofs • t is that ofs (resp. oft);
(ii) The relations1x • s = s = s • 1y hold for eachs in S(x, y);
(iii) If r • s ands • t are defined, then(r • s) • t is defined if and only ifr • (s • t) is, in

which case they are equal.
Moreover, ifS is closed under right- (resp. left-) divisor inC, then, if(r • s) • t (resp. if
r • (s • t)) is defined, then so iss • t (resp. so isr • s).

Proof. Points (i) and (ii) follow from • being included in the multiplication ofC. As
for (iii), it follows from associativity inC: saying that(r • s) • t exists means that the
product(rs)t belongs toS, hence so doesr(st). As, by assumption,r • s exists, this
amounts tor • (s • t) being defined.

For the final point, ifS is closed under right-divisor, the assumption that(r • s) • t is
defined implies that(rs)t, hencer(st) as well, belong toS, which implies thatst belongs
to S, hence thats • t is defined. The argument is symmetric whenS is closed under
left-divisor.

In order to investigate the above situation, we shall start from abstract families that
obey the rules of Lemma 1.2. To this end, we introduce a specific terminology. We recall
from Definition II.1.4 that a precategory consists of two collectionsS andObj(S) with
two maps, source and target, fromS to Obj(S).

Definition 1.3 (germ). A germ is a triple(S,1S , • ) whereS is a precategory,1S is a
subfamily ofS consisting of an element1x with source and targetx for each objectx, and
• is a partial map fromS [2] into S that satisfies

If s • t is defined, the source ofs • t is the source ofs, and its target is the
target oft;(1.4)

The relations1x • s = s = s • 1y hold for eachs in S(x, y);(1.5)

If r • s ands • t are defined, then(r • s) • t is defined if and only ifr • (s • t)
is, in which case they are equal.

(1.6)

The germ is said to beleft-associative(resp. right-associative) if

if (r • s) • t is defined, then so iss • t(1.7)

(resp. if r • (s • t) is defined, then so isr • s).(1.8)

If (S,1S , • ) is a germ, we denote byCat(S,1S , • ) the category〈S |R•〉+, whereR• is
the family of all relationsst = s • t with s, t in S ands • t defined. In the case of a germ
with one object, the associated category is a monoid, and we write Mon() for Cat().

Example 1.9(germ). The structures of Table 1 are germs as, by definition, the partial
products are induced by the composition maps from the monoids N3 andB+

3 , respec-
tively, so, by Lemma 1.2, (1.4), (1.5), and (1.6) are obeyed.Moreover, as the involved
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familiesS3 andDiv(∆3) are closed under right- and left-divisor, these germs are left- and
right-associative.

Here are some notational conventions. First, by default, weshall always use• for the
partial product of a germ, and writer = s • t to mean “s • t is defined and equal tor”.
Next, we shall in general use the notationS for a germ whose domain isS. There would
be no big danger in using the same letter for the germ and the underlying domain, but,
in this way, the notation makes it visible that a germ is more than a precategory: so, for
instance,Cat(S) makes sense, whereasCat(S) does not.

By Lemma 1.2, every subfamilyS of a categoryC that includes1C gives rise to an
induced germS and, from there, to a derived categoryCat(S). Then, all relations ofR •

are valid inC by construction, soC is a quotient ofCat(S). In most cases, even ifS
generatesC, the partial product ofS does not determine the product ofC, andC is a
proper quotient ofCat(S).

Example 1.10(proper quotient). Assume thatC is a category generated by a family
of atomsA and thus containing no nontrivial invertible element. Thenthe partial prod-
uct of the germA∪ 1C only consists of the trivial instances listed in (1.5), so the cate-
goryCat(A∪ 1C) is a free category based onA. Hence it is not isomorphic toC whenC
is not free.

On the other hand, the following positive result is the origin of our interest in germs.
We recall that a subfamilyS of a categoryC is called solid ifS includes1C and is closed
under right-divisor.

Proposition 1.11 (germ from Garside). If S is a solid Garside family in a left-
cancellative categoryC, thenS equipped with the induced partial product is a germS
andC is isomorphic toCat(S).

Proof. By Proposition IV.1.24 (recognizing Garside II),S is closed under right-comult-
iple, so, by Proposition IV.3.4 (presentation, solid case), C is presented by the relations
r = st with r, s, t in S, that is,C admits a presentation that is precisely that ofCat(S).

In other words, in the case of a solid Garside familyS, the induced germS contains
all information needed to determine the ambient category.

1.2 The embedding problem

From now on, our aim is to characterize which germs give rise to Garside families. The
first question is whether a germ necessarily embeds in the associated category. Here we
show that this need not be in general, but that satisfying (1.7) is a sufficient condition.
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Notation 1.12(relation ≡). For S a germ, we denote by≡ the congruence onS∗ gen-
erated by the relations ofR•, and byι the prefunctor fromS to S∗/≡ that is the identity
onObj(S) and mapss to the≡-class of(s).

We recall thatS∗ denotes the free category based onS, that is, the category of allS-
paths. Path concatenation is denoted by|, and we do not distinguish between an elements
of S and the associated length one path. Thus, mixed expressionslike s|w with s in S and
w in S∗ make sense. By definition, the categoryCat(S) isS∗/≡, and≡ is the equivalence
relation onS∗ generated by all pairs

(1.13) ( s1| ··· |si|si+1 | ··· |sp , s1| ··· |si • si+1 | ··· |sp ),

that is, the pairs in which two adjacent entries are replacedwith their • -product, assuming
that the latter exists.

Proposition 1.14(embedding). If S is a left-associative germ, the mapι of Notation 1.12
is injective and the product ofCat(S) extends the image of• underι. Moreover,ιS is a
solid subfamily ofCat(S), and it is closed under left-divisor inCat(S) if and only ifS is
right-associative.

Proof. We inductively define a partial mapΠ from S∗ to S by

(1.15) Π(εx) = 1x andΠ(s|w) = s •Π(w) if s lies inS ands •Π(w) is defined.

We claim thatΠ induces a well-defined partial map fromCat(S) toS, more precisely that,
if w,w′ are≡-equivalent elements ofS∗, thenΠ(w) exists if and only ifΠ(w′) does, and
in this case they are equal. To prove this, we may assume thatΠ(w) or Π(w′) is defined
and that(w,w′) is of the type (1.13). Lets = Π(si+2 | ··· |sp). The assumption thatΠ(w)
or Π(w′) is defined implies thats is defined. Then (1.15) givesΠ(w) = Π(s1 | ··· |si−1|t)
wheneverΠ(w) is defined, andΠ(w′) = Π(s1 | ··· |si−1|t′) wheneverΠ(w′) is defined,
with t = Π(si|si+1 |s) andt′ = Π(si • si+1 |s), that is,

t = si • (si+1 • s) and t′ = (si • si+1) • s.

So the point is to prove thatt is defined if and only ift′ is, in which case they are equal.
Now, if t is defined, the assumption thatsi • si+1 is defined plus (1.6) imply thatt′ exists
and equalst. Conversely, ift′ is defined, (1.7) implies thatsi+1 • s is defined, and then
(1.6) implies thatt exists and equalst′.

Assume thats, s′ lie in S andιs = ιs′ holds, that is, the length one paths(s) and(s′)
are≡-equivalent. The above claim givess = Π((s)) = Π((s′)) = s′, soι is injective.

Next, assume thats, t belong toS ands • t is defined. We haves|t ≡ s • t, which
means that the product ofιs andιt in Cat(S) is ι(s • t).

By definition, the objects ofCat(S) coincide with those ofS, so ιS contains all
identity-elements ofCat(S). On the other hand, assume thats belongs toS andg is a
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right-divisor ofιs in Cat(S). This means that there exist elementss1, ... , sp+q of S such
that ιs is the≡-class ofs1| ··· |sp+q andg is the≡-class ofsp+1 | ··· |sp+q. By the claim
above, the first relation implies thatΠ(s1 | ··· |sp+q) exists (and equalsιs). By construc-
tion, this implies thatΠ(sp+1 | ··· |sp+q) exists as well, so we haveg = ιΠ(sp+1 | ··· |sp+q),
andg belongs toιS. SoιS is closed under right-divisor inCat(S) and, therefore, it is a
solid subfamily.

Assume now thatS is right-associative,s belongs toS, andg left-dividesιs in Cat(S).
As above, there exists1, ... , sp+q in S such thatιs is the≡-class ofs1| ··· |sp+q andg is
the≡-class ofs1| ··· |sp. HenceΠ(s1| ··· |sp+q) is defined. Using (1.8)q times to push the
brackets to the left, we deduce thatΠ(s1 | ··· |sp) is defined as well, sog belongs toιS,
andιS is closed under left-divisor inCat(S).

Conversely, assume thatιS is closed under left-divisor inCat(S) andr, s, t are ele-
ments ofS such thatr • (s • t) is defined. Thenιr ιs left-dividesι(r • (s • t)) in Cat(S),
hence there must exists′ in S satisfying ιr ιs = ιs′. By definition, this means that
r|s ≡ s′ holds. AsΠ(s′) exists, the claim above implies thatΠ(r|s) exists as well, which
means thatr • s is defined. So (1.8) is satisfied andS is right-associative.

Example 1.16(not closed).The conclusion of Proposition 1.14 may fail for a germ that is
neither left- nor right-associative. For instance, letS consist of six elements1, a, b, c, d, e,
all with the same source and target, and• be defined by1 •x = x • 1 = x for eachx, plus
a •b = c andc •d = e. ThenS is a germ: indeed, the premises of (1.6) can be satisfied
only when at least one of the considered elements is1, in which case the property follows
from (1.5). Now, in the monoidMon(S), we haveιe = ιc ιd = (ιa ιb) ιd = ιa (ιb ιd),
whereasb •d is not defined, andιb ιd is a right-divisor of an element ofιS that does not
belong toιS.

We refer to Exercise 65 for a similar example where the canonical mapι is not injec-
tive (such an example has to be more complicated as we are to find two expressions that
receive different evaluations: to prevent (1.6) to force these expressions to have the same
evaluation, we need that the expressions share no common subexpression).

In the context of Proposition 1.14, we shall identifyS with its image inCat(S), that
is, drop the canonical injectionι. Before going on, we establish a few consequences of
the existence of the functionΠ used in the proof of Proposition 1.14. To state the results,
we introduce local versions adapted to germs of a few generalnotions.

Definition 1.17 (cancellative). A germ S is called left-cancellative (resp. right-
cancellative) if there exist no triples, t, t′ in S satisfyingt 6= t′ ands • t = s • t′ (resp.
t • s = t′ • s). It is calledcancellativeif it is both left- and right-cancellative.

If a germS is a category, that is, if the operation• is defined everywhere, (left)-
cancellativity as defined above coincides with the usual notion. WheneverS embeds
into Cat(S), it should be clear thatCat(S) can be left-cancellative only ifS is left-
cancellative but, conversely, the later property is a priori weaker than the former as the
left-cancellativity of a germ involves the products that lie inside the germ only.
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If S is a germ, we have a natural notion of invertible element: an elementǫ of S(x, y)
is calledinvertible if there existsǫ′ in S satisfyingǫ • ǫ′ = 1x andǫ′ • ǫ = 1y. We denote
by S× the family of all invertible elements ofS.

Definition 1.18 (S-divisor, S-multiple). Assume thatS is a germ. Fors, t in S, we say
thats is aleft-S-divisorof t, or thatt is aright-S-multipleof s, denoted bys4S t, if there
existst′ in S satisfyings • t′ = t; we say thats ≺S t (resp. s =×

S t) holds if there existst′

in S \ S× (resp. in S×) satisfyings • t′ = t. Similarly, we say thats 4̃S t (resp. s ≺̃S t)
holds if there existst′ in S (resp. in S \ S×) satisfyingt = t′ • s.

In principle,4S would be a better notation than4S as the relation involves the partial
product onS and not onlyS, but the difference is not really visible. Note that the current
definition of4S and its analogs is compatible with those of Definition IV.2.14: whenever
S embeds inCat(S), the two versions ofs 4S t express thatst′ = t holds inCat(S)
for somet′ lying in S. So, inasmuch as we consider germs that embed in the associated
category, there is no ambiguity in using the same terminology and notation.

Lemma 1.19. Assume thatS is a left-associative germ.
(i) An element ofS is invertible inCat(S) if and only if it is invertible inS, that is,

Cat(S)×= S×holds.
(ii) For s, t in S, the relations4 t holds inCat(S) if and only ifs4S t holds.
(iii) The relation4S is transitive. Ifr • s and r • t are defined, thens 4S t implies

r • s4S r • t, ands =×

S t impliesr • s =×

S r • t.
(iv) If, in addition,S is left-cancellative, thens =×

S t is equivalent to the conjunction
of s 4S t and t 4S s and, if r • s and r • t are defined, thens 4S t is equivalent to
r • s4S r • t, ands =×

S t is equivalent tor • s =×

S r • t.

Proof. (i) Assumeǫ ∈ S. If ǫ • ǫ′ = 1- holds inS, then ǫǫ′ = 1- holds in Cat(S),
so invertibility in S implies invertibility in Cat(S). In the other direction, assume that
ǫǫ′ = 1x holds inCat(S). Thenǫ and1x lie in S and, by Proposition 1.14 (embedding),S
is closed under right-divisor inCat(S). Henceǫ′ must lie inS, andǫ is invertible inS.

(ii) Assumes, t ∈ S andt = st′ in Cat(S). As t belongs toS andS is closed under
right-divisor inCat(S), the elementt′ must belong toS. So we havet ≡ s|t′, whence,
applying the functionΠ of Proposition 1.14,t = Π(t) = Π(s|t′) = s • t′. Therefore
s4S t is satisfied. The converse implication is straightforward.

(ii) As the relation4 in Cat(S) is transitive, (i) implies that4S is transitive as well (a
direct alternative proof from left-associativity is also possible). Now, assume thatr • s and
r • t are defined, andt = s • t′ holds. By (1.6), we deducer • t = r • (s • t′) = (r • s) • t′,
whencer • s4S r • t.

(iii) The argument is the same as in Lemma II.2.4: assumes = t • ǫ andt = s • ǫ′. We
deduces = (s • ǫ′) • ǫ, whences = s • (ǫ′ • ǫ) by left-associativity. By left-cancellativity,
we deduceǫ′ • ǫ = 1y (y the target ofs). Soǫ andǫ′ are invertible, ands =×

S t holds.
Assume now thatr • s and r • t are defined andr • s 4S r • t holds. So we have

r • t = (r • s) • t′ for somet′. By left-associativity, we deduce thats • t′ is defined and we
haver • t = r • (s • t′), whencet = s • t′ by left-cancellativity. Sos4S t holds.
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We conclude this preparatory section with a few observations about atoms. Atoms in
a category were introduced in Subsection II.2.5 as the elements with no decomposition
g1|g2 with g1 andg2 non-invertible. The definition can be mimicked in a germ.

Definition 1.20(atom). An elements of a germS is called anatomif s is not invertible
and every decomposition ofs in S contains at most one non-invertible element.

The connection between the atoms of a germ and those of its category is simple. IfS
is a left-associative germ, the atoms ofCat(S) are the elements of the formtǫ with t an
atom ofS andǫ an invertible element ofS, see Exercise 67(i). One cannot expect more
in general, namely there may exist atoms in the category thatdo not belong to the germ,
see Exercise 67(ii).

As in the category case, atoms need not exist in every germ, but their existence is
guaranteed when convenient Noetherianity conditions are satisfied.

Definition 1.21 (Noetherian germ). A germ S is called left-Noetherian(resp. right-
Noetherian) if the relation≺S (resp. the relatioñ≺S) is well-founded. It is calledNoethe-
rian if it is both left- and right-Noetherian.

We recall that a relationR is well-foundedif every nonempty subfamily of its domain
has a minimal element, that is, an elementm such thatxRm holds for nox. By the stan-
dard argument recalled in Chapter II and IV, a germS is left- (resp. right-) Noetherian if
and only if there exists a left- (resp. right-) Noetherianitywitnessfor S, that is, a func-
tion λ : S → Ord such thats ≺S t (resp. s ≺̃S t) impliesλ(s) < λ(t). It follows from
the already mentioned compatibility that, if a germS embeds inCat(S), then the germS
is right-Noetherian if and only if the familyS is locally right-Noetherian inCat(S) in the
sense of Definition IV.2.16. Then we obtain the expected result for the existence of atoms:

Proposition 1.22(atoms generate).If S is a left-associative germ that is Noetherian,
the categoryCat(S) is generated by the atoms and the invertible elements ofS.

Proof. By definition,Cat(S) is generated byS, so it suffices to show that every element
of S is a product of atoms and invertible elements. The argument is the same as for Propo-
sitions II.2.55 (atom) and II.2.58 (atoms generate). Firstevery non-invertible element ofS
must be left-divisible (in the sense of4S) by an atom ofS wheneverS is left-Noetherian:
starting froms, we finds1, ... , sp such thats1 is an atom ofS ands = (···(s1 • s2)···) • sp
holds. AsS is left-associative, this impliess14S s. Next, we deduce that every elements
of S is a product of atoms and invertible elements using induction onλ(s), whereλ is a
right-Noetherianity witness forS: for λ(s) = 0, the elements must be invertible; other-
wise, we writes = s1 • s′ with s1 an atom ofS and apply the induction hypothesis tos′,
which is legal asλ(s′) < λ(s) holds.
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1.3 Garside germs

The main situation we shall be interested in is that of a germS that embeds in the associ-
ated categoryCat(S) and, in addition, that is a Garside family in this category.

Definition 1.23 (Garside germ). A germ S is a Garside germif there exists a left-
cancellative categoryC such thatS is a solid Garside family ofC.

Lemma 1.11 says that, ifS is a solid Garside family in some left-cancellative cat-
egoryC, the latter must isomorphic toCat(S). So, a germS is a Garside germ if and
only if the categoryCat(S) is left-cancellative andS is a solid Garside family inCat(S).
In other words, in Definition 1.23, we can always assume that the categoryC is Cat(S).
Restricting to Garside families that are solid is natural asa germS always contains all
identity-elements ofCat(S), and it is closed under right-divisor inCat(S) whenever it
is left-associative, which will always be assumed. On the other hand, considering solid
Garside families is not a real restriction as, by Lemma IV.2.3, for every Garside familyS,
the familyS♯ is a solid Garside family that, by Lemma III.1.10, leads to the same normal
decompositions asS.

Example 1.24(Garside germ). The germs of Figure 1 are Garside germs: indeed, the
Garside families they come from are closed under right-divisor, so, by Proposition 1.14,
the germs embed into the correspondingcategories. That their images are Garside families
then directly follows from the construction.
By contrast, letM = 〈a, b | ab = ba, a2 = b2〉+, and
S consist of1, a, b, ab, a2. The germS induced onS is
shown aside. It is left-associative and left-cancellative.
The monoidMon(S) is (isomorphic to)M , as the re-
lationsa|a = a2 = b|b anda|b = ab = b|a belong
to the familyR•. However we saw in Example IV.2.34
(no proper Garside) thatS is not a Garside family inM .
Hence the germS is not a Garside germ.

• 1 a b a2 ab

1 1 a b a2 ab

a a a2 ab

b b ab a2

a2 a2

ab ab

Before looking for characterizations of Garside germs, we observe that several prop-
erties transfer from the germ to the associated category.

Proposition 1.25(Noetherianity transfers). If S is a Garside germ, the following are
equivalent:

(i) The germS is right-Noetherian;
(ii) The categoryCat(S) is right-Noetherian.

Proof. Assume (i). By assumption,S is a solid Garside family inCat(S) that is locally
right-Noetherian. Then, by Lemmas IV.2.19 and IV.2.21, thecategoryCat(S) must be
right-Noetherian. So (i) implies (ii).

Conversely, by (the trivial direction in) Proposition IV.2.18 (solid Garside in right-
Noetherian), (ii) implies that the familyS is locally right-Noetherian inCat(S), hence
that the germS is right-Noetherian. So (ii) implies (i).
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Having introduced right-S-multiples, we naturally define (as in Chapter IV) aright-S-
lcm to be a common right-S-multiple that left-S-divides every common right-S-multiple.
Then the following transfer result is a direct restatement of Proposition IV.2.38 in the
language of germs.

Proposition 1.26(lcms transfer I). If S is a Garside germ, the following are equivalent:
(i) Any two elements ofS with a common right-S-multiple admit a right-S-lcm;
(ii) The categoryCat(S) admits conditional right-lcms.

So, properties like right-Noetherianity or the existence of right-lcms in the associated
category can be checked by remaining at the level of the germ.Note that no result involves
left-Noetherianity or left-lcms: Garside families and Garside germs are oriented notions
and there isno invariance under a left–right symmetry.

Proposition 1.26 reduces the existence of right-lcms in theambient category to the ex-
istence of local right-lcms in the germ. In some cases, we canreduce the question further.
For this we shall appeal to a (local version of) the followingrefinement of Lemma II.2.35
in which, in order to deduce that a≺-maximal element is a4-greatest element, one
concentrates on the elements of some prescribed (small) family, typically atoms. The
inductive argument is the same as the one involved in Exercise 23 (alternative proof).

Lemma 1.27. Assume thatC is a left-cancellative category that is right-Noetherian,X
is a subfamily ofC(x, -) that is closed under left-divisor,A is a subfamily ofC such that
A∪C×generatesC and satisfiesC×A ⊆ AC×, and any two elements ofX of the formfa, fb
with a, b in A admit a common right-multiple inX . Then every≺-maximal element ofX
is a4-greatest element ofX .

Proof. Assume thatm is a≺-maximal element ofX lying in C(x, y). For f left-divid-
ingm, we writeR(f) for the (unique) element satisfyingfR(f) = m, and we introduce
the propertyP(f): every right-multiple off lying in X left-dividesm. ThenP(m) is
true since every right-multiple ofm must be=×-equivalent tom. On the other hand, if
f ′ is =×-equivalent tof , thenP(f ′) andP(f) are equivalent sincef andf ′ admit the
same right-multiples. We shall prove thatP(f) is true for everyf left-dividingm using
induction onR(f) with respect tõ≺, which, by assumption, is well-founded .

Assume first thatR(f) is invertible. Then we havef =×m, whenceP(f) sinceP(m)
is true. Otherwise, owing to the assumptionC×A ⊆ A, some non-invertible elementa
of A left-dividesR(f), sayR(f) = ah. Then we findm = fR(f) = fah, whence
fa4m andR(fa) = h. Asa is non-invertible, we haveR(fa) ≺̃ R(f), so the induction
hypothesis impliesP(fa).

Now assume thatfg lies in X (see Figure 2). Ifg is invertible, we havefg =× f ,
whencefg 4m. Otherwise, as above, some non-invertible elementb of A left-dividesg,
sayg = bg′. The assumption thatfg lies in X implies thatfb lies in X , as doesfa.
Hence, by assumption, there exists a common right-multiplec of a andb such thatfc lies
in X . AsP(fa) is true andfa4fc is true, we must havefc4m, whencefb4m. Now, as
b is non-invertible, we haveR(fb) ≺̃ R(f), and the induction hypothesis impliesP(fb).
Owing to(fb)g′ ∈ X , we deduce(fb)g′ 4m, that is,fg 4m, andP(f) is true.

ThusP(f) is true for everyf left-dividingm. In particular,P(1x) is true, means that
every element ofX left-dividesm, that is,m is a4-greatest element ofX .
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f a R(fa)
b

g′

c

R(fb)

m︷ ︸︸ ︷

Figure 2.Induction step in the proof of Lemma 1.27; note the similarity with a right-reversing process
and the use of right-Noetherianity to ensure termination.

Note that in the above proof, assuming that the restriction of ≺̃ to any family of the
form {g ∈ C | ∃f∈X (fg = m)} is well-founded would be sufficient.

Localizing the above argument to adapt it to a germ context iseasy provided the left-
divisibility relation of the considered germ resembles that of a category enough. The
result can be stated as follows:

Lemma 1.28. Assume thatS is a germ that is associative, left-cancellative, and right-
Noetherian,X is a subfamily ofS(x, -) that is closed under left-S-divisor,A is a subfam-
ily of S such thatA ∪ S× generatesS and satisfiesS×A ⊆ AS×, and any two elements
of X of the formfa, fb with a, b in A admit a common right-multiple inX . Then every
≺-maximal element ofX is a4-greatest element ofX .

Proof. The assumptions onS ensure that the properties of4S and=×

S listed in Lem-
ma 1.19 are satisfied inS. Inspecting the proof of Lemma 1.27 then shows that all steps
remain valid. For instance, iff ′ =×

S f holds, sayf ′ = f • ǫ, then we have

f • g = (f • (ǫ • ǫ−1)) • g = ((f • ǫ) ∗ ǫ−1) • g = (f • ǫ) • (ǫ−1
• g),

the last equality becauseS is left-associative, and so every right-S-multiple f is also a
right-multiple of f ′. Similarly, the equalitym = f • (a •h) impliesm = (f • a) •h
becauseS is right-associative.

Returning to right-S-lcms in germs, we obtain:

Lemma 1.29. If a germS is associative, left-cancellative, and right-NoetherianandA
is a subfamily ofS such thatA ∪ S× generatesS and satisfiesS×A ⊆ AS×, then the
following conditions are equivalent:

(i) Any two elements ofA with a common right-S-multiple admit a right-S-lcm;
(ii) Any two elements ofS with a common right-S-multiple admit a right-S-lcm;

Proof. Clearly (ii) implies (i). Assume (i), and lets, t be two elements ofS that admit
a common right-S-multiple, sayr. Let X be the family of all elements ofS that left-
S-divide all common right-S-multiples ofs andt. ThenX is nonempty as it containss
andt. First, as in the proof of Proposition II.2.34 we obtain thatX admits a≺S-maximal
element: indeed, a relation likef1 ≺S f2 ≺S ··· in X (hence inDivS(r)), would imply
g1 ≻̃S g2 ≻̃S ··· wheregi is determined byfigi = r, and therefore cannot exist sinceS
is right-Noetherian.
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Next,X is closed under left-S-divisor because4S is transitive. Finally, assume that
a andb lie in A andf • a andf • b lie in X . As f • a andf • b admit a common right-S-
multiple, so doa andb, and therefore the latter admit a right-S-lcm, sayc. Every common
right-S-multiple of s andt is a common right-S-multiple of f • a andf • b, hence it can
be writtenf • g with a 4S g andb 4S g, hencec 4S g, sayc • g′ = g, and the fact that
f • (c • g′) is defined implies thatf • c is sinceS is right-associative. Hencef • c lies
in X , andX satisfies all hypotheses of Lemma 1.28. Hence a≺S-maximal element is a
4S-greatest element. Now, a4S-greatest element ofX is a right-S-lcm of s andt.

Merging the results, we deduce:

Proposition 1.30(lcms transfer II). If a Garside germS is Noetherian and associative,
then the following conditions are equivalent:

(i) Any two atoms ofS with a common right-S-multiple admit a right-S-lcm;
(ii) The categoryCat(S) admits conditional right-lcms.

Proof. Let A be the atom family inS. By Proposition 1.22,S is generated byA ∪ S×
and, moreover,S×A ⊆ AS× holds: indeed, ifǫ is invertible anda is an atom, thenǫ • a
is an atom whenever it is defined, asǫ • a = s • t impliesa = (ǫ−1

• s) • t (becauseS is
associative), hence at most one ofǫ−1

• s andt is non-invertible, hence at most one ofs, t
is non-invertible. HenceS andA are eligible for Lemma 1.29. The result then follows
from Proposition 1.26.

Note that the existence of Garside families that are not closed under left-divisor im-
plies the existence of Garside germs that are not right-associative: for instance, the germs
associated with the Garside familySn in the left-absorbing monoidLn with n > 2 (Ref-
erence Structure 8, page 111) and with the sixteen-element Garside familyS in the affine
braid monoidB+ (Reference Structure 9, page 111) are typical finite Garsidegerms that
are not right-associative (the first one is not right-cancellative, whereas the second is.)

2 Recognizing Garside germs

We turn to the main question of the chapter, namely finding characterizations of Garside
germs that are simple and easy to use. We establish two main criteria, namely Proposi-
tions 2.8 and 2.28. The former involves what we call theI-law and theJ-law, and it is rem-
iniscent of characterizing Garside families in terms of theH-law (Proposition IV.1.50).
The latter involves4S-greatest elements, and it is reminiscent of characterizing Garside
families in terms of heads (Proposition IV.1.24). The orderof the results is dictated by
the additional problem that, here, we do not assume that the involved category is left-
cancellative, but establish it from the weaker assumption that the germ is left-cancellative.

There are four subsections. In Subsection 2.1, we introducethe I- andJ-laws and
establish Proposition 2.8. Then, in Subsection 2.2, we investigate greatestI-functions and
derive Proposition 2.28. In Subsection 2.3, we consider thespecific case of Noetherian
germs: as in Chapter IV, some properties become then automatic and we obtain simplified
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characterizations. Finally, in Subsection 2.4, we show howto construct Garside germs
starting from a groupoid with a distinguished family of positive generators.

2.1 The familiesI and J

The characterizations of Garside germs we shall establish below involve several notions
that we first introduce. We recall that, ifS is a precategory, hence in particular ifS is
the domain of a germ,S [p] is the family of allS-paths of lengthp, that is, the sequences
s1| ··· |sp such thatsi lies inS and the target ofsi is the source ofsi+1 for everyi.

Definition 2.1 (families I and J). ForS a germ ands1|s2 in S [2], we put

IS(s1, s2) = {t ∈ S | ∃s ∈ S (t = s1 • s ands4S s2)},(2.2)

JS(s1, s2) = {s ∈ S | s1 • s is defined ands4S s2}.(2.3)

A map fromS [2] toS is called anI-function(resp. aJ-function) if, for everys1|s2 in S [2],
the value ats1|s2 lies in IS(s1, s2) (resp. in JS(s1, s2)).

We recall that, in (2.2), writingt = s1 • s implies thats1 • s is defined. An element
of JS(s1, s2) is a fragment ofs2 that can be added tos1 legally, that is, without going out
of S. Thens1 always belongs toIS(s1, s2) and1y always belongs toJS(s1, s2) (for s1
in S(-, y)). So, in particular,IS(s1, s2) andJS(s1, s2) are never empty.

The connection betweenIS(s1, s2) andJS(s1, s2) is clear: with obvious notation,
we haveIS(s1, s2) = s1 • JS(s1, s2). It turns out that, depending on cases, usingI or J

is more convenient, and it is useful to introduce both notions. Note that, ift belongs
to IS(s1, s2) andS embeds inCat(S), then, inCat(S), we havet ∈ S and t 4 s1s2.
However, unless it is known thatCat(S) is left-cancellative, the latter relations need not
imply t ∈ IS(s1, s2) sinces1s4 s1s2 need not implys4 s2 in general. We insist that the
definitions ofI andJ entirely sit inside the germS. For further reference, we note that,
whenS is a Garside germ,S-normal paths are easily described in terms ofI or J.

Lemma 2.4. If S is a Garside germ, the following are equivalent for everys1|s2 in S [2]:
(i) The paths1|s2 is S-normal;
(ii) The elements1 is≺S-maximal inIS(s1, s2);
(iii) Every element ofJS(s1, s2) is invertible inS.

Proof. Assume thats1|s2 is S-normal. Then, by definition,s1 is anS-head ofs1s2
in Cat(S), hence a greatest left-divisor ofs1s2 lying in S. This implies thats1 is ≺S-
maximal inIS(s1, s2). So (i) implies (ii).

Assume now (ii) ands ∈ JS(s1, s2). By definition,s1s belongs toIS(s1, s2). The
assumption thats1 is ≺S-maximal in IS(s1, s2) implies thats is invertible inCat(S),
hence inS by Lemma 1.19. So (ii) implies (iii).

Finally, if JS(s1, s2) consists of invertible elements solely,s1 is a≺S-maximal left-
divisor of s1s2 lying in S. AsS is a Garside family inCat(S), Corollary IV.1.31 (recog-
nizing greedy) applies, and it says thats1|s2 is S-normal. So (iii) implies (i).
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We shall now characterize Garside germs by the existence ofI- or J-functions that
obey algebraic laws reminiscent of theH-law of Chapter IV.

Definition 2.5 (I-law, J-law). If S is a germ andI, J are maps fromS [2] to S, we say
thatI obeys theI-law if, for everys1|s2|s3 in S [3] with s1 • s2 defined, we have

(2.6) I(s1, I(s2, s3)) =× I(s1 • s2, s3).

We say thatJ obeys theJ-law if, for everys1|s2|s3 in S [3] with s1 • s2 defined, we have

(2.7) J(s1, s2 • J(s2, s3)) =× s2 • J(s1 • s2, s3).

If the counterpart of (2.6) or (2.7) with= replacing=× is satisfied, we say thatI (resp. J)
obeys thesharpI-law (resp. thesharpJ-law).

Proposition 2.8(recognizing Garside germ I). A germS is a Garside germ if and only
if it satisfies one of the following equivalent conditions:

The germS is left-associative, left-cancellative, and admits anI-function
obeying the sharpI-law;

(2.9)

The germS is left-associative, left-cancellative, and admits aJ-function
obeying the sharpJ-law.

(2.10)

The proof of Proposition 2.8 will be split into several pieces. We insist once more
that all conditions in Proposition 2.8 are local in that theyonly involve the elements ofS
and computations taking place insideS. In particular, ifS is finite, all conditions are
effectively checkable in finite time.

Example 2.11(recognizing Garside germ). Let us consider theB+

3 -germ of Figure 1.
Checking that the germ is left-associative is a simple verification for each triple(s1, s2, s3).
Checking that the germ is left-cancellative means that no value appears twice in a row, a
straightforward inspection. Finally, if any one of the following two tables is given,

I 1 σ1 σ2 σ1σ2 σ2σ1 ∆
1 1 σ1 σ2 σ1σ2 σ2σ1 ∆
σ1 σ1 σ1 σ1σ2 σ1 ∆ ∆
σ2 σ2 σ2σ1 σ2 ∆ σ2 ∆
σ1σ2 σ1σ2 ∆ σ1σ2 ∆ σ1σ2 ∆
σ2σ1 σ2σ1 σ2σ1 ∆ σ2σ1 ∆ ∆
∆ ∆ ∆ ∆ ∆ ∆ ∆

J 1 σ1 σ2 σ1σ2 σ2σ1 ∆
1 1 σ1 σ2 σ1σ2 σ2σ1 ∆
σ1 1 1 σ2 1 σ2σ1 σ2σ1
σ2 1 σ1 1 σ1σ2 1 σ1σ2
σ1σ2 1 σ1 1 σ1 1 σ1
σ2σ1 1 1 σ2 1 σ2 σ2
∆ 1 1 1 1 1 1

then checking that the left one satisfies the sharpI-law or the right one satisfies the sharp
J-law is again a simple verification for each triples1|s2|s3 such thats1 • s2 is defined.
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We first prove that the conditions of Proposition 2.8 are necessary, which is easy. We
begin with the equivalence of the two families of conditions.

Lemma 2.12. If S is a germ that is left-associative and left-cancellative andI, J : S [2] →
S are connected byI(s1, s2) = s1 •J(s1, s2) for all s1, s2, thenI is anI-function obey-
ing theI-law (resp. the sharpI-law) if and only ifJ is a J-function obeying theJ-law
(resp. the sharpJ-law).

Proof. First, the assumption thatS is left-cancellative implies that, for everyI, there
exists at most one associatedJ and that, whenI andJ are connected as in the statement,
thenI is anI-function forS if and only if J is aJ-function forS.

Now, assume thatI is anI-function obeying theI-law,s1|s2|s3 lies inS [3], ands1 • s2
is defined. By assumption, we haveI(s1, I(s2, s3))=×I(s1 • s2, s3), which translates into

(2.13) s1 • J(s1, s2 • J(s2, s3)) =× (s1 • s2) • J(s1 • s2, s3).

As S is left-associative,s2 •J(s1 • s2, s3) is defined and (2.13) implies

(2.14) s1 • J(s1, s2 • J(s2, s3)) =× s1 • (s2 • J(s1 • s2, s3)).

By Lemma 1.19, we may left-cancels1 in (2.14), and what remains is the expected in-
stance of theJ-law. SoJ obeys theJ-law.

The argument in the case whenI obeys the sharpI-law is similar: now (2.13) and
(2.14) are equalities, and, applying the assumption thatS is left-cancellative, we directly
deduce the expected instance of the sharpJ-law.

In the other direction, assume thatJ is aJ-function that obeys theJ-law, s1|s2|s3 lies
in S [3], ands1 • s2 is defined. By theJ-law, J(s1, s2 •J(s2, s3)) ands2 • J(s1 • s2, s3)
are=×-equivalent. By definition of aJ-function, the expressions1 • J(s1, s2 • J(s2, s3))
is defined, hence so iss1 • (s2 • J(s1 • s2, s3)), and we obtain (2.14). Applying (1.6),
which is legal sinces1 • s2 is defined, we deduce (2.13), and, from there, the equivalence
I(s1, I(s2, s3))=

× I(s1 • s2, s3), the expected instance of theI-law. SoI obeys theI-law.
Finally, if J obeys the sharpJ-law, the argument is similar: (2.13) and (2.14) are

equalities, and one obtains the expected instance of the sharp I-law.

We now observe that theI-law and theJ-law are closely connected with theH-law of
Definition IV.1.47, and deduce the necessity of the conditions of Proposition 2.8.

Lemma 2.15. Assume thatS is a Garside germ. ThenS satisfies(2.9)and (2.10).

Proof. PutC = Cat(S). By definition,S embeds inC, so, by Proposition 1.14,S must
be left-associative. Next, by definition again,C is left-cancellative and, therefore,S must
be left-cancellative as, ifs, t, t′ lie in S and satisfys • t = s • t′, thenst = st′ holds inC,
implying t = t′. SoS must be left-cancellative.

Then, owing to Lemma 2.12, it is enough to consider eitherI- or J-functions, and
we shall consider the former. By assumption,S is a Garside family inC. Hence, by
Proposition IV.1.44 (sharp exist), there exists a sharpS-head functionH . Owing to
Lemma IV.1.22, we can assume thatH is defined on all ofSC, hence in particular onS2.
Let us now defineI : S [2] → S by I(s1, s2) = H(s1s2).
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First we claim thatI is anI-function forS. Indeed, assumes1|s2 ∈ S [2]. By defi-
nition, we haves1 4H(s1s2) 4 s1s2 in C, henceH(s1s2) = s1s for somes satisfying
s4s2. Ass right-dividesH(s1s2), which lies inS, and, by assumption,S is closed under
right-divisor,s must lie inS. HenceH(s1s2) lies in IS(s1, s2).

Finally, assume thats1|s2|s3 lies in S and s = s1 • s2 holds. Then theH-law
givesH(s1H(s2s3)) = H(s1(s2s3)) = H(ss3). This translates intoI(s1, I(s2s3)) =
I(s1 • s2, s3), the expected instance of the sharpI-law.

We will now prove that the conditions of Proposition 2.8 are sufficient, thus estab-
lishing Proposition 2.8 and providing an intrinsic characterization of Garside germs. The
principle is obvious, namely using the givenI- or J-function to construct a head function
onS2 and then using a characterization of a Garside family in terms of the existence of
a head as in Proposition IV.1.24 (recognizing Garside II). However, the argument is more
delicate, because we do not know at first that the categoryCat(S) is left-cancellative and,
therefore, eligible for any characterization of Garside families. So what we shall do is to
simultaneously construct the head function and prove left-cancellativity. To this end, the
main point is to control not only the headH(g) of an elementg, but also its tail, defined
to be the elementg′ satisfyingg = H(g)g′: if the categoryCat(S) is left-cancellative,
this elementg′ is unique and it should be possible to determine it explicitly. This is what
we shall do. For the construction, it is convenient to start here with aJ-function.

Lemma 2.16. Assume thatS is a left-associative, left-cancellative germ andJ is a J-
function forS that obeys theJ-law. Define functions

K : S [2] → S, H : S∗ → S, T : S∗ → S∗

bys2 = J(s1, s2) •K(s1, s2),H(εx) = 1x, T (εx) = εx and, fors in S andw in S∗,

(2.17) H(s|w) = s • J(s,H(w)) and T (s|w) = K(s,H(w))|T (w).

Then, for eachw in S∗, we have

(2.18) w ≡ H(w)|T (w).

Moreover,w ≡ w′ impliesH(w) = H(w′) andT (w) ≡ T (w′).

Proof. First, the definition ofK makes sense and is unambiguous: indeed, by definition,
J(s1, s2)4S s2 holds, so there existss in S satisfyings2 = J(s1, s2) • s; moreover, asS
is left-cancellative, the elements is unique.

For proving (2.18), we use induction on the length ofw. For w = εx, we have
εx ≡ 1x|εx. Otherwise, fors in S andw in S∗, we find

s|w ≡ s|H(w)|T (w) by induction hypothesis,

≡ s|J(s,H(w)) •K(s,H(w))|T (w) by definition ofK,

≡ s|J(s,H(w))|K(s,H(w))|T (w) by definition of≡,

≡ s • J(s,H(w))|K(s,H(w))|T (w) asJ(s,H(w)) lies inJS(s,H(w)),

= H(s|w)|T (s|w) by definition ofH andT .
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For the compatibility ofH andT with ≡, owing to the inductive definitions of≡,H,
andT , it is sufficient to assume thats|w is a path ands = s1 • s2 holds withw in S∗ and
s1, s2 in S, and to establish

(2.19) H(s|w) = H(s1|s2|w) and T (s|w) ≡ T (s1|s2|w).

Now, applying (2.7) withs3 = H(w) and the definition ofH(s2|w), we find

(2.20) s2 •J(s,H(w)) = J(s1, H(s2|w)).

Then the first relation of (2.19) is satisfied since we can write

H(s|w) = (s1 • s2) • J(s,H(w)) by definition ofH,

= s1 • (s2 •J(s,H(w))) by (1.7),

= s1 • J(s1, H(s2 |w)) = H(s1 |s2|w) by (2.20) and the definition ofH.

For the second relation in (2.19), applying the definition ofH , we first find

s2 • J(s2, H(w)) = H(s2 |w) = J(s1, H(s2 |w)) •K(s1, H(s2|w)) by definition ofK,

= (s2 •J(s,H(w))) •K(s1, H(s2 |w)) by (2.20),

= s2 • (J(s,H(w)) •K(s1, H(s2|w))) by (1.7),

whence, asS is a left-cancellative germ,

(2.21) J(s2, H(w)) = J(s,H(w)) •K(s1, H(s2|w)).

We deduce

J(s,H(w)) •K(s,H(w)) = H(w) by definition ofK,

= J(s2, H(w)) •K(s2, H(w)) by definition ofK,

= (J(s,H(w)) •K(s1, H(s2|w))) •K(s2, H(w)) by (2.21),

= J(s,H(w)) • (K(s1, H(s2|w)) •K(s2, H(w))) by (1.7).

As S is a left-cancellative germ, we may left-cancelJ(s,H(w)), and we obtain

K(s,H(w)) = K(s1, H(s2 |w)) •K(s2, H(w)),

whenceK(s,H(w))|T (w) ≡ K(s1, H(s2|w))|K(s2, H(w))|T (w). By definition ofT ,
this is the second relation in (2.19).

We can now complete the argument easily.

Proof of Proposition 2.8.Owing to Lemma 2.15 and Lemma 2.12, it suffices to prove
now that (2.10) implies thatS is a Garside germ. So assume thatS is a germ that is left-
associative and left-cancellative, andJ is aJ-function onS that obeys the sharpJ-law.
Let C = Cat(S). As S is left-associative, Proposition 1.14 implies thatS embeds inC
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Figure 3. Proof of Lemma 2.16: attention! as long as the ambient category is not proved to be
left-cancellative, the above diagrams should be taken with care.

and is solid inC. Now we use the functionsK,H, andT of Lemma 2.16. First, we claim
that, for eachw in S∗ and eachs in S such that the target ofs is the source ofw, we have

(2.22) w ≡ J(s,H(w))|T (s|w).

Indeed, we haves • J(s,H(w)) = H(s|w) and

w ≡ H(w)|T (w) by (2.18),

= J(s,H(w)) •K(s,H(w))|T (w) by definition ofK,

≡ J(s,H(w))|K(s,H(w))|T (w) by definition of≡,

= J(s,H(w))|T (s|w). by definition ofT (s|w).

Assume nows|w ≡ s|w′. First, Lemma 2.16 impliesH(s|w) = H(s|w′), that is,
s •J(s,H(w)) = s •J(s,H(w′)) owing to the definition ofH. AsS is left-cancellative,
we may left-cancels and we deduceJ(s,H(w)) = J(s,H(w′)). Then, applying (2.22)
twice and Lemma 2.16 again, we find

w ≡ J(s,H(w))|T (s|w) ≡ J(s,H(w′))|T (s|w′) ≡ w′,

which implies thatC is left-cancellative.
Next, Lemma 2.16 shows that the functionH induces a well-defined function ofC

toS, sayH . Then (2.18) implies thatH(s)4 s holds for everys in C. On the other hand,
assume thatr belongs toS, and thatr4s holds inC. This means that there existsw in S∗

such thatr|w representss. By construction, we haveH(r|w) = r • J(r,H(w)), which
implies r 4 H(s) in C. SoH(s) is anS-head ofs and, therefore, every element ofC
admits anS-head.

Finally, by Proposition 1.14,S is closed under right-divisor inC, which implies that
S♯ is also closed under right-divisor: indeed, a right-divisor of an element ofC×must lie
in C×, and, ifg right-dividessǫ with s ∈ S andǫ ∈ C×, thengǫ−1 right-dividess, hence it
belongs toS, and thereforeg belongs toSC×, hence toS♯. Therefore,S satisfies (IV.1.25)
in C. So, by Proposition IV.1.24,S is a Garside family inC, andS is a Garside germ.

Note that Proposition 2.8 provides a new way for establishing that a presented cate-
gory is left-cancellative (and therefore using Proposition 2.8 for the opposite germ pro-
vides a way for establishing right-cancellativity).
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Example 2.23(braids). Starting from〈σ1, σ2 |σ1σ2σ1 = σ2σ1σ2〉+, we would easily ob-
tain the germ of Table 1 by introducing the elements1, σ1σ2, σ2σ1, andσ1σ2σ1 to put
the relations in the formr = s • t. Then a systematic verification of the conditions of
Proposition 2.8 would provide a new proof of the left-cancellativity of B+

3 —see Sub-
section 2.4 and Chapter IX. In this case, the germ coincides with the opposite germ, so
right-cancellativity automatically follows.

We conclude with an application. The criteria of Proposition 2.8 can also be used
in the context of Chapter IV, that is, when one wishes to recognize whether some sub-
family S of a given categoryC is a Garside family. Proposition IV.1.50 (recognizing
Garside III) provides a criterion involving theH-law onC \ C×. With the current results,
we obtain local versions that involve theI-law or theJ-law on elements ofS2.

Proposition 2.24(recognizing Garside IV). A solid generating subfamilyS of a left-
cancellative categoryC is a Garside family if and only if one of the following equivalent
conditions is satisfied:

There existsI : S [2] → S satisfyings1 4 I(s1, s2)4 s1s2 for all s1, s2 and
I(s1, I(s2, s3)) = I(s1s2, s3) for everys1|s2|s3 in S [3] with s1s2 in S;

(2.25)

There existsJ : S [2] → S satisfyings1J(s1, s2) ∈ S andJ(s1, s2)4 s2 for
all s1, s2, andJ(s1, s2J(s2, s3)) = s2J(s1s2, s3) for everys1|s2|s3 in S [3]

with s1s2 in S.

(2.26)

Proof. Assume thatS is a solid Garside family inC. By Lemma 1.2,(S, •
S
) is a germ,

and, by Proposition 1.11,C is isomorphic toCat(S, •
S
). By definition,(S, •

S
) is a Garside

germ and, therefore, by Lemma 2.15, there exist functionsI andJ obeying the expected
versions of the sharpI-law andJ-law. So (2.25) and (2.26) are satisfied.

Conversely, assume thatS satisfies (2.25). Then, by Proposition 1.11,(S, •
S
) is a

germ andCat(S, •
S
) is isomorphic toC. By Proposition 1.14, the assumption thatS is

closed under right-divisor implies that the germ(S, •
S
) is left-associative, and the as-

sumption thatC is left-cancellative implies that(S, •
S
) is left-cancellative. Finally, the

function I whose existence is assumed is anI-function for (S, •
S
), and (2.25) implies

that thisI-function obeys the sharpI-law. Then Proposition 2.8 implies that(S, •
S
) is a

Garside germ. So, in particular,S is a Garside family inCat(S, •
S
).

The argument is entirely similar for (2.26).

2.2 GreatestI-functions

In Proposition 2.8, we characterized Garside germs by the existence of anI- or a J-
function obeying a certain algebraic law. We now establish alternative characterizations
that again involve particularI- or J-functions, but in terms of maximality conditions.
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Definition 2.27 (greatestI- or J-function). An I-function I for a germS is called a
greatestI-functionif, for everys1|s2 in S [2], the valueI(s1, s2) is a4-greatest element
in IS(s1, s2); id. for a greatestJ-functionreplacingIS(s1, s2) with JS(s1, s2).

In other words,I is a greatestI-function forS if and only if, for everys1|s2 in S [2],
we haveI(s1, s2) = s1 • s for somes satisfyings 4S s2, andt 4S I(s1, s2) holds for
everyt in IS(s1, s2).

Proposition 2.28(recognizing Garside germ II). A germS is a Garside germ if and
only if one of the following equivalent conditions is satisfied:

The germS is left-associative, left-cancellative, and, for everys1|s2 in S [2],
the familyIS(s1, s2) admits a4S-greatest element;

(2.29)

The germS is left-associative, left-cancellative, and admits a greatest I-
function;(2.30)

The germS is left-associative, left-cancellative, and, for everys1|s2 in S [2],
the familyJS(s1, s2) admits a4S-greatest element;

(2.31)

The germS is left-associative, left-cancellative, and admits a greatestJ-
function.

(2.32)

Let us immediately note that (2.29) and (2.30) on the one hand, and (2.31) and (2.32)
on the other hand, are equivalent: indeed, a greatest function is a function that selects
a4S-greatest element for each argument, and, at the expense of possibly invoking the
Axiom of Choice, the existence of the former is equivalent tothe existence of the latter.
As in the case of Proposition 2.8, proving that the conditions of Proposition 2.28 are
satisfied in every Garside germ is (very) easy.

Lemma 2.33. Every Garside germ satisfies(2.29)–(2.32).

Proof. Assume thatS is a Garside germ. By Lemma 2.15,S is left-associative and left-
cancellative. Then letH be anS-head function defined onSCat(S). Consider the maps
I, J : S [2] → S defined byI(s1, s2) = s1 •J(s1, s2) = H(s1s2). Then, as in the proof
of Lemma 2.15,I is aI-function andJ is aJ-function forS.

Moreover, assume thats1|s2 lies in S [2] and we havet = s1 • s with s 4 s2. Then
we havet ∈ S andt 4 s1s2, whence, asH is anS-head function,t 4 H(s1s2), that is,
t 4 I(s1, s2). HenceI(s1, s2) is a4S-greatest element inIS(s1, s2), andI is a greatest
I-function forS. The argument is similar forJ .

We shall prove the converse implications by using Proposition 2.8. The main obser-
vation is that a greatestJ-function necessarily obeys theJ-law.
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Lemma 2.34. If a germS is left-associative and left-cancellative andJ is a greatest
J-function forS, thenJ obeys theJ-law.

Proof. Assumes1|s2|s3 ∈ S [3] with s1 • s2 defined. Putt = J(s1, s2 • J(s2, s3)) and
t′ = s2 • r′ with r′ = J(s1 • s2, s3). Our aim is to prove thatt andt′ are=×-equivalent.

First, s1 • s2 is defined ands2 4S s2 • J(s2, s3) is true, hence the maximality of
J(s1, s2 • J(s2, s3)) impliess24S J(s1, s2 • J(s2, s3)), that is,s24S t. Write t = s2 • r.
By assumption,t belongs toJS(s1, s2 • J(s2, s3)), hence we havet 4S s2 • J(s2, s3),
that is,s2 • r 4S s2 • J(s2, s3), which impliesr 4S J(s2, s3) asS is left-cancellative,
whence in turnr 4S s3 sinceJ(s2, s3) belongs toJS(s2, s3). By assumption,s1 • t, that
is, s1 • (s2 • r), is defined, and so iss1 • s2. Hence(s1 • s2) • r is defined as well, and
r 4S s3 holds. The maximality ofJ(s1 • s2, s3) givesr 4S r

′, whencet4S s2 • r′ = t′.
For the other direction, the definition ofr′ implies that(s1 • s2) • r′ is defined and

r′ 4S s3 holds. By left-associativity, the first relation implies that s1 • (s2 • r′), that
is, s1 • t′, is defined. On the other hand,s2 • r′ is defined by assumption andr′ 4S s3
holds, so the maximality ofJ(s2, s3) implies t′ 4S s2 • J(s2, s3). Then the maximality
of J(s1, s2 • J(s2, s3)) implies t′ 4S J(s1, s2 • J(s2, s3)), that is,t′ 4S t. Sot =× t′ is
satisfied, which is the desired instance of theJ-law.

Not surprisingly, we have a similar property for greatestI-functions.

Lemma 2.35. If a germS is left-associative and left-cancellative andI is a greatest
I-function forS, thenI obeys theI-law.

Proof. One could mimic the argument used for Lemma 2.34, but the exposition is less
convenient, and we shall instead derive the result from Lemma 2.34.

So, assume thatI is a greatestI-function forS and letJ : S [2] → S be defined by
I(s1, s2) = s1 • J(s1, s2). By Lemma 2.12,J is aJ-function forS, and the assumption
that I is a greatestI-function implies thatJ is a greatestJ-function. Indeed, assume
t ∈ JS(s1, s2). Thens1 • t is defined and belongs toIS(s1, s2), hences1 • t4S I(s1, s2),
that is,s1 • t4S s1 •J(s1, s2), whencet4S J(s1, s2). Then, by Lemma 2.34,J satisfies
theJ-law. By Lemma 2.12 again, this in turn implies thatI satisfies theI-law.

As in the case of head functions in Chapter IV, we shall now manage to go from the
I-law to the sharpI-law, that is, force equality instead of=×

S-equivalence.

Lemma 2.36. If a germS is left-associative and left-cancellative, andI is a greatest
I-function forS, then every functionI ′ : S [2] → S satisfyingI ′(s1, s2) =×

S I(s1, s2) for

everys1|s2 in S [2] is a greatestI-function forS.

Proof. Let s1|s2 belong toS [2]. First we haves1 4S I(s1, s2) 4S I
′(s1, s2), whence

s14S I
′(s1, s2). Write I(s1, s2) = s1 • s andI ′(s1, s2) = s1 • s′. By definition, we have

s 4S s2, hences2 = s • r for somer, and, by assumption,s′ = s • ǫ for some invertible
elementǫ of S. We finds2 = (s • (ǫ • ǫ−1)) • r = ((s • ǫ) • ǫ−1) • r = (s • ǫ) • (ǫ−1

• r),
whences′4S s2: the second equality comes from (1.6), and the last one from the assump-
tion thatS is left-associative. HenceI ′(s1, s2) belongs toIS(s1, s2).

Now assumet = s1 • s with s 4 s2. Then we havet 4S I(s1, s2) by assumption,
hencet4S I

′(s1, s2) by transitivity of4S . SoI ′ is a greatestI-function forS.
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Lemma 2.37. If a germS is left-associative, left-cancellative, and admits a greatestI-
function, thenS admits a greatestI-function obeying the sharpI-law.

Proof. Let I be a greatestI-function forS, and letS′ be an=×

S-selector onS. Fors1|s2
in S [2], defineI ′(s1, s2) to be the unique element ofS′ that is=×-equivalent toI(s1, s2).
By construction,I ′ is a function fromS [2] toS satisfyingI ′(s1, s2) =×

S I(s1, s2) for every
s1|s2 in S [2], hence, by Lemma 2.36,I ′ is a greatestI-function forS. By Lemma 2.35,
I ′ obeys theI-law, that is, for everys1|s2|s3 in S [3] such thats1 • s2 is defined, we have

I ′(s1, I
′(s2, s3)) =× I ′(s1 • s2, s3).

Now, by definition of a selector, two elements in the image of the functionI ′ must be
equal whenever they are=×-equivalent. SoI ′ obeys the sharpI-law.

Putting pieces together, we can now complete our argument.

Proof of Proposition 2.28.By Lemma 2.33, the conditions are necessary, and it remains
to prove that each of (2.32) and (2.30) implies thatS is a Garside germ.

Assume thatS is a germ that is left-associative, left-cancellative, andadmits a greatest
I-function. By Lemma 2.37,S admits anI-functionI that satisfies the sharpI-law, so, by
Proposition 2.8,S is a Garside germ. Hence, (2.32) implies thatS is a Garside germ.

Finally, assume thatS is a germ that is left-associative, left-cancellative, andadmits a
greatestJ-functionJ . As seen in the proof of Lemma 2.35, the functionI defined onS [2]

by I(s1, s2) = s1 •J(s1, s2) is a greatestI-function forS. So (2.30) implies (2.32) and,
therefore, it implies thatS is a Garside germ.

Remark 2.38. The above arguments involve bothI- andJ-functions, and it could appear
more elegant to appeal to one type only. However, this is not easy, as the argument
for “maximality implies law” is more natural forJ-functions, whereas Lemma 2.36 is
valid only for I-functions: indeed, unless the considered germ is right-associative, the
assumption thats • t is defined andt′ =×

S t holds need not imply thats • t′ is defined, so a
function that is=×

S-equivalent to aJ-function need not be aJ-function in general.

2.3 Noetherian germs

The interest of Noetherianity assumptions is to guarantee the existence of minimal (or
maximal) elements with respect to divisibility. In germs, we shall use such assumptions
to guarantee the existence of a greatestJ-function under weak assumptions.

Lemma 2.39. If S is a Garside germ, then:

(2.40) For everys1|s2 in S [2], any two elements ofJS(s1, s2) admit a common
right-S-multiple that lies inJS(s1, s2).

Proof. Assume thatS is a Garside germ. By Proposition 2.28,S admits a greatestJ-
functionJ . Then, for everys1 |s2 in S [2], the elementJ(s1, s2) is a right-S-multiple of
every element ofJS(s1, s2), hence a common right-S-multiple of any two of them.
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In some contexts, the necessary condition (2.40) turns out to be sufficient:

Proposition 2.41(recognizing Garside germ, right-Noetherian case).A right-Noether-
ian germS is a Garside germ if and only if it is left-associative, left-cancellative, and
satisfies(2.40). In this case, the categoryCat(S) is right-Noetherian.

Proof. If S is a Garside germ, it is left-associative and left-cancellative by Lemma 2.15,
and it satisfies (2.40) by Lemma 2.39. So the conditions are necessary.

Conversely, assume thatS satisfies the conditions of the statement. Lets1|s2 belong
to S [2]. Put

X = {t ∈ S | ∃s ∈ S (s1 • s ∈ S ands • t = s2)}.
By assumption,X has≺̃S -minimal element, saŷt, and there existŝs in S satisfying
s1 • ŝ ∈ S andŝ ∗ t̂ = s2. By construction,̂s belongs toJS(s1, s2). Now lets be an ar-
bitrary element ofJS(s1, s2). By assumption,̂s ands admit a common right-S-multiple,
sayŝ • s′, that lies inJS(s1, s2). Hence there existst′ satisfying(ŝ • s′) • t′ = s2, whence
t̂ = s′ • t′ sinceS is left-associative and left-cancellative. The choice oft̂ implies thats′

is invertible inS. This means that̂s is a4S-greatest element inJS(s1, s2). By Proposi-
tion 2.28, we deduce thatS is a Garside germ. So the conditions are also sufficient.

Finally, assume thatS is a Garside germ. ThenCat(S) is a left-cancellative cat-
egory, andS is a solid Garside family ofCat(S) that is locally right-Noetherian. By
Lemma IV.2.21,Cat(S) must be right-Noetherian.

We naturally say that a germS admits right-mcmsif every common right-S-multiple
(if any) of two elementss, s′ of S is a right-S-multiple of some right-S-mcm ofs ands′.
When right-S-mcms exist, (2.40) can be rewritten in an improved form.

Lemma 2.42. Assume thatS is a germ that admits right-mcms, and consider

(2.43)
For r, s, s′ in S, if r • s and r • s′ are defined, so isr • t for every right-S-
mcmt of s ands′.

If S satisfies(2.43), it satisfies(2.40). Conversely, ifS satisfies(2.40) and it is right-
associative or there exists no nontrivial invertible element in S, it satisfies(2.43).

Proof. Assume thats1|s2 belongs toS [2], and thats, s′ lie in JS(s1, s2). By assumption,
we haves4S s2 ands′4S s2. AsS admits right-mcms, there exists a right-S-mcmt of s
ands′ that satisfiest4S s2. If S satisfies (2.43), the assumption thats1 • s ands1 • s′ are
defined implies thats1 • t is defined, and sot belongs toJS(s1, s2). Thent is a common
right-S-multiple ofs ands′ lying in JS(s1, s2), and (2.40) is satisfied.

Conversely, assume thatS satisfies (2.40),r • s andr • s′ are defined andt is a right-
S-mcm of s ands′. Then, by definition,s ands′ belong toJS(r, t). By (2.40), some
common right-S-multiple t̂ of s ands′ lies in JS(r, t). Thus,r • t̂ is defined, and̂t 4S t
holds. Writet = t̂ • t′. As t is a right-S-mcm ofs ands′, the elementt′ must be invertible.
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By assumption,r • t, which isr • (t̂ • t′−1), is defined. IfS is right-associative, or if there
exists no nontrivial invertible element inS, we deduce thatr • t is defined (in the latter
case, we havet = t̂). So (2.43) is satisfied.

Using the fact that Noetherianity implies the existence of right-mcms, we deduce:

Proposition 2.44(recognizing Garside germ, Noetherian case).A germ that is left-
associative, left-cancellative, Noetherian, and satisfies (2.43)is a Garside germ.

Proof. Assume thatS satisfies the assumptions of the proposition. AsS is left-Noetherian,
it admits right-mcms. Hence, by Lemma 2.42, it satisfies (2.40) as well. Then, by Propo-
sition 2.41, it is a Garside germ.

Of course, we shall say that a germS admits conditional right-lcmsif any two ele-
ments ofS that admit a common right-S-multiple admits a right-S-lcm. Another condi-
tion guaranteeing the existence of right-mcms is the existence of conditional right-lcms.

Corollary 2.45 (recognizing Garside germ, conditional right-lcm case).A germS that
is left-associative, left-cancellative, right-Noetherian, and admits conditional right-lcms
is a Garside germ whenever it satisfies:

(2.46)
For r, s, s′ in S, if r • s andr • s′ are defined,

then so isr • t for every right-S-lcm t of s ands′.

Proof. Assume thatS satisfies the hypotheses of the proposition. The assumptionthat
S admits conditional right-lcms implies that it admits right-mcms and, as every right-S-
mcm is a right-S-lcm, (2.46) implies (2.43), hence (2.40) by Lemma 2.42. Then Proposi-
tion 2.41 implies thatS is a Garside germ.

We saw at the end of Section 1 how, in a right-Noetherian context, the existence of
right-S-lcms for arbitrary elements follows from that for elementsof a generating sub-
family, typically atoms. Using the same method, we can refineCorollary 2.45.

Proposition 2.47(recognizing Garside germ, atomic case).If a germS is associative,
left-cancellative, right-Noetherian, and admits conditional right-lcms, andA is a sub-
family ofS such thatA ∪ S×generatesS and satisfiesS×A ⊆ AS×, thenS is a Garside
germ whenever it satisfies the condition:

(2.48)
For r in S ands, s′ in A, if r • s andr • s′ are defined,

then so isr • t for every right-S-lcm t of s ands′.

If S is Noetherian, the criterion applies in particular whenA is the atom family ofS.

Proof. The argument is similar to the one used for Lemma 1.27 and for the inductions of
Sections II.4. So assume thatS is a germ that satisfies the hypotheses of the proposition
and (2.48). Our aim is to show that (2.46) is valid for allr, s, s′, t in S.



2 Recognizing Garside germs 299

Assume thatr • s andr • s′ are defined andt is a right-S-lcm of s ands′. We shall
prove thats • t is defined, that is, (2.46) holds, using induction ont with respect tõ≺S ,
which, by assumption, is well-founded. Equivalently, we use induction onλ(t), whereλ
is a fixed sharp Noetherianity witness onS. If λ(t) = 0 holds, thent must be invertible,
hence so ares ands′, and we haves =×

S s
′ =×

S t. AsS is right-associative, the assumption
thatr • s is defined implies thatr • t is defined as well.

Assume nowλ(t) > 0. If s′ is invertible, we havet=× s and, as above, the assump-
tion thatr • s is defined implies thatr • t is defined as well. Ifs is invertible, the result
is the same. Otherwise, asA ∪ S× generatesS andS×A ⊆ AS× holds, there must exist
non-invertible elementss1, s′1 in A left-dividing respectivelys ands′, says = s1 • s2
ands′ = s′1 • s′3. Then the rule for an iterated right-S-lcm implies the existence of the
diagram of Figure 4, in which each elementti is a right-S-lcm of si ands′i and such that
we havet = t1 • t4. Thent1 is a right-S-lcm of s1 ands′1, andr • s1 andr • s′1 are defined
becauser • (s1 • s2) is andS is right-associative. Ass1 ands′1 lie in A, (2.48) implies
thatr • r is defined. Next,t2 is a right-S-lcm of s2 ands′2, and(r • s1) • s2, which isr • s,
and(r • s1) • s′2, which isr • t1, are defined. Moreover, ass1 is non-invertible, we have
λ(t2) < λ(s1 • t2) 6 λ(t1 • t4) = λ(t). Hence, by induction hypothesis,(r • s1) • t2, is
defined. Mutatis mutandis, we find that(r • s′1) • t3 is defined. Finally,t4 is a right-S-lcm
of s′4 ands′4, and we saw above that(r • t1) • s4, which is (r • s1) • t2, and(r • t1) • s′4,
which is (r • s′1) • t3, are defined. Ass1 is non-invertible,t1 is not invertible either, and
we haveλ(t4) < λ(t1 • t4) = λ(t). Hence, by induction hypothesis,(r • t1) • t4 is de-
fined. By left-associativity, it follows thatr • t is defined, and (2.46) is satisfied. Then
Corollary 2.45 implies thatS is a Garside germ.

Finally, assume thatS is Noetherian and letA be the atom family ofS♯. By Proposi-
tion 1.22,S is generated byA∪S. Moreover, as observed in the proof of Proposition 1.30,
S×A ⊆ AS×holds. HenceA is eligible for the proposition.

r s1 s2

s′1 s′2
s3 s4

s′3 s′4

t1 t2

t3 t4

s︷ ︸︸ ︷

s′





Figure 4.Induction step in the proof of Proposition 2.47; note the similarity both with a right-reversing
process and with Figure 2; each square represents a right-S-lcm, and the right-S-lcm of s and s′

corresponds to every path from the top left corner to the bottom right corner.

In another direction, we can consider germs that admit right-lcms, not only conditional
right-lcms. Then, provided the germ is associative, there is no need to worry about (2.43).

Proposition 2.49(recognizing Garside germ, right-lcm case).A germ that is associa-
tive, left-cancellative, right-Noetherian, and admits right-lcms is a Garside germ.
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Proof. Assume thatS satisfies the hypotheses of the statement. We check that (2.46) is
satisfied. So assume thatr • s andr • s′ are defined andt is a right-S-lcm of s ands′.
Let r̂ be a right-S-lcm of r • s and r • s′, which exists by assumption. First, we have
r 4S r • s 4S r̂, whence, by Lemma 1.19,r 4S r̂, so there existŝs satisfyingr̂ = r • ŝ.
By Lemma 1.19 again,r • s 4S r̂ implies s 4S ŝ andr • s′ 4S r̂ implies s′ 4S ŝ. So
ŝ is a common right-S-multiple of s ands′, hence it is a right-S-multiple of their right-
S-lcm t: we haveŝ = t • t̂ for somet̂. Hencer • (t • t̂), which is r • ŝ, is defined. By
right-associativity, this implies thatr • t is defined, so (2.46) is true. Then,S is a Garside
germ by Corollary 2.45.

2.4 An application: germs derived from a groupoid

We shall now construct an important family of germs. The principle is to start from a
group(oid) together with a distinguished generating family, and to derive a germ, leading
in turn to a new category and, from there, to a new groupoid. The latter groupoid is a
sort of unfolded version of the initial one, as in the seminalexamples which start with a
Coxeter group and arrive at the (ordinary or dual) braid monoids and groups. As can be
expected, the construction is interesting when the derivedgerm is a Garside germ.

At the technical level, we shall have to consider sequences of elements of a groupoid
that enjoy a certain length property calledtightness.

Definition 2.50 (positive generators, length).A subfamilyΣ of a groupoidG is said to
positively generateG if every element ofG admits an expression by aΣ-path (no letter
in Σ−1). Then, forg in G\{1G}, theΣ-length‖g‖Σ is the minimal numberℓ such thatg
admits an expression by aΣ-path of lengthℓ; we complete with‖1x‖Σ = 0 for eachx.

If Σ is any family of generators for a groupoidG, thenΣ∪Σ−1 positively generatesG.
If Σ positively generates a groupoidG, the Σ-length satisfies the triangular inequality
‖fg‖Σ 6 ‖f‖Σ + ‖g‖Σ and, more generally, for everyG-pathg1| ··· |gp,
(2.51) ‖g1 ···gp‖Σ 6 ‖g1‖Σ + ··· + ‖gp‖Σ.

Definition 2.52 (tight). If Σ positively generates a groupoidG, a G-path g1| ··· |gp is
calledΣ-tight if ‖g1 ···gp‖Σ = ‖g1‖Σ + ··· + ‖gp‖Σ is satisfied.

Lemma 2.53. If Σ positively generates a groupoidG, theng1| ··· |gp is Σ-tight if and only
if g1| ··· |gp−1 andg1 ···gp−1|gp areΣ-tight. Symmetrically,g1| ··· |gp is Σ-tight if and only
if g2| ··· |gp andg1|g2 ···gp areΣ-tight.

Proof. To make reading easier, we consider the case of three entries. Assume thatf |g|h
is Σ-tight. By (2.51), we have‖fgh‖Σ 6 ‖fg‖Σ + ‖h‖Σ, whence‖fg‖Σ > ‖fgh‖Σ −
‖h‖Σ = ‖f‖Σ + ‖g‖Σ. On the other hand, by (2.51), we have‖fg‖Σ 6 ‖f‖Σ + ‖g‖Σ.
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We deduce‖fg‖Σ = ‖f‖Σ + ‖g‖Σ, andf |g is Σ-tight. Next we have‖(fg)h‖Σ =
‖f‖Σ + ‖g‖Σ + ‖h‖Σ, whence‖(fg)h‖Σ = ‖fg‖Σ + ‖h‖Σ since, as seen above,f |g is
Σ-tight. Hence(fg, h) is Σ-tight.

Conversely, assume thatf |g andfg|h areΣ-tight. Then we directly obtain‖fgh‖Σ =
‖fg‖Σ + ‖h‖Σ = ‖f‖Σ + ‖g‖Σ + ‖h‖Σ, andf |g|h is Σ-tight.

The argument is similar when gathering final entries insteadof initial ones.

The tightness condition naturally leads to introducing twopartial orderings:

Definition 2.54(Σ-prefix, Σ-suffix). If Σ positively generates a groupoidG, then forf, g
in G with the same source, we say thatf is aΣ-prefixof g, writtenf 6Σ g, if f |f−1g is
Σ-tight. Symmetrically, we say thath is aΣ-suffixof g, writtenh 6̃Σ g, if g, h have the
same target andgh−1|h is Σ-tight.

Lemma 2.55. If Σ positively generates a groupoidG, then6Σ and6̃Σ are partial orders
onG and1x 6Σ g holds for everyg with sourcex.

Proof. As ‖1y‖Σ is zero, every pathg|1y is Σ-tight for everyg in G(-, y), so g 6Σ g
always holds, and6Σ is reflexive. Next, as theΣ-length is nonnegative,f 6Σ g implies
‖f‖Σ 6 ‖g‖Σ. Now, assumef 6Σ g andg 6Σ f . By the previous remark, we must
have‖f‖Σ = ‖g‖Σ, whence‖f−1g‖Σ = 0. Hence,f−1g is an identity-element, that is,
f = g holds. So6Σ is antisymmetric. Finally, assumef 6Σ g 6Σ h. Thenf |f−1g and
g|g−1h, which isff−1g|g−1h, areΣ-tight. By Lemma 2.53,f |f−1g|g−1h is Σ-tight,
and thenf |(f−1g)(g−1h), which isf |f−1h is Σ-tight. Hencef 6Σ h holds, and6Σ is
transitive. So6Σ is a partial order onG. Finally, as‖1x‖Σ is zero, every path1x|g with x
the source ofg is Σ-tight, and1x 6Σ g holds.

The verifications for̃6Σ are entirely similar.

Example 2.56(Σ-prefix). Let G = (Z,+) andΣ = {−1, 1}. ThenΣ is a family of
positive generators forZ, and, for every integerp, we have‖p‖Σ = |p|. Thenp|q is
Σ-tight if and only ifp andq have the same sign, andp is aΣ-prefix of q if and only if it
is aΣ-suffix of q, if and only if p belongs to the interval[0, q].

Consider nowG = (Z/nZ,+), with elements0, 1, ... , n−1, andΣ = {1}. For
0 6 p < n, we have‖p‖Σ = p, so(p, q) is Σ-tight if and only if p+ q < n holds, andp
is aΣ-prefix ofq for 0 6 q 6 p.

Note thatf |g is Σ-tight if and only if f is aΣ-prefix of fg. The partial order6Σ is
weakly compatible with the product in the following sense:

Lemma 2.57. If Σ positively generates a groupoidG then andf, g are elements ofG such
thatf |g is Σ-tight andg′ is aΣ-prefix ofg, thenf |g′ is Σ-tight and we havefg′ 6Σ fg.

Proof. Assumeg′ 6Σ g. Then, by definition,g′|g′−1g is Σ-tight. On the other hand,
by assumption,f |g, which isf |g′(g′−1g), is Σ-tight. By Lemma 2.53, it follows that
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f |g′|g′−1g is Σ-tight. First we deduce thatf |g′ is Σ-tight, that is,f 6Σ fg′ holds. Next
we deduce thatfg′|g′−1g is Σ-tight as well. Asg′−1g is also(fg′)−1(fg), the latter
relation is equivalent tofg′ 6Σ fg.

We arrive at our main construction. ForS a subfamily of a category, we use1S for the
family of all elements1x for x the source or the target of at least one element ofS.

Definition 2.58 (derived structure). If a groupoidG is positively generated by a fam-
ily Σ andH is a subfamily ofG, the structurederived fromH andΣ, denoted byHΣ, is
(H,1H, • ), where• is the partial operation onH such thatf • g = h holds if and only if

(2.59) fg = h holds inG andf |g is Σ-tight.

So we consider the operation that is induced onH by the ambient product ofG, with
the restriction that the products that are notΣ-tight are discarded. We shall be specifically
interested in the case when the derived structure is a germ, which is easily characterized.

Lemma 2.60. If Σ positively generates a groupoidG andH is a subfamily ofG that
includes1H, thenHΣ is a germ. It is cancellative, Noetherian, and contains no nontrivial
invertible element.

Proof. The verifications are easy. First, (1.5) is satisfied since weassume that1H is
included inH. Next, assume thatf, g, h belongs toH andf • g, g •h and(f • g) •h are
defined. This means thatfg, gh, and(fg)h belong toH and that the pathsf |g, g|h,
andfg|h areΣ-tight in G. By Lemma 2.53,f |g|h, and thenf |gh, which isf |g •h, are
Σ-tight. Asf(gh) belongs toH, we deduce thatf • gh, that is,f • (g •h), is defined, and
it is equal tof(gh). The argument is symmetric in the other direction and, therefore, (1.6)
is satisfied. SoHΣ is a germ.

Assume now thatf, g, g′ belong toH andf • g = f • g′ holds. This impliesfg =
fg′ in G, whenceg = g′. So the germHΣ is left-cancellative, hence cancellative by a
symmetric argument.

Then, assume thatf, g lie in H and we haveg = f • g′ for some non-invertibleg′

that lies inH. By definition of • , this implies‖g‖Σ = ‖f‖Σ + ‖g′‖Σ, whence‖f‖Σ <
‖g‖Σ as, by definition of theΣ-length, the non-invertibility ofg′ implies ‖g′‖Σ > 1.
So theΣ-length is a left-Noetherianity witness forHΣ. By symmetry, it is also a right-
Noetherianity witness. So the germHΣ is Noetherian.

Finally, assumeǫ • ǫ′ = 1x with ǫ, ǫ′ in H. Then we must have‖ǫ‖Σ + ‖ǫ′‖Σ =
‖1x‖Σ = 0. The only possibility is‖ǫ‖Σ = ‖ǫ′‖Σ = 0, whenceǫ = ǫ′ = 1x.

Example 2.61(derived germ). Let G = (Z,+) and Σ = {−1, 1}. Here are three
examples of derived germs according to various choices forH.
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• 0 1 2 3
0 0 1 2 3
1 1 2 3
2 2 3
3 3

• 0 1 2 4
0 0 1 2 4
1 1 2
2 2 4
4 4

• −2 −1 0 1 2
−2 −2
−1 −2 −1
0 −2 −1 0 1 2
1 1 2
2 2

ForH = {0, 1, 2, 4}, the germ is not left-associative:(1 • 1) • 2 is defined but1 • 2 is not.
ForH = {−2,−1, 0, 1, 2}, the tightness requirement implies thatp • q is never defined
whenp andq have different signs.

Owing to the results of Sections 1 and 2, a germ leads to interesting results only when
it is left-associative. As seen in Example 2.61, these properties are not guaranteed for
an arbitrary subfamilyH, but they turn out to be connected with the closure of the setH
underΣ-suffix andΣ-prefix, where we naturally say thatH is closed underΣ-suffix (resp.
Σ-prefix) if everyΣ-suffix (resp. Σ-prefix) of an element ofH lies inH.

Lemma 2.62. If Σ positively generates a groupoidG andH is a subfamily ofG that
is closed underΣ-suffix (resp.Σ-prefix), the germHΣ is left-associative (resp. right-
associative). Forf, g in H, the relationf 4HΣ g is equivalent tof being aΣ-prefix ofg
in G (resp.f 4̃HΣ g is equivalent tof being aΣ-suffix ofg in G).

Proof. Assume thatH is closed underΣ-suffix andf, g, h are elements ofH such that
f • g and(f • g) •h are defined. Thenfg and(fg)h lie in H and the pathsf |g andfg|h
areΣ-tight. By Lemma 2.53,f |g|h, and thenf |gh areΣ-tight. Hencegh is aΣ-suffix
of fgh in G and, therefore, by assumption,gh belongs toH. By Lemma 2.53 again, the
fact thatf |g|h is Σ-tight implies thatg|h is Σ-tight, and we deducegh = g •h. Thus the
germHΣ is left-associative.

Assume now thatf, g lie in H andf is a left-divisor ofg in the germHΣ. This means
thatf • g′ = g holds for someg′ lying in H. Necessarilyg′ is f−1g, sof |f−1g has to be
Σ-tight, which means thatf is aΣ-prefix ofg. Conversely, assume thatf, g lie in H and
f is aΣ-prefix ofg. Thenf |f−1g is Σ-tight, sof−1g is aΣ-suffix of g. The assumption
thatH is closed underΣ-suffix implies thatf−1g lies in H, and, then,f • f−1g = g
holds, whencef ≺HΣ g.

The arguments for right-associativity and right-divisibility in HΣ are entirely sym-
metric, using now the assumption thatH is closed underΣ-prefix.

We now wonder whetherHΣ is a Garside germ. AsHΣ is Noetherian, it is eligible
for Propositions 2.41 and 2.44, and we are led to looking for the satisfaction of (2.43)
or (2.46). As the conditions involve the left-divisibilityrelation of the germ, then, by
Lemma 2.62, they can be formulated inside the base groupoid in terms ofΣ-prefixes.

Proposition 2.63(derived Garside I). If a groupoidG is positively generated by a fam-
ily Σ andH is a subfamily ofG that is closed underΣ-suffix, thenHΣ is a Garside germ
whenever the following two conditions are satisfied:

Any two elements ofH that admit a common6Σ-upper bound
admit a least6Σ-upper bound inH,

(2.64)

For f, g, g′ in H, if f |g andf |g′ areΣ-tight,
then so isf |h for every least6Σ-upper boundh of g andg′.

(2.65)



304 VI Germs

Proof. By Lemmas 2.60 and 2.62, the germHΣ is left-associative, cancellative, and
Noetherian. Hence, by Corollary 2.45,HΣ is a Garside germ whenever it admits con-
ditional right-lcms and satisfies (2.46). Now, by Lemma 2.62, for g, h in H, the relation
g4HΣ h is equivalent tog 6Σ h. Therefore,h is a right-lcm ofg andg′ in HΣ if and only
it it is a 6Σ-least upper bound ofg andg′. Hence (2.64) expresses thatHΣ admits con-
ditional right-lcms. Then (2.65) is a direct reformulationof (2.46) owing to the definition
of the product in the germHΣ.

Appealing to Proposition 2.47 rather than to Corollary 2.45gives a more economical
criterion, whenever the familyH is also closed underΣ-prefix.

Proposition 2.66 (derived Garside II). If a groupoidG is positively generated by a
familyΣ andH is a subfamily ofG that is closed underΣ-prefix andΣ-suffix, thenHΣ is
a Garside germ whenever the following two conditions are satisfied:

Any two elements ofΣ that admit a common6Σ-upper bound inH
admit a least6Σ-upper bound inH,

(2.67)

For f in H ands, s′ in Σ, if f |s andf |s′ areΣ-tight,
then so isf |h for every least6Σ-upper boundh of s ands′.

(2.68)

Proof. We first establish using induction onℓ that all elementsg, g′ of H that admit a
common6Σ-upper boundgh (that is,g •h), in H satisfying‖gh‖Σ 6 ℓ admit a least
6Σ-upper bound inH. For ℓ = 0 the result is trivial and, forℓ > 1, we argue using
induction on‖g‖Σ + ‖g′‖Σ. If both g andg′ belong toΣ, the result is true by (2.67).
Otherwise, assumingg /∈ Σ, we write g = g1 • g2 with g1, g2 in H. As H is closed
underΣ-suffix, (g2, h) is Σ-tight, andgh is a common6Σ-upper bound ofg1 andg′

in H. As we have‖g1‖Σ + ‖g′‖Σ < ‖g‖Σ + ‖g′‖Σ, the induction hypothesis implies that
g1 andg′ admit a least6Σ-upper bound, sayg1h1. Theng •h is a common6Σ-upper
bound ofg1 • (g2 •h) andg1 •h1, henceg2 •h is a common6Σ-upper bound ofg2 •h
andh1. By construction, we have‖g2h‖Σ < ‖gh‖Σ, so the induction hypothesis implies
thatg2 andh1 admit a least6Σ-upper bound inH, sayg2h2. By Lemma 2.57, we have
gh2 6Σ gh, andgh2 is a least6Σ-upper bound ofg andg′. So (2.67) implies (2.64) and
it expresses that the germHΣ admits conditional right-lcms.

Now, we observe that the germHΣ is eligible for Proposition 2.47 where we take
for A the family Σ: indeed, all assumptions are satisfied (including the condition that
the germ is associative on both sides sinceH is closed underΣ-prefix andΣ-suffix) and
(2.68) is a translation of (2.48). Then the latter proposition gives the result.

(See Exercise 71 for an alternative argument connecting Propositions 2.66 and 2.63.)
Similarly, if any two elements of the familyH admit a least upper bound with respect

to6Σ, Proposition 2.49 provides a simple criterion:
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Proposition 2.69(derived Garside III). If a groupoidG is positively generated by a
familyΣ andH is a subfamily ofG that is closed underΣ-prefix andΣ-suffix and any two
elements ofH admit a6Σ-least upper bound, thenHΣ is a Garside germ.

Proof. By Lemma 2.62, the assumption thatH is closed underΣ-prefix andΣ-suffix
implies that the germHΣ is associative. The assumption that any two elements ofH admit
a6Σ-least upper bound implies that the germHΣ admits right-lcms. Proposition 2.49
then implies that the latter is a Garside germ.

When Proposition 2.63, 2.66, or 2.69 applies, the results ofSection 1 show that the
categoryCat(HΣ) is left-cancellative and right-Noetherian, and that it admits conditional
right-lcms (and even right-lcms in the case of Proposition 2.69). Note that, if the consid-
ered familyH is the whole ambient groupoidG, then the conditions about closure under
prefix and suffix becomes trivial. So, for instance, Proposition 2.69 implies

Corollary 2.70 (derived Garside IV). If a groupoidG is positively generated by a fam-
ily Σ and any two elements ofG admit a6Σ-least upper bound, thenGΣ is a Garside
germ.

So the main condition for obtaining a Garside germ along the above lines is to find a
positively generating subfamilyΣ of G such that the partial order6Σ admits (conditional)
least upper bounds.

Example 2.71(derived germ I). Let G = (Z/nZ,+) andΣ = {1}.
HereGΣ consists of{0, 1, ... , n−1} equipped with the partial opera-
tion • defined byp • q = p+q for p+ q < n, see the table on the right
(for n = 3). Then, any two elementsp, q of G admit a least6Σ-upper
bound, namelymax(p, q). SoG andΣ are eligible for Corollary 2.70,

• 0 1 2

0 0 1 2
1 1 2
2 2

and the derived germGΣ is a Garside germ. The associated monoid is the free mon-
oid (N,+), and its group of fractions is the free group(Z,+). So, in this (trivial) case,
considering the germ associated withG provides a sort of unfolded, torsion-free version
of the initial group.

Here is another example, which will be extended in Chapter IX.

Example 2.72(derived germ II). Consider the symmetric groupSn and, writingσi for
the transposition(i, i + 1), let Σ be {σi | 1 6 i < n}. ThenΣ generatesSn, and it
positively generatesSn since it consists of involutions. TheΣ-length of a permutationf
is the number of inversions off , that is, the cardinality of the setIf , defined to be{(i, j) |
i < j andf(i) > f(j)}. Thenf 6Σ g is equivalent toIf ⊆ Ig, see Chapter IX,
or for instance [117, Section 9.1]. Then one easily shows that 6Σ provides a lattice
on Sn, so, in particular, any two elements admit a6Σ-least upper bound, and (2.67) is
satisfied. Moreover,f |σi is Σ-tight if and only iff−1(i) < f−1(i+1) holds, and it easily
follows that, if f |σi andf |σj areΣ-tight, then so isf |∆i,j , where∆i,j stands forσiσj
in the case|i − j| > 2, and forσiσjσi in the case|i − j| = 1. So (2.68) is satisfied.
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By Proposition 2.66, we deduce thatSΣ
n is a Garside germ. The associated monoid is

defined by the family of generatorsSn and the relationsfg = h for h = fg and(f, g)
Σ-tight. This list of relations includes the braid relationsof (I.1.5) (Reference Structure 2,
page 5). Conversely, it is known that any two shortest expressions of a permutation are
connected by these relations (see Proposition IX.1.10 below), so the monoid admits the
presentation (I.1.5) and, therefore, it is the braid monoidB+

n .

3 Bounded germs

When a Garside family is bounded by a map∆, it induces a Garside germ in which the
elements∆(x) enjoy specific properties; conversely, if a Garside germ contains elements
with such properties, the Garside family it gives rise to is bounded. Quite naturally, we
shall say that such a germ is bounded. Here we state a few easy observations involving
such bounded germs, in particular a new criterion for recognizing Garside germs. We
begin with right-bounded germs (Subsection 3.1), and then continue with bounded germs
themselves (Subsection 3.2). Finally, we describe in Subsection 3.3 a general scheme for
constructing a bounded Garside germ from a group satisfyingconvenient lattice condi-
tions.

3.1 Right-bounded germs

As in Chapter V, we begin with a notion of right-boundedness that involves only one side.

Definition 3.1 (right-bounded). A germ S is called right-boundedby a map ∆
fromObj(S) to S if

(i) For every objectx, the source of∆(x) is x,
(ii) For everys in S(x, -), there existst in S satisfyings • t = ∆(x).

If S is left-cancellative, we denote by∂
∆
(s), or ∂s, the elementt involved in (ii).

Example 3.2(right-bounded). As the notation suggests, the germs of Figure 1 are right-
bounded by the element∆. More generally, a germ with one object is right-bounded if
there exists an element∆ that occurs in every row of the associated table.

Other natural examples arise in the context of the derived germs of Subsection 2.4.

Proposition 3.3 (right-bounded Garside). Assume thatG is a groupoid,Σ positively
generatesG, and∆ : Obj(G) → G is such that, for every objectx, the source of∆(x)
is x and the familyH of all Σ-prefixes of∆ is closed underΣ-suffix. Assume moreover
that(G,Σ,H) is eligible for Proposition 2.63, 2.66, or 2.69. ThenGH is a Garside germ
that is right-bounded by∆.
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In the above statement, when we speak of theΣ-prefixes of∆, we naturally mean the
family of all Σ-prefixes of elements∆(x).

Proof. By the relevant proposition, the germGH is a Garside germ. Now letg belong
to H(x, -). By assumption,g is aΣ-prefix of ∆(x), so there exists aΣ-suffix h of ∆(x)
such thatg|h is Σ-tight andgh = ∆(x) holds. By assumption,h belongs toH and,
thereforeg •h = ∆(x) holds in the germGH. So the latter is right-bounded by∆.

For instance, the germs of Examples 2.71 and 2.72 are eligible for Proposition 3.3;
they are right-bounded byn− 1 and by the flip permutationi 7→ n+ 1 − i, respectively.

The following result shows that our terminology is coherentwith that of Chapter V.

Lemma 3.4. (i) If C is a left-cancellative category andS is a solid Garside family inC
that is right-bounded by a map∆, then the induced germS is right-bounded by∆.

(ii) Conversely, ifS is a Garside germ that is right-bounded by a map∆, then the
Garside family ofCat(S) given byS is right-bounded by∆.

Proof. (i) Assume thats belongs toS(x, y). By assumption, we haves4∆(x), whence
∆(x) = st for somet. The assumption thatS is solid, hence in particular closed under
right-divisor, implies thatt lies in S. Hence,s, t, and∆(x) belong toS and, in the
induced germS, we haves • t = ∆(x). So the germS is right-bounded by∆.

(ii) We identify S with its image inCat(S). Assume thatx is an object ofCat(S),
hence ofS, ands is an element ofS(x, -). The existence oft in S satisfyings • t = ∆(x)
impliesst = ∆(x) in Cat(S), soS is right-bounded by∆ in Cat(S).

We now establish a new characterization of Garside germs in the right-bounded case.
We recall from Definition 1.18 that, ifS is a germ ands, t lie in S, thens left-S-dividest,
writtens4S t, if s • t′ = t holds for somet′ in S. We then have the usual derived notions
of a right-S-lcm (as in Proposition 1.26) and, symmetrically,left-S-gcd, that is, a greatest
lower bound with respect to4S . We naturally say thatS admits left-gcdsif any two
elements ofS with the same source admit a left-S-gcd.

Proposition 3.5(recognizing right-bounded Garside germ).If a germS is associative,
left-cancellative, right-bounded by a map∆ and admits left-gcds, thenS is a Garside
germ, and its image inCat(S) is a Garside family that is right-bounded by∆.

We begin with an auxiliary result.

Lemma 3.6. Assume thatS is a germ that is associative, left-cancellative, and right-
bounded by a map∆. Then, for alls, t in S, the elements • t is defined if and only if
t4S ∂∆s holds.

Proof. Assume thats lies in S(x, y) ands • t is defined. Thens • t belongs toS(x, -)
and, therefore, we haves • t 4S ∆(x), that is,s • t 4S s •∂

∆
s. As S is assumed to be

left-associative and left-cancellative, Lemma 1.19(iv) impliest4S ∂∆s.
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Conversely, assumet 4S ∂∆s, say t • r = ∂∆s. By assumption,s • ∂∆s, that is,
s • (t • r), is defined. By right-associativity,s • t is defined as well.

Proof of Proposition 3.5.Let s1|s2 belong toS [2]. Consider the familyJS(s1, s2), that
is, by definition,{s ∈ S | s1 • s is defined ands4S s2}. By Lemma (3.6), an equivalent
definition is{s ∈ S | s 4S ∂∆s1 ands 4S s2}, that is,JS(s1, s2) is the family of all
common left-S-divisors of∂

∆
s1 ands2 in S. So the assumption implies thatJS(s1, s2)

has a4S-greatest element, namely any left-S-gcd of∂
∆
s1 ands2. By Proposition 2.28,

we deduce thatS is a Garside germ.
Then the categoryCat(S) is left-cancellative,S embeds inCat(S), and its image is

a Garside family inCat(S). The assumption thatS is right-bounded by∆ immediately
implies that its image inCat(S) is right-bounded by (the image of)∆.

3.2 Bounded germs

In order to obtain stronger results and, in particular, to make the conditions of Propo-
sition 3.5 necessary and sufficient, we have to strengthen the assumptions and consider
bounded germs.

Definition 3.7 (bounded germ). A germS is calledboundedby a map∆ from Obj(S)
toS if it is right-bounded by∆ and, in addition, for every objecty, there exists an objectx
such that, for everys in S(-, y), there existsr in S(x, -) satisfyingr • s = ∆(x).

Once again, natural examples arise in the context of derivedgerms.

Proposition 3.8(bounded Garside).Assume thatG is a groupoid,Σ positively generates
G, and∆ : Obj(G) → G is such that, for every objectx, the source of∆(x) is x and
the familyH of all Σ-prefixes of∆ coincides with the family of allΣ-suffixes of∆. If
(G,Σ,H) is eligible for Proposition 2.63, or 2.66, or 2.69, thenGH is a Garside germ
that is bounded by∆.

Proof. Owing to Proposition 3.3, it remains to consider the elements of D̃iv(∆). So
assume thatg belongs toH(-, y). By assumption, there existsx such thatg is aΣ-suffix
of ∆(x), so there exists aΣ-prefix f of ∆(x) such thatf |g is Σ-tight andfg = ∆(x)
holds. By assumption,f belongs toH and, thereforef • g = ∆(x) holds in the germGH.
So the latter is bounded by∆.

The assumptions of Proposition 3.8 may appear convoluted. The statement is more
simple for a group.

Corollary 3.9 (bounded Garside). Assume thatG is a group,Σ positively generatesG,
and∆ is an element ofG such that the familyH of all Σ-prefixes of∆ coincides with the
family of all Σ-suffixes of∆. If (G,Σ, H) is eligible for Proposition 2.63, 2.66, or 2.69,
thenGH is a Garside germ that is bounded by∆.
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The germs of Examples 2.71 and 2.72 are not only right-bounded, but even bounded:
this is clear in the case ofZ/nZ as the group is Abelian; in the case ofSn, this fol-
lows from the fact that every permutation is both aΣ-prefix and aΣ-suffix of the flip
permutation. We shall come back on this in Chapter IX.

We now list a few general properties of bounded germs and their associated categories.

Lemma 3.10. (i) If C is a left-cancellative category andS is a Garside family inC that
is bounded by a map∆ and satisfiesS♯ = S, the induced germS is associative and
bounded by∆.

(ii) Conversely, assume thatS is a Garside germ that is associative and bounded by a
map∆. Then the Garside family ofCat(S) given byS is bounded by∆.

Proof. (i) By Lemma 3.4, the induced germS is right-bounded by∆. By assumption,S
is bounded by∆ andS = S♯ holds, hence, for everys in S(-, y), there existsr in S(x, -)
satisfyingrs = ∆(x), whencer • s = ∆(x), soS is bounded. The assumptions imply
thatS is closed under left- and right-divisors inC, henceS is associative.

(ii) By Lemma 3.4 again, the Garside familyS is right-bounded by∆ in Cat(S). The
assumption thatS is associative guarantees thatS is closed under left- and right-divisors
in Cat(S), henceS♯ coincides withS. Then the assumption thatS is bounded by∆
implies thatS satisfies (V.2.4) inCat(S), that is,S is bounded by∆ in Cat(S).

By Proposition V.2.35 (bounded implies gcd), the existenceof a bounded Garside
family in a category implies the existence of left-gcds. Theargument localizes to germs.

Lemma 3.11.A Garside germS that is associative, left-cancellative, and bounded admits
left-gcds.

Proof. Assume thatS is bounded by∆. Let s, s′ be two elements ofS with the same
source. The assumption thatS is bounded and right-cancellative implies the existence
of x andr satisfyingr • s = ∆(x), whences = ∂r. Thenr|s′ belongs toS [2] so Propo-
sition 2.28, which is valid forS since the latter is a Garside germ, implies the existence
of a4S-greatest elementt in JS(r, s′). By definition of the latter family,t4 s′ holds and
r • t is defined. By Lemma 3.6, the latter relation impliest4S ∂r, that is,t4S s. Sot is a
common left-S-divisor ofs ands′. Now lett′ be an arbitrary common left-S-divisor ofs
ands′. By Lemma 3.6 again (now in the other direction), the assumption t′ 4S s, that is,
t′4S ∂r, implies thatr • t′ is defined. Hencet′ belongs toJS(r, s′) and, therefore,t′4S t
holds. Sot is a left-S-gcd ofs ands′, andS admits left-gcds.

We deduce a characterization of Garside germs in the boundedcase.

Proposition 3.12(recognizing bounded Garside germ).For an associative, cancella-
tive, and bounded germS, the following conditions are equivalent:

(i) The germS is a Garside germ;
(ii) The germS admits left-gcds.
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Proof. Assume thatS is a Garside germ. AsS is assumed to be associative and left-
cancellative, Lemma 3.11 implies thatS admits left-gcds. So (i) implies (ii).

Conversely, assume thatS admits left-gcds. Then Proposition 3.5 implies thatS is a
Garside germ, and (ii) implies (i).

In the situation of Proposition 3.12, the categoryCat(S) is left-cancellative and itS is
a Garside family ofCat(S) that is bounded by∆. It is natural to wonder whether further
properties ofCat(S) can be read inside the germS, typically right-cancellativity. We saw
in Proposition V.1.59 (right-cancellative II) that this isconnected with the properties of
the functorφ∆ associated with∆, in particular preservation of normality.

Proposition 3.13 (right-cancellativity). Assume thatS is a germ that is associative,
cancellative, with no nontrivial invertible element, and bounded by a map∆, that ∆ is
target-injective, that∂ is a bijection fromS to itself, and that, ifs • t is defined, then so is
∂−2s • ∂−2t. ThenCat(S) is cancellative andφ∆ is an automorphism.

Proof. By construction,φ∆ coincides with∂2 on S, which is alsoS♯ since there is no
nontrivial invertible element and1S is included inS. By assumption,∂ is injective, hence
so is∂2, which is the restriction ofφ∆ toS. We shall prove thatφ∆ preservesS-normality.
So assume thats1|s2 is anS-normal path. We wish to prove thatφ∆(s1)|φ∆(s2) is S-
normal as well. Assume thats belongs toJS(φ∆(s1), φ∆(s2)), that is,φ∆(s1) • s is
defined and we haves 4S φ∆(s2), henceφ∆(s2) = s • t for somet. As S is bounded
by ∆, the map∂ is surjective, so there exists′ andt′ satisfyings = ∂2s′ andt = ∂2t′.
So, at this point, we have that∂2s1 •∂2s′ is defined, and that∂2s2 = ∂2s′ • ∂2t′ holds.
The assumption on∂−2 then implies thats1 • s′ ands′ • t′ are defined. Then we can write
∂2(s′ • t′) = φ∆(s′t′) = φ∆(s2) = ∂2(s2) in Cat(S), and deduces′ • t′ = s2, whence
s′ 4S s2. Sos′ belongs toJS(s1, s2). As s1|s2 is S-normal, Lemma 2.4 implies thats′

must be invertible, hence, under our current assumptions, it is an identity-element. Hence
so is∂2s′, which iss. By Lemma 2.4 again, we deduce thatφ∆(s1)|φ∆(s2) is S-normal.
Then all conditions in Proposition V.1.59 (right-cancellative II) are satisfied, and the latter
states thatCat(S) is right-cancellative and thatφ∆ is injective onCat(S), hence it is an
automorphism (as, by assumption, it is surjective).

Example 3.14(right-cancellative). Consider the braid germ of Figure 1 right: it is easy
to check that∂−2 (which is also∂2) is the map that preserves1 and∆, and exchanges
σ1 andσ2, andσ1σ2 andσ2σ1. Then all assumptions of Proposition 3.13 are satisfied, and
we obtain one more way of establishing that the braid monoidB+

3 is right-cancellative (of
course, this is essentially the same argument as in Chapter V).
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3.3 An application: germs from lattices

As in Subsection 2.4, we shall now describe a general scheme for associating a (bounded)
germ with a group equipped with a partial ordering satisfying convenient (semi)-lattice
conditions. The construction is reminiscent of the construction of derived germs in Sub-
section 2.4, but, instead of using a tightness condition fordefining the germ operation, we
use an order condition on left cosets. We recall that a poset(X,6) is called aninf-semi-
lattice if it admits a least element and any two elements admit a greatest lower bound.

Proposition 3.15(germ from lattice). Assume thatG is a group,H is a subgroup ofG,
and6 is an inf-semi-lattice ordering onG/H with least elementH and greatest ele-
ment∆H , and

The relationfH 6 fgH 6 fghH impliesgH 6 ghH ,(3.16)

The conjunction ofgH 6 ghH andfH 6 fghH
impliesfH 6 fgH 6 fghH .(3.17)

Let • be the partial operation onG such thatf • g = h is true if and only if we have
fg = h in G andfH 6 hH . WriteG

6
for (G, • , 1).

(i) The structureG
6

is a Garside germ that is associative, cancellative, and bounded
by ∆; the monoidMon(G

6
) is left-cancellative, its invertible elements are the elements

ofH , and it admits left-gcds and common right-multiples.
(ii) If, moreover,gH 6 hH implies∆g∆−1H 6 ∆h∆−1H , the monoidMon(G

6
)

is right-cancellative andφ∆ is an automorphism.

A particular case of Proposition 3.15 is whenH is trivial and the lattice ordering exists
on the whole groupG, in which case the monoidMon(G

6
) has no nontrivial invertible

element. More generally, ifH is a normal subgroup ofG, then the quotient-groupG/H
is eligible for the construction and we are then in the above particular case.

Proof. (i) First (1.4) is trivial since there is only one object. Next,H 6 gH andgH 6 gH
hold for everyg, so1 • g andg • 1 are defined and we have1 • g = g • 1 = g. So (1.5)
is satisfied inG

6
. Then, assume that(f • g) •h is defined. This means that we have

fH 6 fgH and fgH 6 fghH . By (3.16), we deducegH 6 ghH and, directly,
fH 6 fghH , implying thatg •h andf • (g •h) are defined. In the other direction, as-
sume thatf • (g •h) is defined. Arguing similarly and using (3.17), we deduce that f • g
and(f • g) •h are defined. In both cases, the equalities(f • g) •h = fgh = (f • g) •h
are then obvious. So (1.6), (1.7), and (1.8) are satisfied inG

6
. Hence the latter is an

associative germ.
Next, the germG

6
is left-cancellative:g •h = g •h′ implies gh = gh′, whence

h = h′. Similarly, G
6

is right-cancellative asg •h = g′ •h, which givesgh = g′h,
implies g = g′. Moreover,G

6
is bounded by∆: indeed, for everyg in G, we have

gH 6 ∆H = g(g−1∆)H , whenceg • g−1∆ = ∆, and∆g−1H 6 ∆H = (∆g−1)gH ,
whence∆g−1

• g = ∆.
Then,G

6
admits left-gcds: an elementg of G is a left-G

6
-divisor of an elementh

if there existsh′ satisfyingg •h′ = h, which is true if and only ifgH 6 hH is true, in
which caseh′ = g−1h is convenient. Then the assumption that(G,6) admits greatest
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lower bounds implies (actually is equivalent to) the fact that the germG
6

admits left-
gcds. Thus the conditions of Proposition 3.5 are satisfied, and the latter implies thatG

6

is a Garside germ.
Finally, by Lemma 1.19(i), the invertible elements ofMon(G

6
) are the invertible

elementsg of G
6

, that is, the elementsg of G satisfyingg •h = 1 for someh. The latter
is equivalent togH 6 H , whence togH = H , that is,g ∈ H . The other properties
follow from S being a Garside germ andCat(S) admitting a bounded Garside family.

(ii) We show that the assumption of Proposition 3.13 are satisfied. The map∂
∆

mapsg
tog−1∆, sog′ = ∂∆g is equivalent tog = ∆g′−1, hence∂∆ is bijective onG. Next, we ob-
tain∂−2

∆
g = ∆g∆−1. If g •h is defined, we havegH 6 ghH , whence, by the additional

assumption,∆g∆−1H 6 ∆gh∆−1H , that is, ∆g∆−1H 6 (∆g∆−1)(∆h∆−1)H ,
meaning that∂−2

∆
g • ∂2

∆
h is defined. Then we apply Proposition 3.13.

Example 3.18(germ from lattice). LetG be the braid groupBn (Reference Structure 2,
page 5) andPBn be the subgroup ofBn made of all pure braids, that is, the braids whose
associated permutation is the identity. We saw in ReferenceStructure 2, page 5, thatPBn
is a normal subgroup ofBn and we have the short exact sequence (I.1.7)1 → PBn →
Bn → Sn → 1. Let Σ be the family of all transpositions(i, i + 1) in the symmetric
groupSn. As mentioned in Example 2.72, the weak order6Σ onSn is a lattice ordering
onSn, that is, onBn/PBn. The least element in this order is1 and the greatest element
is the flip permutation∆ (or w0) that exchangesi andn + 1 − i for everyi. Then the
germ constructed fromBn andPBn using the method of Proposition 3.15 is a sort of
extension of the germ of Example 2.72 by the groupPBn: writing π for the projection
of Bn onto Sn, we have thatg •h is defined in the current construction if and only if
π(g) 6 π(h) holds inSn, hence if and only ifπ(g)|π(g)−1π(h) is Σ-tight, hence if and
only if π(g) •π(h) is defined in the construction of Subsection 2.4. The monoid generated
by the current germ is a semi-direct product ofB+

n byPBn withB+
n acting by conjugation

onPBn—it is not the submonoid ofBn generated byPBn andB+
n : for instance,σ1 does

not dividesσ2
1 since the latter is invertible in the monoid whereas the former is not.

The above example is somehow trivial in that the involved subgroupPBn is normal
and we could directly work with the quotient-groupBn/PBn, that is,Sn, in which case
we obtain the same germ in Example 2.72. We refer to Section XIV.3 for another more
novel and interesting example.

Exercises

Exercise 65(not embedding). Let S consist of fourteen elements1, a, ... , n, all with the
same source and target, and• be defined by1 •x = x • 1 = x for eachx, plusa • b = f,
f •c = g, d • e = h, g •h = i, c • d = j, b •j = k, k • e = m, anda •m = n. (i)
Shows thatS is a germ. (ii) Show that, inS, we have((a • b) •c) • (d •e) = i 6= n =
a • ((b • (c • d)) •e), whereas, inMon(S), we haveιi = ιn. Conclude.

Exercise 66(multiplying by invertible elements). (i) Show that, ifS is a left-associat-
ive germ, thenS is closed under left-multiplication by invertible elements in Cat(S). (ii)
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Show that, ifS is an associative germ,s • t is defined, andt′ =×

S t holds, thens • t′ is
defined as well.

Exercise 67(atoms). (i) Show that, ifS is a left-associative germ, the atoms ofCat(S)
are the elements of the formtǫ with t an atom ofS andǫ an invertible element ofS.
(ii) Let S be the germ whose table is shown on the right. Show
that the monoidMon(S) admits the presentation〈a, e | ea =
a, e2 = 1〉+ (see Exercise 48) and thata is the only atom ofS,
whereas the atoms ofMon(S) area andae. (iii) Show thatS is
a Garside germ.

• 1 a e

1 1 a e

a a

e e a 1

Exercise 68(families IS and JS). Assume thatS is a left-associative germ. (i) Show

that a paths1|s2 of S [2] is S-normal if and only if all elements ofJS(s1, s2) are invert-

ible. (ii) Assuming in addition thatS is left-cancellative, show that, fors1|s2 in S [2], the
family IS(s1, s2) admits common right-multiples if and only ifJS(s1, s2) does.

Exercise 69(positive generators). Assume thatΣ is a family of positive generators in
a groupG andΣ is closed under inverse, that is,g ∈ Σ impliesg−1 ∈ Σ. (i) Show that
‖g‖Σ = ‖g−1‖Σ holds for everyg in G. (ii) Show thatf−1 6Σ g−1 is equivalent to
f 6̃Σ g.

Exercise 70(minimal upper bound). For6 a partial ordering on a familyS′ andf, g, h
in S′, say thath is a minimal upper bound, or mub, for f andg, if f 6 h andg 6 h
holds, but there exists noh′ with h′ < h satisfyingf 6 h′ andg 6 h′. Assume thatG
is a groupoid,Σ positively generatesG, andH is a subfamily ofG that is closed under
Σ-suffix. Show thatHΣ is a Garside germ if and only if, for allf, g, g′, g′′ in H such that
f • g andf • g′ are defined andg′′ is a6Σ-mub ofg andg′, the productf • g′′ is defined.

Exercise 71(derived germ). Under the assumptions of Proposition 2.66, prove using an
induction onℓ that, if f, g, g′ lie in H, if f • g, f • g′ are defined and lie inH, andg, g′

admit a least6Σ-upper boundh satisfying‖h‖Σ 6 ℓ, thenf •h is defined. Deduce that
(2.68) implies (2.65) and deduce Proposition 2.66 from Proposition 2.63.

Notes

Sources and comments.The notion of a germ and the results of Section 1 first appeared
in Bessis-Digne-Michel [13] under the name “preGarside structure”. It appears also in
Digne–Michel [108] and, in a different setting, in Krammer [160]. The characterization
of Garside germs given in Proposition 2.8 appears in [108] (with an additional right-
associativity condition); the current exposition based ontheI-law and the computation of
the tail is formally new, as are the results of Subsection 2.2, in particular the result that a
greatestI-function has to satisfy theI-law.

The construction of the germ derived from a groupoid as explained in Subsection 2.4
appears for instance in Digne–Michel [108], but it was already known and used earlier
in more or less equivalent settings, for instance in Bessis [10, Theorem 0.5.2] which
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reports that the construction of the germ derived from a group was known in 2000 to one
of us (JM): a Garside monoid arises whenever one considers the monoid generated by
the set of divisors of an element, with all relationsfg = h such that the lengths add,
when the divisors of that element on the right and on the left are the same and form a
lattice for divisibility [178]. At that time known exampleswere the Coxeter element of
the symmetric group and the longest element of a finite Coxeter group. The approach
has been used extensively in the case of braid groups of Coxeter groups and complex
reflection groups, where it proved to be especially suitable, see Chapter IX and sources
like Digne [105] and [106].

The notion of a bounded Garside germ was considered by D. Bessis, F. Digne and
J. Michel (see [13, Proposition 2.23]) and is implicit in Krammer [160], which also con-
tains the principle of the construction of Subsection 3.3. Note that the germ derived from
a groupoid in the sense of Subsection 2.4 is automatically bounded when the reference
family H consists of the divisors of some element.

Further questions. At the moment, it is not yet clear that all results are optimal. For
instance, right-associativity is superfluous in most cases, but not all. In particular, the
following is unclear:

Question 20. Is the right-associativity assumption needed in Lemma 2.42?

Some weak form of right-associativity involving invertible elements is always satis-
fied in a (left-associative) germ and this might turn to be enough to complete all argu-
ments. On the other hand, two-sided associativity is often guaranteed, in particular in the
case of germs derived from a groupoid or a lattice. As the latter are the most interesting
examples known so far in the current approach, weakening associativity assumptions is
maybe not of real significance.



Chapter VII

Subcategories

In this chapter, we study subcategories and their connections with Garside families. Typ-
ically, starting from a left-cancellative categoryC equipped with a Garside familyS, we
investigate the subcategoriesC1 of C that are compatible withS in the sense thatS ∩ C1

is a Garside family inC1 and theC1-paths that are(S ∩ C1)-normal coincide with those
that areS-normal. We establish various characterizations of such subcategories, as well
as results about their intersections. The general philosophy emerging from the results es-
tablished below is that Garside families and Garside germs behave nicely with respect to
subcategories, arguably one more proof of their naturalness.

The chapter is organized as follows. Section 1 contains general background about
subcategories and a few results involving specific types subcategories, namely those that
are closed under=×, head-subcategories, and parabolic subcategories, with in particular
useful criteria for recognizing the latter subcategories (Proposition 1.25).

Next, Section 2 is devoted to various forms of compatibilitybetween a subcategory
and a Garside family. Here the main result is the existence oflocal characterizations of
compatibility, both in the general case (Propositions 2.10and 2.14), and in particular cases
like that of parabolic subcategories (Corollary 2.22). Theconnection between compati-
bility for categories and for their enveloping groupoids isanalyzed in Proposition 2.27.

In Section 3, we investigate those subcategories generatedby subfamilies of a refer-
ence Garside family. The notion of a subgerm arises naturally and the central question is to
recognize which properties of the subcategory generated bya subgermS1 of a germS can
be read insideS. Several positive results are established, in particular Proposition 3.14,
which compares the categoryCat(S1) with the subcategory ofCat(S) generated byS1,
and Proposition 3.16, which gives conditions forS1 to be a Garside germ.

Finally, in Section 4, we consider subcategories arising inconnection with a functor,
namely subcategories of fixed points and image-subcategories. We establish in partic-
ular an injectivity criterion for a functor involving what we call its correctness (Corol-
lary 4.17),a notion that appears as the appropriate extension of an lcm-homomorphism in
contexts where lcms need not exist.

Main definitions and results (in abridged form)

Proposition 1.13 (generated subcategory, right-lcm case). Assume thatC is a left-
cancellative category that admits conditional right-lcmsandS1 is a subfamily ofC such
thatS1C×∪C×, denoted byS♯1, is closed under right-diamond inC. (i) The subcategoryC1

of C generated byS♯1 is closed under right-diamond and right-quotient inC, and it admits
conditional right-lcms.(ii) If C is right-Noetherian, then so isC1, andS1 is a Garside
family inC1.
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Definition 1.19 (head-subcategory).A subcategoryC1 of a left-cancellative categoryC
is called ahead-subcategoryif C1 is closed under right-quotient inC and every element
of C whose source belongs toObj(C1) admits aC1-head.

Proposition 1.21 (head-subcategory).Assume thatC1 is a subcategory of a left-cancell-
ative categoryC. (i) If C1 is a head-subcategory ofC, thenC1 includes1C and is closed
under right-quotient and right-comultiple inC. (ii) If C is right-Noetherian, the implica-
tion of (i) is an equivalence.

Corollary 1.22 (head-subcategory).A subcategoryC1 of a left-cancellative categoryC
that is right-Noetherian is a head-subcategory if and only if C1 includes1C and is closed
under inverse and right-diamond inC, if and only ifC1 is closed under right-quotient and
right-comultiple inC.

Proposition 1.25 (head on Garside family). If C is a left-cancellative category,S is
a Garside family ofC, andC1 is a subcategory ofC that includes1C , is closed under
right-quotient inC, and is generated byS♯ ∩ C1, thenC1 is a head-subcategory ofC
whenever every element ofS admits aC1-head that lies inS, and(i) The categoryC is
right-Noetherian, or(ii) The familyS♯ is closed under left-divisor, the second domino
rule is valid forS, andC1 is compatible withS.

Definition 1.30 (parabolic subcategory).A parabolicsubcategory of a left-cancellative
categoryC is a head-subcategory ofC that is closed under factor.

Proposition 1.32 (parabolic subcategory). Assume thatC1 is a subcategory of a left-
cancellative categoryC. (i) If C1 is parabolic inC, thenC1 is closed under right-comultiple
and factor.(ii) If C is right-Noetherian, the implication of(i) is an equivalence.

Proposition 1.35 (intersection of parabolic). If C is a left-Noetherian left-cancellative
category, every intersection of parabolic subcategories of C is a parabolic subcategory.

Definition 2.4 (compatible subcategory). A subcategoryC1 of a left-cancellative cat-
egoryC is said to becompatible witha Garside familyS of C if, putting S1 = S ∩ C1,
(2.5) The familyS1 is a Garside family inC1, and (2.6) AC1-path isS1-normal inC1 if
and only if it isS-normal inC.

Proposition 2.10 (recognizing compatible I).If S is a Garside family in a left-cancellat-
ive categoryC andC1 is a subcategory ofC that is closed under right-quotient inC, then
C1 is compatible withS if and only if (2.11)PuttingS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1,
we haveS♯ ∩ C1 ⊆ S♯1, (2.12)Every element ofC1 admits anS-normal decomposition
with entries inC1.

Proposition 2.14 (recognizing compatible II).If S is a Garside family in a left-cancellat-
ive categoryC andC1 is a subcategory ofC that is closed under right-quotient inC, then
C1 is compatible withS if and only if, puttingS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1, (2.15)
Every element ofC1 admits anS-normal decomposition with entries inS♯1.

Proposition 2.21 (recognizing compatible,=×-closed case). If S is a Garside family
in a left-cancellative categoryC andC1 is a subcategory ofC that is closed under right-
quotient and=×-closed inC, thenC1 is compatible withS if and only(2.12)holds.
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Proposition 2.27 (strongly compatible). If C is a left-Ore subcategory that admits left-
lcms, then, for every Ore subcategoryC1 ofC, the following are equivalent:(i) The subcat-
egoryC1 is strongly compatible with a strong Garside familyS of C; (ii) The subcategory
C1 is closed under quotient and weakly closed under left-lcm;(iii) The subcategoryC1 is
strongly compatible with every strong Garside family with which it is compatible.

Definition 3.1 (subgerm). A germS1 is asubgermof a germS if S1 is included inS,
Obj(S1) is included inObj(S), the source, target, identity, and product maps ofS1 are
induced by those ofS, andDom(•1) = Dom( • ) ∩ S [2]

1 holds.

Proposition 3.14 (Garside subgerm I).If S1 is a subgerm of a Garside germS andS1

is closed under right-quotient inS, a sufficient condition forSub(S1) to be isomorphic
to Cat(S1) is thatS1 is closed under right-comultiple inS.

Corollary 3.18 (Garside subgerm, Noetherian case).If S1 is a right-Noetherian sub-
germ of a Garside germS andS1 is closed under right-quotient and right-comultiple
in S, thenSub(S1) is isomorphic toCat(S1) andS1 is a Garside family inSub(S1).

Proposition 4.2 (fixed points). If S is an =×-transverse Garside family in a left-
cancellative categoryC andφ is an automorphism ofC satisfyingφ(S) = S, then the
subcategoryCφ is compatible withS; in particular, S ∩ Cφ is a Garside family inCφ.

Definition 4.5 (correct). Assume thatC, C′ are left-cancellative categories. (i) For
S ⊆ C, a functorφ from C to C′ is said to becorrect for invertibility onS if, when s
lies in S andφ(s) is invertible inC′, thens is invertible inC ands−1 lies in S. (ii) For
S ⊆ C, a functorφ from C to C′ is said to becorrect for right-comultiples(resp. right-
complements, resp. right-diamonds) onS if, whens, t lie to S andφ(s)g = φ(t)f holds
in C′ for someg, f , there existss′, t′ in C andh in C′ satisfyingst′ = ts′, f = φ(s′)h,
andg = φ(t′)h, plusst′ ∈ S (resp. pluss′, t′ ∈ S, resp. pluss′, t′, st′ ∈ S).

Proposition 4.15 (correctvs.divisibility). If C, C′ are left-cancellative categories and
φ is a functor fromC to C′ that is correct for invertibility and right-complements ona
generating subfamily ofC, then, for allf, g in C, we havef 4 g ⇔ φ(f)4 φ(g).

Corollary 4.17 (correct vs. injectivity). If C, C′ are left-cancellative categories and
φ is a functor fromC to C′ that is correct for invertibility and right-complements ona
generating subfamily ofC, thenφ is injective onC if and only if it is injective onC×.

Proposition 4.22 (correctvs. groupoid). If C, C′ are left-Ore categories andφ is a
functor fromC toC′ that is correct for invertibility and right-complements ona generating
family ofC, and is injective onC×, thenφ extends into an injective functorφ± fromEnv(C)
to Env(C′), and we have thenφ(C) = φ±(Env(C)) ∩ C′.

1 Subcategories

This introductory section is devoted to a few general results about subcategories and var-
ious notions of closure. It is organized as follows. In Subsection 1.1, we recall basic
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facts about subcategories and introduce the closure properties we are interested in. Then,
in Subsection 1.2, we discuss the special case of=×-closed subcategories, which are
those subcategories that contain as many invertible elements as possible. Next, in Subsec-
tion 1.3, we introduce the notion of a head-subcategory, which is a subcategoryC1 such
that every element of the ambient category admits aC1-head, that is, a greatest left-divisor
lying in C1. Finally, in Subsection 1.4, we introduce the notion of a parabolic subcategory.

1.1 Closure properties

We recall from Subsection II.1.2 that a subcategory of a category C is a categoryC1

included inC and such that the operations ofC1 are induced by those ofC. Every sub-
family S of a categoryC is included in a smallest subcategory that includes it: denoted
by Sub(S), the latter is the union of1S and all powersSp with p > 1.

We shall now introduce various closure conditions that a subcategory—or, more gen-
erally, a subfamily—may satisfy. In view of the subsequent developments, it is convenient
to introduce what can be called relative versions in which the reference family need not
be the entire ambient category.

Definition 1.1 (closed under identity and product). For S ⊆ X ⊆ C with C a left-
cancellative category, we say thatS is closed under identityif 1x belongs toS whenever
there exists at least one element ofS with source or targetx. We say thatS is closed
under product inX if st belongs toS whenevers andt belong toS andst belongs toX .

Then a subfamilyC1 of C is a subcategory ofC—more exactly, becomes a subcategory
when equipped with the operations induced by those ofC—if and only if it is closed under
identity and product inC. Note that we do not require that a subcategory includes all
objects of the initial category.

Definition 1.2 (closed under inverse).ForS ⊆ X ⊆ C with C a left-cancellative cate-
gory, we say thatS is closed under inverse inX if g−1 lies inS wheneverg lies inS, it
is invertible, andg−1 belongs toX .

The relation between being invertible in the sense of the ambient category and in the
sense of a subcategory is then obvious:

Lemma 1.3. If C1 is a subcategory of a left-cancellative categoryC, we have

(1.4) C×1 ⊆ C×∩ C1,

with equality if and only ifC1 is closed under inverse inC. For every subfamilyS of C,
puttingS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1, we have

(1.5) S♯1 ⊆ S♯ ∩ C1.

If C has no nontrivial invertible element, then so doesC1, and(1.4)–(1.5)are equalities.

The proof, which directly follows from the definitions, is left to the reader.
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The example of the submonoidN of Z viewed as a monoid and, more generally, of
every Ore category viewed as a subcategory of its envelopinggroupoid shows that (1.4)
need not be an equality in general.

We now introduce a stronger closure property.

Definition 1.6 (closed under quotient). For S ⊆ X ⊆ C with C a left-cancellative
category, we say thatS is closed under right-quotient(resp. left-quotient) in X if, for all
f, g, h in X satisfyingf = gh, if f andg (resp. f andh) belong toS, thenh (resp. g)
belongs toS too.

Lemma 1.7. Assume thatC is a left-cancellative category andC1 is a subcategory ofC
that is closed under right-quotient inC.

(i) The subcategoryC1 is closed under inverse inC.
(ii) For all f, g in C1, the relationf 4 g holds inC if and only if it does inC1.
(iii) Two elements ofC1 that are left-disjoint inC are left-disjoint inC1.

Proof. (i) Assume thatǫ belongs toC×∩C1. Letx be the source ofǫ. Thenǫ ∈ C1 implies
x ∈ Obj(C1), whence1x ∈ C1. Then, inC, we haveǫǫ−1 = 1x. As ǫ and1x belong toC1,
the assumption thatC1 is closed under right-quotient implies thatǫ−1 lies inC1.

(ii) In every case, iff 4 g holds inC1, it a fortiori does inC. Conversely, assume that
f, g lie in C1 andf 4 g holds inC. Thenfg′ = g holds for someg′ in C. As C1 is closed
under right-quotient inC, the quotientg′ belongs toC1 and, therefore,f 4 g holds inC1.

(iii) Assume thatf, g belong toC1 and they are left-disjoint inC. Assume thath, h′ lie
in C1 and satisfyh′4hf andh′4hg in C1. A fortiori, we haveh′4hf andh′4hg in C,
so the assumption thatf andg are left-disjoint inC impliesh′ 4 h in C. By (ii), h′ 4 h
holds inC1, so, inC1, the elementsf andg are left-disjoint.

In general, there is no reason why the implication of Lemma 1.7(iii) should be an
equivalence: the assumption that two elementsf, g of the considered subcategoryC1 are
left-disjoint in C1 says nothing about the elementsh, h′ of the ambient categoryC that
possibly satisfyh′ 4 hf andh′ 4 hg.

There exist connections between the closure properties introduced so far.

Lemma 1.8. Every subcategoryC1 of a left-cancellative categoryC that is closed under
inverse and right-complement inC is closed under right-quotient inC.

Proof. Assume thatf andg lie in C1 andg = f ĝ holds. As
C1 is closed under right-complement inC, there existf ′, g′

in C1 andh satisfyingfg′ = gf ′, g′h = ĝ, andf ′h = 1y,
wherey is the target ofg. The latter equality implies thatf ′

lies in C×∩ C1, henceh lies in C×1 sinceC1 is closed under
inverse. Therefore,̂g, which isg′h, lies inC1 as well. SoC1

is closed under right-quotient inC.

g

g′

f f ′

ĝ

h

So, for a subcategory that is closed under right-complementin the ambient category,
closures under inverse and under right-quotient are equivalent conditions.

In the sequel of this chapter, the condition (IV.1.9), whichis a common extension of
closure under right-comultiple and under right-complement, will appear frequently, and
it is convenient to introduce a specific terminology, here ina relative version.
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Definition 1.9 (closed under right-diamond). For
S ⊆ X ⊆ C with C a left-cancellative category, we say that
S is closed under right-diamondin X if, when s, t lie in S
andsg = tf holds inC with sg in X , there exists′, t′ in S
andh in X satisfyingst′ = ts′, f = s′h, g = t′h and,
moreover,st′ lies inS.

t

t′

s s′

g
f

∈S

By definition, if S is closed under right-diamond inX , it is closed both under right-
comultiple and right-complement inX—with the obvious meaning of this relative ver-
sion. Conversely, (the relative version of) Lemma IV.1.8 says that, ifS is closed under
right-comultiple and right-divisor inX , then it is closed under right-diamond inX . In the
case of a subfamily that is a subcategory, we obtain:

Lemma 1.10. For every subcategoryC1 of a left-cancellative categoryC, the following
conditions are equivalent:

(i) The subcategoryC1 is closed under inverse and right-diamond inC;
(ii) The subcategoryC1 is closed under right-quotient and right-comultiple inC.

Proof. Assume (i). As it is closed under right-diamond inC, the subcategoryC1 is closed
under right-complement and right-comultiple inC. Then Lemma 1.8 implies that it is also
closed under right-quotient inC. So (i) implies (ii).

Conversely, assume (ii). Then, by Lemma 1.7,C1 is closed under inverse inC. On the
other hand, by Lemma IV.1.8, the assumption that it is closedunder right-comultiple and
right-quotient inC implies that it is closed under right-diamond inC.

Let us mention an important situation in which a number of subcategories are auto-
matically closed under quotient, and even under divisor.

Proposition 1.11(balanced presentation).Call a relationu = v balancedif the same
letters occur inu and v (possibly with different multiplicities), and call a presentation
balancedif it contains only balanced relations. If a left-cancellative categoryC admits a
balanced presentation(S,R), then, for every subfamilyS1 ofS, the subcategorySub(S1)
is closed under left- and right-divisor and under left- and right-quotient inC.

Proof. Assume thatS1 is included inS, thatg belongs to the subcategorySub(S1), and
thath is a factor ofg. As g lies inSub(S1), it admits an expressionw that is anS1-path.
On the other hand, ash is a factor ofg, there exists another expressionw′ of g such that
some subpathv of which is an expression ofh. A straightforward induction shows that, if
twoS-pathsw,w′ areR-equivalent, then exactly the same letters ofS occur inw andw′.
Hencew′ must be anS1-path, and so is a fortiori its subpathv. Thenh, which admits an
expression by anS1-path, belongs toSub(S1). SoSub(S1) is closed under factor, hence
under left- and right-divisor and, a fortiori, under left- and right-quotient.

Example 1.12(braids). Consider the braid monoidB+
n (Reference Structure 2, page 5),

and its presentation (I.1.5) in terms of the generatorsσ1, ... , σn−1. The relations are
balanced, so Proposition 1.11 states that, for every subsetI of {1, ... , n − 1}, the sub-
monoidB+

I of B+
n generated by{σi | i ∈ I} is closed under left- and right-divisor inB+

n .
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We conclude with a criterion guaranteeing, in good cases, that a subfamily is a Garside
family in the subcategory it generates.

Proposition 1.13 (generated subcategory, right-lcm case).Assume thatC is a left-
cancellative category that admits conditional right-lcmsandS1 is a subfamily ofC such
thatS1C×∪ C×, denoted byS♯1, is closed under right-diamond inC.

(i) The subcategoryC1 of C generated byS♯1 is closed under right-diamond and right-
quotient inC, and it admits conditional right-lcms.

(ii) If C is right-Noetherian, then so isC1, andS1 is a Garside family inC1.

Proof. (i) Assume that, inC, we have an equalitys1 ···spg′ = t1 ···tqf ′, with s1, ... , sp,
t1, ... , tq in S♯1. As S♯1 is closed under right-diamond inC, Proposition IV.1.15 (grid)
provides a rectangular diagram with right edgesf ′

1, ... , f
′
p and bottom edgesg′1, ... , g

′
q,

plus h in C, such that all edges and diagonals of the grids belong toS♯1 and we have
f ′ = f ′

1 ···f ′
ph andg′ = g′1 ···g′qh.

Next, as the categoryC admits conditional right-lcms, we can construct the above grid
so that, for alli, j, the elementsi,j+1ti+1,j+1, which is alsoti+1,jsi+1,j+1, is a right-lcm
of si,j+1 andti+1,j . Then the rules for an iterated right-lcm imply thats1 ···spg′1 ···g′q is a
right-lcm ofs1 ···sp andt1 ···tq. This shows that, whenever two elementsf, g of C1 admit
a common right-multiple inC, then some right-lcm off andg lies inC1, and therefore, as,
by assumption,C1 includes all ofC×, every right-lcm off andg lies in C1. This implies
thatC1 admits conditional right-lcms.

Then, consider the special case whenf ′ is an identity-element. Thenh must be in-
vertible and, therefore, the equalityg′ = g′1 ···g′qh implies thatg is an element ofSub(S♯1)
(here we use the fact thatS♯1, henceC1, includes all ofC×). HenceC1 is closed under
right-quotient inC. As it is closed under right-lcm, it is closed under right-diamond inC.

(ii) Assume thatC is right-Noetherian. ThenC1, which is included inC, is a fortiori
right-Noetherian. NowS♯1 is a generating family ofC1 that is closed under right-diamond
in C, hence a fortiori inC1. By definition and Lemma IV.2.28, this implies thatS♯1 is
closed under right-complement and right-lcm inC1, and Corollary IV.2.29 (recognizing
Garside, right-lcm case) implies thatS♯1, hence alsoS1, is a Garside family inC1.

Corollary 1.14 (generated subcategory, right lcm-case).Under the assumptions of
Proposition 1.13(ii) , S1 is also a Garside family in the subcategorySub(S1) whenever
the latter is closed under right-quotient inC1.

Proof. We first observe that, ifs1, s2 lie in S1 ands1|s2 is S1-greedy inC1, thens1|s2
is alsoS1-greedy inSub(S1). Indeed, assumes ∈ S1, f ∈ Sub(S1), ands 4 fs1s2
in Sub(S1). As Sub(S1) is included inC1 ands1|s2 is S1-normal inC1, there existsf ′

in C1 satisfyingsf ′ = fs1. By assumption,s andfs1 belong toSub(S1), so the closure
assumption implies thatf ′ belongs toSub(S1) as well. Hences4 fs1 holds inSub(S1)
ands1|s2 is S1-greedy inSub(S1).
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Now, let g belong toSub(S1). Theng belongs toC1, and, asS1 is a Garside family
in C1 by Proposition 1.13,g admits anS♯1-normal decomposition inC1, says1| ··· |sp. We
may assume thats1, ... , sp−1 lie in S1, and thatsp−1 lies in S♯1. As g and s1 ···sp−1

lie in Sub(S1), the assumption thatSub(S1) is closed under right-quotient inC1 im-
pliessp ∈ Sub(S1). Then, by the result above,s1| ··· |sp is anS1-normal decomposition
of g insideSub(S1). As every element ofSub(S1) admits anS1-normal decomposition
in Sub(S1), the familyS1 is a Garside family inSub(S1).

1.2 Subcategories that are closed under=×

Various technical problems involving subcategories come from the possible existence of
invertible elements of the ambient category that do not belong to the considered subcat-
egory. These problems vanish when we consider subcategories that are=×-closed, that
is, every element=×-equivalent to an element of the subcategory lies in the subcategory.
Here we establish basic properties of such=×-closed subcategories.

By definition, every categoryC, viewed as a subfamily of itself, is=×-closed, and so
is the empty subcategory. The point with a subcategoryC1, compared with an arbitrary
subfamily, is that the product of two elements ofC1 belongs toC1. Hence, in order to
force =×-closedness forC1, it is enough to demand thatC1 contains enough invertible
elements, see Exercise 72. For instance, a subcategory of a categoryC that includes all
of C× is obviously=×-closed.

Lemma 1.15. If C1 is an=×-closed subcategory of a left-cancellative categoryC:
(i) The subcategoryC1 is closed under inverse inC and under×=×;
(ii) EveryC×-deformation of aC1-path is aC1-path;
(iii) For S ⊆ C, puttingS1 = S ∩ C1, we haveS1C×1 ∪ C×1 = S♯ ∩ C1.

Proof. (i) Let ǫ belongs toC×∩ C1, sayǫ ∈ C×(x, y). Theny belongs toObj(C1), hence
1y belongs toC1. Now ǫ−1 =× 1y holds, so the assumption thatC1 is =×-closed implies
ǫ−1 lies inC1. We deduceC×∩ C1 ⊆ C×1, whenceC×1 = C×∩ C1 by Lemma 1.3.

Next, assumeg ∈ C1(x, -). Then1x belongs toC1, andǫ−1 =× 1x holds. We deduce
thatǫ−1 lies inC1, hence thatǫ lies inC1 since the latter is closed under inverse. It follows
thatǫg lies inC1, hence thatC1 is ×=-closed. As it is=×-closed, it is×=×-closed, that is,
closed under left- and right-multiplication by an invertible element.

(ii) Assume thatf1| ··· |fp is aC×-deformation of aC1-pathg1| ··· |gq. As gp belongs
to C1, the identity-element1y, wherey is the target ofgp, belongs toC1, so, if needed, we
can always extend the shorter path with identity-elements and assumep = q. Then, by
definition,fi ×=× gi holds for everyi. By (i), this implies thatfi belongs toC1.

(iii) The inclusionS1C×1 ∪ C×1 ⊆ S♯ ∩ C1 is obvious. Conversely, assumeg ∈ S♯ ∩ C1.
If g is invertible, it belongs toC×1 by (i). Otherwise, assumeg = g′ǫ with g′ ∈ S and
ǫ ∈ C×. We haveg′ =× g, so the assumption thatg lies in C1 implies thatg′ lies in C1,
hence inS ∩ C1. On the other hand, we haveǫ ×= 1y, wherey is the target ofg, so
ǫ lies in C1, hence inC×∩ C1, which is C×1 by (i). So g lies in S1C×1, and we deduce
S♯ ∩ C1 ⊆ S1C×1 ∪ C×1.
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We now mention two useful criteria for recognizing that a subcategory is possibly
=×-closed. The easy proofs are left to the reader.

Lemma 1.16. Every subcategory that is closed under left- or under right-divisor in a
left-cancellative categoryC is closed under=×.

Lemma 1.17. If C, C′ are left-cancellative categories,φ : C → C′ is a functor, andC′
1 is a

subcategory ofC′ that is closed under left-divisor (resp. right-divisor), then so isφ−1(C′
1).

It follows that subcategories that are closed under divisornaturally arise when one
considers inverse images under a functor: indeed combiningLemmas 1.16 and 1.17 gives

Proposition 1.18(inverse image). If C and C′ are left-cancellative categories,φ is a
functor fromC to C′, andC′

1 is a subcategory ofC′ that is closed under right-divisor inC′,
thenφ−1(C′

1) is closed under right-divisor and under=× in C′.

Note that, as every factor of an invertible element is invertible, so Proposition 1.18
applies in particular whenC′

1 is the subcategoryC′×or one of its subcategories.

1.3 Head-subcategories

In Chapter VIII, we shall be interested in particular subcategories calledhead-subcatego-
ries, which, as the name suggests, are defined by the existence of ahead. One of their
interests is that every intersection of head-subcategories is a head-subcategory, which
guarantees that every subfamily is included in a smallest head-subcategory.

Definition 1.19 (head-subcategory).A subcategoryC1 of a left-cancellative categoryC
is called ahead-subcategoryif C1 is closed under right-quotient inC and every element
of C whose source belongs toObj(C1) admits aC1-head.

We recall from Definition IV.1.10 (head) that aC1-head for an elementg is a maximum
left-divisor of g lying in C1, that is, an elementg1 of C1 satisfyingg1 4 g and such that
the conjunction off ∈ C1 andf 4 g impliesf 4 g1. In the context of Definition 1.19, the
assumption thatC1 is closed under right-quotient discards the possible ambiguity about
the meaning of left-divisibility: by Lemma 1.7,f 4C1 h andf 4C h are equivalent.

Example 1.20(head-subcategory).For everym, the submonoidmN is a head-submon-
oid of the additive monoidN: first, if f, h are multiples ofm andf + g = h holds, then
g is a multiple ofm. On the other hand, for everyg in N, there is a unique maximal
elementh of mN satisfyingh 6 g.

By contrast, ifK+ is the Klein bottle monoid (Reference Structure 5, page 17),that is,
〈a, b | a = bab〉+, the submonoidN ofK+ generated byb is not a head-submonoid ofK+

sinceDiv(a) ∩N , which is all ofN , has no maximal element.
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We now establish that, in a Noetherian context, head-subcategories are characterized
by closure properties.

Proposition 1.21(head-subcategory).Assume thatC1 is a subcategory of a left-cancell-
ative categoryC.

(i) If C1 is a head-subcategory ofC, thenC1 includes1C and is closed under right-
quotient and right-comultiple inC.

(ii) If C is right-Noetherian, the implication of(i) is an equivalence.

Note that the fact thatC1 includes1C implies that the objects ofC andC1 coincide.
Also, we recall that, ifC1 is closed under right-quotient inC, it is closed under right-
comultiple if and only it is closed under right-diamond inC.

Proof. (i) Assume thatC1 is a head-subcategory ofC. Let x be an object ofC. Then a
C1-head of1x must be an (invertible) element ofC1 whose source isx, sox has to belong
toObj(C1). This in turn implies that1x belongs toC1, so1C is included inC1. Next,C1 is
closed under right-quotient inC by definition.

Finally, assumef, g ∈ C1 andf, g 4 h in C. By assumption,h admits aC1-head,
sayh1. As f andg are elements ofC1 that left-divideh, they must left-divideh1, so we
havefg1 = gf1 = h1 for somef1, g1. Thenf1 andg1 belong toC1 since the latter is
closed under right-quotient. Thenf1, g1, h1 witness thatC1 is closed under right-diamond,
hence under right-comultiple, inC.

(ii) Assume now thatC is right-Noetherian andC1 includes1C and is closed under
right-quotient and right-comultiple inC. Let g be an element ofC(x, -). By Proposi-
tion II.2.34 (Noetherian implies maximal), the subfamilyDiv(g) ∩ C1 of C, which is
nonempty as it contains1x and is bounded byg, admits a≺-maximal element, sayg1.
We claim thatg1 is aC1-head ofg. Indeed, letf be a left-divisor ofg in C1. As g is a
right-multiple ofg1 andf , which both lie inC1, andC1 is closed under right-comultiple,
g is a right-multiple of some common right-multipleg′1 of g1 andf that lies inC1. By
definition ofg1, we must haveg′1 =× g1, in C and inC1, whencef 4g1. Sog1 is aC1-head
of g, andC1 is a head-subcategory ofC.

Using Lemma 1.10, we deduce

Corollary 1.22 (head-subcategory).A subcategoryC1 of a left-cancellative and right-
Noetherian categoryC is a head-subcategory if and only ifC1 includes1C and is closed
under inverse and right-diamond inC, if and only ifC1 is closed under right-quotient and
right-comultiple inC.

Specializing even more, we obtain
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Corollary 1.23 (head-submonoid). A submonoidM1 of a left-cancellative monoidM
that is right-Noetherian and admits no non-trivial elementis a head-submonoid ofM if
and only ifM1 is closed under right-diamond inM , if and only ifM1 is closed under
right-quotient and right-comultiple inM .

Example 1.24(braids). As in in Example 1.12, forI included in{1, ... , n− 1}, denote
byB+

I the submonoid ofB+
n (Reference Structure 2, page 5) generated by the elementsσi

with i in I. We saw in Example 1.12 thatB+

I is closed under right-quotient inB+
n . On the

other hand, we know thatB+
n admits right-lcms. An easy induction on the lengths off

andg show that, forf, g in B+

I , the right-lcm off andg belongs toB+

I . SoB+

I is closed
under right-lcm, and therefore under right-comultiple, inB+

n . HenceB+

I is eligible for
Corollary 1.23, and the latter says thatB+

I is is a head-submonoid ofB+
n .

As can be expected, the assumption that the whole ambient category is right-Noether-
ian cannot be removed in Proposition 1.21(ii), and requiring that the considered subcate-
gory be Noetherian does not help: for instance, in the context of Example 1.20, the sub-
monoid generated byb in K+ is Noetherian and closed under inverse and right-diamond,
but it is not a head-submonoid. When no Noetherianity assumption is granted, closure
conditions need not be sufficient to ensure the existence of ahead.

We now turn to different characterizations of head-subcategories involving the exis-
tence of a head for particular elements, typically the elements of a Garside family. Here
is the result we shall establish—we refer to Exercise 79 for another similar criterion.

Proposition 1.25(head on Garside family). If C is a left-cancellative category,S is a
Garside family ofC, andC1 is a subcategory ofC that includes1C , is closed under right-
quotient inC, and is generated byS♯ ∩ C1, thenC1 is a head-subcategory ofC whenever
every element ofS admits aC1-head that lies inS, and

(i) The categoryC is right-Noetherian, or
(ii) The familyS♯ is closed under left-divisor, the second domino rule is valid for S,

andC1 is compatible withS.

(The condition in (ii) anticipates on Definition 2.4 for the compatibility of a subcate-
gory with a Garside family.) We begin with a technical auxiliary result.

Lemma 1.26. Assume thatC is a left-cancellative category,S is a Garside family ofC,
and C1 is a subcategory ofC that includes1C and is closed under right-quotient inC.
Assume moreover that every element ofS admits aC1-head that lies inS. Then every
element ofC admits a(S♯ ∩C1)-head, andS♯ ∩ C1 is closed under right-complement and
right-quotient inC.

Proof. First, every element ofS♯ admits aC1-head that lies inS, hence inS ∩C1. Indeed,
if g can be written asg′ǫ with g′ in S andǫ in C×, aC1-head ofg′ is aC1-head ofg, and, if
g is invertible with sourcex, then1x is aC1-head ofg since, by assumption,x is an object
of C1.
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Next, letg be an arbitrary element ofC. Let s be anS♯-head ofg, and lets1 be a
C1-head ofs. We claim thats1 is a(S♯ ∩ C1)-head ofg. Indeed, assumet ∈ S♯ ∩ C1 and
t4 g. As t lies inS♯, it must left-divide theS♯-heads of g. Now, ast lies in C1, it must
left-divide theC1-heads1 of s. So every element ofC admits a(S♯ ∩ C1)-head.

Then, assume thats andt lie in S♯ ∩ C1, and we havesg = tf . Let s1 be a(S♯ ∩ C1)-
head ofsg. By definition,s andt must left-divides1, saysg′ = tf ′ = s1. Now f ′ andg′

right-divides1, an element ofS♯, so they belong toS♯ since the latter is closed under
right-divisor. On the other hand,s, t, s1 belong toC1, sof ′ andg′ belong toC1 since the
latter is closed under right-quotient inC. Hencef ′ andg′ belong toS♯∩C1, and the latter
is closed under right-complement (and even right-diamond).

Finally, the proof of Lemma 1.8 implies thatS♯ ∩ C1 is closed under right-quotient
in C, since it is closed under right-complement and right-multiplication by an invertible
element ofC1.

Proof of Proposition 1.25.PutS1 = S♯∩C1. By Lemma 1.26, we can fix a mapθ fromC
to S1 that picks, for every elementg of C, aS1-headθ(g) of that element. Then denote
by g′ the (unique) element ofC that satisfiesg = θ(g)g′, and, forp > 1, put

θp(g) = θ(g)θ(g′)···θ(g(p−1)) (see Figure 1).

We show using induction onp > 1 that

(1.27) Forg in C ands1, ... , sp in S1, the relations1 ···sp4g impliess1 ···sp4θp(g).
Assume firstp = 1. Thens1 4 g impliess1 4 θ1(g) = θ(g) sinceθ(g) is aS1-head

of g. Assume nowp > 2. First, ass1 lies in S♯ ∩ C1 and left-dividesg, then it left-
dividesθ(g), so there existst1 satisfyings1t1 = θ(g). As s1 andθ(g) lie in S♯ ∩ C1

and, by Lemma 1.26,S1 is closed under right-quotient inC, so t1 lies in S♯ ∩ C1 as
well. BecauseS♯ ∩C1 is closed under right-complement inC, we deduce the existence of
s′2, ... , s

′
p, t2, ... , tp in S♯ ∩ C1 making the diagram of Figure 1 commutative. Sos′2 ···s′p

left-dividesg′. Applying the induction hypothesis tog′, we see thats′2 ···s′p has to left-
divideθp−1(g

′), which implies thats1 ···sp left-dividesθ(g)θp−1(g
′), that is,θp(g).

Assume that the categoryC is right-Noetherian. Then the4-increasing sequence
θ1(g), θ2(g), ... is bounded byg, so there must existq such thatθ(g(i)) is invertible
for i > q, so thatθp(g) 4 θq(g) holds for everyp. Let f be any element ofC1 that left-
dividesg. AsS♯ ∩ C1 generatesC1, there existsp such thatf can be expressed ass1 ···sp
with s1, ... , sp in S♯ ∩ C1. By (1.27),f left-dividesθp(g), henceθq(g), and the latter is a
C1-head ofg.

Assume now thatS♯ is closed under left-divisor, the second domino rule is valid
for S, andC1 is compatible withS. Let q be theS-length ofg. By Proposition III.1.62
(length II), if f is any left-divisor ofg, theS-length off is at mostq. If, in additionf
lies in C1, it admits a strict(S ∩ C1)-normal decomposition of length at mostq. Hence,
by (1.27) again,f left-dividesθq(g), and the latter is aC1-head ofg.

We conclude this subsection with intersections of head-subcategories.

Proposition 1.28(intersection of head-subcategories).If C is a left-cancellative cat-
egory that is left-Noetherian, every intersection of head-subcategories ofC is a head-
subcategory ofC.
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g

g′

t1

θ(g)s1

g′′

t2

θ(g′)s2 s′2

g(p−1)

tp−1

g(p)

tp

θ(g(p−1))sp s′p

Figure 1. Proof of Proposition 1.25: a sequence of approximations of the expected head is con-
structed inductively; if the sequence eventually stabilizes, it provides an actual head.

Proof. Assume that{Ci | i ∈ I} is a family of head-subcategories ofC, and letC∗ =
⋂ Ci.

By Proposition 1.21, the familiesObj(Ci) all coincide withObj(C), and1C is included
in C∗, which is certainly nonempty.

First, assumeǫ ∈ C×∩ C∗. Thenǫ belongs toC×∩ Ci for everyi, so the assumption
thatCi is a head-subcategory implies thatǫ−1 belongs toCi. Henceǫ−1 belongs toC∗,
andC∗ is closed under inverse.

It remains to prove that every elementg of C admits aC∗-head. For simplicity, let us
first assume thatI is finite with two elements, sayI = {1, 2}, that is,C∗ = C1 ∩ C2. We
inductively define a sequence(gi)i>0 so thatg0 = g holds, andgi is aC1-head (resp. a
C2-head) ofgi−1 for i odd (resp. even) and positive. AsC is left-Noetherian, the sequence
(gi)i>0, which is4-decreasing, must be eventually constant: there existsm satisfying
gm = gm+1 = gm+2, which implies thatgm belongs both toC1 and toC2, hence toC∗.
Now assume thath lies in C∗ andh4 g holds. We show using induction oni thath4 gi
holds for everyi. For i = 0, this is the assumptionh 4 g. For i positive and odd (resp.
even), the induction hypothesish 4 gi−1 plus the assumption thath belongs toC1 (resp.
C2) plus the assumption thatgi is aC1-head (resp. a C2-head) ofgi−1 imply h 4 gi. In
particular, we deduceh4 gm, andgm is aC∗-head ofg.

Assume now thatI is arbitrary, finite or infinite. The argument is exactly similar.
However, ifI is infinite, we have to appeal to an ordinal induction. The point is that, as
above, we need an inductive construction in which each family Ci appears infinitely many
times. So, at the expense of possibly using the Axiom of Choice, we fix a redundant
enumeration of the family{Ci | i ∈ I} as a well-ordered sequence(Cα)α<θ indexed by
ordinals so that, for everyi, the indicesα satisfyingCα = Ci are unbounded inθ. Then
we inductively define a sequence(gα)α<θ so thatg0 = g holds,gα+1 is aCα-head ofgα
for eachα, and, forλ limit, gλ is a4-smallest element of{gα | α < λ}, which exists
since the categoryC is left-Noetherian.
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Letgθ be a4-smallest element of the sequence(gα)α<θ, which exists by left-Noether-
ianity again. Thengθ lies in C∗: indeed, by construction, there existsθ0 < θ such that
α > θ0 impliesgα = gθ and, on the other hand, for eachi in I, there existsα > θ0 such
thatCα equalsCi, which implies thatgθ lies inCi.

Finally, assume thath lies inC∗ andh4g holds. We show using ordinal induction that
h4 gα holds for everyα. Forα = 0, this is the assumptionh4 g. Next, the assumption
thath lies inC∗, hence inCα and the induction hypothesish4gα imply h4gα+1. Finally,
if λ is a limit ordinal, we havegλ = infα<λ gα, and the induction hypothesish 4 gα for
α < λ impliesh4 gλ. So we deduceh4 gθ, andgθ is aC∗-head of g.

Note that, even in the case of a finite intersection, the aboveargument demands that
every subcategory be repeated infinitely many times and, therefore, the Noetherianity
assumption is needed to guarantee the existence of the expected infima.

Corollary 1.29 (smallest head-subcategory).If C is a left-cancellative category that is
left-Noetherian, then, for every subfamilyS of C, there exists a smallest head-subcategory
of C includingS.

Proof. The family of all head-subcategories ofC that includeS is nonempty sinceC is
a head-subcategory of itself and it includesS. By Proposition 1.28, the intersection of
this nonempty family is a head-subcategory ofC that includesS and, by construction, it
is included in every such subcategory.

1.4 Parabolic subcategories

By merging the previously considered properties, we obtainour last notion, namely that
of a parabolic subcategory: the principle is that such a subcategory enjoys all desirable
properties and, therefore, we can expect optimal compatibility results.

Definition 1.30(parabolic subcategory).A parabolicsubcategory of a left-cancellative
categoryC is a head-subcategory ofC that is closed under factor.

We recall thatf is a factor ofg is g′fg′′ = g holds for someg′, g′′: so being closed
under factor is equivalent to being closed both under left-divisor and right-divisor.

Example 1.31(parabolic subcategory). We saw in Example 1.20 that, for everym, the
submonoidmN of the monoid(N,+) is a head-submonoid; however, it is not parabolic
since (form > 2) it is not closed under factor:1 is a divisor ofm that does not lie inmN.
On the other hand, in the free Abelian monoid of rankn based on{a1, ... , an} (Reference
Structure 1, page 3), the submonoidMI generated by{ai | i ∈ I} is, for I a nonempty
subfamily of{1, ... , n}, a parabolic submonoid: theMI-head of an element

∏n
1 a

ei

i is∏
i∈I a

ei

i , andMI is closed under left- and right-divisor since, with obviousnotation,
ei + e′i = 0 for i /∈ I impliesei = e′i = 0 for i /∈ I.
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More interesting is the submonoidB+

I generated by{σi | i ∈ I} in the braid mon-
oid B+

n (Reference Structure 2, page 5): we already observed in Example 1.12 thatB+

I

is closed under left- and right-divisor, and in Example 1.24thatB+

I is a head-submonoid
of B+

n . HenceB+

I is a parabolic submonoid ofB+
n . Actually, every parabolic submonoid

of B+
n is of the formB+

I for someI. Indeed, assume thatM is a parabolic submonoid
ofB+

n . LetI be the family of all indicesi such that at least one element ofM admits a de-
composition containingσi. ThenM is included inB+

I . Now, asM is closed under factor,
every elementσi with i in I must lie inM , and, therefore,M includes the submonoidB+

I

generated by such elementsσi. We deduceM = B+

I .

Proposition 1.32(parabolic subcategory). Assume thatC1 is a subcategory of a left-
cancellative categoryC.

(i) If C1 is parabolic inC, thenC1 is closed under right-comultiple and factor.
(ii) If C is right-Noetherian, the implication of(i) is an equivalence.

Proof. The results follow from Proposition 1.21 directly. For (i),if C1 is parabolic, it
is a head-subcategory ofC and Proposition 1.21(i) states thatC1 is closed under right-
comultiple; on the other hand,C1 is closed under factor inC by definition. For (ii), ifC
is closed under right-comultiple and factor, it is closed under right-quotient and, ifC is
right-Noetherian, Proposition 1.21(ii) states thatC1 is a head-subcategory ofC, hence a
parabolic subcategory when the assumption thatC1 is closed under factor is added.

As an application for the above characterization, we obtain

Proposition 1.33 (parabolic, bounded case).If C is a cancellative right-Noetherian
category,∆ is a Garside map inC, and∆1 is a partial map fromObj(C) to C such that
∆1(x)4∆(x) holds whenever∆1(x) is defined, then the subcategoryC1 of C generated
byDiv(∆1) is parabolic wheneverDiv(∆1) = D̃iv(∆1) = Div(∆) ∩ C1 holds.

Proof. By Proposition 1.32, it suffices to show thatC1 is closed under right-comultiple,
right-divisor, and left-divisor inC. PutS1 = Div(∆1).

We first show thatC1 is closed under right-comultiple inC. So assume thatf, g lie
in C1 and there exists an equalityf ĝ = gf̂ in C. Write f = s1 ···sp andg = t1 ···tq with
s1, ... , tq ∈ S1. AsS1 is included inDiv(∆) and the latter is a Garside family, there exists
a rectangular grid as in Proposition IV.1.15 (factorization grid) and Figure IV.2 so that the
edges and the diagonals of the squares all lie inDiv(∆). We claim that these edges and
diagonals can be chosen to all lie inS1. Indeed, consider the case ofs1 andt1: if s1g1 =
t1f1 holds withs1, t1 in C(x, -), then the left-gcdr1 of ∆1(x) ands1g1 is a common
right-multiple of s1 and t1 that left-dividess1g1 and lies inDiv(∆1). Moreover, the
elementss′1 andt′1 satisfyings1t′1 = t1s

′
1 = r1 right-divider1, which lies inDiv(∆1),

hence inD̃iv(∆1), sos′1 andt′1 lie in S1. Iteratively constructing the grid in this way
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taking left-gcd with∆1 provides the expected result. Then we found a common right-
multiple off andg that lies inC1 and dividesf ĝ. Moreover, the quotients also lie inC1,
soC1 is closed under right-comultiple inC.

Next, we show thatC1 is closed under factor inC. Assume that we havefg = h in C,
with h ∈ C1. AsDiv(∆) generatesC, we writef = s1 ···sp, g = sp+1 ···sq with s1, ... , sq
in Div(∆) andh = t1 ···tr with t1, ... , tr in Div(∆1) (= S1). As above we construct a
rectangular grid where all edges and diagonals lie inDiv(∆). Moreover, by assumption,
C× is included inDiv(∆) andC×∩ C1 is included inDiv(∆1), so we may assume that
the right and bottom edges of the large square are identity-elements. Then, starting from
the top-right corner and progressing toward the bottom-left corner, we inductively deduce
that all edges and diagonals correspond to elements ofS1: indeed, in each elementary

square
t′

t
s s′r , the assumption thatt ands′ lie in S1 implies thatr lies in C1, hence

in S1 as we haveS1 = Div(∆) ∩ C1, and it implies in turn thats andt′ lie in S1 as we
haveDiv(∆1) = D̃iv(∆1) = Div(∆) ∩ C1. So, in particular, all elementssi lie in S1,
and bothf andg lie in C1. SoC1 is closed under factor inC and, by Proposition 1.32,C1

is a parabolic subcategory ofC.

A typical situation where Proposition 1.33 applies is the submonoidB+

I of B+
n as in

Example 1.31: if∆I is the right-lcm of the elementsσi with i in I, thenB+

I is generated
by the divisors of∆I , andDiv(∆I) = D̃iv(∆I) = Div(∆)∩B+

I is satisfied (in this case,
we already observed thatB+

I is parabolic without appealing to Proposition 1.33).

Remark 1.34. Proposition 1.33 is not optimal: its conclusion remains valid even if the
right-Noetherianity assumption is skipped: indeed, the latter is used in Propositions 1.21
and 1.32 to guarantee the existence of a head. But, in the context of Proposition 1.33, one
can obtain aC1-head for an elementg of C(x, -) satisfyingsup∆(g) = p by taking the

left-gcd ofg with ∆
[p]
1 . Moreover, one could show that∆1 is a Garside map inC1.

We conclude this subsection with the closure under intersection of the family of
parabolic subcategories.

Proposition 1.35 (intersection of parabolic). If C is a left-cancellative and left-
Noetherian category, every intersection of parabolic subcategories ofC is a parabolic
subcategory ofC.

Proof. Proposition 1.28 states that every intersection of parabolic subcategories is a head-
subcategory. Moreover, it is obvious that an intersection of subcategories that are closed
under factor is closed under factor.

Then, exactly as in Corollary 1.29, we deduce:
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Corollary 1.36 (smallest parabolic). If C is a left-cancellative category that is left-
Noetherian, then, for every subfamilyS of C, there exists a smallest parabolic category
of C includingS.

2 Compatibility with a Garside family

We now investigate subcategories in the context of a category equipped with a Garside
family. A natural notion of compatibility arises when the normal decompositions of an
element of the subcategory computed in the ambient categoryand in the subcategory co-
incide. The main results of the section provide various necessary and sufficient conditions
for this type compatibility to occur.

The section is organized as follows. In Subsection 2.1, we establish a few general
relations connectingS- and(S ∩ C1)-greediness whenC1 is a subcategory. In Subsec-
tion 2.2, we introduce a notion of compatibility connectinga subcategory and a Garside
family, and give criteria for establishing such a compatibility. In Subsection 2.3, we con-
sider compatibility for special subcategories, typically=×-closed subcategories. Finally,
in Subsection 2.4, we consider the signed case and similarlydiscuss what we call strong
compatibility between a subcategory and a strong Garside family.

2.1 Greedy paths

If C is a left-cancellative category andC1 is a subcategory ofC that is closed under right-
quotient, then, for every subfamilyS of C, there exist connections between theC-paths
that areS-greedy and theC1-paths that are(S ∩ C1)-greedy. Here we analyse such con-
nections.

Lemma 2.1. Assume thatC is a left-cancellative category,S is included inC, andC1 is a
subcategory ofC that is closed under right-quotient inC.

(i) PutS1 = S ∩ C1. EveryC1-path that isS-greedy inC is S1-greedy inC1.
(ii) PutS♯1 = S1C×1∪C×1. If an elementg ofC1 admits anS-normal decomposition with

entries inS♯1, every decomposition ofg in C1 that isS1-normal inC1 is S-normal inC.
(iii) Assume moreover thatC1 is closed under factor inC andS♯ is closed under right-

complement inC. Then aC1-path isS-greedy inC if and only if it isS1-greedy inC1.

Proof. (i) Assume thatg1|g2 is S-greedy inC andg1, g2 lie in C1. Assume thats belongs
toS1 and it left-dividesfg1g2 in C1, that is, we havesf ′ = fg1g2 for somef ′ lying in C1.
Then, a fortiori,s left-dividesfg1g2 in C so, asg1|g2 is S-greedy inC, there existsf ′′

in C satisfyingsf ′′ = fg1. Now,fg1 belongs toC1 sincef andg1 do, and so doess. As
C1 is closed under right-quotient inC, we deduce thatf ′′ belongs toC1. Henceg1|g2 is
S1-greedy inC1.

(ii) Assume thats1| ··· |sp is anS-normal decomposition ofg whose entries lie inS♯1,
and lett1| ··· |tq be an arbitraryS1-normal decomposition ofg in C1. First, by (i),s1| ··· |sp
is S1-greedy inC1 and, therefore, it is anS1-normal decomposition ofg in C1. Hence,



332 VII Subcategories

by Proposition III.1.25 (normal unique),t1 | ··· |tq must be aC×1-deformation ofs1| ··· |sp
in C1, that is, these sequences are connected by elementsǫ0, ... , ǫmax(p,q) of C×1. As C×1 ⊆
C× always holds, the elementsǫi belong toC×, so t1| ··· |tq is also aC×-deformation of
s1| ··· |sp in C. By Proposition III.1.22 (deformation), this implies thatt1| ··· |tq is S-
normal inC.

(iii) By (i), every C1-path that isS-greedy inC isS1-greedy inC1. Conversely, assume
that g1| ··· |gp is a C1-path that isS1-greedy inC1. Without loss of generality we may
assumep = 2. By Lemma IV.1.21, it suffices to prove thats 4 g1g2 impliess 4 g1 for
everys in S. Now assumesf = g1g2 in C. As g1g2 belongs toC1 and the latter is closed
under factor,s andf must lie inC1, ands belongs toS1. The assumption thatg1|g2 is
S1-greedy inC1 implies the existence off ′, in C1 hence inC, satisfyingsf ′ = g1. So
g1|g2 is S-greedy inC.

See Exercise 73 for a similar result under the assumption that C1 is closed under left-
quotient inC. As shows the following example, the assumption thatC1 is closed under
right-quotient is necessary in Lemma 2.1, even in the case whenS is a Garside family.

Example 2.2 (greedy). Consider the dual braid monoidB+∗
3 (Reference Structure 3,

page 10). We saw thatB+∗
3 admits the presentation〈a, b, c | ab = bc = ca〉+, and that

ab is a Garside element inB+∗
3 , written ∆∗

3. The associated Garside familyS has five
elements, namely1, a, b, c, and∆∗

3. Let M be the submonoid ofB+∗
3 generated bya

andb. PutS1 = S ∩M . ThenS1 consists of1, a, b, and∆∗
3. Consider the path∆∗

3|a,
which belongs toM [2]. AsS is bounded by∆∗

3, the path∆∗
3|a isS-greedy inB+∗

3 . On the
other hand, inM , we haveb∆∗

3 = ∆∗
3a, whenceb 4∆∗

3a, butb does not left-divide∆∗
3

sincec is not an element ofM . Hence∆∗
3|a is notS1-greedy inB+∗

3 .

What is missing in Lemma 2.1 to obtain an optimal connection between the notions of
aS-normal path inC and aS1-normal path inC1 is that an entry of anS-normal path that
lies in C1 need not lie inS♯1, that is, inS1C×1 ∪ C×1, because Relation (1.5) need not be an
equality in general. If we introduce the latter as an additional assumption, the statement
becomes very simple.

Lemma 2.3. Assume thatS is a subfamily of a left-cancellative categoryC andC1 is a
subcategory ofC that is closed under right-quotient inC and satisfiesS♯∩C1 ⊆ S♯1, where
we putS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1.

(i) EveryC1-path that isS-normal inC is S1-normal inC1.
(ii) If an elementg of C1 admits at least oneS-normal decomposition with entries

in C1, then everyS1-normal decomposition ofg in C1 is S-normal inC.

Proof. (i) Assume thats1 | ··· |sp is anS-normal path with entries inC1. By definition,
s1| ··· |sp is S-greedy, hence, by Lemma 2.1, it isS1-greedy. Moreover, its entries lie
in S♯ ∩ C1, hence, by assumption, inS♯1. Sos1| ··· |sp is aS1-normal path inC1.

(ii) Owing to the inclusion ofS♯ ∩ C1 in S♯1, theS-normal decomposition ofg whose
existence is assumed has its entries inS♯1. Then we apply Lemma 2.1(ii).
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2.2 Compatibility with a Garside family

According to Lemmas 2.1 and 2.3, being normal in the ambient category implies being
normal in the subcategory, at least in the case of a subcategory that is closed under right-
quotient. We shall be interested in the case when this implication is an equivalence.

Definition 2.4 (compatible subcategory).A subcategoryC1 of a left-cancellative cate-
goryC is said to becompatible witha Garside familyS of C if, puttingS1 = S ∩ C1,

The familyS1 is a Garside family inC1, and(2.5)

A C1-path isS1-normal inC1 if and only if it is S-normal inC.(2.6)

Example 2.7(compatible subcategory).As in Example II.1.7, consider the free (Abel-
ian) monoid(N,+) and its submonoid2N. LetSm be the Garside family{0, ... ,m} of N.
First, we haveS1 ∩ 2N = {0}, soS1 ∩ 2N, which does not generate2N, is not a Garside
family in 2N, and2N is not compatible withS1. However, (2.6) is vacuously satisfied,
since the only2N-sequences with entries inS1 ∩ 2N are the sequences0| ··· |0, which are
bothS1-normal inN and(S1 ∩ 2N)-normal in2N. So, (2.6) does not imply (2.5).

Next, assumem > 2. Then we haveSm ∩ 2N = {0, 2, ... , 2n} with n = ⌊m/2⌋,
soSm ∩ 2N is a Garside family in2N. Hence (2.5) holds. Ifm is odd, then(m − 1)|2
is (Sm ∩ 2N)-normal in 2N, whereas it is notSm-normal in N, since theSm-normal
decomposition ofm + 1 in N ism|1. Hence2N is not compatible withSm in this case.
So (2.5) does not imply (2.6).

Finally, assume thatm is even. Then the2N-sequences that are(Sm ∩ 2N)-normal
in 2N are the sequences2s1| ··· |2sp, wheres1| ··· |sp isSn-normal inN, and these are also
theSm-normal sequences inN whose entries lie in2N. Thus, in this case, (2.6) holds and
2N is compatible withSm.

See Exercise 74 for further examples. Note that, viewed as a subcategory of itself, a
category is always compatible with each of its Garside families.

Lemma 2.8. Assume thatS is a Garside family in a left-cancellative categoryC, andC1

is a subcategory ofC that is compatible withS. ThenS♯ ∩ C1 = (S ∩ C1)C×1 ∪ C×1 holds.

Proof. PutS1 = S ∩ C1. We saw in Lemma 1.3 thatS1C×1 ∪ C×1 ⊆ S♯ ∩ C1 always holds.
On the other hand, assumes ∈ S♯∩C1. Then the length one paths isS-normal, henceS1-
normal by definition of a compatible subcategory, which, by definition of anS1-normal
path, implies that its entry lies inS1C×1∪C×1, whence the inclusionS♯∩C1 ⊆ S1C×1∪C×1.

Although we are mostly interested in subcategories that areclosed under right-quotient
in the ambient category, the property is not included in Definition 2.4. The reason is that
the property is automatically true provided some weak closure is satisfied.
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Lemma 2.9. If S is a Garside family in a left-cancellative categoryC andC1 is a subcat-
egory ofC that is compatible withS, then the following are equivalent wheneverS ∩ C1

is solid inC1:
(i) The subcategoryC1 is closed under right-quotient inC;
(ii) The subfamilyS ∩ C1 is closed under right-quotient inS.

Proof. PutS1 = S ∩ C1. Assumet = st′ with s, t in S1 andt′ in S. Thens, t belong
to C1, hence, ifC1 is closed under right-quotient inC, t′ belongs toC1 as well, hence it
belongs toS1. So (i) implies (ii).

Conversely, assume (ii). Assume thatg = fg′ holds inC with f, g in C1 andg′ in C.
As S1 is a solid Garside family inC1, it generatesC1. We proveg′ ∈ C1 using induction
on the minimal lengthp of a decomposition off into a product of elements ofS1. For
p = 0, that is, iff is an identity-element, we haveg′ = g ∈ C1. Assume firstp = 1, that
is, f belongs toS1. AsS1 is a solid Garside family inC, the elementg of C1 admits inC1

anS1-normal decomposition with entries inS1, says1| ··· |sp. By (2.6), the latter path is
S-normal inC. Now f is an element ofS1, hence ofS, that left-dividess1 ···sp in C. As
s1| ··· |sp is S-greedy,f must left-divides1, says1 = fs′1. Now, s1 andf belong toS1,
so, by (ii),s′1 must belong toS1. AsC is left-cancellative, we haveg′ = s′1s2 ···sp, andg′

belongs toC1. Assume finallyp > 2. Write f = sf ′ with s in S1 andf ′ admitting anS1-
decomposition of lengthp− 1. Then we haveg = s(f ′g′), and the induction hypothesis
impliesf ′g′ ∈ C1 first, and theng′ ∈ C1.

In Lemma 2.9, the assumption thatS ∩ C1 is solid inC1 can be skipped at the expense
of replacingS with S♯: if S ∩ C1 is a Garside family inC1, thenS♯ ∩ C1, which, by
Lemma 2.8, is(S ∩ C1)C×1 ∪ C×1, is a solid Garside family inC1.

We shall now provide several criteria for recognizing compatibility. The first one is
obtained by simply removing from the definition some superfluous conditions.

Proposition 2.10 (recognizing compatible I). If S is a Garside family in a left-
cancellative categoryC andC1 is a subcategory ofC that is closed under right-quotient
in C, thenC1 is compatible withS if and only if

PuttingS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1, we haveS♯ ∩ C1 ⊆ S♯1,(2.11)

Every element ofC1 admits anS-normal decomposition with entries inC1.(2.12)

Proof. Assume thatC1 is compatible withS. First, by Lemma 2.8, we haveS♯∩C1 = S♯1,
so (2.11) holds. Next, letg belong toC1. By assumption,S1 is a Garside family inC1, sog
admits anS1-normal decomposition inC1. By (2.6), the latter isS-normal, and, therefore,
it is anS-normal decomposition ofg whose entries lie inC1. So (2.12) is satisfied.

Conversely, assume thatC1 satisfies (2.11) and (2.12). Letg belong toC1. By (2.12),g
admits anS-normal decomposition whose entries lie inC1. By Lemma 2.1, the latter de-
composition isS1-greedy inC1. Moreover, its entries lie inS♯ ∩C1, hence inS♯1 by (2.11)
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and, therefore, it is anS1-normal decomposition ofg in C1. As such a decomposition
exists,S1 is a Garside family inC1, that is, (2.5) is satisfied.

Next, if s1| ··· |sp is an S-normal C1-path, then, by the same argument as above,
s1| ··· |sp is S1-normal inC1. Conversely, assume thats1| ··· |sp is S1-normal inC1. AsS1

is a Garside family inC1, the elements1 ···sp of C1 admits anS1-normal decomposition
in C1. Hence, by Lemma 2.3,s1| ··· |sp must beS-normal inC. So (2.6) is satisfied as
well, andC1 is compatible withS.

As an application, and for further reference, we deduce

Corollary 2.13 (recognizing compatible, inclusion case).If S is a Garside family in
a left-cancellative categoryC and C1 is a subcategory ofC that is closed under right-
quotient inC and includesS, thenC1 is compatible withS andC = C1C×∪ C×holds.

Proof. First, assumes ∈ S♯∩C1. If s is invertible, it belongs toC×∩C1, which isC×1 since
C1 is closed under right-quotient, hence under inverse, inC. Otherwise, we haves = tǫ
with t in S andǫ in C×. As s andt belong toC1, the assumption thatC1 is closed under
right-quotient inC implies thatǫ belongs toC1, hence toC×∩C1, which isC×1. So, in every
case,s belongs toSC×1 ∪ C×1, and (2.11) is satisfied.

Let g belong toC1. Theng admits a strictS-normal decomposition, says1| ··· |sp.
By definition,s1, ... , sp−1 belong toS, hence toC1, so the assumption thatC1 is closed
under right-quotient inC implies thatsq belongs toC1 too. So (2.12) is satisfied, andC1

is compatible withS.
Finally, let g be a non-invertible element ofC. By Proposition III.1.23 (strict),g

admits a strictS-normal decomposition, says1| ··· |sp: by definition,s1, ... , sp−1 belong
to S, hence toC1, andsp belongs toS♯, hence toC1C×. Sog belongs toC1C×.

Recombining the conditions, we obtain a slightly differentcriterion.

Proposition 2.14 (recognizing compatible II). If S is a Garside family in a left-
cancellative categoryC andC1 is a subcategory ofC that is closed under right-quotient
in C, thenC1 is compatible withS if and only if, puttingS1 = S ∩C1 andS♯1 = S1C×1∪C×1,

(2.15) Every element ofC1 admits anS-normal decomposition with entries inS♯1.

Proof. Assume thatC1 is compatible withS. Let g belong toC1. Then, by (2.12),g
admits anS-normal decomposition whose entries lie inC1, hence inS♯ ∩ C1. By (2.11),
the latter entries lie inS♯1, so (2.15) is satisfied.

Conversely, assume thatC1 satisfies (2.15). Letg belong toS♯ ∩ C1. By (2.15),g has
anS-normal decompositions1| ··· |sp whose entries lie inS♯1. As g lies inS♯, itsS-length
is at most one, sos2, ... , sp must lie inC×∩ C1, hence inC×1. Sog belongs toS♯1C×1, hence
toS♯1, and (2.11) is satisfied. On the other hand, asS♯1 is included inC1, (2.12) is satisfied.
So, by Proposition 2.10,C1 is compatible withS.
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Using the inductive construction of normal decompositions, one obtains an alternative
criterion that only involves the elements of(S♯1)2:

Proposition 2.16(recognizing compatible III). If S is a Garside family in a left-cancell-
ative categoryC andC1 is a subcategory ofC that is closed under right-quotient inC, then
C1 is compatible withS if and only if, when we putS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1,

The familyS♯1 generatesC1.(2.17)

Every element of(S♯1)2 admits anS-normal decomposition with entries inS♯1.(2.18)

Proposition 2.16 follows from an auxiliary result of independent interest:

Lemma 2.19. Assume thatS is a Garside family in a left-cancellative categoryC andS′

is a subfamily ofS♯ such thatS′(S′ ∩ C×) ⊆ S′ holds and every element ofS′2 admits a
S-normal decomposition with entries inS′. Then every element in the subcategory ofC
generated byS′ admits aS-normal decomposition with entries inS′.

We skip the proofs, both of Lemma 2.19 (based on the inductiveconstruction of an
S-normal decomposition using left-multiplication) and of Proposition 2.16 (which then
easily follows using Proposition 2.14).

We refer to Exercise 82 for still another variant.

2.3 Compatibility, special subcategories

When we consider subcategories satisfying additional closure assumptions, then more
simple characterizations of compatibility appear.

We begin with=×-closed subcategories. IfC1 is a subcategory ofC that is compatible
with a Garside familyS, every element ofC1 admits anS-normal decomposition with
entries inC1, and the latter is then(S ∩ C1)-normal inC1. But, besides, there may exist
S-normal decompositions with entries not inC1. This cannot happen ifC1 is =×-closed.

Lemma 2.20. If S is a Garside family in a left-cancellative categoryC, andC1 is an
=×-closed subcategory ofC that is closed under right-quotient and is compatible withS,
then everyS-normal decomposition of an element ofC1 is (S ∩ C1)-normal inC1.

Proof. As usual putS1 = S ∩ C1. Let g belong toC1 ands1| ··· |sp be anS-normal
decomposition ofg. By assumption,C1 is compatible withS, soS1 is a Garside family
in C1, henceg has anS1-normal decompositiont1| ··· |tq in C1. By (2.6), t1| ··· |tq is S-
normal inC, hence, by Proposition III.1.25 (normal unique),s1 | ··· |sp is aC×-deformation
of t1| ··· |tq. Then, by Lemma 1.15(i),s1| ··· |sp must be aC1-path, that is, its entries lie
in C1 and, therefore, it isS1-normal inC1.

We deduce a simplified characterization of compatibility.
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Proposition 2.21(recognizing compatible,=×-closed case).If S is a Garside family
in a left-cancellative categoryC andC1 is a subcategory ofC that is closed under right-
quotient and=×-closed inC, thenC1 is compatible withS if and only if (2.12)holds, that
is, if and only if every element ofC1 admits anS-normal decomposition with entries inC1.

Proof. By Lemma 1.15, (2.11) is automatically satisfied wheneverC1 is =×-closed. Then
the result directly follows from Proposition 2.10.

We observed above that a subcategory that contains all invertible elements of the am-
bient category is=×-closed, so Proposition 2.21 applies in particular in the case whenC1

includesC×. On the other hand, owing to Lemma 1.16, every subcategory that is closed
under left- or under right-divisor is closed under=×. When both conditions are met,
Proposition 2.21 leads to the best result one can expect:

Corollary 2.22 (compatible, closed under factor case).(i) If C is a left-cancellative
category, every subcategory ofC that is closed under factor inC is compatible with every
Garside family ofC.

(ii) The compatibility result of(i) applies in particular to every parabolic subcategory
of C and, ifC admits a balanced presentation(S,R), to every subcategory ofC generated
by a subfamily ofS.

Proof. (i) Assume thatC1 is a subcategory ofC that is closed under left-divisor andS is a
Garside family inC. By Lemma 1.16,C1 is =×-closed. So, owing to Proposition 2.21, in
order to prove thatC1 is compatible withS, it is enough to show that every element ofC1

admits anS-normal decomposition with entries inC1. Now let g belong toC1, and let
s1| ··· |sp be anS-normal decomposition ofg. By construction, each entrysi is a factor
of g. As C1 is closed both under left- and right-divisor, it is closed under factor, so every
entrysi belongs toC1. Then, by Proposition 2.21, the latter is compatible withS.

Owing to the definition of a parabolic subcategory and to Proposition 1.11, (ii) directly
follows from (i) since, in both cases, the considered subcategory is closed under factor in
the ambient category.

For instance, in the context of Example 1.12, the submonoidB+

I of B+
n is parabolic,

so Corollary 2.22 implies thatB+

I is compatible with every Garside family ofB+
n . This

applies in particular to the divisors of∆n, implying thatDiv(∆n) ∩ B+

I is a Garside
family in B+

I .
It is natural to wonder whether a converse of Corollary 2.22 might be true, that is,

whether every subcategory that is compatible with all Garside families of the ambient
category must be closed under factor. The answer is negative, see Exercise 77.
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2.4 Compatibility with symmetric decompositions

So far, we considered compatibility between a subcategoryC1 of a left-cancellative cate-
gory C and a Garside familyS of C, which involvesS-normal decompositions. IfC is a
(left)-Ore category, it embeds in a groupoid of left-fractionsEnv(C), and we can similarly
address the compatibility of the subgroupoid ofEnv(C) generated byC1 with S, which
involves symmetricS-decompositions. The overall conclusion is that no additional as-
sumption onS is needed to obtain compatibility with signed decompositions provided
the considered subcategory satisfies some appropriate conditions, independently of the
Garside family.

We recall from Proposition II.3.18 (left-Ore subcategory)that, if C1 is a left-Ore sub-
category of a left-Ore categoryC, then the inclusion ofC1 in C extends into an embed-
ding of Env(C1) into Env(C) and that, moreover,C1 = Env(C1) ∩ C holds if and only
if C1 is closed under right-quotient inC. In this context, we shall usually identify the
groupoidEnv(C1) with its image inEnv(C).

Although the notions will eventually merge, we introduce a strong version of compat-
ibility.

Definition 2.23 (strongly compatible). Assume thatS is a strong Garside family in a
left-Ore categoryC that admits left-lcms. A subcategoryC1 of C is said to bestrongly
compatible withS if, puttingS1 = S ∩ C1,

The familyS1 is a strong Garside family inC1, and(2.24)

A signedC1-path is symmetricS1-normal inC1 if and only if it is symmetric
S-normal inC.

(2.25)

If a subcategoryC1 is strongly compatible with a Garside familyS, it is a fortiori
compatible withS: indeed, (2.24) implies thatS1 is a Garside family inC1, and (2.25)
implies in particular that aC1-path isS1-normal inC1 if and only if it is S-normal inC.
In the other direction, the next example shows that a subcategory that is compatible with
a strong Garside family need not be strongly compatible.

Example 2.26(not strongly compatible). As in Example II.3.19, letM be the additive
monoid (N,+) andM1 beM \ {1}. ThenM is a strong Garside family inM , and
M ∩M1, which isM1, is a strong Garside family inM1. Moreover,M1 is compatible
withM viewed as a Garside family in itself: indeed, anM1-path isM1-normal if and only
if it has length one, if and only if it isM -normal. However,M1 is not strongly compatible
with M : the length two signed path2|3 is a strict symmetricM1-normal path which is
not symmetricM -normal since2 and3, which admit1 (and2) as a common left-divisor
in M , are not left-disjoint inM .

Our aim is to compare compatibility and strong compatibility. We saw above that,
as the terminology suggests, every subcategory that is strongly compatible with a strong
Garside familyS is necessarily compatible withS. In the other direction, we shall see that
both notions are essentially equivalent provided one considers subcategories satisfying a
convenient closure property not involvingS.

We recall from Definition IV.2.27 that a subfamilyS of a categoryC is calledweakly
closed under left-lcmif any two elements ofS that admit a left-lcm inC admit one that lies
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in S: “weakly” refers here to the fact that we do not demand that every left-lcm lies inS,
but only at least one. In the case of a category with no nontrivial invertible element, the
left-lcm is unique when it exists and there is no distinctionbetween “closed” and “weakly
closed”.

Proposition 2.27(strongly compatible). IfC is a left-Ore subcategory that admits left-
lcms, then, for every Ore subcategoryC1 of C, the following are equivalent:

(i) The subcategoryC1 is strongly compatible with a strong Garside familyS of C;
(ii) The subcategoryC1 is closed under quotient and weakly closed under left-lcm;
(iii) The subcategoryC1 is strongly compatible with every strong Garside family with

which it is compatible.

As every subcategory of a categoryC is compatible with at least one Garside family
of C, namelyC itself, (iii) obviously implies (i) in Proposition 2.27. Below, we shall prove
that (i) implies (ii) and, after establishing an auxiliary result, that (ii) implies (iii).

Proof of(i)⇒(ii) in Proposition 2.27.Assume thatS is a strong Garside family inC and
C1 is strongly compatible withS. LetS1 = S ∩ C1. Assume thatf = hg holds inC with
f andg in C1. By assumption,S1 is a strong Garside family inC1, so the elementfg−1

of Env(C1) admits a symmetricS1-normal decompositiontq | ··· |t1|s1| ··· |sp. Moreover,
the latter is also a symmetricS-normal decomposition offg−1 sinceC1 is strongly com-
patible withS. Now, if x is the source ofh, we have1−1

x h = (t1 ···tq)−1(s1 ···sp) in C. As
t1 ···tq ands1 ···sp are left-disjoint inC, there must existǫ in C satisfying1x = ǫt1 ···tq,
which implies thatt1, ... , tq are invertible inC, hence inC1. So, inEnv(C1), we have
fg−1 = (t1 ···tq)−1(s1 ···sp) ∈ C1, that is,h must lie in C1, andC1 is closed under
left-quotient inC.

Assume now thatgh = f holds inC with g andf in C1. AsC1 is an Ore category and
thatS1 is a strong Garside family inC1, the elementg−1f of Env(C1) admits a symmetric
S1-normal decompositiontq | ··· |t1|s1| ··· |sp. By assumption, the latter is a symmetric
S-normal decomposition inC for g−1f , an element ofC. By Proposition III.2.16 (sym-
metric normal unique), the elementst1, ... , tq must be invertible inC, hence inC1. So,
in Env(C1), we haveg−1f = (t1 ···tq)−1(s1 ···sp) ∈ C1, that is,h must lie inC1, andC1

is closed under right-quotient inC.
Now, letf, g be two elements ofC1 sharing the same target. AsC1 is an Ore category

andS1 is a strong Garside family inC1, the elementfg−1 of Env(C1) admits a symmetric
S1-normal decompositiontq | ··· |t1|s1| ··· |sp in C1. Let g′ = t1 ···tq andf ′ = s1 ···sp.
Then, inC1, we haveg′f = f ′g and the elementsf ′ andg′ are left-disjoint. So, by
Lemma III.2.8,g′f is a left-lcm ofg andf in C1. On the other hand, asC1 is strongly
compatible withS, the signed pathtq | ··· |t1|s1| ··· |sp is also a symmetricS-normal de-
composition offg−1 in C and, arguing as above but now inC, we deduce thatg′f is a
left-lcm of g andf in C. Hence at least one left-lcm off andg in C lies in C1, that is,C1

is weakly closed under left-lcm inC.
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For the converse direction in Proposition 2.27, we begin with an auxiliary result. For a
subcategoryC1 of a categoryC to be weakly closed under left-lcm means that, for allf, g
of C1 sharing the same target, at least one left-lcm off andg lies inC1. But, a priori, the
latter need not be a left-lcm off andg in C1 and the condition says nothing about lcms
in C1. Such distinctions vanish whenC1 is closed under left-quotient.

Lemma 2.28. Assume thatC1 is a subcategory of a cancellative categoryC and C1 is
closed under left-quotient inC and weakly closed under left-lcm inC.

(i) For all f, g in C1, an elementh of C1 is a left-lcm off andg in the sense ofC if and
only if it is a left-lcm off andg in the sense ofC1.

(ii) If C1 admits common right-multiples, two elementsf andg of C1 are left-disjoint
in C if and only if they are left-disjoint inC1.

Proof. (i) Assume that an elementh of C1 is a left-lcm off andg in the sense ofC. Then
there existf ′, g′ in C satisfyingh = f ′g = g′f . As C1 is closed under left-quotient,f ′

andg′ belong toC1, soh is a left-multiple off andg in C1. Moreover, iff1g = g1f holds
in C1, then this holds inC and, ash is a left-lcm off andg in C, we havef1 = h1f

′ and
g1 = h1g

′ for someh1 in C. Asf ′ andf̂ belong toC1 andC1 is closed under left-quotient,
h1 belongs toC1, which shows thath is a left-lcm off andg in C1.

Conversely, assume thath is a left-lcm off andg in the sense ofC1. As C1 is weakly
closed under left-lcm, some left-lcmh1 of f andg in C belongs toC1. By the above
result,h1 is a left-lcm off andg in C1. As C1 is right-cancellative, the uniqueness of the
left-lcm in C1 implies thath1 = ǫh holds for someǫ in C×1. Thenǫ belongs toC×, so the
assumption thath1 is a left-lcm off andg in C implies thath is a left-lcm off andg in
the sense ofC.

(ii) Assume thatf andg belong toC1. By Lemma 1.7(iii), the assumption thatf and
g are left-disjoint inC implies that they are left-disjoint inC1.

Conversely, assume thatC1 admits common right-multiples andf and g are left-
disjoint in C1. Then, inC1, the elementsf andg admit a common right-multiple, say
fg1 = gf1. Then, by Lemma III.2.8,fg1 is a left-lcm off1 andg1 in C1. By (i), fg1 is
also a left-lcm off1 andg1 in C hence, by Lemma III.2.8 now applied inC, the elementsf
andg are left-disjoint inC.

Proof of(ii)⇒(iii) in Proposition 2.27.Assume thatS is a strong Garside family inC and
C1 is compatible withS. LetS1 = S ∩ C1 andS♯1 = S1C×1 ∪ C×1. Assume thats andt lie
in S♯1 and share the same target. Then, by assumption, there exists′ andt′ in C1 satisfying
s′t = t′s and such thats′t is a left-lcm ofs andt both inC1 and inC. On the other hand,
asS is a strong Garside family inC, there exists′′ andt′′ in S♯ satisfyings′′t = t′′s and
such thats′′t is a left-lcm ofs andt in C. The uniqueness of the left-lcm inC implies the
existence ofǫ in C×satisfyings′ = ǫs′′ andt′ = ǫt′′. Sos′ andt′ lie in C×S♯, hence inS♯,
and therefore inS♯ ∩ C1. As C1 is compatible withS, Proposition 2.10 implies that the
latter family isS♯1. It follows that, inC1, the Garside familyS1 is a strong Garside family.

Assume now thatw is a signedC1-path, sayw = tq | ··· |t1|s1| ··· |sp. Thenw is a strict
symmetricS-normal path (inC) if and only if s1| ··· |sp andt1| ··· |tq are strictlyS-normal
ands1 andt1 are left-disjoint inC. As C1 is compatible withS, the pathss1| ··· |sp and
t1| ··· |tq are strictlyS1-normal inC1. On the other hand, by Lemma 2.28,s1 andt1 are
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left-disjoint inC1. Hencew is a strict symmetricS1-normal path inC1. So, by definition,
C1 is strongly compatible withS.

When the assumptions of Proposition 2.27 are satisfied, every element inEnv(C1)
admits a symmetric(S ∩ C1)-normal form inEnv(C1), which is also a symmetricS-
normal decomposition inEnv(C). So we can state:

Corollary 2.29 (generated subgroupoid).If C is a left-Ore category that admits left-lcms
andC1 is an Ore subcategory ofC that is closed under quotient and weakly closed under
left-lcm, then, for every strong Garside familyS of C, every element of the subgroupoid
ofEnv(C) generated byC1 admits a symmetricS-normal decomposition with entries inC1.

In particular, if the ambient category contains no nontrivial invertible element, sym-
metric normal decompositions of minimal length are unique up to adding identity-elem-
ents and the result says that the entries in (the) symmetricS-normal decomposition of an
element ofC1 must lie inC1.

3 Subfamilies of a Garside family

We now investigate the subcategories that are generated by the subfamilies of a fixed
Garside familyS. Then several questions arise, typically whether this subcategory is
compatible withS, or which presentation it admits.

The section is organized as follows. In Subsection 3.1, we develop the notion of a sub-
germ of a germ, which turns out to provide the most convenientframework for addressing
the above questions. Next, in Subsection 3.2, we establish transfer results stating that
various local closure properties imply global versions in the generated subcategory. Then
Subsection 3.3 contains the main results, namely, in the situation whenS1 is a subgerm
of a Garside germS, local criteria involvingS andS1 only and implying various global
properties of the subcategorySub(S1) of Cat(S).

3.1 Subgerms

We saw in Chapter VI that, ifS is a solid Garside family in a left-cancellative categoryC,
then the structureS made ofS equipped with the partial product induced by the one ofC is
a germ, namely it is a precategory equipped with identity-elements plus a partial product
that satisfies the weak associativity conditions listed in Definition VI.1.3. On the other
hand, if we start with an abstract germS that is at least left-associative, thenS embeds in
a categoryCat(S) and it coincides with the germ induced by the product ofCat(S).

WheneverS is a germ andS1 is a subfamily ofS, the partial operation onS1 induced
by • on S1—that is, the operation•1 such thatr •1 s = t holds if r, s, t lie in S1 and
r • s = t holds inS—may or may not induce onS1 the structure of a germ. When it does,
we naturally call the resulting structure a subgerm ofS.
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Definition 3.1 (subgerm). A germS1 is asubgermof a germS if S1 is included inS,
Obj(S1) is included inObj(S), the source, target, identity, and product ofS1 are induced
by those ofS, and the domain of•1 is the intersection withS [2]

1 of the domain of• .

Before giving examples, we establish a more practical characterization. Hereafter we
shall appeal to the closure properties of Chapter IV and of Section 1 in the context of
a germ without redefining them: for instance, ifS is a germ, we naturally say that a
subfamilyS1 of S is closed under product inS if s • t belongs toS1 whenevers andt do
ands • t is defined.

Lemma 3.2. Assume thatS is a Garside family in a left-cancellative categoryC andS1

is a subfamily ofS.
(i) If Sub(S1) ∩ S = S1 holds, thenS1 is closed under identity and product inS.
(ii) If S is closed under left- or right-quotient inC, the converse of(i) is true, that is,

if S1 is closed under identity and product inS, thenSub(S1) ∩ S = S1 holds.

Proof. (i) Assume thatx is the source or the target of some element ofS1 and1x belongs
to S. Then1x belongs toSub(S1), hence toSub(S1) ∩ S and, therefore, toS1. SoS1 is
closed under identity inS. Next, assume thats, t lie in S1 andst is defined and it lies
in S. Thenst belongs toSub(S1), hence toSub(S1) ∩ S, which isS1. SoS1 is closed
under identity and product inS.

(ii) Assume thatS is closed under right-quotient inC andt belongs toSub(S1) ∩ S.
If t is an identity-element, the assumption thatS1 is closed under identity inS implies
t ∈ S1. Otherwise, there existp > 1 andt1, ... , tp in S1 satisfyingt = t1 ···tp. As S is
closed under right-quotient inC, the assumption thatti−1 lies in S1 inductively implies
that ti ···tp belongs toS for i increasing from2 to p − 1. Then, asS1 is closed under
product inS, we inductively deduce thatti ···tp lies inS1 for i decreasing fromp−1 to 1.
Hencet lies inS1. The argument is symmetric ifS is closed under left-quotient inC.

Proposition 3.3(subgerm). For S a germ andS1 ⊆ S, the following are equivalent:
(i) The structure(S1,1S1 , •1) is a subgerm ofS, where•1 is induced by• onS1;
(ii) The familyS1 is closed under identity and product inS.

Moreover, ifS is left- or right-associative, the above conditions are equivalent to
(iii) The equalitySub(S1) ∩ S = S1 holds inCat(S).

In this case, the inclusions ofS1 in S and ofObj(S1) in Obj(S) induce a functorι
fromCat(S1) to the subcategorySub(S1) of Cat(S).

Proof. Assume (i). PutS1 = (S1,1S1 , •1). By definition of a germ, for everyx inObj(S1),
the germS1 contains an identity-element, which, by definition of a subgerm, must be1x,
so the latter belongs toS1. Next, assume thatr, s lie in S1 andr • s is defined. Then,
by definition, the product ofr ands in S1 must be defined as well, and it must be equal
to r • s: this is possible only if the latter lies inS1. So (i) implies (ii).

Conversely, assume (ii). Then Conditions (VI.1.4), (VI.1.5), and (VI.1.6) from the
definition of a germ are satisfied inS1. Indeed, for the latter relation, ifr •1 s, s •1 t, and
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r•1(s•1t) are defined, then, by construction, so arer • s, s • t, andr • (s • t), in which case
(r • s) • t, which is also(r •1 s) • t, is defined sinceS is a germ, and the assumption (ii)
implies that(r •1 s) • t belongs toS1 and, from there, that(r •1 s) •1 t is defined. Hence
S1 is a germ and, by construction, it is a subgerm ofS.

Assume now thatS is left- or right-associative. By Proposition VI.1.14 (embedding),
S embeds inCat(S) as a subfamily that is closed under right- or left-divisor. Then, by
Lemma 3.2, (ii) is equivalent toSub(S1) ∩ S = S1.

Finally, assume that (i)–(iii) are satisfied. By definition,the categoryCat(S1) admits
the presentation〈S1 |R1〉+ whereR1 consists of all relationsr •1 s = t, hence it is
S∗

1/≡•1
, where≡•1

is the congruence generated byR1. Similarly, Cat(S) is S∗/≡ • ,
where≡ • is the congruence generated by the familyR of all relationsr • s = t. For
r, s, t in S1, the relationr •1 s = t implies r • s = t and, therefore, mapping the≡•1 -
class of anS1-path to its≡ • -class (and every object ofS1 to itself) defines a functorι
of Cat(S1) to Cat(S). By construction, the image ofι is the subcategorySub(S1).

So, ifC is a left-cancellative category andS is a solid Garside family ofC, considering
subgerms of the germS and considering subfamilies ofS that are closed under identity
and product are equivalent approaches. Note that, in view ofinvestigating the properties
of the subcategory generated byS1, considering families that satisfySub(S1) ∩ S = S1

is not a restriction since, for every subfamilyS1, if we putS′
1 = Sub(S1) ∩ S, thenS′

1 is
a subfamily ofS that satisfies bothSub(S′

1) = Sub(S1) andSub(S′
1) ∩ S = S′

1.

Example 3.4(subgerm). Consider the dual braid mon-
oid B+∗

3 (Reference Structure 3, page 10). ThenB+∗
3

admits the presentation〈a, b, c | ab = bc = ca〉+, and
ab is a Garside element denoted by∆∗

3. By Propo-
sition VI.1.11 (germ from Garside), the Garside fam-
ily Div(∆∗

3) gives rise to a5-element germS, see table
on the right, andMon(S) is (isomorphic to)B+∗

3 .

• 1 a b c ∆∗
3

1 1 a b c ∆∗
3

a a ∆∗
3

b b ∆∗
3

c c ∆∗
3

∆∗
3 ∆∗

3

Now let S1 = {1, a, b,∆∗
3}. ThenS1 is closed under iden-

tity and product inS so the germ operations ofS induce the
structure of a subgermS1 on S1. By definition, the only
nontrivial product inS1 is a •1 b = ∆∗

3, and, therefore,
the monoidMon(S1) is the monoid〈a, b,∆∗

3 | ab = ∆∗
3〉+,

hence a free monoid based on{a, b}.

•1 1 a b ∆∗
3

1 1 a b ∆∗
3

a a ∆∗
3

b b

∆∗
3 ∆∗

3

Observe that, in the above example,Mon(S1) is not a submonoid ofMon(S), and
thatS1 is a solid Garside family inMon(S1), soS1 is a Garside germ.

WhenS1 is a subgerm of a (Garside) germS—that is, equivalently, whenS1 is a sub-
family closed under identity and product of a (solid Garside) family in a left-cancellative
category —some properties ofS1 are inherited from those ofS.

Lemma 3.5. Assume thatS1 is a subgerm of a germS.
(i) If S is left-associative (resp. right-associative), then so isS1.
(ii) If S is left-cancellative (resp. right-cancellative), then sois S1.
(iii) The relation4S1 is included in4S .
(iv) For everys1|s2 in S [2]

1 , we haveJS1
(s1, s2) ⊆ JS(s1, s2) ∩ S1.
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Proof. (i) Assume thatS is left-associative, and thatr, s, t are elements ofS1 such that
(r •1 s) •1 t is defined. By definition,(r • s) • t is defined, hence so iss • t sinceS is
left-associative, and, therefore,s •1 t is defined. SoS1 is left-associative. The case of
right-associativity is similar.

(ii) Assume thatS is left-cancellative andr •1 s = r •1 s
′ holds inS1. Then we

haver • s = r • s′ in S, whences = s′ sinceS is left-cancellative. SoS1 is left-
cancellative.The case of right-cancellativity is similar.

(iii) Assumer, s ∈ S1 andr4S1 s holds. By definition, there existst in S1 satisfying
r = s •1 t. Thent belongs toS and, inS, we haver = st, whencer 4S s.

(iv) Assumet ∈ JS1
(s1, s2). By definition,t lies inS1, s1 • t is defined inS1, hence

in S, andt4S1 s2 holds. By (iii), the latter impliest4S s2, sot lies inJS(s1, s2).

More connections appear when the subgerm satisfies closure properties in the ambient
germ. We naturally say that a subgermS1 of a germS is closed under right-quotient inS
if the domainS1 of S1 is closed under right-quotient in the domainS of S.

Lemma 3.6. Assume thatS is a left-cancellative and left-associative germ andS1 is a
subgerm ofS that is closed under right-quotient inS.

(i) The relation4S1 is the restriction of the relation4S to S1.
(ii) An element ofS1 is invertible inCat(S1) if and only if it is invertible inCat(S).
(iii) For everyg1|g2 in S [2]

1 , we haveJS1
(g1, g2) = JS(g1, g2) ∩ S1.

Proof. (i) Assumes, t ∈ S1. By Lemma 3.5(iii),s 4S1 t implies s 4S t. Conversely,
assumes 4S t. By definition, there existst′ in S satisfyings • t′ = t. The assumption
thatS1 is closed under right-quotient inS impliest′ ∈ S1, so thats •1 t

′ = t holds inS1,
implying s4S1 t. Hence4S1 is the restriction of4S to S1.

(ii) By Lemma 3.5(ii) the germS1 is left-cancellative. Hence, by Lemma VI.1.19, an
element ofS1 is invertible inCat(S1) if and only if it is invertible inS1, and, similarly, an
element ofS, hence in particular an element ofS1, is invertible inCat(S) if and only if it
is invertible inS. Now, if ǫ lies inS1(x, y) and there existsǫ′ in S1 satisfyingǫ •1 ǫ′ = 1x,
thenǫ′ is an inverse inS as well.

On the other hand, ifǫ lies inS1(x, y) and there existsǫ′ in S satisfyingǫ • ǫ′ = 1x,
the assumption thatS1 is closed under identity inS implies that1x lies inS1 and, then,
the assumption thatS1 is closed under right-quotient inS implies thatǫ′ lies inS1, so it
is an inverse ofǫ in S1.

(iii) Let s1|s2 belong toS [2]
1 . We saw in Lemma 3.5(iv) thatJS1

(s1, s2) is always
included inJS(s1, s2)∩S1. Conversely, assumes ∈ JS(s1, s2)∩S1. By definition,s1 • s
is defined inS, hence inS1 sinces1 ands lie in S1. On the other hand,s 4S s2 holds,
hence so doess4S1 s2 by (i). Hences lies inJS1

(s1, s2).

A converse of Lemma 3.6(i) is valid, see Exercise 87.

3.2 Transitivity of closure

We now show that, in good cases, the closure properties possibly satisfied by the sub-
categorySub(S1) generated by a subgermS1 of a (Garside) germS directly rely on the
closure properties satisfied byS1 in the germS.
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We recall that, ifS is a subfamily of a categoryC ands, t lie in S, thens4S t stands
for ∃t′∈S(st′ = t), that is,s left-dividest and the quotient lies inS. According to our
general conventions, ifC is a left-cancellative category, andS ⊆ X ⊆ C holds, we say
thatS is closed under right-comultiple inX if, for all s, t in S andf, g in X satisfying
sg = tf ∈ X , there exists′, t′ in S, andh in X satisfyingst′ = ts′ ∈ S, f = s′h, and
g = t′h. WhenX is C, this is the notion of Definition IV.1.1 (closure II). The relative
version of closure under right-complement is defined similarly. We recall that closure
under right-diamond, their common refinement, was introduced above in Definition 1.9.

Like the global versions, the relative versions of closure properties are connected with
one another, see Exercise 86. Here we shall consider connections between the local and
global versions.

Lemma 3.7. Assume thatC is a left-cancellative category andS is a subfamily ofC that
is closed under inverse. Then, forS1 included inS, consider

(i) The familyS1 is closed under inverse inS;
(ii) The familyS1 is closed under inverse inC;
(iii) The subcategorySub(S1) is closed under inverse inC.

Then(i) and(ii) are equivalent,(ii) implies(iii) wheneverS1 is closed under identity and
product inS, and(iii) implies(ii) wheneverS1 is closed under identity and product inS
andS is closed under left- or right-quotient inC.

Proof. Assume (i). Assume thatǫ is invertible inC and belongs toS1. Thenǫ belongs
to S ∩C×, hence, by assumption,ǫ−1 belongs toS. Then the assumption thatS1 is closed
under inverse inS implies thatǫ−1 belongs toS1. So (i) implies (ii).

Conversely, assume (ii). Assume thatǫ is invertible inS and belongs toS1. Thenǫ
is invertible inC too, soǫ−1 belongs toS1, andS1 is closed under inverse inS. So (ii)
implies (i).

Assume (ii) withS1 is closed under identity and product inS. Assume thatǫ is
invertible inC and belongs toSub(S1). Then eitherǫ is an identity-element, in which case
ǫ−1 is equal toǫ and therefore belongs toSub(S1), or there existp > 1 andǫ1, ... , ǫp in S1

satisfyingǫ = ǫ1 ···ǫp. As ǫ is invertible, so areǫ1, ... , ǫp. As S1 is closed under inverse
in C, the elementsǫ−1

p , ... , ǫ−1
1 belong toS1, and, therefore,ǫ−1, which is ǫ−1

p ···ǫ−1
1 ,

belongs toSub(S1). SoSub(S1) is closed under inverse inC, and (ii) implies (iii).
Finally, assume (iii) withS1 closed under identity and product inS andS closed

under left- or right-quotient inC. Let ǫ be an element ofS1 that is invertible inS, that is,
ǫ is invertible andǫ−1 belongs toS. As ǫ belongs toSub(S1) andSub(S1) is closed under
inverse,ǫ−1 belongs toSub(S1), hence toSub(S1) ∩ S, which isS1 by Lemma 3.2. So
S1 is closed under inverse inS, and (iii) implies (i), hence (ii), in this case.

Lemma 3.8. Assume thatC is a left-cancellative category,S is a subfamily ofC that is
closed under right-diamond inC. For S1 included inS, consider

(i) The familyS1 is closed under right-complement (resp. right-diamond) inS
(ii) The familyS1 is closed under right-complement (resp. right-diamond) inC.

Then(i) implies(ii) wheneverS is closed under right-diamond inC, and(ii) implies(i)
wheneverS is closed under right-quotient inC.
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Proof. Assume thatS1 is closed under right-
complement inS. Assumesg = tf with s, t in S1

andf, g in C. Thens andt belong toS, so, as the
latter is closed under right-diamond inC, there ex-
ist s′, t′ in S andr in C satisfyingst′ = ts′ ∈ S,
f = s′r, andg = t′r. Next, asS1 is closed under
right-complement inS, we deduce the existence
of s′′, t′′ in S1 andr′ in S satisfyingst′′ = ts′′,
s′ = s′′r′, andt′ = t′′r′. We deducef = s′′r′r
andg = t′′r′r, and conclude thatS1 is closed un-
der right-complement inC.

t

s

f

g

s′

t′

t′′

s′′

r′

r

The argument is similar for closure under right-diamond, with the only difference that,
in this case,st′′ can be assumed to belong toS1. So (i) implies (ii).

Conversely, assume thatS1 is closed under right-complement inC. Assumesg = tf
with s, t in S1 andf, g, andsg in S. By assumption, there exists′, t′ in S1 andr in C
satisfyingst′ = ts′, f = s′r, andg = t′r. Now s′ belongs toS1, hence toS, and so
doesf , so the assumption thatS is closed under right-quotient inC implies thatr belongs
to S. SoS1 is closed under right-complement inS.

The argument is again similar for right-diamond, with the difference thatst′ can then
be assumed to belong toS1. So (ii) implies (i). �

Note that, in the proof that (i) implies (ii) in Lemma 3.8, theassumption thatS is
closed under right-complement is not sufficient to deduce that S1 is closed under right-
complement as the assumption onS1 cannot be applied ifst′ is not known to lie inS.

The next result gives sufficient local conditions for a subfamily of a solid Garside
family to generate a subcategory satisfying closure conditions.

Lemma 3.9. If S1 is a subgerm of a Garside germS andS1 is closed under inverse and
right-complement (resp. right-diamond) inS, thenSub(S1) is closed under right-quotient
and right-diamond inCat(S) andS1 is closed under inverse and right-complement (resp.
right-diamond) inSub(S1) and inCat(S).

Proof. Assume thatS1 is closed under inverse and right-complement (resp. right-diam-
ond) inS. First,S is closed under inverse inCat(S) as it is solid, hence it is a fortiori
closed under inverse inSub(S1). Then, by Lemma 3.7,Sub(S1) must be closed under
inverse inC, hence a fortiori inSub(S1).

Next, as it is a solid Garside family,S is closed under right-diamond inCat(S) by
Proposition IV.2.4 (solid Garside). So, by Lemma 3.8, the assumption thatS1 is closed
under right-complement (resp. right-diamond) inS implies thatS1 is closed under right-
complement (resp. right-diamond) inCat(S). Now, Corollary IV.1.17 (extension of clo-
sure) implies thatSub(S1) is also closed under right-complement inCat(S), hence under
right-diamond as it is a subcategory ofCat(S) and is therefore closed under product.

As forS1, we already noted above that it is closed under inverse and right-complement
(resp. right-diamond) inCat(S). So it remains to establish its closure inSub(S1). The re-
sult is obvious for inverse asSub(S1) is included inCat(S). On the other hand, Lemma 1.8
implies thatSub(S1), which is closed under right-complement and inverse inCat(S), is
closed under right-quotient inCat(S). Then, by Lemma 3.8 applied withSub(S1) in place
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of S, the fact thatS1 is closed under right-complement (resp. right-diamond) inCat(S)
implies thatS1 is closed under right-complement (resp. right-diamond) inSub(S1).

We refer to Exercise 88 for a partial converse of the implication of Lemma 3.9. If we
are exclusively interested in the closure ofSub(S1) under right-quotient, it can be shown
thatS1 being closed under right-quotient inS is a necessary condition, see Exercise 89.

3.3 Garside subgerms

WhenS1 is a subgerm of a Garside germS—that is, equivalently, whenS is a solid
Garside family in a left-cancellative category andS1 is a subfamily ofS that is closed
under identity and product—it is natural to wonder which global properties of the sub-
categorySub(S1) can be characterized by local properties ofS1 insideS. We shall now
specifically consider three possible properties ofSub(S1):

The subcategorySub(S1) is isomorphic toCat(S1);(3.10)

The familyS1 is a Garside family inSub(S1);(3.11)

The subcategorySub(S1) is compatible with the Garside familyS.(3.12)

We recall that (3.12) means that anS1-path isS-normal inCat(S) if and only if it is
S1-normal inSub(S1). Other properties might be considered, for instanceS1 being a
Garside family inCat(S1), which differs from (3.11) if (3.10) fails. However, we shall
concentrate on the case when (3.10) holds for, otherwise,Cat(S1) andCat(S) may be
extremely different and the germ structure ofS1 is of little help to investigateSub(S1),
see Example 3.4 or Exercise 90.

Our first observation is that the properties (3.10)–(3.12),which trivially hold for
S1 =S, may fail even whenS1 is closed under right-quotient inS, and that there ex-
ist implications between them.

Lemma 3.13. If S1 is a subgerm of a Garside germS, the implications(3.12)⇒ (3.11)
⇒ (3.10)hold, but each one of(3.10), (3.10)⇒(3.11), and(3.11)⇒(3.12)may fail even
for S1 closed under right-quotient inS.

Proof. First, assume (3.12). By definition,Sub(S1) being compatible withS implies that
S∩Sub(S1) is a Garside family inSub(S1); now, asS1 is a subgerm ofS, Proposition 3.3
impliesS ∩ Sub(S1) = S1. So (3.12) implies 3.11.

Assume now (3.11). First,S1 is solid inSub(S1). Indeed, the assumption thatS1 is
a subgerm ofS implies thatS1 is closed under identity inS, so, for everys in S1(x, y),
the elements1x and1y belong toS1. A straightforward induction then gives the same
result for s in Sub(S1). On the other hand, assume thatt belongs toS1 and t = rs
holds inSub(S1). Thens right-dividest in Cat(S), so, ast belongs toS andS is solid,
s belongs toS, hence toSub(S1) ∩ S, which isS1 by Proposition 3.3. SoS1 is closed
under right-divisor inSub(S1). HenceS1 is a solid Garside family inSub(S1). Now, by
Proposition IV.3.4 (presentation, solid case),Sub(S1) admits the presentation〈S1 |R1〉+,
whereR1 consists of all relationsrs = t with r, s, t in S1 that are valid inSub(S1), hence
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in Cat(S): by definition, the latter are the defining relations ofCat(S1). SoCat(S1) is
isomorphic toSub(S1), and (3.10) holds. So (3.11) implies (3.10).

We now construct counter-examples. As for (3.10), we saw in Example 3.4 a sub-
germS1 such thatCat(S1) is not isomorphic toSub(S1), but, in this case,S1 is not closed
under right-quotient inS, and we construct another one.

Let S be the six-element Garside germ associated with the divisors of∆3 in the braid
monoidB+

3 , and letS1 = {1, a, b} with a = σ1σ2 andb = σ2σ1. ThenS1 contains1,
and it is closed under product inS: the induced partial product is trivial, that is, the
only defined instances are those involving1. HenceMon(S1) is the free monoid based
on a andb. On the other hand, inB+

3 , the braidsa andb satisfya3 = b3(= ∆2
3). The

submonoidSub(S1) is cancellative and∆2
3 is a right-lcm ofa andb in Sub(S1). Hence

Sub(S1) is the torus monoid〈a, b | a3 = b3〉+, which is not isomorphic toMon(S1). So,
in this example, (3.10) fails.

Next, letS be the Garside germ associated with the divisors of the Garside elementa4

in the Klein bottle monoidK+ (Reference Structure 5, page 17)—hence the square of the
minimal Garside elementa2—and letS1 = {g ∈ K+ | |g|a ∈ {0, 3}}, where we recall
|g|a is the number of lettersa in any expression ofg in terms ofa andb. ThenS1 is closed
under product inS: the products of elements ofS1 that lie inS all are of the formf • g
with |f |a + |g|a 6 4, whence(|f |a, |g|a) ∈ {(0, 0), (0, 3), (3, 0)}, and these belong toS1.
Next, Sub(S1) is {g ∈ K+ | |g|a = 0 (mod 3)}. The computation rules ofK+ show
thatSub(S1) is closed under left- and right-quotient inK+. Moreover, the mapa 7→ a3,
b 7→ b induces an isomorphism fromK+ ontoSub(K+). As seen in Example IV.2.23,
{g ∈ K+ | |g|a 6 1} is not a Garside family inK+, henceS1 is not either a Garside family
in Sub(S1). On the other hand, the defining relation ofSub(S1), namelya3 = b • a3

• b,
holds in the germS1, soMon(S1) is isomorphic toSub(S1). So, in this example, (3.10)
holds but (3.11) fails.

Finally, letS be the four-element germ associated with the divisors ofa3 in the free
monoid based on{a}, that is,(N,+), and letS1 = {1, a2}. ThenS is a solid Garside
family in Mon(S), which identifies withN, whereasSub(S1) identifies with2N. Next,
S1 is closed under right-quotient inS, and it is a solid Garside family inSub(S1), so
(3.11) holds. However, as observed in Example 2.7,2N is not compatible withS: for
instance,a2|a2 is S1-normal inSub(S1), but is notS-normal inCat(S), where theS-
normal decomposition ofa4 is a3|a. So, in this example, (3.11) holds but (3.12) fails.

What we shall do now is to show that each property (3.10), (3.11), (3.12) is implied by
purely local conditions involvingS1 andS. We always consider subgerms that are closed
under right-quotient in the initial germ.

Proposition 3.14(Garside subgerm I). If S1 is a subgerm of a Garside germS andS1

is closed under right-quotient inS, a sufficient condition for(3.10), that is, forSub(S1)
to be isomorphic toCat(S1), is

(3.15) The familyS1 is closed under right-comultiple inS.
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Proof. Assume (3.15). AsS1 is assumed to be closed under right-quotient inS, (3.15)
implies thatS1 is closed under right-diamond inS. On the other hand, asS is a Garside
germ,S is closed under right-divisor (hence right-quotient) and right-diamond inCat(S).
By Lemma 3.8, we deduce thatS1 is closed under right-diamond inCat(S). It then follows
from the proof of Proposition IV.3.4 (presentation, solid case) that every equality of the
form s1 ···sp = t1 ···tq holding inC with s1, ... , sp, t1, ... , tq in S1 is the consequence of
at most2pq + p + q relations of the formr = st with r, s, t in S1. By definition, these
relations are defining relations of the categoryCat(S1), and therefore the latter make a
presentation ofSub(S1). Hence the functorι of Proposition 3.3 is an isomorphism, and
(3.10) is satisfied.

For (3.11), that is, the question whetherS1 is a Garside family inSub(S1), which we
know implies (3.10), the additional price to pay is small:

Proposition 3.16(Garside subgerm II). If S1 is a subgerm of a Garside germS and
S1 is closed under right-quotient and right-comultiple inS, a necessary and sufficient
condition for(3.11), that is, forS1 to be a Garside family inSub(S1), is

(3.17) For everys1|s2 in S [2]
1 , there exists a≺S-maximal element inJS(s1, s2)∩S1.

Proof. First, as above, the assumption thatS1 is closed under right-quotient and right-
comultiple inS implies that it is also closed under inverse and right-diamond inS. Hence,
by Lemma 3.9,S1 is closed under inverse and right-diamond inSub(S1). As S1 gener-
atesSub(S1), Lemma IV.1.18 implies thatS1 is closed under right-divisor inSub(S1)
and, therefore,S1 is a solid subfamily inSub(S1).

Assume thatS1 is a Garside family, hence a solid Garside family, inSub(S1). By
Proposition VI.1.11 (germ from Garside), the germS′

1 induced onS1 by the product
of Sub(S1), is a Garside germ. Now, by Proposition 3.14,Sub(S1) is isomorphic toCat(S1),
whereS1 is the germ induced onS1 by the product ofCat(S). SoS1 andS ′

1 coincide,
andS1 is a Garside germ. By Proposition VI.2.28 (recognizing Garside germ II), for
everys1|s2 in S [2]

1 , the familyJS1
(s1, s2), which isJS(s1, s2) ∩ S1 by Lemma 3.6, ad-

mits a4S1-greatest element. The latter is a fortiori≺S1-maximal, hence≺S-maximal by
Lemma 3.6 again. So (3.17) holds.

Conversely, assume (3.17). We saw above thatS1 is closed under inverse and right-
diamond inSub(S1), of which it is a solid subfamily. Letg belong toS2

1 in Sub(S1), say
g = s1s2 with s1, s2 in S1. By assumption,JS(s1, s2) has a≺S-maximal element, sayt.
By definition, s1t is a left-divisor ofg that lies inS1 and is≺S1-maximal: no proper
right-multiple ofs1t may belong toS1 and left-divideg. So every element ofS2

1 admits
a≺S1-maximal left-divisor inSub(S1). By Proposition IV.1.24 (recognizing Garside II),
S1 is a Garside family inSub(S1).

Corollary 3.18 (Garside subgerm, Noetherian case).If S1 is a right-Noetherian sub-
germ of a Garside germS andS1 is closed under right-quotient and right-comultiple
in S, then(3.10)and (3.11)hold, that is,Sub(S1) is isomorphic toCat(S1) andS1 is a
Garside family inSub(S1).
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Proof. AsS1 is right-Noetherian, every bounded subfamily ofS1 admits a≺S1-maximal
element, so, asJS(s1, s2) ∩ S1 is bounded bys2, (3.17) is automatically satisfied.

Corollary 3.18 shows that an example satisfying (3.10) but not (3.11), if any, must be
non-Noetherian, thus making the construction in the proof of Lemma 3.13 natural.

Proposition 3.19(Garside subgerm III). If S1 is a subgerm of a Garside germS andS1

is closed under right-quotient inS, then a necessary and sufficient condition for(3.12),
that is, forSub(S1) to be compatible withS, is
(3.20) For everys1|s2 in S [2]

1 , at least one4S-greatest element ofJS(s1, s2) lies inS1.

In this case,S1 is a Garside family inSub(S1), and the latter is isomorphic toCat(S1)
and closed under right-quotient inCat(S).

Proof. Assume thatSub(S1) is compatible withS in Cat(S), that is, (3.12) holds. By
Lemma 3.13, so does (3.10), andS1 is a Garside family inSub(S1). Let s1|s2 belong
to S [2]

1 . Then there exists anS1-normal decomposition ofs1s2 in Sub(S1), sayt1|t2. By
construction, we havet1 = s1s for somes belonging toJS1

(s1, s2). By assumption,
t1|t2 is alsoS-normal inCat(S). By Lemma VI.2.4, this means thats is a4S-greatest
element ofJS(s1, s2). So (3.20) necessarily holds.

Conversely, assume that (3.20) is satisfied. First, asS is a Garside germ, then, by
Proposition VI.2.8 (recognizing Garside germ I), the germS is left-associative and left-
cancellative, hence, by Lemma 3.5, so isS1. Next, for everys1|s2 in S [2]

1 , the family
JS(s1, s2) admits a4S-greatest element.Then, by assumption, there exists such an ele-
ment that belongs toS1, then, by Lemma 3.6, it is a4S1-greatest element inJS1

(s1, s2).
By Proposition VI.2.28 (recognizing Garside germ II), it follows thatS1 is a Garside
germ.

Assume thats1 |s2 lies inS [2]
1 and isS1-normal inCat(S1). Then, by Lemma VI.2.4,

which is eligible sinceS1 is a Garside germ, every element ofJS1
(s1, s2) is invertible

in Cat(S1). Owing to (3.20), this implies that every element ofJS(s1, s2) is invert-
ible in Cat(S): if there existed a non-invertible element inJS(s1, s2), a ≺S-maximal
element of this family would be non-invertible inCat(S), hence a fortiori inCat(S1).
Hence, by Lemma VI.2.4 again,s1|s2 is S-normal inCat(S). Conversely, assume that
s1|s2 lies in S [2]

1 and isS-normal in C. Then, always by Lemma VI.2.4, every ele-
ment of JS(s1, s2) is invertible inC. A fortiori, every element ofJS1

(s1, s2), which
by Lemma 3.6 is included inJS(s1, s2), is invertible inC, hence, by the same lemma,
in S1. By Lemma VI.2.4, we conclude thats1|s2 is S1-normal inCat(S1). So it follows
that anS1-path isS1-normal if and only if it isS-normal.

At this point, we know by Proposition 3.3 thatS1 is equal toS ∩ C1, and we have
proved that 2.6 holds. But we are not yet ready to conclude, aswe do not know whether
S1 is a Garside family inSub(S1)—and we did not assume thatS1 is closed under right-
comultiple inS, so Proposition 3.14 does not apply. Now, assume thatf andg belong
to Cat(S1) and ι(f) = ι(g) holds. AsS1 is a solid Garside family inCat(S1), the el-
ementsf andg admitS1-normal decompositions with entries inS1, says1| ··· |sp and
t1| ··· |tq. As seen above, the latterS1-normalS1-paths must beS-normal. Now,s1| ··· |sp
is anS-normal decomposition ofι(f) in C, whereast1| ··· |tq is anS-normal decom-
position ofι(g). As ι(f) = ι(g) holds, we deduce thats1| ··· |sp is aC×-deformation of
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t1 | ··· |tq in C, that is, there exist invertible elementsǫ0, ... , ǫm of C, with ǫ0, ǫm in 1C , such
that ǫi−1ti = siǫi holds inC for everyi, assumingm = max(p, q) andsi = 1- (resp.
ti = 1-) for p < i 6 m (resp. q < i 6 m). We prove using induction oni > 1 thatǫi−1

andǫi−1ti belong toS1. For i = 1, the assumption thatS1 is closed under identity inS
implies thatǫ0 belongs toS1, and thenǫ0t1, which ist1, belongs toS1. Assumei > 2.
By induction hypothesis,si−1 andǫi−2ti−1 belong toS1, andǫi−2ti−1 = si−1ǫi−1 holds
in C. As S1 is closed under right-quotient inS, this implies thatǫi−1 belongs toS1.
As S1 is closed under inverse inS, we deduce thatǫ−1

i−1 belongs toS1, so, as we have
ti = ǫ−1

i−1(ǫi−1ti) andS1 is closed under right-quotient inS, we deduce thatǫi−1ti be-
longs toS1. It follows that, inS1, theS1-paths1 | ··· |sp is a deformation oft1| ··· |tq,
which implies that, inCat(S1), we haves1 ···sp = t1 ···tq, whencef = g. Henceι is in-
jective, andCat(S1) is isomorphic toSub(S1). AsS1 is a solid Garside family inCat(S1),
it is a solid Garside family inSub(S1). Then, by Definition 2.4, the subcategorySub(S1)
is compatible withS, that is, (3.12) holds.

Finally, we already saw above thatι is an isomorphism and thatS1 is a Garside germ,
and Lemma 2.9 implies thatSub(S1) is closed under right-quotient inCat(S).

We refer to Exercise 89 for a proof that the assumption thatS1 is closed under right-
quotient inS is necessary for (3.12) to hold.

We shall now conclude with the existence, in good cases, of a smallest compatible
subgerm including a subfamily. The result is based on the preservation of compatibility
under intersection whenever invertible elements are not a problem.

Definition 3.21(=×

S-closed subgerm).A subgermS1 of a germS is called=×

S-closedif,
for everys in S1, everys′ in S satisfyings′ =×

S s lies inS1.

One easily checks that, ifS1 is a subgerm of an associative germS, thenSub(S1) is
=×-closed inCat(S) if and only if S1 is =×

S-closed inS, see Exercise 91. The interest of
considering=×

S-closed subgerms is that, for such subgerms, (3.20) can be rewritten.

Corollary 3.22 (Garside subgerm,=×-closed case).If S1 is subgerm of a Garside
germS andS1 is closed under right-quotient and=×

S-closed inS, then a necessary and
sufficient condition forSub(S1) to be compatible withS (3.12)is

(3.23) For everys1|s2 in S [2]
1 , every4S-greatest element ofJS(s1, s2) lies inS1.

Proof. The only difference with (3.20) is that, in (3.23), “every4S-greatest element”
replaces “at least one4S-greatest element”: now, any two4S-greatest element in a fam-
ily JS(s1, s2) always are=×

S-equivalent, so the two conditions are equivalent whenever
S1 is =×

S-closed.

The explicit form of the criterion in Corollary 3.22, which only involves universally
quantified conditions, makes it clear that every intersection of subgerms eligible for the
criterion is again eligible. We deduce:

Proposition 3.24(smallest compatible subgerm).For every subfamilyX of a Garside
germS, there exists a unique smallest=×

S-closed subgerm ofS includingX and satisfy-
ing (3.12), that is, the generated subcategory is compatible with the Garside familyS.
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The only point needed for the proof, already mentioned but not established, is the fact
that (3.12) requires thatS1 be closed under right-quotient inS (Exercise 89 ).

We conclude this section with a fourth possible property of the subcategorySub(S1),
always in the situation whenS1 is a subgerm of a (Garside) germ andS1 is closed under
right-quotient inS, namely

(3.25) The subcategorySub(S1) is a head-subcategory ofCat(S).

Definition 3.26(head in a germ). ForS1 included in a germS ands in S, and elements1
of S1 is called anS1-headof s in S if t4S s1 holds for everyt in S1 satisfyingt4S s.

As can be expected, we obtain a criterion connecting (3.25) with the existence of a
localS1-head for the elements ofS.

Proposition 3.27 (head subgerm). If S1 is a subgerm of a right-associative Garside
germS that is closed under right-quotient, andS is right-Noetherian orS♯ is closed
under left-divisor, the second domino rule is valid forS in Cat(S) and (3.12) holds, a
necessary and sufficient condition forSub(S1) to be a head-subcategory ofCat(S) is

(3.28) Every element ofS admits anS1-head inS.

Proof. AssumeSub(S1) to be a head-subcategory ofCat(S), and lets be an element ofS
with source inObj(S1). By assumption,s admits aSub(S1)-head, says1. By assumption,
S is right-associative, henceS is closed under left-divisor inCat(S). Hence,s1, which
left-dividess, must lie inS. Sos1 lies inSub(S1)∩S, hence inS1 sinceS1 is a subgerm
of S. Now assumet ∈ S1 andt4S s. In Cat(S), we havet4 s, whencet4 s1 sinces1 is
aSub(S1)-head ofs. AsS1 is closed under right-quotient inS, this impliest4S s1, and
s1 is anS1-head ofs. So (3.28) holds.

Conversely, assume that (3.28) holds. We first show thatS1 must be closed under
right-complement inCat(S). Indeed, by assumption,S is a solid Garside family inCat(S),
hence it is closed under right-diamond inCat(S) by Proposition IV.2.4 (solid Garside).
So, owing to Lemma 3.8, in order to show thatS1 is closed under right-complement
in Cat(S), it is sufficient to show thatS1 is closed under right-complement inS. Now,
assume thats, t lie in S1 ands • g = t • f holds inS. Let r be anS1-head ofs • g in S,
which exists by assumption. Then we haves4S r andt4S r, by definition of a head, so
there exists′, t′ in S satisfyings • t′ = t • s′ = r. Moreover, ass, t andr lie in S1 and
S1 is closed under right-quotient inS, we must havet′ ∈ S1 ands′ ∈ S1. Then we have
s • t′ 4S r 4S s • g, whencet′ 4S g and, similarly,s′ 4S f by Lemma VI.1.19, which is
valid since, by assumption,S is left-cancellative. SoS1 is closed under right-complement
in Cat(S).

On the other hand, the assumption thatS1 is closed under right-quotient inS implies
that it is closed under inverse inS, hence inCat(S) by Lemma 3.7. Then, by Lemma 3.9,
we deduce thatSub(S1) is closed under right-quotient inCat(S). We are now in position
for applying Proposition 1.25 and deduce thatSub(S1) is a head-category whenever one
of the assumptions is satisfied.
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4 Subcategories associated with functors

We now consider special subcategories of another type, namely subcategories arising in
connection with a functor, with the aim of establishing compatibility results with Gar-
side families. Our main claim here is that the notion of a functor correct for right-
comultiples (Definition 4.5) is the appropriate extension of the classical notion of an
lcm-homomorphism, as defined in [66], which is relevant evenwhen right-lcms need
not exist.

The section contains two subsections. In Subsection 4.1 we consider the case of sub-
categories that consist of the fixed points of some automorphism. Then, in Subsection 4.2,
we investigate subcategories that are the images of functors and wonder which conditions
involving the functor imply closure or compatibility results for its image; this is where the
above alluded notion of correctness appears.

4.1 Subcategories of fixed points

If M is a braid monoid (Reference Structure 2, page 5) or, more generally, an Artin-
Tits monoid of spherical type (see Chapter IX) andφ is an automorphism ofM , the
submonoidMφ of M made by all fixed points ofφ is an Artin-Tits monoid of spherical
type [66]. We may wonder whether a similar result holds for the fixed points of every
automorphismφ in a left-cancellative categoryC. More precisely, we wonder whether the
subcategoryCφ of all fixed points ofφ is necessarily compatible with every Garside family
of C. There exist situations where a positive answer holds, see for instance Exercise 85.
However, the following example shows that the answer may also be negative, even when
we assume that the considered Garside family is globally invariant underφ.

Example 4.1 (not compatible). Let M be the monoid〈a, e | e2 = 1, ae = ea〉+, let
S = {a, ea}, and letφ be defined byφ(a) = ea andφ(e) = e. ThenM is the direct
product ofN and the cyclic group〈e | e2 = 1〉. It is cancellative,S is a Garside family
of M , andφ is an automorphism ofM satisfyingφ(S) = S. Now the submonoidMφ

contains1 anda2, butMφ ∩ S is empty. HenceMφ is not compatible withS.

The problem in Example 4.1 is that the considered Garside family contains distinct
=×-equivalent elements. When we forbid this, the result is as can be expected:

Proposition 4.2 (fixed points). If S is an =×-transverse Garside family in a left-
cancellative categoryC andφ is an automorphism ofC satisfyingφ(S) = S, then the
subcategoryCφ is compatible withS; in particular, S ∩ Cφ is a Garside family inCφ.

Proof. First,Cφ is closed under inverse: indeed, ifǫ lies in C×(x, y) ∩ Cφ, we must have
φ(x) = x, whenceǫǫ−1 = 1x = φ(1x) = φ(ǫǫ−1) = φ(ǫ)φ(ǫ−1) = ǫφ(ǫ−1), and
ǫ−1 = φ(ǫ−1), that is,ǫ−1 ∈ Cφ.
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Next, assume thats belongs toS♯ ∩ Cφ. If s is invertible, then we saw above thats
belongs to(Cφ)×. Otherwise, there existt in S andǫ in C× satisfyings = tǫ. Then we
havetǫ = s = φ(s) = φ(t)φ(ǫ), whencet=× φ(t). AsS is assumed to be=×-transverse,
we deducet = φ(t), andǫ = φ(ǫ). This shows thats lies in (S ∩ Cφ)(Cφ)×. It follows
thatCφ satisfies (2.11).

Finally, assumeg ∈ Cφ \ C×. Let s1| ··· |sp be a strictS-normal decomposition ofg.
One easily checks thatφ(s1)| ··· |φ(sp) is anS-normal decomposition ofφ(g), hence ofg.
Moreover, the assumption thats1| ··· |sp is strict implies thats1, ... , sp−1 lies inS, hence
so doφ(s1), ... , φ(sp−1), and that every elementsi is non-invertible, hence so is every
elementφ(si). Soφ(s1)| ··· |φ(sp) is a strictS-normal decomposition ofs. By Corol-
lary III.1.28 (normal unique), the assumption thatS is =×-transverse impliesφ(si) = si
for i = 1, ... , p, that is, every entrysi lies inCφ. Fors ∈ Cφ ∩ C×, the length one paths is
anS-normal decomposition ofs with entries inCφ, so, in every case, every element ofCφ
admits anS-normal decomposition with entries inCφ. SoCφ satisfies (2.12). Hence, by
Proposition 2.10,Cφ is compatible withS.

When there is no nontrivial invertible element, every family is =×-transverse, so
Proposition 4.2 implies

Corollary 4.3 (fixed points). If S is a Garside family in a left-cancellative categoryC
containing no nontrivial invertible element andφ is an automorphism ofC satisfying
φ(S) = S, the subcategoryCφ is compatible withS; in particular, S ∩ Cφ is a Garside
family inCφ.

Returning to germs, we consider the specific case of germs generated by atoms and
describe the atoms in a fixed point subcategory.

Proposition 4.4(atoms for fixed points). If S is a left-Noetherian Garside germ andφ
is an automorphism ofCat(S), the germSφ is generated by its atoms, which are the right-
lcms ofφ-orbits of atoms ofS that admit a common right-multiple and are not properly
left-divisible by another such right-lcm.

Proof. LetA consist of the right-lcms of orbits of atoms ofS that admit a common right-
multiple and are left-divisible by no other such right-lcm.By definition, every element
of A lies inSφ, and it is an atom in this structure.

Now, let s belong toSφ. We claim thats is left-divisible by some element ofA.
Indeed, by assumption, some atomt of Cat(S) left-divides s. Then, for everyi, the
elementφi(t), which is also an atom asφ is an automorphism, left-dividess. Hences is
left-divisible by the right-lcmr of theφ-orbit of t, which is either an element ofA, or a
right-multiple of an element ofA. If r belongs toA, we are done. Otherwise, there exists
an atomt′ such that the right-lcmr′ of theφ-orbit of t′ is a proper left-divisor ofr. If r′

belongs toA, we are done, otherwise we repeat the process. AsS is left-Noetherian, the
process leads in finitely many steps to an element ofA.



4 Subcategories associated with functors 355

4.2 Image subcategories

We now consider subcategories occurring as the image of a functor. A functor necessarily
preserves invertibility in the sense that, ifC, C′ are left-cancellative categories andφ is a
functor fromC to C′, then the image of an invertible element ofC underφ is an invertible
element ofC′. Similarly, φ preserves right-multiples: ifg is a right-multiple off in C,
thenφ(g) is a right-multiple ofφ(f) in C′. By contrast, no preservation is guaranteed
when inverse images are considered (unlessφ is bijective, hence it is an isomorphism). It
turns out that several interesting properties can be established when convenient forms of
such reversed preservation are satisfied.

Definition 4.5 (correct). Assume thatC, C′ are left-cancellative categories.
(i) For S ⊆ C, a functorφ from C to C′ is said to becorrect for invertibility onS if,

whens lies inS andφ(s) is invertible inC′, thens is invertible inC ands−1 lies inS.
(ii) For S ⊆ C, a functorφ from C to C′ is said to becorrect for right-comultiples

(resp. right-complements, resp. right-diamonds) onS if, when s, t lie to S andφ(s)g =
φ(t)f holds inC′ for someg, f , there existss′, t′ in C andh in C′ satisfyingst′ = ts′,
f = φ(s′)h, andg = φ(t′)h, plusst′ ∈ S (resp. pluss′, t′ ∈ S, resp. pluss′, t′, st′ ∈ S).

Thus, roughly speaking, a functorφ is correct for invertibility onS if every invert-
ible element inφ(S) comes from an invertible element inS (so, in particular,φ being
correct for invertibility on the whole ambient category means that the image of a non-
invertible element is non-invertible), and it is correct for right-comultiples onS if every
common right-multiple of elements ofφ(S) comes from a common right-multiple inS,
see Figure 2.

in C: t

t′

s s′

in C′: φ(t)

φ(t′)

φ(s) φ(s′)

Figure 2.Correctness for right-comultiples on S1: for s, t in S1, every common right-multiple of φ(s)
and φ(t) in C comes from a right-multiple in C1; correctness with right-complements requires that
s′ and t′ lie in S1, correctness with right-comultiples requires that st′ lies in S1, correctness with
right-diamonds requires both simultaneously.

Above we introduced three different notions of correctnesson S involving common
right-multiples. We observe that, providedS satisfies mild closure conditions inC, and,
in particular, whenS is all of C, these notions actually coincide.

Lemma 4.6. Assume thatC, C′ are left-cancellative categories andS is included inC.
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(i) A functor fromC to C′ that is correct for right-diamonds onS is correct for right-
comultiples and right-complements onS.

(ii) If S is closed under right-quotient inC, a functor fromC to C′ that is correct for
right-comultiples onS is correct for right-diamonds onS.

(iii) If S is closed under product inC, a functor fromC to C′ that isφ is correct for
right-complements onS is correct for right-diamonds onS.

Proof. Point (i) is obvious from the definition. For (ii), the assumption thats andst′

belong toS implies thatt′ belongs toS wheneverS is closed under right-quotient inC.
Finally, for (iii), the assumption thats andt′ belong toS implies thatst′ belongs toS
wheneverS is closed under product inC.

As a warm-up exercise, one can observe that correctness properties for an identity-
functor just correspond to usual closure properties.

Lemma 4.7. If S is any subfamily of a left-cancellative categoryC, the identity-functor
on C is correct for invertibility (resp. right-comultiples, resp. right-complements, resp.
right-diamonds) onS if and only if S is closed under inverse (resp. right-comultiple,
resp. right-complement, resp. right-diamond) inC.

More generally, every correctness result implies a closureproperty for the associated
image family. Ifφ is a functor defined on a categoryC andS is a subfamily ofC, we
naturally writeφ(S) for {φ(s) | s ∈ S}.

Proposition 4.8(correct implies closed).If C, C′ are left-cancellative categories andφ is
a functor fromC to C′ that is correct for invertibility (resp. right-comultiples, resp. right-
complements, resp. right-diamonds) on a subfamilyS of C, thenφ(S) is closed under
inverse (resp. right-comultiple, resp. right-complement, resp. right-diamond) inC′.

Proof. Assume thats′ lies inφ(S) ands′ is invertible inC′. Write s′ = φ(s) with s in C.
If φ is correct for invertibility,s is invertible inC ands−1 lies in S, applyingφ gives
s′φ(s−1) ∈ 1C′ , whences′−1 = φ(s−1) ∈ φ(S). Soφ(S) is closed under inverse inC′.

Assume now thatφ is correct for right-comultiples onS. Assume thats, t lie in S
andh is a common right-multiple ofφ(s) andφ(t). By definition, there exists′, t′ in C
satisfyingst′ = ts′ ∈ S and such thath is a right-multiple ofφ(st′), an element ofφ(S)
that is a right-multiple ofφ(s) andφ(t). Soφ(S) is closed under right-comultiple. The
argument is similar for right-complements and right-diamonds.

The implications of Proposition 4.8 are essentially equivalences when the considered
functor is injective (see Exercise 93)—so that, in such a case, introducing a specific termi-
nology would be useless. However, the correctness ofφ onS is stronger than the closure
of φ(S) as, in general, there is no reason why an equalityφ(st′) = φ(ts′) in C′ should
come from an equalityst′ = ts′ in C.

Let us immediately observe that, in the case of a category that admits right-lcms or,
at least, right-mcms, correctness corresponds to preservation properties and makes the
connection with lcm-homomorphisms (homomorphisms that preserve the right-lcm [66])
explicit.



4 Subcategories associated with functors 357

Proposition 4.9 (lcm-homomorphism). If C, C′ are left-cancellative categories,S is a
subfamily ofC, and any two elements ofS admit a right-lcm that lies inS, then a functorφ
fromC to C′ is correct for right-comultiples onS if and only if, for allr, s, t in S,

(4.10) If r is a right-lcm ofs andt, thenφ(r) is a right-lcm ofφ(s) andφ(t).

Proof. Assume thatφ is correct for right-comultiples onS, thats, t lie in S, and thatr is
a right-lcm ofs andt that lies inS. As φ is a functor,φ(r) is a common right-multiple
of φ(s) andφ(t). Assume thath is a common right-multiple ofφ(s) andφ(t). As φ is
correct for right-comultiples onS, there exists′, t′ in C satisfyingst′ = ts′ ∈ S and
φ(st′) 4 h. As st′ is a common right-multiple ofs andt, we must haver 4 st′ in C,
whenceφ(r) 4 φ(st′) 4 h in C′. Soφ(r) is a right-lcm ofφ(s) andφ(t) in C′. Hence
(4.10) is satisfied.

Conversely, assume that (4.10) holds for allr, s, t in S. Assume thats, t lie in S and
h is a common right-multiple ofφ(s) andφ(t). Let r be a right-lcm ofs andt that lies
in S. Thenφ(r) is a right-lcm ofφ(s) andφ(t), soφ(r) 4 h holds. This shows thatφ is
correct for right-comultiples onS.

If we only assume that the source categoryC admits conditional right-lcms, then the
direct implication in Proposition 4.9 remains valid, that is, correctness implies (4.10), but
the converse implication is not guaranteed, since it may happen thatφ(s) andφ(t) admit
a common right-multiple whereass andt do not, and correctness for right-comultiples is
a proper extension of lcm preservation. We refer to Exercise92 for a formulation similar
to that of Proposition 4.9 in the case when mcms exist.

On the other hand, if we specialize more and consider categories that admit unique
right-lcms, a criterion similar to Proposition 4.9 characterizes correctness for right-compl-
ements. We recall that, in such a context,f\g denotes the (unique) element such that
f(f\g) is the right-lcm off andg.

Proposition 4.11(complement-homomorphism).(i) If C, C′ are left-cancellative catego-
ries that admit unique right-lcms andS is a subfamily ofC that is closed under\ , then a
functorφ fromC to C′ is correct for right-complements onS if and only if, for alls, t in S
with the same source, we have

(4.12) φ(s)\φ(t) = φ(s\t).

(ii) If A is a subfamily ofS that generatesS, then(4.12)holds for alls, t in S if and
only if it holds for alls, t in A.

Proof. (i) Assume thatφ is correct for right-complements onS. Let s, t lie in S and
share the same source. We haves(s\t) = t(t\s) in C, whenceφ(s)φ(s\t) = φ(t)φ(t\s)
in C′. By definition of the operation\ in C′, this impliesφ(s)\φ(t) 4 φ(s\t). On the
other hand, as we haveφ(s)(φ(s)\φ(t)) = φ(t)(φ(t)\φ(s)) in C′ and, asφ is correct
for right-complements onS, there must exist̂s, t̂ in S andh′ in C′ satisfyingst̂ = tŝ
in C andφ(t)\φ(s) = φ(ŝ)h′, andφ(s)\φ(t) = φ(t̂)h′ in C′. The first equality implies
s\t 4 t̂ andt\s 4 ŝ, and we deduceφ(s\t) 4 φ(s)\φ(t), whenceφ(s\t) =× φ(s)\φ(t),
andφ(s\t) = φ(s)\φ(t) sinceC′ has no nontrivial invertible element. So (4.12) holds for
all s, t in S, hence a fortiori in a subfamily ofS.
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Conversely, assume first that (4.12) holds for alls, t in S and, inC′, we haveφ(s)g =
φ(t)f with s, t in S. By definition of \ in C′, we must havef = (φ(t)\φ(s))h′ and
g = (φ(s)\φ(t))h′ for someh′ in C′. Then we haveφ(s)\φ(t) = φ(s\t) andφ(t)\φ(s) =
φ(t\s), sos\t andt\s, which belong toS by assumption, witness for the expected in-
stance of correctness. Henceφ is correct for right-complements onS.

(ii) If (4.12) holds for alls, t in a subfamilyA of S that generates it, it follows from
the formulas of Corollary II.2.13 (iterated complement) and from the assumption thatφ
is a functor, hence preserves products, that (4.12) holds for all finite products of elements
of A, hence for all elements ofS.

What we do now is to show how correctness can be used to establish nontrivial prop-
erties, typically injectivity (Corollary 4.17).

The technical interest of introducing several notions of correctness is that, whereas
correctness for right-comultiples is more useful in applications, it does not easily extends
from a family to the subcategory generated by that family, but its variants do:

Lemma 4.13. If C, C′ are left-cancellative categories andS is a generating family inC,
then every functor fromC to C′ that is correct for invertibility (resp. right-complements,
resp. right-diamonds) onS is correct for invertibility (resp. right-complements, resp.
right-diamonds) onC.

Proof. Assume thatg lies in C andφ(g) is invertible in C′. Write g = s1 ···sp with
s1, ... , sp in S. Then we haveφ(g) = φ(s1)···φ(sp), and the assumption thatφ(g) is in-
vertible implies thatφ(s1), ... , φ(sp) are invertible as well. Asφ is correct for invertibility
onS, the elementsi is invertible inC for eachi. Hence so isg.

For right-complements and right-diamonds, the scheme is similar to that used in Chap-
ter IV for Proposition IV.1.15 (grid) and consists in applying the assumption repeatedly
to construct a rectangular grid with edges (and diagonals inthe case of diamond) that
lie in φ(S) in order to factorize the initial equality, here of the formφ(s1 ···sp)g =
φ(t1 ···tq)f with s1, ... , tq in S. We skip details (In the case of unique lcms, the con-
struction reduces to the equalities for an iterated complement used at the end of the proof
of Proposition 4.11).

Thus, in order to establish correctness for invertibility and right-complements on the
whole source category of a functor, it is enough to establishit on a generating family of
that category. Merging the results, we obtain simple criteria for establishing properties of
an image-subcategory.

Proposition 4.14 (closure of the image). If C, C′ are left-cancellative categories and
φ is a functor fromC to C′ that is correct for invertibility and right-complements ona
generating subfamily ofC, thenφ(C) is closed under right-quotient and right-diamond
in C′.

Proof. By Lemma 4.13,φ is correct for invertibility and right-complements onC. By
Lemma 4.6, asC is closed under product in itself,φ is correct for right-diamonds onC.
Then Proposition 4.8 implies thatφ(C) is closed under inverse and right-diamond inC′.
By Lemma 1.8, this implies in turn thatφ(C) is closed under right-quotient inC′.
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More importantly, it is easy to establish preservation properties of the functor.

Proposition 4.15(correct vs. divisibility). If C, C′ are left-cancellative categories and
φ is a functor fromC to C′ that is correct for invertibility and right-complements ona
generating subfamily ofC, then, for allf, g in C, we have

(4.16) f 4 g ⇔ φ(f)4 φ(g) and f =× g ⇔ φ(f) =× φ(g).

Proof. First, by Lemma 4.13,φ is correct for invertibility and right-complements onC.
As φ is a functor,g = fg′ impliesφ(g) = φ(f)φ(g′), sof 4 g impliesφ(f)4 φ(g).
Conversely, assume thatφ(f) 4 φ(g) holds in C′, say

φ(f)ĝ = φ(g). As φ is correct for right-complements onC,
there existf ′, g′ in C and h′ in C′ satisfyingfg′ = gf ′,
1φ(y) = φ(f ′)h′, and ĝ = φ(g′)h′, wherey is the target
of g. The second equality implies thatφ(f ′) is invertible
in C′. The assumption thatφ is correct for invertibility im-
plies thatf ′ is invertible inC, and we deducef(g′f ′−1) = g
and, from there,f 4 g in C.

φ(g)

φ(g′)

φ(f) φ(f ′)

ĝ

h′

The result for=× follows asf =× g is equivalent to the conjunction off 4g andg4f
in a left-cancellative context.

In particular, we obtain a simple injectivity criterion:

Corollary 4.17 (correct vs.injectivity). If C, C′ are left-cancellative categories andφ is a
functor fromC toC′ that is correct for invertibility and right-complements ona generating
subfamily ofC, thenφ is injective onC if and only if it is injective onC×.

Proof. Assume thatφ is injective onC×andφ(f) = φ(g) holds withf ∈ C(-, x). Propo-
sition 4.15 impliesf =× g, that is,fǫ = g for someǫ in C×(x, -). Applyingφ, we deduce
φ(f)φ(ǫ) = φ(g) = φ(f) = φ(f)φ(1x), whenceφ(ǫ) = φ(1x), andǫ = 1x under the
specific assumption onφ.

Specializing more and merging with Proposition 4.11, we obtain

Corollary 4.18 (complementvs.injectivity). If C, C′ are left-cancellative categories ad-
mitting unique right-lcms andφ is a functor fromC to C′ that preserves\ on a generating
subfamilyA of C, thenφ is injective onC if and only ifφ(s) ∈ 1C′ holds for nos in A\1C .
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Proof. If s lies inA(x, -) \1C , thenφ(s) ∈ 1C′ requiresφ(s) = φ(1x) and contradicts the
injectivity of φ.

Conversely, ifφ(s) ∈ 1C′ holds for nos in A \ 1C , thenφ(g) ∈ 1C′ holds for nog
in C \ 1C sinceA \ 1C generatesC. Thereforeφ is correct for invertibility. By Proposi-
tion 4.11,φ is correct for right-complements onC since it preserves the operation\ . Then,
as every familyC×(x, -) is a singleton, Corollary 4.17 implies thatφ is injective.

In Proposition 4.15 and Corollary 4.17, we assume a functorφ satisfying correctness
assumptions to be given. Before describing a concrete example, let us observe that, at
least in the case of unique right-lcms, constructing functors of this kind is easy.

Proposition 4.19(complement preserving functor). If C, C′ are left-cancellative cate-
gories admitting unique right-lcms andC is Noetherian with atom familyA, then every
mapφ : A → C′ satisfying, for alla, b in A andc1| ··· |cp anA-decomposition ofa\b,

(4.20) φ(a)\φ(b) = φ(c1)···φ(cp)

induces a\-preserving functor fromC to C′. The latter is injective wheneverφ(a) ∈ 1C′

holds for noa in A.

Proof. By Proposition IV.3.21 (right-lcm selector), the categoryC admits a presentation
by all relations of the formaθ(a, b) = bθ(b, a) with a, b in A andθ a right-lcm selector
onA, that is, a map fromA × A to the free categoryA∗ choosing anA-decomposition
of a\b for all a, b in A. If (4.20) is satisfied, then the canonical extensionφ∗ of φ to A∗

induces a well-defined functor onC since, by assumption, we have

φ∗(aθ(a, b)) = φ(a)φ∗(θ(a, b)) = φ(a)(φ(a)\φ(b))

= φ(b)(φ(b)\φ(a)) = φ(b)φ∗(θ(b, a)) = φ∗(bθ(b, a)).

Still denoted byφ, the induced functor preserves the operation\ onA, hence onC owing
to the laws for an iterated complement. Then Corollary 4.18 applies, and it says thatφ is
injective if and only if no atom has a trivial image.

Example 4.21(Artin–Tits monoids). Consider the2n-strand braid monoidB+

2n (Refer-
ence Structure 2, page 5), letB+ be the Artin–Tits monoid of typeBn, that is, the monoid
generated byσ0, ... , σn where the elementsσi with i > 0 satisfy the usual braid relations
andσ0 satisfiesσ0σ1σ0σ1 = σ1σ0σ1σ0 and commutes withσ2, ... , σn (see Chapter IX).
Let φ be the mapping from{σ0, ... , σn} into
{σ1, ... , σ2n−1} defined byφ(σ0) = σn and
φ(σi) = σn−iσn+i for i > 1. We claim that
(4.20) is satisfied, as shows an amusing ver-
ification: the only nontrivial case is the pair
(σ0, σ1), which is illustrated in the reversing
diagram on the right, on which we read the val-
ues ofφ(σ0)\φ(σ1) andφ(σ1)\φ(σ0).

σn−1 σn+1

σn+1 σn

σn−1 σn σn+1 σn σn−1

σn

σn

σn−1 σn−1

σn

σn+1

σn−1

σn

Then Proposition 4.19 says thatφ induces a well-defined homomorphism fromB+ toB+

2n.
Moreover, asφ(σi) is trivial for no i, this homomorphism is an embedding: the Artin-Tits
monoid of typeBn embeds in the Artin–Tits monoid of typeA2n−1.
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We refer to Exercise 94 for other similar embeddings.
We conclude with the observation that, in the case of (left-)Ore categories, the injec-

tivity result of Corollary 4.17 extends to the groupoids of fractions.

Proposition 4.22(correct vs.groupoid). If C, C′ are left-Ore categories andφ is a func-
tor from C to C′ that is correct for invertibility and right-complements ona generating
family ofC and injective onC×, thenφ extends into an injective functorφ± from Env(C)
to Env(C′), and we have thenφ(C) = φ±(Env(C)) ∩ C′.

Proof. By Lemma II.3.13, there is a unique way to extendφ into a functorφ± fromEnv(C)
to Env(C′), namely puttingφ±(f−1g) = φ(f)−1φ(g) for f, g in C. Now assume that
φ±(f−1g) is an identity-element. By definition, we deduceφ(f) = φ(g) in C, whence
f = g by Corollary 4.17. Henceφ± is injective onEnv(C).

Next, asC is included inEnv(C), we haveφ(C) ⊆ φ±(Env(C)) ∩ C′. Conversely,
assumeφ±(f−1g) = h ∈ C′ with f, g in C. By definition, we haveφ(f)−1φ(g) = h,
whenceφ(g) = φ(f)h. By Corollary 4.17 again,φ(C) is closed under right-quotient inC′,
soh must belong toφ(C), that is, we haveh = φ(h1) for someh1 in C. Then we have
φ±(f−1g) = φ±(h1), whencef−1g = h1 sinceφ is injective. Henceφ±(Env(C))∩ C′ is
included inφ(C).

Proposition 4.22 typically applies to the embedding of Artin–Tits monoids described
in Example 4.21 (and its analogs of Exercise 94).

Exercises

Exercise 72(=×-closed subcategory).(i) Show that a subcategoryC1 of a left-cancellative
categoryC is =×-closed if and only if, for eachx in Obj(C1), the familiesC×(x, -) and
C×(-, x) are included inC1. (ii) Deduce thatC1 is =×-closed if and only ifC×1 is a union of
connected components ofC×.

Exercise 73(greedy paths). Assume thatC is a cancellative category,S is included inC,
andC1 is a subcategory ofC that is closed under left-quotient. PutS1 = S ∩ C1. Show
that everyC1-path that isS-greedy inC is S1-greedy inC1.

Exercise 74(compatibility with C). Assume thatC is a left-cancellative category. Show
that every subcategory ofC that is closed under inverse is compatible withC viewed as a
Garside family in itself.

Exercise 75(not compatible). LetM be the free Abelian monoid generated bya andb,
and letN be the submonoid generated bya andab. (i) Show thatN is not closed under
right-quotient inM . (ii) Let S = {1, a, b, ab}. Show thatN is not compatible withS.
(iii) Let S′ = {apbǫ | p > 0, i ∈ {0, 1}}. Show thatN not compatible withS′.
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Exercise 76(not closed under right-quotient). (i) Show that every submonoidmN of
the additive monoidN is closed under right-quotient, but that2N+3N of N is not. (ii) Let
M be the monoidN ⋊ (Z/2Z)2, where the generatora of N acts on the generatorse, f
of (Z/2Z)2 by ae = fa andaf = ea, and letN be the submonoid ofM generated bya
ande. Show thatM is left-cancellative, and its elements admit a unique expression of the
form apeifj with p > 0 andi, j ∈ {0, 1}, and thatN isM \ {f, ef}. (iii) Show thatN is
not closed under right-quotient inM . (iv) Let S = {a}. Show thatS is a Garside family
in M and determineS♯. Show thatN is compatible withS. [Hint: Show thatS ∩ N ,
which isS, is not a Garside family inN .] (v) Shows thatS♯∩N is a Garside family inN
andN is compatible withS♯.

Exercise 77(not closed under divisor). LetM = 〈a, b | ab = ba, a2 = b2〉+, and letN
be the submonoid ofM generated bya2 andab. Show thatN is compatible with every
Garside familyS of M , but thatM is not closed under left- and right-divisor.

Exercise 78(head implies closed).Assume thatC is a left-cancellative category,S is a
subfamily ofC that is closed under right-comultiple inC, andC1 is a subcategory ofC.
PutS1 = S ∩ C1. (i) Show that, if every element ofS admits aC1-head that lies inS1,
thenS1 is closed under right-comultiple inC. (ii) Show that, if, moreover,S1 is closed
under right-quotient inC, thenS1 is closed under right-diamond inC.

Exercise 79(head on generating family). Assume thatC is a left-cancellative category
that is right-Noetherian,C1 is a subcategory ofC that is closed under inverse, andS is
a subfamily ofC such that every element ofS admits aC1-head that lies inS. Assume
moreover thatS is closed under right-comultiple and thatS ∩ C1 generatesC1 and is
closed under right-quotient inC. Show thatC1 is a head-subcategory ofC. [Hint: Apply
Exercise 78.]

Exercise 80(transitivity of compatibility). Assume thatS is a Garside family in a left-
cancellative categoryC, C1 is a subcategory ofC that is compatible withS, andC2 is
a subcategory ofC1 that is compatible withS1 = S ∩ C1. Show thatC2 is compatible
with S.

Exercise 81(transitivity of head-subcategory). Assume thatC is a left-cancellative
category,C1 is a head-subcategory ofC, andC2 is a subcategory ofC1. Show thatC2 is a
head-subcategory ofC if and only if it is a head-subcategory ofC1.

Exercise 82(recognizing compatible IV). Assume thatS is a Garside family in a left-
cancellative categoryC andC1 is a subcategory ofC that is closed under right-quotient
in C. Show thatC1 is compatible withS if and only if, puttingS1 = S ∩ C1, (i) the
family S1 is a Garside family inC1, and (ii) aC1-path is strictlyS1-normal inC1 if and
only if it is strictly S-normal inC.

Exercise 83(inverse image). Assume thatC, C′ are left-cancellative categories,φ is a
functor fromC to C′, andC′

1 is a subcategory ofC′ that is closed under left- and right-
divisor. Show that the subcategoryφ−1(C′

1) is compatible with every Garside family ofC.
(ii) Let B+ be the Artin–Tits monoid of type B as defined in Example 4.21. Show that
the mapφ defined byφ(σ0) = 1 andφ(σi) = 0 for i > 1 extends into a homomorphism
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of B+ to N, and that the submonoidN = {g ∈M | φ(g) = 0} of B+ is compatible with
every Garside family ofB+.

Exercise 84(intersection). Assume thatS is a Garside family in a left-cancellative cat-
egoryC. (i) Let F be the family of all subcategories ofC that are closed under right-
quotient, compatible withS, and=×-closed. Show that every intersection of elements
of F belongs toF . (ii) Same question when “=×-closed” is replaced with “includingC×”.
(iii) Idem whenC contains no nontrivial invertible element and “=×-closed” is skipped.

Exercise 85(fixed points). Assume thatC is a left-cancellative category andφ : C → C
is a functor. Show that the fixed point subcategoryCφ is compatible withC viewed as a
Garside family in itself.

Exercise 86(connection between closure properties).Assume thatS is a subfamily in a
left-cancellative categoryC andS1 is a subfamily ofS. (i) Show that, ifS1 is closed under
product, inverse, and right-complement inS, thenS1 is closed under right-quotient inS.
(ii) Assume thatS1 is closed under product and right-complement inS. Show that, ifS
is closed under left-divisor inC, thenS1 is closed under right-comultiple inS. Show that,
if S is closed under right-diamond inC, thenSub(S1) is closed under right-comultiple
in S. (iii) Show that, ifS1 is closed under identity and product inS, thenS1 is closed
under inverse and right-diamond inS if and only if S1 is closed under right-quotient and
right-comultiple inS.

Exercise 87(subgerm). Assume thatS is a left-cancellative germ andS1 is a subgerm
of S such that the relation4S1 is the restriction toS1 of the relation4S . Show thatS1 is
closed under right-quotient inS.

Exercise 88(transitivity of closure). Assume thatS1 is a subgerm of a Garside germS,
the subcategorySub(S1) is closed under right-quotient and right-diamond inCat(S), and
S1 is closed under inverse and right-complement (resp. right-diamond) inSub(S1). Show
thatS1 is closed under inverse and right-complement (resp. right-diamond) inS.

Exercise 89(transfer of closure). Assume thatC is a left-cancellative category,S is a
subfamily ofC, andS1 is a subfamily ofS that is closed under identity and product. (i)
Show that, ifSub(S1) is closed under right-quotient inC, thenS1 is closed under right-
quotient inS. (ii) Show that, if, moreover,S is closed under right-quotient inC, thenS1

is closed under right-quotient inSub(S1).

Exercise 90(braid subgerm). LetS be the six-element Garside germ associated with the
divisors of∆3 in the braid monoidB+

3 . (i) Describe the subgermS1 of S generated byσ1
andσ2. CompareMon(S1) andSub(S1) (describe them explicitly). (ii) Same questions
with σ1 andσ2σ1. IsS1 closed under right-quotient inS in this case?

Exercise 91(=×-closed). Show that, ifS1 is a subgerm of an associative germS, then
Sub(S1) is =×-closed inCat(S) if and only if S1 is =×

S-closed inS.

Exercise 92(correct vs.mcms). Assume thatC andC′ are left-cancellative categories
andS is included inC. Assume moreover thatC andC′ admit right-mcms andS is closed
under right-mcm. Show that a functorφ from C to C′ is correct for right-comultiples onS
if and only if, for all s, t in S, every right-mcm ofφ(s) andφ(t) is =×-equivalent to the
image underφ of a right-mcm ofs andt.
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Exercise 93(correct vs.closed). Assume thatC, C′ are left-cancellative categories,S is
included inC, andφ is a functor fromC to C′ that is injective onS. (i) Show thatφ is
correct for right-complements (resp. right-diamonds) onS if and only if φ(S) is closed
under right-complement (resp. right-diamond) inC′. (ii) Assuming in addition thatS is
closed under right-quotient inC, show a similar result for right-comultiples

Exercise 94(embeddings of Artin–Tits monoids). (i) Show that the mappingφ defined
by φ(σ0) = σ2

1 andφ(σi) = σi+1 for i > 1 induces an embedding of the Artin–Tits
monoid of typeBn (see Example 4.21) in the Artin–Tits monoid of typeAn+1. (ii)
Same question forφ : σ1 7→ σ1σ3 ···σ2⌊n/2⌋+1 andσ2 7→ σ2σ4 ···σ2⌊(n−1)/2⌋ defining an
embedding of the Artin–Tits of typeI2(n) into the Artin–Tits monoid of typeAn−1.

Notes

Sources and comments.Most of the notions and results in this chapter have never ap-
peared in print, at least in the current form, but they are pretty natural extensions of
existing results involving submonoids of Garside monoids,in the vein of the results of
Crisp [66] and Godelle [132, 136, 137]. The main interest of the current extension is
probably to show that the context of Garside families and Garside germs is well suited
and makes most arguments easy and natural. In particular, the notions of an=×-closed
subcategory and an=×

S-closed subgerm provide a good solution for avoiding all problems
arising from the possible existence of nontrivial invertible elements. Similarly, the notion
of a head-category captures the main consequences of Noetherianity in earlier approaches
and enables one to skip any such assumption.

The results of Section 2 show that Garside families behaves nicely with respect to
subcategories in that weak assumptions are sufficient to guarantee a full compatibility
between the associated normal decompositions.

Similarly, the results of Section 3 about subgerms of a Garside germ, which seem
to be new, are rather satisfactory in that, in most cases, we obtain either a simple local
criterion ensuring that some property or some implication is true, or a counter-example.

About Proposition 4.2 (fixed points), we should note that thefact that the fixed points
under an automorphism in an Artin monoid is still an Artin monoid appears for the first
time in [180, Corollary 4.4].

Finally, the correct functors of Section 4 are a mild extension of the lcm-homomor-
phisms considered by J. Crisp in [66] and E. Godelle in [135],but they enable one to skip
any Noetherianity assumption and to cope with the possible existence of nontrivial invert-
ible elements. The emphasis put on what we call correctness for right-complements and
preservation of the operation\ and the injectivity criteria of Subsection 4.2 are directly
reminiscent of the results of [77].

Further questions. A few natural questions directly inspired by the results of the chapter
remain open.
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Question 21. Does the result of Propositions 1.25 and 3.27 still hold whenneither right-
Noetherianity nor the validity of the second domino rule is assumed?

The question remains open, the problem being the eventual stabilization of the se-
quence(θi(g))i>1 involved in the proof of Proposition 1.25. Let us observe that, in the
case of the left-absorbing monoidLn with n > 2 (Reference Structure 8, page 111)
and of the submonoid generated bya, the sequence does not stabilize after‖g‖S steps:
for instance, forn = 2 and g = ∆2

2 (of length 2), we find g = a4b2 and the se-
quence(θi(g))i>1, herea, a2, a3, a4, a4, ... stabilizes after4 steps only. However, as
the monoidLn is Noetherian, we know that the sequence(θi(g))i>1 must stabilize for
everyg, and cannot expect more from this example.

Similarly, it is questionable whether some form of Noetherianity is needed to ensure
the results about the intersection of head-subcategories or parabolic subcategories:

Question 22. Are the results of Propositions 1.28 and 1.35 and of Corollaries 1.29 and
1.36 still valid when the ambient categoryC is not left-Noetherian?

About subgerms, we established in Subsection 3.3 sufficientconditions, in particular
for the satisfaction of (3.10), that is, for the subcategorygenerated by a subgerm to be
isomorphic to the category of the subgerm.

Question 23. Is there a converse to Proposition 3.14, that is, ifS1 is a subgerm of a
Garside germS andCat(S1) andSub(S1) are isomorphic (andS1 is closed under right-
quotient inS), mustS1 must be closed under right-comultiple inS?

Always if S1 is a subgerm of a (Garside) germS, by Lemma 3.9, the assumption
thatS1 is closed under inverse and right-complement inS implies thatSub(S1) is closed
under right-quotient inC and, therefore, by the result of Exercise 89,S1 must be closed
under right-quotient inS. We do not know about a possible converse:

Question 24.If S1 is a subgerm of a Garside germS andS1 is closed under right-quotient
in S, is the subcategorySub(S1) necessarily closed under right-quotient inCat(S)?

Beyond these technical questions, what remains an essentially open problem is to ex-
tend the results from the case of a group of fractions to the general case of an enveloping
groupoid. In the case of Artin–Tits monoids and groups, a number of results involving
submonoids and subgroups, in particular normalizers and centralizers, can be established
in non-spherical cases, typically in what are called the FC and 2-dimensional cases, see
Godelle [134, 133, 135]. The general results of the current chapter are weaker and, at the
moment, extending the corpus established in the Artin–Titscase to the framework of an
arbitrary left-cancellative category equipped with a Garside family or, more realistically,
of a cancellative category equipped with a Garside map, remains out of reach—or, at least,
has not yet been done. A real, deep question is whether the formalism ofS-normal decom-
positions and Garside families will enable one to complete such a program, or whether it
will be necessary to introduce radically new tools, for instance normal decompositions of
a different type like those of Godelle–Paris [138].



Chapter VIII

Conjugacy

This chapter is devoted to conjugacy in the framework of a left-cancellative category
equipped with a Garside family. The existence of distinguished decompositions for the
elements of the category and, possibly, its enveloping groupoid leads to structural results,
typically providing distinguished ways for transforming two conjugate elements into one
another. Under convenient finiteness conditions, this leads to an effective solution for the
Conjugacy Problem, that is, an algorithm that decides whether two elements are conju-
gate, in a continuation of Garside’s solution to the Conjugacy Problem of Artin’s braid
groups from which the whole current approach emerged.

The chapter contains three sections. In Section 1, we observe that conjugacy naturally
gives rise to two related categories, one associated with the general form of conjugacy
and one associated with cyclic conjugacy, which is the iteration of the transformation
consisting in splitting an element in a product of two factors and exchanging these fac-
tors. We show that every Garside family in the base category induces a Garside family
in the associated conjugacy categories (Corollary 1.14). We also specifically investigate
the case when general and cyclic conjugacies coincide (Proposition 1.24) and, as an ap-
plication, describe the ribbon category which arises in thestudy of parabolic submonoids
of an Artin-Tits monoid, in particular by characterizing its atoms (Proposition 1.59), thus
obtaining a complete description of the normalizer of a parabolic submonoid.

In Section 2, we consider the specific case of a category equipped with a bounded
Garside family, that is, equivalently, a Garside map. Then we investigate particular conju-
gacy transformations called cycling, decycling, and sliding, and we show how to use them
to design efficient methods for solving the Conjugacy Problem (Algorithm 2.23 together
with Proposition 2.24, Algorithm 2.42 together with Proposition 2.43).

Finally, always in the context of a category equipped with a Garside map, Section 3 is
devoted to periodic elements, defined to be those elements that admit a power equal to a
power of a Garside element. To this end, we develop geometricmethods that extend and
adapt to our context results of M. Bestvina. The main result,Proposition 3.34, states that,
under suitable assumptions, conjugacy of periodic elements is always a cyclic conjugacy.
These results will be used in Chapter X for studying Deligne-Lusztig varieties.

Main definitions and results (in abridged form)

Definition 1.1 (conjugacy category). ForC a category, we denote byC� the subfamily
of C consisting of all elements whose source and target coincide. Fore, e′ in C�, we say
that an elementg of C conjugatese to e′ if eg = ge′ holds. Theconjugacy categoryConjC
of C is the category whose object family isC� and whereConjC(e, e′) consists of all
triples (e, g, e′) such thatg belongs toC and conjugatese to e′, the source (resp. target)
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of (e, g, e′) beinge (resp. e′), and the product being defined by(e, g, e′)(e′, g′, e′′) =

(e, gg′, e′′). To emphasize the category structure onConjC, we will write e
g−→ e′ for

(e, g, e′), so that the product formula becomes (1.2)(e
g−→ e′)(e′

g′−→ e′′) = e
gg′−−→ e′′.

Fore in C�, the familyConjC(e, e) is called thecentralizerof e in C.

Corollary 1.14 (Garside in ConjC). If S is a Garside family in a left-cancellative cate-
goryC, then{e g−→ - ∈ ConjC | g ∈ S} is a Garside family inConjC.

Definition 1.17 (cyclic conjugacy). For C a left-cancellative category, we denote
by Cyc1C the subfamily ofConjC consisting of all elementse

g−→ - satisfyingg 4 e,
and define thecyclic conjugacy categoryCycC to be the subcategory ofConjC gener-
ated byCyc1C. Fore, e′ in C�, we say that an elementg of C cyclically conjugatese to e′

if e
g−→ - lies inCycC ande′ = eg holds.

Proposition 1.24 (every conjugate cyclic).Assume thatC is a left-cancellative category
that is right-Noetherian and admits conditional right-lcms,∆ is a Garside map inC, and
e is an element ofC�(x, x) satisfying∆(x) 4 en for n large enough. Then, for everye′

in C�, one hasCycC(e, e′) = ConjC(e, e′).

Definition 2.3 (cycling). Fore in G� satisfyinginf∆(e) = i, theinitial factor init(e) of
e isH(e∆[−i]), and thecyclingcyc(e) of e is einit(e).

Definition 2.8 (decycling, final factor). For e in G� admitting the strict∆-normal
decomposition∆[i]||s1| ··· |sp, the final factor fin(e) of e is defined to besp, and the
decyclingdec(e) of e is defined to besp∆[i]s1 ···sp−1.

Corollary 2.12 (super-summit set). In Context 2.1, for everye in G�, the conjugacy
class ofe contains a well-defined subsetSSS(e) on which each one ofinf∆ and sup∆

takes a constant value and such that, for everye′ in the conjugacy class ofe, we have
inf∆(e′) 6 inf∆(SSS(e)) andsup∆(e′) > sup∆(SSS(e)). FurthermoreSSS(e) belongs
to the connected component ofe in CycG.

Proposition 2.24 (Conjugacy Problem I). If G is the groupoid of fractions of a Noethe-
rian cancellative category that admits a Garside map and Condition 2.14 holds, then
Algorithm 2.23 solves the Conjugacy Problem ofG.

Definition 2.29 (prefix, sliding). Fore in G�, theprefixpr(e) of e is the head of a (any)
left-gcd ofinit(e) andinit(e−1), and thesliding sl(e) of e is the conjugateepr(e) of e.

Proposition 2.30 (sliding circuits). In Context 2.1, and for everye in G�: (i) We
haveinf∆(sl(e)) > inf∆(e), and, if there existse′ in the conjugacy class ofe satisfy-
ing inf∆(e′) > inf∆(e), there existsi satisfyinginf∆(sli(e)) > inf∆(e). (ii) We have
sup∆(sl(e)) 6 sup∆(e), and, if there existse′ in the conjugacy class ofe satisfying
sup∆(e′) < sup∆(e), there existsi satisfyingsup∆(sli(e)) < sup∆(e). (iii) If S/=× is
finite, sliding is ultimately periodic up to invertible elements in the sense that, for everye
in G�, there existsi > j > 0 satisfyingsli(e) =× slj(e).

Proposition 2.43 (Conjugacy Problem II). If G is the groupoid of fractions of a right-
Noetherian cancellative categoryC that admits a Garside map, and Condition 2.14 holds,
andC× is finite, then Algorithm 2.42 solves the Conjugacy Problem of G.
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Definition 3.2 (periodic). For p, q > 1, an elemente of G� is called(p, q)-periodic if
ep =× ∆[q] holds.

Proposition 3.5 ((p, 2)-periodic). In Context 3.1, ife is an element ofC� satisfying
ep=× ∆[2] for some positive integerp, and puttingr = ⌊p/2⌋: (i) Some cyclic conjugated
of e satisfiesdp=×∆[2] anddr ∈ Div(∆). (ii) Furthermore, ifp is even, we havedr=×∆,
and, ifp is odd, there existss in Div(∆) satisfyingdrs = ∆ andd = sφ∆(s)ǫ, whereǫ
is the element ofC×satisfyingdp = ∆[2]ǫ.

Corollary 3.31 (SSS of periodic). In Context 3.7 withC left-Noetherian, ife is an
element ofG� that is conjugate to a periodic element, then the super-summit set ofe
consists of elements of the form∆[m]h withm in Z andh in Div(∆), ande is conjugate
by cyclic conjugacy to such an element.

Proposition 3.34 (periodic elements). If C is a Noetherian cancellative category and
∆ is a Garside map inC such that the order ofφ∆ is finite: (i) Every periodic elemente
of C is cyclically conjugate to some elementd satisfyingdp ∈ ∆[q]C×with p andq positive
and coprime and such that, for all positive integersp′ andq′ satisfyingpq′ − qp′ = 1, we
havedp

′

4∆[q′]; (ii) For d as in (i), the elementg satisfyingdp
′

g = ∆[q′] is an element
of Div(∆) whose=×-class is independent of the choice of(p′, q′); moreover,g∆[−q′] is
(p,−qp′)-periodic andd=× (g∆[−q′])q∆[qq′] holds.

1 Conjugacy categories

We show how to attach with every left-cancellative categoryC two categoriesConjC
andCycC that describe conjugacy inC, and we establish various properties of these cate-
gories, showing in particular that every Garside family ofC gives rise to natural Garside
families inConjC andCycC.

The section contains four subsections. We first consider thecase of general con-
jugacy and introduce the categoryConjC (Subsection 1.1). Next, we consider a more
restricted form of conjugacy called cyclic conjugacy and introduce the categoryCycC
(Subsection 1.2). Then, in Subsection 1.3, we consider twisted versions of conjugacy in-
volving an additional automorphism of the base category. Finally, in Subsection 1.4, we
describe the category of ribbons as an example of simultaneous conjugacy.

1.1 General conjugacy

We start with a very general framework, namely a category that does not even need to be
left-cancellative. However, left-cancellativity will beneeded quickly.
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Definition 1.1 (conjugacy category, centralizer).For C a category, we denote byC�

the subfamily ofC consisting of all elements whose source and target coincide. For
e, e′ in C�, we say that an elementg of C conjugatese to e′ if eg = ge′ holds. The
conjugacy categoryConjC of C is the category whose object family isC� and where
ConjC(e, e′) consists of all triples(e, g, e′) such thatg belongs toC and conjugatese
to e′, the source (resp. target) of(e, g, e′) beinge (resp. e′), and the product being defined
by (e, g, e′)(e′, g′, e′′) = (e, gg′, e′′). To emphasize the category structure onConjC, we
will write e

g−→ e′ for (e, g, e′), so that the product formula becomes

(1.2) (e
g−→ e′)(e′

g′−→ e′′) = e
gg′−−→ e′′.

Fore in C�, the familyConjC(e, e) is called thecentralizerof e in C.

Example 1.3(conjugacy category). Let M be an Abelian monoid (for instance a free
Abelian monoid Reference Structure 1, page 3). ThenM� coincides withM (as in the
case of every monoid), and conjugacy is trivial onM : so the elements ofConjM have the

form e
g−→ e, with (e

g−→ e)(e
g′−→ e) = e

gg′−−→ e. In this case,ConjM consists of disjoint
of copies ofM indexed byM .

The elements ofC� are the endomorphisms ofC—whence the choice ofe as a pre-
ferred letter for elements ofC�. Note that the existence ofg satisfyingeg = ge′ implies
thate ande′ lie in C�, so the restriction on the objects ofConjC is inevitable.

Lemma 1.4. Definition 1.1 is legal, that is,ConjC is indeed a category. Moreover, the
projectionπ defined onConjC by π(e) = x for e in C(x, x) and π(e

g−→ e′) = g is a
surjective functor fromConjC ontoC. For e in C(x, x), we have

π(ConjC(e, -)) = {g ∈ C(x, -) | g 4 eg},(1.5)

π(ConjC(-, e′)) = {g ∈ C(-, x) | ge′ <̃ g}.(1.6)

Proof. The product defined by (1.2) is associative, and, for everye in C(x, x), the ele-
ment(e, 1x, e) is an identity-element fore. Thatπ is a surjective functor directly follows
from the definition.

By definition, ConjC(e, -) consists of all elementse
g−→ e′ of ConjC whose source

is e, hence of all triplese
g−→ e′ satisfyingeg = ge′. Soπ(ConjC(e, -)) consists of all

elementsg satisfying∃e′ (eg = ge′), hence of all elementsg satisfyingg 4 eg. The
argument is symmetric forConjC(-, e′).

To shorten notation, we shall usually writeπS for π(S). It should be kept in mind
thatπ is not injective in general, and that elements ofConjC cannot be identified with
elements ofC since an element ofC contains no indication of a particular element ofC�

it should acts on.
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Remark 1.7. The categoryConjC corresponds to conjugating on the right, and it could
be called a right-conjugacy category. The opposed categorywould then correspond to
conjugating on the left (“left-conjugacy category”).

All subsequent developments involve categories that are (at least) left-cancellative.
In such a framework, when an equalityeg = ge′ holds, the datae andg determinee′,
allowing for a simplified notation.

Notation 1.8. If C is a left-cancellative category, then, fore in C� andg in C, the unique
elemente′ satisfyingeg = ge′ is denoted byeg when it exists, and we writee

g−→ -
for e

g−→ eg when there is no need to makeeg explicit.

So, in a left-cancellative context, the elements ofConjC can be seen as pairs rather
than as triples, a paire

g−→ - in C� × C being an element ofConjC if and only if there
existse′ satisfyingeg = ge′, that is, if and only ifeg exists. The product ofConjC then
takes the form

(1.9) e
g−→ e′

g′−→ - = e
gg′−−→ - whenevereg = ge′ holds,

whereas the identity-element associated with an elemente of C�(x, x) is e
1x−→ -. A num-

ber of properties and derived notions ofConjC directly follow from those ofC.

Lemma 1.10. Assume thatC is a left-cancellative category.
(i) The categoryConjC is left-cancellative. IfC is cancellative, then so isConjC.
(ii) The invertible elements ofConjC are the pairse

ǫ−→ - with ǫ invertible andeǫ
defined inC.

(iii) For e
g−→ - andd

h−→ - in ConjC, the relatione
g−→ - 4 d

h−→ - (resp.=×, ≺) holds
in ConjC if and only ife = d andg 4 h (resp.=×, ≺) hold inC.

(iv) If e
f−→ - ande

g−→ - belong toConjC andh is a right-lcm off andg in C, then

e
h−→ - belongs toConjC and it is a right-lcm ofe

f−→ - ande
g−→ -. If C admits conditional

right-lcms (resp. admits right-lcms), then so doesConjC.
(v) If C is right-Noetherian (resp. left-Noetherian), then so isConjC.

Proof. (i) Assumee
f−→ d

g−→ - = e
f−→ d′

g′−→ -. By definition,d = ef = d′ holds. Next,
applyingπ, we obtainfg = fg′, whenceg = g′. HenceConjC is left-cancellative. The
argument for right-cancellativity is symmetric.

(ii) The image of an invertible element under the functorπ must be invertible, so an
invertible element ofConjC necessarily has the forme

ǫ−→ - with ǫ in C× andeǫ defined.
Conversely, assumee ∈ C�(x, x) andǫ ∈ C×(x, -). Theneǫ = ǫ(ǫ−1eǫ) holds, soe

ǫ−→ -

belongs toConjC, and we havee
ǫ−→ eǫ

ǫ−1

−−→ - = e
1x−→ -, soe

ǫ−→ - is invertible inConjC.

(iii) If e
g−→ - 4 d

h−→ - holds inConjC, thene
g−→ - andd

h−→ - must have the same

source, soe = d holds, and applying the projectionπ to an equalitye
g−→ e′

h′

−→ - = e
h−→ -

in ConjC yieldsgh′ = h in C, whenceg 4 h in C.

Conversely, assume thatg 4 h holds inC, saygh′ = h, and bothe
g−→ - ande

h−→ -
belong toConjC. By assumption, we haveeg = geg andeh = heh, whencegegh′ =
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egh′ = eh = heh = gh′eh, andegh′ = h′eh by left-cancellingg. So, inConjC, we have

e
g−→ eg

h′

−→ - = e
h−→ -, whencee

g−→ -4 e
h−→ -.

Owing to (ii), the argument for=× is similar, and the result for≺ then follows.

(iv) By Lemma 1.4, the assumption thate
f−→ - ande

g−→ - belong toConjC implies
f 4 ef andg 4 eg, hence a fortiorif 4 eh andg 4 eh. As h is a right-lcm off andg,

we deduceh 4 eh, which, by Lemma 1.4 again, implies thate
h−→ - belongs toConjC.

By (iii), e
h−→ - is a right-multiple ofe

f−→ - ande
g−→ -. Finally, if e

h′

−→ - is a right-multiple

of e
f−→ - ande

g−→ -, thenh′ must be a right-multiple off andg, hence ofh′, soe
h′

−→ - is

a right-multiple ofe
h−→ - in ConjC.

Finally, assume thatC admits conditional right-lcms. Two elements ofConjC with

the same source must be of the forme
f−→ -, e

g−→ - with f, g sharing the same source inC.

If e
f−→ -, e

g−→ - admit a common right-multiple inConjC, thenf andg admit a common

right-multiple, hence a right-lcm, sayh, in C. By the previous result,e
h−→ - is a right-lcm

of e
f−→ - ande

g−→ - in ConjC. The argument for admitting right-lcms is similar.
(v) Assume thatC is right-Noetherian andX is a nonempty subfamily ofConjC. Then

πX is a nonempty subfamily ofC, hence it admits ã≺-minimal element, sayg. Let e be
such thate

g−→ - belongs toX . We claim thate
g−→ - is a≺̃-minimal element ofX . Indeed,

assume thate
g−→ - ≻̃ d

h−→ - holds. By applyingπ, we deduceg ≻̃ h. Soh cannot belong

toπX , andd
h−→ - cannot belong toX . The argument for left-Noetherianity is similar.

Lemma 1.10(iii) implies that the subfamilyπConjC of C and, for eache in C�, the
subfamilyπConjC(e, -) are closed under right-multiplication by an invertible element.
Also, we have a sort of weak closure under right-quotient forConjC in the sense that,

if e
g−→ - ande

h−→ - belong toConjC andgh′ = h holds inC, theneg
h′

−→ - must be-
long toConjC—this however is not closure under right-quotient since we say nothing for
elements ofπConjC satisfying no assumption about the elements ofC� they act on.

We now turn to paths in a categoryConjC and to the connection with Garside families.

Notation 1.11(family Ŝ, ConjC-path). (i) If C is a left-cancellative category andS is
included inC, we putŜ = {e s−→ - ∈ ConjC | s ∈ S}.

(ii) If C is a left-cancellative category ande1
s1−→ |··· |ep

sp−→ - is a ConjC-path, we

write e1
s1| ··· |sp−−−−−→ - for this path.

The convention of Notation 1.11(ii) is legitimate since thedatae1 ands1, ... , sp de-
termine the path completely: fori > 2, one must haveei = e

s1 ···si−1

1 .

Lemma 1.12. Assume thatC is a left-cancellative category,S is included inC, e
g−→ - is

an element ofConjC, andg1|g′ is anS-greedy decomposition ofg.

(i) If e
g1|g

′

−−−→ - is a well defined path inConjC, that is, if eg1 andeg1g
′

are defined,

thene
g1|g

′

−−−→ - is Ŝ-greedy.
(ii) If g1 belongs toS♯, theneg1 is necessarily defined.
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Proof. (i) Assumed
s−→ - ∈ Ŝ and d

s−→ - 4 d
f−→ e

g1g
′

−−→ - in ConjC. By projecting
usingπ, we deduces 4 fg1g

′ in C, whences 4 fg1 sinceg1g′ is S-greedy. By as-

sumption,d
s−→ - andd

fg1−−→ - belong toConjC. By Lemma 1.10(iii),s 4 fg1 implies

d
s−→ -4 d

fg1−−→ -, that is,d
s−→ -4 d

f−→ e
g1−→ -. Soe

g1g
′

−−→ - is Ŝ-greedy.

(ii) Assume thate
g1g

′

−−→ - belongs toConjC andg1 belongs toS♯. Then we have
g1 4 g1g

′ 4 eg1g
′, the second relation by Lemma 1.4. Asg1 lies in S♯ andg1g′ is S-

greedy, henceS♯-greedy by Lemma III.1.10, we deduceg1 4 eg1, which, by Lemma 1.4
again, implies thatg1 belongs toConjC(e, -), that is,e

g1−→ - belongs toConjC.

Although technically very easy, Lemma 1.12(ii) is a (small)miracle: in general, the
assumption thateg is defined does not imply thateg1 is defined wheng1 is a left-divisor
of g. What Lemma 1.12(ii) says is thateg1 is automatically defined wheneverg1 is an
S-head ofg, for any familyS. This tiny observation is indeed crucial in the connection
between conjugacy and Garside calculus. Observe that our current definition of greediness
with an additional first factor (“s left-dividesfg1g′ impliess left-dividesfg1 for everyf ”)
is specially relevant here.

Proposition 1.13(normal in ConjC). If S is a subfamily of a left-cancellative categoryC
ande

g−→ - belongs toConjC, then, for everyS-normal decompositions1| ··· |sp of g (if

any), the pathe
s1 | ··· |sp−−−−−→ - is well-defined and it is an̂S-normal decomposition ofe

g−→ -.

Proof. That e
s1| ··· |sp−−−−−→ - is well defined follows from Lemma 1.12(ii) using an induc-

tion on p > 2: as s1|s2| ··· |sp is greedy ande
s1(s2 ···sp)−−−−−−−→ - is defined,e

s1−→ - and

es1
s2 | ··· |sp−−−−−→ - is defined, and we repeat the argument. Then, by definition,e

s1| ··· |sp−−−−−→ -
is a decomposition ofe

g−→ - and, by Lemma 1.12(i), it iŝS-greedy. Finally, each entrysi
belongs toS♯, that is, toDiv(∆) ∪ C×. Then, by Lemma 1.10, the corresponding entry

es1 ···si−1
si−→ - belongs toŜ(ConjC)×∪ (ConjC)×. Hencee

s1 | ··· |sp−−−−−→ - is Ŝ-normal.

Corollary 1.14 (Garside in ConjC). If S is a Garside family in a left-cancellative cate-
goryC, thenŜ is a Garside family inConjC.

Proof. Let e
g−→ - be an arbitrary element ofConjC. As S is a Garside family inC,

the elementg admits anS-normal decompositions1| ··· |sp in C. Then, by Proposi-

tion 1.13,e
s1 | ··· |sp−−−−−→ - is anŜ-normal decomposition ofe

g−→ - in ConjC. So every ele-
ment ofConjC admits anŜ-normal decomposition. Hence, by definition,Ŝ is a Garside
family in ConjC.

For special Garside families, we easily obtain similar statements.
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Proposition 1.15(bounded Garside inConjC). Assume thatS is a Garside family in a
left-cancellative categoryC.

(i) If S is right-bounded by a map∆, thenŜ is right-bounded by the map̂∆ defined

by∆̂(e) = e
∆(x)−−−→ - for e in C�(x, x). The associated functorφ

b∆ of ConjC is defined by

φ
b∆(e) = φ∆(e) for e in C� andφ

b∆(e
g−→ -) = φ∆(e)

φ∆(g)−−−−→ - for e in ConjC.
(ii) If C is cancellative,∆ is target-injective (that is,φ∆ is injective onObj(C)), and

S is bounded by∆, thenŜ is bounded bŷ∆.

Proof. (i) Let e
s−→ - belong toŜ, with e in C�(x, x). By definition, s is an element

of S(x, -), hence a left-divisor of∆(x) in C. Nowe∆(x) = ∆(x)φ∆(e) holds inC, which

shows thate∆(x) is defined. Soe
∆(x)−−−→ - is an element ofConjC and, by Lemma 1.10,

e
s−→ -4 e

∆(x)−−−→ - holds inConjC. By definition, this ise
s−→ -4 ∆̂(e), which shows that

Ŝ is right-bounded bŷ∆.

Next, the target of̂∆(e), that is, ofe
∆(x)−−−→ -, is e∆(x), that is,φ∆(e). Moreover, the

target ofe
s−→ - is es, and, assumings ∈ C(-, y), hencees ∈ C�(y, y), we obtain

e
s−→ -∆̂(es) = e

s−→ es
∆(y)−−−→ - = e

s∆(y)−−−−→ -

= e
∆(x)φ∆(s)−−−−−−−→ - = e

∆(x)−−−→ e∆(x) φ∆(s)−−−−→ - = ∆̂(e)φ∆(e)
φ∆(s)−−−−→ -.

So, by definition, the functorφ
b∆ is defined on objects byφ

b∆(e) = φ∆(e) and on elements

by φ
b∆(e

s−→ -) = φ∆(e)
φ∆(s)−−−−→ -.

(ii) By Lemma V.2.7,φ∆ is surjective both onObj(C) and onC. Assumee ∈ C�.
Then there existse′ in C satisfyingφ∆(e′) = e. The assumption that∆ is target-injective
implies thate′ belongs toC�. Letd

s−→ - be an element of̂S♯(-, e). Then, by definition, we
haveds = e. As S is bounded by∆, there existsr in S♯ satisfyingrs = ∆(x), whence
e′rs = e. As C is right-cancellative, the conjunction ofds = e and(e′r)s = e implies

e′r = d. Then we obtaine′
r−→ d

s−→ - = e′
∆(x)−−−→ -, which ise′

r−→ d
s−→ - = ∆̂(e′). This

shows that̂S is bounded bŷ∆.

Remark 1.16. A straightforward generalization of the conjugacy category ConjC is the
simultaneous conjugacy categoryConj∗C, in which objects are nonempty families(ei)i∈I
of elements ofC� sharing the same source and target and elements are triples of the form
(ei)i∈I

g−→ (e′i)i∈I with eig = ge′i for everyi in I. See Exercise 95.

1.2 Cyclic conjugacy

A restricted form of conjugation called cyclic conjugacy will be important in applications.
As explained in the introduction, cyclic conjugacy is generated by the particular form
of conjugacy consisting in repeatedly exchanging the two factors of a decomposition.
Specially interesting is the case when any two conjugate elements can be assumed to
be cyclically conjugate. For instance, it turns out that anytwo periodic braids that are
conjugate are cyclically conjugate (see Proposition 1.24), a key result for the investigation
of braid conjugation.
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Definition 1.17 (cyclic conjugacy). For C a left-cancellative category, we denote
by Cyc1C the subfamily ofConjC consisting of all elementse

g−→ - satisfyingg 4 e,
and define thecyclic conjugacy categoryCycC to be the subcategory ofConjC gener-
ated byCyc1C. Fore, e′ in C�, we say that an elementg of C cyclically conjugatese to e′

if e
g−→ - lies inCycC ande′ = eg holds.

Example 1.18(cyclic conjugacy). Consider the braid monoidB+
n with n > 3 (Reference

Structure 2, page 5). Then the elementsσ1 andσ2 are conjugate inB+
n , as we have

σ1 · σ2σ1 = σ2σ1 · σ2. However,σ1 andσ2 are not cyclically conjugate, since the only
left-divisors ofσ1 are1 andσ1, which both conjugateσ1 to itself.

The categoryCycC has the same objects asConjC but it contains only the products of
elements of the forme

g−→ - with g4e. Observe that, for alle in C� andg satisfyingg4e,
the existence ofe′ satisfyingeg = ge′ is guaranteed:e = gg′ implieseg = g(g′g): when-
everC is left-cancellative (as will always be assumed), cyclically conjugatinge means
expressinge asgg′, switching the entries, and repeating the operation any finite number
of times. WhenC is cancellative, cyclic conjugacy is a symmetric transformation in that,
with obvious definitions, cyclic conjugation from the rightcoincides with cyclic conjuga-
tion from the left. More precisely,fg = h in C implieshf = gh.

Lemma 1.19. Assume thatC is a left-cancellative category.
(i) The familyCyc1C is closed under left- and right-divisor inConjC.
(ii) If, moreover,C admits conditional right-lcms, thenCyc1C is closed under right-

diamond inConjC.

Proof. (i) Assume thate
g−→ - belongs toCyc1C ande

g−→ - = e
f−→ d

h−→ - holds inConjC.

By definition, we haveg = fh, so the assumptiong4e a fortiori impliesf 4e. Soe
f−→ -

belongs toCyc1C. Next, starting again fromg 4 e, that is,fh 4 e, we havefh 4 ef a
fortiori. Now, by assumption,ef = fd holds, hence we obtainfh 4 fd, whenceh 4 d

by left-cancellingf . Sod
h−→ - belongs toCyc1C too.

(ii) Assume thatC admits conditional right-lcms. Then, by Lemma 1.10,ConjC also
admits conditional right-lcms. We claim thatCyc1C is closed under right-lcm. Indeed,

assume thate
f−→ - and e

g−→ - belong toCyc1C and e
h−→ - is a common right-multiple

of e
f−→ - ande

g−→ - in ConjC. Then, the assumption thatf andg left-divide e implies

thath left-dividese. Soe
h−→ - belongs toCyc1C. HenceCyc1C is closed under right-lcm

in ConjC, hence under right-comultiple. As it is closed under right-divisor, it follows that
it is also closed under right-diamond.

Proposition 1.20(CycC Garside I). Assume thatC is a left-cancellative category that
admits conditional right-lcms.

(i) The subcategoryCycC is closed under right-quotient inConjC.
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(ii) If, moreover,C is right-Noetherian, thenCyc1C is a Garside family inCycC; it is
bounded by the map∆ defined by∆(e) = e

e−→ - for e in C�; the latter is a Garside map
in CycC and the associated functorφ∆ is the identity.

Proof. (i) We apply Proposition VII.1.13 (generated subcategory,right-lcm case) to the
subcategory ofConjC generated byCyc1C, which isCycC by definition. By Lemma 1.10,
the categoryConjC admits conditional right-lcms and, by Lemma 1.19,Cyc1C is closed
under right-complement inConjC and, moreover, it is closed under right-multiplication
by an invertible element since it is closed under left-divisor (or, directly, becauseg 4 e
impliesgǫ4 e wheneverǫ is invertible). So we conclude thatCycC is closed under right-
quotient inConjC.

(ii) If C is right-Noetherian, then, by Lemma 1.10, so isConjC, and Proposition VII.1.13
says thatCyc1C is a Garside family inCycC.

Next, it follows from the definition thatCyc1C is right-bounded by∆ and, thatg 4 e
impliese

g−→ -∆(eg) = ∆(e)e
g−→ -, which shows thatφ∆(e) = e holds for every objecte

andφ∆(e
g−→ -) = e

g−→ - holds for every elemente
g−→ - of CycC. Soφ∆ is the identity-

functor. By Proposition V.2.17(i) (automorphism), we deduce thatCyc1C is bounded by∆
and∆ is target-injective. Moreover,Cyc1C is closed under left-divisor, so Proposition
V.2.25(i) (Garside map) implies that∆ is a Garside map inCycC.

BesidesCyc1C, and under the same hypotheses, another distinguished Garside family
arises inCycC whenever a Garside family is given inC. This Garside family is in general
smaller thanCyc1C.

Proposition 1.21(CycC Garside II). Assume thatC is a left-cancellative category that is
right-Noetherian and admits conditional right-lcms, andS is a Garside family inC. Then
the family{e s−→ - ∈ ConjC | s ∈ S ands4 e} is a Garside family inCycC.

Proof. PutŜ1 = {e s−→ - ∈ Ŝ | s4 e} whereŜ is as in Notation 1.11(i). By Lemma 1.10,
the invertible elements ofConjC are the elementse

ǫ−→ - with ǫ in C×, whenceŜ♯ =
{e s−→ - ∈ ConjC | s ∈ S♯}. Moreover, all above invertible elements belong toCycC and
s 4 e is equivalent tosǫ 4 e for ǫ invertible, so we deducêS♯1 = {e s−→ - ∈ Ŝ♯ | s 4 e}.
The assumption thatS♯ generatesC implies thatŜ♯1 generatesCycC.

The argument is then similar to that for Proposition 1.20, replacingCyc1C with its

subfamilyŜ♯1. Assume first thate
s−→ - belongs toŜ♯1 andd

t−→ - is a right-divisor ofe
s−→ -

in ConjC. As Ŝ is a Garside family inConjC, by Proposition IV.1.24 (recognizing Gar-

side II), Ŝ♯ is closed under right-divisor, andd
t−→ - belongs toŜ♯. On the other hand,

e
s−→ - belongs toCyc1C, hence its right-divisord

t−→ - also does. Henced
t−→ - belongs

to Ŝ♯1. SoŜ♯1 is closed under right-quotient inConjC.

Next, assume thate
s−→ - ande

t−→ - belong toŜ♯1 ande
r−→ - is a common right-multiple

of e
s−→ - ande

t−→ - in ConjC. By Corollary IV.2.29 (recognizing Garside, right-lcm case),
r must belong toS♯1. Moreover, the assumption thats andt left-dividee implies thatr left-
dividese. Soe

r−→ - belongs toŜ♯1. SoŜ♯1 is closed under right-lcm inConjC, hence under
right-comultiple, and under right-complement since it is closed under right-quotient.
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As above, the categoryConjC is right-Noetherian and admits conditional right-lcms.
By applying Proposition VII.1.13 (generated subcategory,right-lcm case), we deduce that
Ŝ1 is a Garside family in the subcategory ofConjS generated bŷS♯1, which isCycC.

Remark 1.22. The assumption that the ambient category admits conditional right-lcms
can be (slightly) weakened in the above proofs of Propositions 1.20 and 1.21: what is
needed in order to obtain a closure under right-comultiple for Cyc1C or Ŝ1 is that, if r
is a common right-multiple ofs and t ands, t left-divide e, thenr is a right-multiple
of some common right-multipler′ of s and t that left-dividese. If s and t admits a
right-lcm, the latter has the expected property, but the property, which simply says that
Div(e) is closed under right-comultiple, can be true although right-lcms do not exist,
see Exercise 96. However, in a category that admits right-mcms, hence in particular
in every left-Noetherian category, the property that everyfamily Div(s) is closed under
right-comultiple is equivalent to the existence of conditional right-lcms.

Proposition 1.23(CycC closed under left-gcd). If C is a left-cancellative category that
is right-Noetherian and admits conditional right-lcms, thenCycC is closed under left-gcd
in ConjC (that is, every left-gcd of two elements ofCycC belongs toCycC).

Proof. First, by Lemma 1.10,ConjC is right-Noetherian and admits conditional right-

lcms, hence it admits left-gcds. Lete
f−→ - ande

g−→ - belong toCycC. Let e
f1| ··· |fp−−−−−→ -

ande
g1 | ··· |gq−−−−−→ - beCyc1C-normal decompositions ofe

f−→ - ande
g−→ -.

We first prove that, if every common left-divisor off1 andg1 is invertible, then so is
every common left-divisor off andg using induction oninf(p, q). Forinf(p, q) = 0, that
is, if one decomposition is empty, thenf or g is invertible and the result is clear. Other-

wise, assume thath left-dividesf andg. The assumption thate
f−→ - belongs toCycC and

e
f1 | ··· |fp−−−−−→ - is a Cyc1C- decomposition ofe

f−→ - implies thatfp left-dividesef1 ···fp−1

in C, and we find

h4 f1 ···fp 4 f1 ···fp−1e
f1 ···fp−1 = ef1 ···fp−1.

Leteh′ be a right-lcm ofe andh. Thenh4ef1 ···fp−1 impliesh′4f1 ···fp−1. By a similar
argument, we obtainh′4g1 ···gq−1. Applying the induction hypothesis tof ′ = f1 ···fp−1

and g′ = g1 ···gq−1, we deduce thath′ is invertible, hence thath left-divides e and,

therefore, thate
h−→ - belongs toCyc1C. Now, as, by assumption,e

f1 | ··· |fp−−−−−→ - is Cyc1C-

normal, the assumption thate
h−→ - left-dividese

f−→ - implies that it left-dividese
f1−→ -,

and, similarly,e
g1−→ -. So, finally,h must be invertible.

We now prove the result. If every common left-divisor off1 andg1 is invertible, then

every left-gcd ofe
f−→ - ande

g−→ - in ConjC is invertible, hence it lies inCycC. Otherwise,
let h1 be a left-gcd off1 andg1, andf (1), g(1) be defined byf = h1f

(1), g = h1g
(1).

Similarly let h2 be a left-gcd of the first entries in aCyc1C-normal decomposition of

e
f(1)

−−→ - ande
g(1)−−→ - andf (2), g(2) be the remainders, etc. SinceC is right-Noetherian,

the sequenceh1, h1h2, ... of increasing left-divisors off stabilizes at some stagek, mean-
ing that every common left-divisor of the entriesCycC-normal decompositions off (k)



1 Conjugacy categories 377

andg(k) is invertible. By the first part, every common left-divisor of f (k) andg(k) is in-

vertible, soh1 ···hk is a left-gcd off andg in C, ande
h1 ···hk−−−−−→ -, which belongs toCycC

by construction, is a left-gcd ofe
f−→ - ande

g−→ - in ConjC, hence inCycC.

Finally, we give a quite general context where cyclic conjugacy coincides with conju-
gacy. Note that, by Proposition V.2.35(ii), ifC is left cancellative, Noetherian, and admits
a Garside map, then the assumptions of the next proposition are satisfied.

Proposition 1.24(every conjugate cyclic).Assume thatC is a left-cancellative category
that is right-Noetherian and admits conditional right-lcms,∆ is a Garside map inC, and
e is an element ofC�(x, x) satisfying∆(x) 4 en for n large enough. Then, for everye′

in C�, one hasCycC(e, e′) = ConjC(e, e′).

Proof. We first note that the property∃n ∈ N (∆(x)4 en) is preserved under conjugacy.
Indeed, assume that∆(x) 4 en andeg is defined withg in C(x, y). Write en = ∆(x)d.
Then we deducee2n = ∆(x)d∆(x)d = ∆[2](x)φ∆(d)d asd must lie inC(φ∆(x), x). So
we have∆[2](x) 4 e2n and, using an easy induction,∆[k+1](x) 4 en(k+1) for everyk.
Now, there existsk such thatg left-divides∆[k](x), saygg′ = ∆[k](x). Then we have
∆[k+1](x)4 en(k+1)g, whencegg′∆(φk∆(x))4 en(k+1)g, and, since∆(y)4g′∆(φk∆(x))
is true, we deduceg∆(y) 4 en(k+1)g. This implies∆(y) 4 (en(k+1))g, which is also
∆(y)4 (eg)n(k+1).

We use this to prove by induction on the right-height ofg that g ∈ ConjC(e, e′)
impliesg ∈ CycC(e, e′). This is true ifg is invertible. Assumeg non-invertible. Leth
be a left-gcd ofg ande, which exists sinceC admits left-gcds by Lemma II.2.37. Write

g = hg1. Then, sincee
h−→ - belongs toCycC(e, eh), it is sufficient to prove thateh

g1−→ -,
which a priori belongs toConjC(eh, e′), is actually inCycC(eh, e′). If h is not invertible,
we are done by induction sinceC is right-Noetherian andeh satisfies the same condition.
Hence it is sufficient to prove that, ifg is not invertible, theng ande admit a non-invertible
common left-divisor.

We observed above that every elementg of ConjC(e, -) left-divides some power ofe,
namelyenk if g left-divides∆[k](x). Hence, it is enough to prove that, ifg is a non-
invertible element ofConjC(e, -) satisfyingg 4 en, theng ande admit a non-invertible
common left-divisor. We do this by induction onn. Nowg ∈ ConjC(e, -) impliesg4 eg.
So, fromg4 en we deduceg4 eg1 for every left-gcdg1 of g anden−1. If g1 is invertible,
we deduceg 4 e, andg is a non-invertible common left-divisor ifg ande. Otherwise,
g14eg1 holds,g1 is not invertible, andg1 left-dividesen−1. Then the induction hypothesis
implies thatg1 and e, hence a fortiorig and e, admits a non-invertible common left-
divisor.
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1.3 Twisted conjugacy

We now consider a twisted version of conjugation involving an automorphism of the am-
bient category. This will be used in Chapter X for applications to Deligne-Lusztig va-
rieties, but also latter in the current chapter for the automorphismφ∆ associated with a
Garside map∆. We recall that an automorphism of a categoryC is a functor ofC into
itself that admits an inverse. Note that, ifC is a left-Ore category, every automorphism
of C naturally extends into an automorphism of the enveloping groupoidEnv(C).

Definition 1.25 (φ-conjugacy). For C a category andφ an automorphism ofC, we put
C�
φ =

⋃
x∈Obj(C) C(x, φ(x)). Fore, e′ in C�

φ , we say that an elementg of C φ-conjugatese
to e′ if eφ(g) = ge′ holds. Theφ-conjugacy categoryConjφC of C is the category whose

object family isC�
φ and whereConjφC(e, e′) consists of all triplese

g−→ e′ such thatg

φ-conjugatese to e′, the source (resp. target) ofe
g−→ e′ beinge (resp. e′), and the product

being defined by

(1.26) (e
g−→ e′)(e′

g′−→ e′′) = e
gg′−−→ e′′.

Fore in C�
φ , the familyConjφC(e, e) is called theφ-centralizerof e in C.

Of courseφ-conjugacy is just conjugacy whenφ is the identity. Note that the defini-
tion of ConjφC(e, e′) forces the objects ofConjφC to belong to some familyC(x, φ(x)).
Lemma 1.4 then extends into

Lemma 1.27. Definition 1.25 is legal, that is,ConjφC is indeed a category. Moreover,

the mapπ defined byπ(e) = x for e in C(x, φ(x)) and byπ(e
g−→ e′) = g onConjφC is a

surjective functor ofConjφC ontoC. For e in C(x, φ(x)), we have

π(ConjφC(e, -)) = {g ∈ C(x, -) | g 4 eφ(g)},(1.28)

π(ConjφC(-, e′)) = {g ∈ C(-, x) | ge′ <̃ φ(g)}.(1.29)

Proof. Adapting the arguments is easy. For (1.26), the point is thatthe conjunction of
eφ(g) = ge′ ande′φ(g′) = g′e′′ implieseφ(gg′) = gg′e′′.

As in the case of ordinary conjugacy, if the ambient categoryC is left-cancellative,
the datae andg determinee′ wheneφ(g) = ge′ holds and, therefore, we can use the
simplified notatione

g−→ - for the corresponding elemente
g−→ e′ of ConjφC.

It turns out that twisted conjugacy in a categoryC can be expressed as an ordinary,
non-twisted conjugacy in an extended category reminiscentof a semi-direct product ofC
by the cyclic group generated by the considered automorphism.

Definition 1.30 (semi-direct product). For C a category andφ an automorphism ofC,
the semi-direct productC ⋊ 〈φ〉 is the categoryC′ defined byObj(C′) = Obj(C) and
C′ = C × Z, the source of(g,m) being that ofg, its target being that ofφ−m(g), and the
product being given by

(1.31) (g,m)(h, n) = (gφm(h),m+ n).
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In practice, the element(g,m) of C ⋊ 〈φ〉 will be denoted bygφm; then the formula
for the product inC ⋊ 〈φ〉 takes the natural form

(1.32) gφm · hφn = gφm(h)φm+n.

Definition 1.30 is legal: forg in C(-, y) and h
in C(z, -), the productgφm(h) is defined if and only if the
targety of g coincides with the sourceφm(z) of φm(h),
that is, if the targetφ−m(y) of gφm coincides with the
sourcez of hφn. Note that the elements1xφ actually act
like φ−1 as every elementg of C(x, y) gives a commuta-
tive diagram as on the right.

φ−1(x)

φ−1(g)

φ−1(y)

x g y

1xφ 1yφ

Together with identity onObj(C), mappingg to gφ0 provides an injective functor ofC
into C ⋊ 〈φ〉: building on this, we shall hereafter considerC as included inC ⋊ 〈φ〉 and
identify gφ0 (that is,(g, 0)) with g.

Lemma 1.33. If C is a left-cancellative category andφ is an automorphism ofC:
(i) The categoryC ⋊ 〈φ〉 is left-cancellative.
(ii) The identity-elements ofC⋊ 〈φ〉 are those ofC, whereas its invertible elements are

the elements of the formǫφm with ǫ in C×, the inverse ofǫφm beingφ−m(ǫ−1)φ−m.
(iii) For all g, h in C andm,n in Z, the relationgφm 4 hφn holds inC ⋊ 〈φ〉 if and

only if g 4 h holds inC.

We skip the straightforward verifications.

Lemma 1.34. Assume thatC is a left-cancellative category,φ is an automorphism ofC,
andS is a Garside family ofC that is preserved byφ.

(i) For all g1, g′ in C andm in Z, the pathg1|(g2φm) is S-greedy (resp.S-normal)
in C ⋊ 〈φ〉 if and only ifg1|g2 is S-greedy (resp.S-normal) inC.

(ii) The familyS is a Garside family inC ⋊ 〈φ〉. If s1| ··· |sp is an S-normal de-
composition ofs in C, thens1| ··· |sp−1|(spφm) is anS-normal decomposition ofsφm

in C ⋊ 〈φ〉.

Proof. (i) Assume thatg1|g2 is S-greedy,h belongs toS and, inC ⋊ 〈φ〉, we haveh 4
fφn · g1 · g2φm. The latter relation impliesh4 fφn(g1)φn(g2) in C, whenceφ−n(h) 4
φ−n(f)g1g2. By assumption,φ−n(h) lies in S and g1|g2 is S-greedy, so we deduce
φ−n(h) 4 φ−n(f)g1, whenceh4 fφn(g1) andh4 fφn · g1 in C ⋊ 〈φ〉. Sog1|(g2φm)
is S-greedy inC ⋊ 〈φ〉. If, moreover,g1 andg2 belong toS♯ (in the sense ofC), theng1
andg2φm belong toS♯ (in the sense ofC ⋊ 〈φ〉) andg1|(g2φm) is S-normal inC ⋊ 〈φ〉.

The converse implications are similarly easy. Point (ii) then directly follows.

Here is the now expected connection between twisted conjugacy in a category and
ordinary conjugacy in a semi-direct extension of that category.

Notation 1.35(family Sφ). For C a category,S included inC, andφ an automorphism
of C, we denote bySφ the subfamily{gφ | g ∈ S} of C ⋊ 〈φ〉.
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Proposition 1.36(twisted conjugacy). Assume thatC is a category andφ is an auto-
morphism ofC. For e in C�

φ , put ι(e) = eφ and, fore
g−→ e′ in ConjφC, put ι(e

g−→ e′) =

eφ
g−→ e′φ. Then ι is an injective functor fromConjφC to Conj (C ⋊ 〈φ〉). The im-

age ofObj(ConjφC) under ι is C�
φ φ, whereas the image ofConjφC is the intersection

of Conj (C ⋊ 〈φ〉) with C�
φ φ× C × C�

φ φ.

Proof. Assume thate belongs toC(x, φ(x)) ande
g−→ e′ belongs toConjφC, that is, we

haveeφ(g) = ge′. By definition, the source (resp. target) ofe
g−→ e′ is e (resp. e′),

whose image underι is eφ (resp. e′φ). On the other hand, the image ofe
g−→ e′ underι is

eφ
g−→ e′φ, whose source (resp. target) iseφ (resp. e′φ). Next, by definition, the equalities

ι(e) · g = eφ · g = eφ(g)φ = g · e′φ = g · ι(e′)

hold inC⋊ 〈φ〉, which means thateφ
g−→ e′φ belongs toConj (C ⋊ 〈φ〉). Finally, if e

g−→ e′

ande′
g′−→ e′′ are elements ofConjφC, we find

ι(e
g−→ e′)ι(e′

g′−→ e′′) = (eφ
g−→ e′φ)(e′φ

g′−→ e′′φ)

= eφ
gg′−−→ e′′φ = ι(e

gg′−−→ e′′) = ι((e
g−→ e′)(e′

g′−→ e′′)).

Soι is indeed a functor fromConjφC to Conj (C ⋊ 〈φ〉).
By construction, the image ofObj(ConjφC) underι consists of all pairseφ with e

in C�
φ —note that all such pairs belong to(C ⋊ 〈φ〉)�—and the image ofConjφC consists

of all tripleseφ
g−→ e′φ with eφ(g) = ge′, hence of all elements ofConj (C ⋊ 〈φ〉) that lie

in C�
φ φ× C × C�

φ φ.

Let us denote byConj (Cφ) the full subcategory ofConj (C ⋊ 〈φ〉) obtained by re-
stricting objects toCφ. By definition, an element of the categoryConj (C ⋊ 〈φ〉) is a triple

of the formeφm
gφn

−−→ e′φm
′

satisfyingeφm · gφn = gφn · e′φm′

, hence in particular
m = m′. It follows thatConj (Cφ) is a union of connected components ofConj (C ⋊ 〈φ〉)
and, therefore, many properties transfer fromConj (C ⋊ 〈φ〉) to Conj (Cφ). In particular,
we obtain

Proposition 1.37(Garside in twisted). Assume thatC is a left-cancellative category,S
is a Garside family inC, andφ is an automorphism ofC that preservesS. Then the family
of all elementse

s−→ - of ConjφC with s in S is a Garside family inConjφC.

Proof. By Lemma 1.34,S is a Garside family inC ⋊ 〈φ〉. By Corollary 1.14, we deduce
that the family of all elementseφm

s−→ - of Conj (C ⋊ 〈φ〉) with s in S is a Garside family
in Conj (C ⋊ 〈φ〉) and, therefore, that the familŷS of all elementseφ

s−→ - of Conj (Cφ)
with s in S is a Garside family inConj (Cφ). Next, C is closed under right-quotient
in Cφ, henceι(ConjφC) is closed under right-quotient inConj (Cφ), and it includesŜ.
By Corollary VII.2.13 (closed under right-quotient), we deduce thatŜ is a Garside fam-
ily in ι(ConjφC). Applying ι−1, we deduce thatι−1(Ŝ), which consists of alle

s−→ -
in ConjφC with s in S, is a Garside family inConjφC.
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The functorι need not be full in general. However, we have:

Proposition 1.38(functor ι full). If φ is an automorphism of a categoryC andC is a
groupoid, orφ has finite order, then the functorι of Proposition 1.36 is full.

Proof. We have to prove that, fore in C, the conjugation ofeφ by a power ofφ can be
done by an element ofC. Since we have(eφ)φ

−1

= (eφ)e, the property is true for negative
powers ofφ, which gives the result when the order ofφ is finite. If C is a groupoid, we
obtain the result using(eφ)φ = (eφ)φ

−1(e−1).

To conclude this section, we now consider a twisted version of cyclic conjugacy.
Here we just mention a few results without formal statementsand proofs. So assume
that C is a left-cancellative category, andφ is a finite order automorphism of the cat-
egoryC. Then, we defineCycφC as the subcategory ofConjφC generated by the ele-

mentse
g−→ - of ConjφC(e, -) satisfyingg 4 e, or equivalently, ifC is cancellative, by the

elements -
g−→ e′ of ConjC(e, e′) satisfyinge′ <̃ φ(g). By Proposition 1.38, the func-

tor ι of Proposition 1.36, identifiesCycφC(e, e′) with the family of elements ofCyc(C ⋊

〈φ〉)(eφ, e′φ) that lie inC. To simplify notation, we will denote byCycC(eφ, e′φ) the lat-
ter family. If C is right-Noetherian and admits conditional right-lcms, then the same holds
for C ⋊ 〈φ〉. If S is a Garside family inC that is preserved byφ, translating Proposition
1.21 to the image ofι and then toCycφC, we obtain that the family{e g−→ - ∈ ConjφC |
g 4 e andg ∈ S} is a Garside family inCycφC.

Similarly, Proposition 1.20 says in this context that the family {e g−→ - ∈ ConjφC |
g 4 e} is a Garside family inCycφC, which is bounded by the Garside map∆ that maps
the objecte to the elemente

e−→ - of CycφC(e, φ(e)); the associated functorφ∆ is φ.

Then Proposition 1.23 says that, under the assumptions of Proposition 1.20, the sub-
categoryCycφC of ConjφC is closed under left-gcd.

Finally, Proposition 1.24 says that, ifC is left-cancellative, right-Noetherian, if∆ is a
Garside map inC andφ is an automorphism that preserves the familyDiv(∆), then, for
all e, e′ in C satisfying∆4 (eφ)n for somen, the equalityCycφC(e, e′) = ConjφC(e, e′)
holds.

For an example, we refer to Figure 1, which represents the connected component of
the braidβ = σ2σ1σ3σ2σ5 in the category of twisted cyclic conjugation in the6-strand
braid monoidB+

6 whenφ is the flip automorphism that mapsσi to σ6−i for everyi. The
braidβ, hence also all its conjugates, is a twisted cubic root of∆6. By Proposition 1.24
(twisted), cyclic conjugation is the same as (twisted) conjugation for such elements, that
is, the equalityCycφC(e, e′) = ConjφC(e, e′) holds. Note thatφ is equal to the automor-
phismφ∆ that stems from the Garside element∆6, Then, at the expense of considering
thatβ in the figure representsβ∆6, which is a cubic root of∆4

6, we can also see the figure
as depicting (non-twisted) conjugacy (equal to cyclic conjugacy) of these elements. With
the same notation as above we haveCycC(e∆, e′∆) = ConjC(e∆, e′∆).
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Figure 1. Connected component of σ2σ1σ3σ2σ5 in the category of twisted cyclic conjugation in B+
6

associated with the flip automorphism. The arrows correspond to the atoms of the category, that is,
the twisted cyclic conjugacy by σ1, ... , σ5, here simply denoted by 1, ... ,5. The action of σi on the
braid b is defined if σi left-divides β and maps β to σ−1

i βσ6−i.

1.4 An example: ribbon categories

Our aim is to study the simultaneous conjugacy of those submonoids of a reference
monoidM that are generated by sets of atoms (in a context where this makes sense).
A natural conjugacy category arises, whose objects are the conjugates of some fixed sub-
monoid generated by a set of atoms, and we call it a ribbon category. The seminal exam-
ple is a monoid of positive braidsB+

n , in which case the geometric notion of a ribbon as
explained in Reference Structure 7, page 20 arises.

Our current development takes place in a general context that we describe now.

Context 1.39. • M is a (left- and right-) cancellative monoid that is right-Noetherian,
generated by its atoms and its invertible elements, and admits conditional right-lcms;

• S is a Garside family inM ;
• A is the set of atoms ofM ;
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• P(A) is the powerset ofA, that is, the collection of all sets of atoms ofM ;
• for I a set of atoms,MI is the submonoid ofM generated byI.
• I is a subset ofP(A) stable by conjugacy.

By Proposition II.2.58 (atoms generate), ifM is Noetherian, thenM is automatically
generated by its atoms andM×. Note that, asMI is generated by a set of atoms, it contains
no nontrivial invertible element andI is the complete atoms set ofMI .

Stable by conjugacy in the above means that wheneverI in I andg inM are such that,
for everys in I, there existst in M satisfyingsg = gt, the set{sg | s ∈ I}, writtenIg,
is again inI. Note that it is not true in general that the conjugate of an atom is an atom.
However, this is true ifM has a presentation with generating setA and homogeneous
relations, or, equivalently, it admits an additive length function—that is,λ(gh) = λ(g) +
λ(h) always holds—with atoms of length1. An example where this assumption holds
is the case of classical or dual Artin-Tits monoids (Reference Structure 2, page 5 and
Reference Structure 3, page 10). Then a conjugate of a subsetof A is a subset ofA.

Example 1.40(Coxeter system).Assume that(W,S) is a Coxeter system (see Chap-
ter IX). Let B+ be the corresponding Artin-Tits monoid and letA be its set of atoms.
ThenB+ is cancellative, Noetherian, admits conditional right- (and left-) lcms and it has
a distinguished Garside family, namely the canonical liftW of W in B+, which consists
of the elements whose length with respect toA is equal to the length of their image inW
with respect toS (see Chapter IX). Then takingB+ for M andP(A) for I provides a
typical example for Context 1.39. The corresponding ribboncategory, as defined below,
will be used in Chapter X where parabolic Deligne-Lusztig varieties will be associated to
elements of the ribbon category and morphisms between thesevarieties will be associated
to the cyclic conjugacy category of the ribbon category.

Definition 1.41 (categoryConj (M,P(A))). In Context 1.39, forI, J in I, we denote
by Conj (M, I)(I, J) the family of all pairsI

g−→ - satisfyingIg = J , and byConj (M, I)
the category whose objects are the elements ofI and whose elements are in some fam-
ily Conj (M, I)(I, J), the source (resp. target) ofI

g−→ J being defined to beI (resp. J).

ThusConj (M, I) is the family of all connected components of the simultaneous con-
jugacy category inM of I. Note that, ifI

g−→ - lies in Conj (M, I), the maps 7→ sg is a
bijection fromI ontoIg, being injective thanks to the right-cancellativity ofM . It is easy
to extend Corollary 1.14 to our situation to show that the setŜ = {I g−→ - | g ∈ S} is a
Garside family inConj (M, I) (see Exercise 95).

More conditions will have to be assumed to hold in the sequel.For I included inI,
we shall consider the following conditions:

Condition 1.42 (MI closed under right-lcm). The submonoidMI is weakly closed un-
der right-lcm and closed under right-quotient.

Remark 1.43. In the case of an Artin–Tits monoid, Condition 1.42 is alwayssatisfied, as
can be proved using Corollary IX.1.12 and Proposition IX.1.13. In general, by contrast,
Condition 1.42 is true only for someI as shows the following example: consider the dual
braid monoidB+∗

4 (Reference Structure 3, page 10) in the braid group on four strands,
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and take forI the set{a1,3, a2,4}; these two atoms generate a free monoid, and it does not
contain the right-lcm∆∗

4 of a1,3 anda2,4.

When Condition 1.42 is satisfied for a subfamilyI of A, then every elementg of M
has a unique maximal left-divisor inMI , which we denote byHI(g): existence is given
by Proposition VII.1.21 (head-subcategory) sinceMI , being weakly closed under right-
lcm, is closed under right-comultiple, whereas uniquenesscomes from the fact that two
such maximal left-divisors differ by right-multiplication by an invertible element which
has to be inMI sinceMI is closed under right-quotient, so is trivial. We denote byTI(g)
the element defined byg = HI(g)TI(g).

Definition 1.44(I-reduced). An elementg ofM is calledI-reducedif it is left-divisible
by no nontrivial element ofMI , or, equivalently, ifHI(g) = 1 holds.

Definition 1.45 (ribbon category). The ribbon categoryRib(M, I) is the subcategory
of Conj (M, I) generated by the elementsI

g−→ - such thatg is I-reduced.

Example 1.46(ribbon category). In then-strand braid monoidB+
n (Reference Struc-

ture 2, page 5) withI = {{σi} | i < n}, an(i, j)-ribbon as defined in Reference Struc-
ture 7, page 20 is an element ofRib(B+

n , I) provided it is not left-divisible byσi.

That the above class of elements is closed under compositionand right-lcm is the
object of (ii) and (iii) in the next proposition; (i) is a motivation for restricting toI-reduced
elements by showing that we lose nothing in doing so.

Proposition 1.47 (composition in Rib(M, I)). In Context 1.39, assume that Condit-
ion 1.42 is satisfied for everyI in I.

(i) GivenI in I andg in M , the pairI
g−→ - lies in Conj (M, I) if and only ifHI(g)

conjugatesI to a subsetIHI (g) of I andTI(g) conjugatesIHI (g) to a subsetIg ofA.
(ii) If I

g−→ J belongs toRib(M, I), thenHI(gh)
g = HJ(h) holds for everyh in M .

In particular, forI
g−→ - inRib(M, I) andIg

h−→ - in Conj (M, I), the pairI
gh−→ - belongs

toRib(M, I) if and only ifIg
h−→ - belongs toRib(M, I).

(iii) If two elementsI
g−→ - andI

g′−→ - ofConj (M, I) areI-reduced and admit a right-
lcm, then this right-lcm isI-reduced as well.

Note that, if the right-lcm involved in (iii) above isI
h−→ - then, by Lemma 1.10,h

must be a right-lcm ofg andg′ in M .

Proof. (i) We first prove that, ifs lies inI andsg lies inJ , thensHI(g) lies inI. This will
prove the result in one direction. The converse is obvious. Now, by assumption, we have
sg = gs′ for somes′ belonging toJ . If s4 g holds, letk be the largest integer such that
sk left-dividesg, which exists sinceM is right-Noetherian. We writeg = skg′, whence
sg′ = g′s′ by left-cancellation. We haveHI(g) = skHI(g

′) and we are left with the case
whens does not left-divideg.

In that case, sinceMI is weakly closed under right-lcm, the elementss andHI(g)
have a right-lcm inMI that dividessg hencegs′, and can be writtensh = HI(g)f ,
with f non-invertible andh andf in MI . Left-cancellings in sh 4 sg, we obtain that
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h divides g, so dividesHI(g). Let us writeHI(g) = hh′ with h′ in MI ; we have
sh = HI(g)f = hh′f . By the fifth item of Context 1.39,h′f is an atom, thush′ is
invertible, hence equal to 1, andf is an atom. We thus obtainsHI(g) = sh = HI(g)f ,
which is the expected result sincef is an atom ofMI so it is inI.

(ii) We prove by induction onk that, fors1, ... , sk in I, we haves1 ···sk 4 gh if and
only if we have(s1 ···sk)g 4 h. This will prove (ii) since, the conjugation byg being
surjective fromI ontoJ , we can writeHJ(h) as(s1s2 ···sk)g with si in I for all i. To
start the induction, consider a pair(s, s′) with s′ = sg in I×J . Thens 64 g together with
gs′ = sg imply thatsg is a common multiple ofs andg which has to be a right-lcm since
s′ is an atom. Sos 4 gh is equivalent togs′ 4 gh, that is,sg 4 h, whence the result in
the casek = 1. For a generalk, if s1 ···sk 4 gh holds, we use the induction hypothesis to
obtain(s1 ···sk−1)

g 4 h. This can be writtengh = s1 ···sk−1gh1 for someh1 in M . We
then havesk 4 gh1. By the result fork = 1 we deducesgk 4 h1, whence the result.

(iii) We claim that a stronger statement is actually true, namely that, if we haveg 4 h
for someg in Conj (M, I)(I, .) andh in M , thenTI(g) left-dividesTI(h). Then, in the
situation of (iii), we obtain thatTI(h) is a common multiple ofg andg′, which implies
h4 TI(h), whenceHI(h) = 1.

Let us prove our claim. Dividingg andh byHI(g) and replacingI by IHI (g), we may
as well assumeHI(g) = 1 since(IHI (g))TI (g) = Ig always holds. We writeh = gg1
andJ = Ig. By (ii), we haveHI(h)

g = HJ(g1), whence

HI(h)g = gHJ(g1)4 gg1 = h = HI(h)TI(h).

Left-cancellingHI(h), we obtaing 4 TI(h), which is what we want sinceg = TI(g) is
true.

The next result shows that(Ŝ ∩Rib(M, I)) ∪Rib(M, I)× generatesRib(M, I).

Proposition 1.48(normal decomposition inRib(M, I)). In Context 1.39, and provided
Condition 1.42 is satisfied for everyI in I, all entries in a normal decomposition of an
element ofRib(M, I) in Conj (M, I) belong toRib(M, I).

Proof. Let I
g−→ - belong toRib(M, I) and letI

g1 | ··· |gq−−−−−→ - be a normal decomposition of
this element inConj (M, I). By Corollary 1.14, generalized as in Exercise 95,g1| ··· |gq
is a normal decomposition inM . Applying Proposition 1.47(ii) withg1 ···gi−1 for g
and gi ···gq for h, we obtainHIg1 ···gi−1 (gi ···gq) = HI(g)

g1 ···gi−1 = 1, whence the
result.

By Proposition 1.47(ii), the subcategoryRib(M, I) of Conj (M, I) is closed under
right-quotient. Proposition VII.2.10 (recognizing compatible I), whose other assumptions
are satisfied by Proposition 1.48, then implies

Corollary 1.49 (Garside inRib(M, I)). In Context 1.39, and provided Condition 1.42 is
satisfied for everyI in I, the setŜ ∩Rib(M, I), that is,

{I g−→ - ∈ Conj (M, I) | g ∈ S andHI(g) = 1}

is a Garside family inRib(M, I).
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We now show that, under some additional assumptions, the above Garside family
in Rib(M, I) is bounded by a Garside map when the Garside familyS is bounded.

If we do not assume thatMI contains no nontrivial invertible elements, we lose the
unicity of HI but not its existence. In this case, forg in M we denote byHI(g) some
chosen maximal left-divisor ofg lying in MI .

If S is bounded by a Garside map∆, we put∆I = HI(∆).

Lemma 1.50. In Context 1.39, and assuming that Condition 1.42 is satisfied for everyI
in I, the monoidM is left-Noetherian (thus Noetherian), andS is bounded by a Garside
map∆, then, for everyI in I, the element∆I is a right-Garside element inMI .

Proof. The setS ∩ MI generatesMI , hence also doesDiv(∆) ∩ MI . As M is left-
Noetherian, Proposition V.2.35 (bounded implies gcd) implies thatM admits right-lcms.
The setDiv(∆)∩MI is weakly closed under right-lcm inM sinceMI is, and it is closed
under right-quotient sinceMI andDiv(∆) are both closed under right-quotient. This
implies thatDiv(∆)∩MI is closed under right-complement inMI , and Corollary IV.2.29
(recognizing Garside, right-lcm case) implies thatDiv(∆)∩MI is a Garside family inMI

(here we use the fact thatMI has no nontrivial invertible elements).
Now the divisors of∆ which are inMI are by definition ofHI the divisors of∆I

in MI . HenceDiv(∆) ∩MI is closed under left-divisor inMI and we obtain the result
by Proposition V.1.20 (right-Garside map) applied inMI (here again we use thatM×

I is
trivial).

If M is Noetherian andS is bounded by a Garside map∆, we denote byφI the
functorφ∆I associated to∆I as in Proposition V.1.28 (functorφ∆). We are now inter-
ested in the case whereφI is surjective, hence bijective (it is injective sinceM is right-
cancellative). This is equivalent to∆I being a Garside element by Proposition V.2.17
(automorphism). We introduce one more property.

Condition 1.51(φI bijective). We assume thatM is Noetherian, the Garside familyS is
bounded by a Garside element∆, and, for everyI in I, the functorφI is bijective onMI .

By the fifth item of Context 1.39,φI maps an atom to an atom. Hence its surjectivity
on the setI of atoms ofMI is equivalent to its surjectivity onMI . SinceφI is injective,
the above assumption is then equivalent toφI being bijective onI. Condition 1.51 is
satisfied in particular whenI is finite. This is the case for example ifM is a classical
or dual Artin-Tits monoid of spherical type, or the semi-direct product of an Artin-Tits
monoid of spherical type by an automorphism.

Proposition 1.52(Garside map in Rib(M, I)). In Context 1.39, and provided Condi-
tions 1.42 and 1.51 are satisfied for everyI in I, the map∆ defined forI included inA
by∆(I) = I

∆−1
I ∆−−−−→ φ∆(I) is a Garside map in the categoryRib(M, I).
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Proof. The bijectivity ofφI and Proposition 1.47(i) show that the conjugation byTI(∆) =

∆−1
I ∆ is defined onI. Hence∆−1

I ∆ is an element of̂S ∩Rib(M, I). We first show that

every pairI
f−→ - in Ŝ ∩ Rib(M, I) left-dividesI

∆−1
I ∆−−−−→ -, which is equivalent to∆If

left-dividing∆. Since∆I andf divide∆, their right-lcmδ left-divides∆. We claim that
δ is equal to∆If . Let us writeδ = fg. We havefg 4∆If = f∆f

I whenceg 4∆f
I . By

definition ofδ = fg, we have∆I 4 fg; from this andfg4∆, we deduceHI(fg) = ∆I .
From Proposition 1.47 applied to the productfg, we obtain∆f

I = HI(fg)
f = HJ(g).

Putting things together, we deduceg = HJ(g) = ∆f
I , whenceδ = fg = f∆f

I = ∆If ,
which is our claim. We have proved that the collection of elements of the proposition
defines a right-Garside map inRib(M, I). Note for future reference that, sinceg right-
divides∆, it also left-divides∆; as g lies in MJ , we conclude thatg, which is ∆f

I ,
left-divides∆J .

To see that∆(I) is a Garside map, it remains to show that every elementI
f−→ J

in Ŝ ∩ Rib(M, I) right-divides∆−1

φ−1
∆ (J)

∆, which is equivalent tof∆J right-dividing∆

sinceφ∆ is an automorphism, hence maps∆φ−1
∆ (J) to ∆J . This in turn is equivalent to

f∆J left-dividing ∆ since∆ is a Garside element. The result is then a consequence of
the following lemma and of the fact that∆If divides∆ as we have seen in the first part
of the proof.

Lemma 1.53. In Context 1.39, and provided Conditions 1.42 and 1.51 are satisfied for
everyI in I, for every pairI

f−→ J in Rib(M, I), we have∆J = ∆f
I , that is, equival-

ently,f∆J = ∆If .

Proof. It is sufficient to prove the property forI
f−→ J in Ŝ ∩ Rib(M, I). Since∆If

left-divides∆, we can write∆ = ∆Iff1 for somef1. Since∆ conjugatesI to φ∆(I)
and∆I conjugatesI surjectively to itself which is in turn conjugated byf surjectively
to J , we obtain thatf1 conjugatesJ surjectively toφ∆(I). In other words,f1 defines

an elementJ
f1−→ φ∆(I) of Conj (M, I). This element actually belongs toRib(M, I): by

Proposition 1.47(ii), we haveHJ(f1) = HI(ff1)
f = 1, the last equality byHI(∆) =

HI(∆Iff1) = ∆I . By the first part of the proof of the proposition applied withJ andf1
respectively instead ofI andf , we obtain∆f1

J 4 ∆φ∆(I). Assume for a contradiction

the strict left-divisibility relation∆f
I ≺ ∆J . Putting things together, we obtain∆ff1

I ≺
∆f1
J 4 ∆φ∆(I). But we have∆ff1

I = ∆∆Iff1
I = ∆∆

I = ∆φ∆(I). Hence we obtain the
strict divisibility relation∆φ∆(I) ≺ ∆φ∆(I), a contradiction.

We now want to describe the atoms of the ribbon categoryRib(M, I). We will do it
under the following assumption, which makes sense in context 1.39.

Condition 1.54. For everyI in I and every atoms in M , there exists a setJ of represen-
tatives of the=×-class of atoms ofM that left-divide the right-lcm ofs and∆I satisfying:

(i) The monoidMJ is weakly closed under right-lcm and closed under right-quotient,
(ii) The familyD̃iv(∆J ) is included inDiv(∆J ) andΦJ is bijective,
(iii) The element∆J left-divides the right-lcm ofs and∆I .
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Note that, by Proposition VII.1.21 (head-subcategory), when condition (i) is satisfied,
∆J exists as explained below in Remark 1.43. The inclusion condition in (ii) is satisfied
in particular ifM is Noetherian by Lemma 1.50, which can be applied in context 1.39,
and asserts that then∆J is a right-Garside element.

Note also that Condition 1.54 is satisfied in all Artin-Tits monoids of spherical type
(see Chapter IX): we have already seen that Conditions 1.42 and 1.51 hold for every
subsetJ of the atoms. As for Condition 1.54(iii), it is satisfied in Artin-Tits monoids of
spherical type since, in such a monoid, the setJ is equal toI ∪ {s}.

Condition 1.54 is also true in all quasi-Garside dual braid monoids. To show this we
first prove two lemmas.

Lemma 1.55. Assume thatM is a quasi-Garside monoid with Garside element∆ such
that, for everyf in Div(∆), the left- and right-divisors off coincide and such that the
square of any atom does not divide∆.

(i) For everyf in Div(∆) and every decomposition off as a producta1 ···ak of atoms,
f is a right-lcm of the family{a1, ... , ak}. In particular, f is the right-lcm of the family
of all atoms dividing it.

(ii) For f andg in Div(∆), if fg lies inDiv(∆), thenfg is the right-lcm off andg.
(iii) For f andg in Div(∆), if fg andgf lie in Div(∆), then we havefg =× gf .

Proof. Points (ii) and (iii) are immediate consequences of (i). We prove (i) using induc-
tion onk. We do not have to distinguish between left- and right-divisibility for elements
of Div(∆). Sincea2

k does not divide∆, it does not divide the producta1 ···ak. Henceak
does not dividea1 ···ak−1. Hence every right-lcm ofak anda1 ···ak−1 is a strict right-
multiple ofa1 ···ak−1 that has to dividea1 ···ak, hence is equal toa1 ···ak up to an invert-
ible element sinceak is an atom. We deduce the result since, by induction,a1 ···ak−1 is a
right-lcm of{a1, ... , ak−1}.

Lemma 1.56. Under the assumptions of Lemma 1.55, for everyδ in Div(∆), the monoid
generated by the divisors ofδ is closed under left- and right-quotient and left- and right-
lcm. It is a quasi-Garside monoid with Garside elementδ.

Proof. By definition, the familyDiv(δ) of all divisors ofδ is closed under left- and right-
quotient and left- and right-lcm inM . HenceDiv(δ) is closed under right-diamond
in Div(∆). By assumption, the ambient monoidM admits conditional right-lcms, it
is Noetherian, and it contains no nontrivial invertible element. By Proposition VII.1.13
(generated subcategory, right-lcm case), the submonoidM1 generated byDiv(δ) is closed
under right-diamond, hence under right-lcm, and under left-lcm as well since we are in
a context where left- and right-divisibility coincide. Then Div(δ) is a Garside family
in M1.

In the following result, the notion of dual braid monoids refers to Definitions IX.2.2
and IX.3.11 below. The family of dual braid monoids that are Garside or quasi-Garside
monoids contains the dual braid monoids of complex reflection groups (hence in particular
of finite Coxeter groups) and of Coxeter groups of typeÃn andC̃n.

Proposition 1.57(dual braid monoids). Assume thatM is a dual braid monoid that is
a Garside or quasi-Garside monoid. Then Condition 1.54 is satisfied in Context 1.39, if
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Condition 1.42 is satisfied for everyI in I. Moreover, with the notation as in Condition1.54,
one has∆J = lcm(I, s).

Proof. In a dual braid monoid, there is no non-trivial invertible element and right- and
left- divisibility coincide. Hence the monoids consideredhere satisfy the assumptions of
Lemma 1.55. LetI belong toI, let s be an atom, and letJ be the set of atoms dividing
the right-lcmδ of ∆I ands. By Lemma 1.55(i),δ is the lcm ofJ . By Lemma 1.56,MJ

is a quasi-Garside monoid with Garside elementδ and it is closed under divisor and lcm.
Thus Condition 1.54(i) is satisfied. Condition 1.54(ii) is satisfied as well since the right-
and left-divisors of∆J coincide. Now∆J is a Garside element, so is a multiple ofδ.
But no atom can divideδ−1∆J , since it would divideδ so that its square would divide∆,
which is false. Henceδ is equal to∆J .

Notation 1.58. Under Condition 1.54, when∆J is different from∆I (that is, whens
does not divide∆I ) the element∆−1

I ∆J is denoted byv(J, I).

Since∆−1
I conjugatesI to itself and∆J conjugatesMJ to itself, the elementv(J, I)

conjugatesI into MJ , hence intoJ by the fifth item in Context 1.39. Moreover, we

haveHI(v(J, I)) = 1 since∆I left-divides∆J . HenceI
v(J,I)−−−−→ φJ (I) is an element

of Rib(M, I).

Proposition 1.59(atoms ofRib(M, I)). In Context 1.39, and provided Condition 1.42 is
satisfied for everyI in I and Conditions 1.51 and 1.54 are satisfied:

(i) If I lies in I, g lies inM , and we haveHI(g) = 1 and there existsp > 0 such that
the conjugation of∆p

I byg is defined inM , then the conjugation ofI byg is defined, and

I
g−→ - lies inRib(M, I).
(ii) Every atom ofRib(M, I) is of the formI

v(J,I)−−−−→ - for someI included inA and

someJ as in Condition 1.54. Conversely, such an elementI
v(J,I)−−−−→ - is an atom provided

v(J ′, I) ≺ v(J, I) holds for noJ ′ as in Condition 1.54.

Proof. (i) SinceM is right-Noetherian, it suffices to prove thatg is either invertible or left-
divisible by some non-invertible elementh that belongs toRib(M, I): indeed, ifg = hg′

holds withI
h−→ I ′ in Rib(M, I), then, by Proposition 1.47, we haveHI′(g

′) = 1 and,
asIh = I ′ holds, Lemma 1.53 implies(∆p

I′)
g′ = (∆p

I)
g in M , so (i) is equivalent to

the same property forg′ and, by Noetherianity, the sequenceg, g′, g′′, ... thus constructed
terminates with an invertible element. We will prove that, if g is not invertible, for some
J as in 1.54,v(J, I) dividesg, which will thus imply (i).

We proceed by decreasing induction onp. We show that, if fori > 0 we havet4∆i
Ig

for some atomt not inMI , thenv(J, I) left-divides∆i−1
I g whereJ is the set of all atoms

dividing the right-lcm oft and∆I . By Condition 1.54(iii),∆J left-divides the right-lcm
of t and∆I , hence, fromt 4 ∆ig and∆I 4 ∆i

Ig, we deduce∆J 4 ∆i
Ig. Since∆J is

equal to∆Iv(J, I), we deducev(J, I) 4 ∆i−1
I g as expected. The induction starts with
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i = p, taking fort an atom dividingg since then we havet 4 g 4∆p
Ig. Such an atomt,

which exists sinceM is generated by its atoms and its invertible elements does not lie in
MI sinceHI(g) = 1. Similarly, every atomt′ satisfyingt′ 4 v(J, I) does not lie inMI ,
hence the induction can go on as long asi− 1 is positive.

We deduce (ii) from the proof of (i): every elementI
g−→ Ig in Rib(M, I) satisfies the

assumption of (i) forp = ‖g‖S, whence the result since, in the proof of (i), we have seen
thatg is a product of some elementsv(J,K).

In this way, we obtained a complete description of the normalizer of a submonoidMI

in a monoidM . Indeed, Proposition 1.59 immediately implies:

Corollary 1.60 (normalizer). Under the assumptions of Proposition 1.59, the normalizer
ofMI in M identifies with the familyRib(M, I)(I, I) in the ribbon categoryRib(M, I).

Twisted conjugacy. We sketch how ribbons work in the context of twisted conjugacy.
Assume thatN is a monoid andI is a family of subsets of the atom set ofN such that

N andI satisfy the assumptions of Context 1.39. Letφ be an automorphism ofN and let
M = N ⋊ 〈φ〉. Assume thatI is stable under the action ofφ (or, equivalently, thatI is
stable under conjugacy inM ).

Then, if Conditions 1.42 for everyI and 1.54 hold inN , they still hold inM . If

we consider just the ribbons thus constructed of the formI
gφ−→ - with g in N , we can

consider them as “ribbons forφ-twisted conjugacy” inN . For instance, ifN is an Artin–
Tits monoid with atom setA, we may takeI = P(A).

2 Cycling, sliding, summit sets

In this section, we show how the Conjugacy Problem can be solved in (most of) categories
that admit a bounded Garside family, using an approach basedon the notions of cycling,
decycling, and sliding.

The main result is that there exists a characteristic subsetof a conjugacy class called
the super-summit set, and an algorithm (repeated application ofcycling anddecycling)
that maps every element of the conjugacy class to this characteristic subset, resulting (in
good cases) in a solution of the Conjugacy Problem (Subsection 2.1). Then we show how
to construct a smaller characteristic subset, the set of sliding circuits, obtained by repeated
application of another operation calledsliding (Subsection 2.2).

Throughout this section and the next one, we apply Convention V.3.7 (omitting source),
thus writing∆ instead of∆(x) when there is no need to specifyx explicitly.
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2.1 Cycling and decycling

As above, we first fix a common context of all developments in this section.

Context 2.1. • C is a cancellative category that is right-Noetherian;
• ∆ is a Garside map inC; the associated automorphism isφ∆;
• G is the groupoid of fractions ofC;
• H is asharphead function forDiv(∆); for g in C, we denote byT (g) the element

satisfyingg = H(g)T (g).

We will write ∆ for ∆(x) when there is no ambiguity on the sourcex. Since the
category is assumed to be cancellative, the functorφ∆ is an automorphism.

Below, we shall consider the categoriesConjC andCycC of Section 1 (together with
their extensions to the enveloping groupoidG). In order to simplify notation, we put

Convention 2.2(ConjC). Hereafter, fore, e′ in C� andg in C satisfyingeg = ge′, that is,
for e

g−→ e′ belonging toConjC(e, e′), we will simply say thatg belongs toConjC(e, e′).
We will use the same convention forCycC.

We will describe conjugacy in the enveloping groupoidG and deduce results on the
conjugacy inC as a particular case. Fore of G� andg in ConjG(e, -), we may write
g−1eg for the conjugateeg. We call conjugacy classof e the objects of the connected
component ofConjG containinge viewed as an object ofConjG.

If the automorphismφ∆ has finite ordern (which is necessarily true ifS is finite),
every conjugating map inConjG(e, -) with e in C gives rise to a map inConjC(e, -).
Indeed, forg in ConjG(e, -), there existsn such thatφn∆ is trivial andg∆[n] lies in C, so

that we haveeg = φn∆(eg) = (g∆[n])−1e(g∆[n]) = eg∆
[n]

.
We recall that left-divisibility is extended toG by settingg 4 h for g−1h ∈ C. We

use this to define the subcategoryCycG of ConjG in the same way as forC: it is the
subcategory generated by{g ∈ ConjG(e, e′) | g 4 e}. ThenCycC is the full subcategory
of CycG whose objects are inC.

We also recall from Proposition V.3.18 (delta-normal) thatevery elementg of G admits
a delta-normal decomposition∆[m]||s1| ··· |sℓ, meaning thatg = ∆[m]s1 ···sℓ holds and
s1| ··· |sℓ is aDiv(∆)-normal decomposition of∆[−m]g satisfying∆ 64 s1. We then have

m = inf∆(g) = max{i | ∆[−i]g ∈ C} = max{i | ∆[i] 4 g}.

A delta-normal decomposition∆[m]||s1| ··· |sℓ is strict if none ofs1, ... , sℓ is invertible.

Definition 2.3 (cycling). For e in G� satisfyinginf∆(e) = i, the initial factor init(e)
of e is defined to beH(e∆[−i]), and thecyclingcyc(e) of e is defined to beeinit(e).

The initial factorinit(e) is a left-gcd ofe∆[−i] and∆, andinf∆(cyc(e)) > inf∆(e)
holds. Note thatinit(e) lies inConjG(e, -). More precisely
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Lemma 2.4. In Context 2.1,init(e)−1e belongs toCycG(cyc(e), e) for everye in G�.
Moreover, ife lies inC�, theninit(e) belongs toCycC(e, cyc(e)).

By Lemma II.2.41, the assumption thatC is right-Noetherian implies that every el-
ementg has admits a right-heighthtR(g), which is a (finite or infinite) ordinal. When
the latter is finite, every≺-increasing sequence of left-divisors ofg has lengthhtR(g) at
most. Note thatg 4∆(x) implieshtR(g) 6 htR(∆(x)), so the possible finiteness of the
right-height for elements∆(x) is sufficient to imply its finiteness onDiv(∆).

Proposition 2.5(cycling and inf∆). In Context 2.1, assume thate belongs toG�(x, x)
and has a conjugatee′ in G� satisfyinginf∆(e′) > inf∆(e). Then

(2.6) inf∆(cycn(e)) > inf∆(e)

holds forn sufficiently large;(2.6)holds forn = htR(∆(x)) if the latter is finite.

In particular, under the above assumptions,e has a conjugatee′ in the same connected
component ofCycG satisfyinginf∆(e′) > inf∆(e).

Proof. We first show that we can reduce to the caseinf∆(e) = 0. Write e = g∆[i] with
i = inf∆(e), and consider the translation functor fromConjG to Conjφ−i

∆
G which maps

the objecte to e∆[−i] and is the identity on elements. Composing with the functorι of
Proposition 1.36, we mape to gφ−i∆ in the semi-direct product categoryG ⋊ 〈φ−i∆ 〉, seen
as an object ofConj (G ⋊ 〈φ−i∆ 〉). This composition is again the identity on elements.
Note that the functiongφ−i∆ 7→ H(g) is a sharp head function in the semi-direct product
category. We will still denote it byH . Our identification ofe with gφ−i∆ is compatible
with cycling, since, by definition, we havecyc(e) = eH(g) and, inG ⋊ 〈φ−i∆ 〉, we have
H(gφ−i∆ ) = H(g) andinf∆(gφ−i∆ ) = 0, so that the cycling ofgφ−i∆ is also equal to the
conjugation byH(g). We thus see that it is sufficient to prove the result for elements with
infimum equal to0.

We assume nowinf∆(e) = 0, that is,e ∈ C and∆ 64 e. Let ∆C denote the set of
elements ofC that are divisible by∆. The assumption of the proposition is equivalent to
the existence ofg in C satisfyinggeg−1 ∈ ∆C, since, if there exists such ag in G, we
obtain one inC by multiplying by a suitable power of∆, using thatφ∆ maps∆C onto
itself. Since this condition can be rewrittenge <̃ ∆g, an easy computation shows that the
set of such elements is closed under right-gcd. We may thus assume thatg is a minimal
such element for right-divisibility; note that∆ 64 e implies thatg is not invertible.

It will be more convenient to study the compositioncyc∆ of φ−1
∆ with cyc rather than

cyc itself. We havecyc∆(e) = φ−1
∆ (cyc(e)) = ∂̃(H(e))e∂̃(H(e))−1, where we recall

∂̃(H(e)) is defined bỹ∂(H(e))H(e) = ∆. It is clear thatcycn∆(e) has the same infimum
ascycn(e), sincecycn∆(e) = φ−n∆ (cycn(e)) holds.

Proposition 2.5 is then an immediate consequence of the following result, by induction
on a chain of left-divisors ofH(g).

Lemma 2.7. With the above notation, defineg′ in G byg = g′∂̃(H(e)). Then
(i) The elementg′ lies inC;
(ii) The elementg′cyc∆(e)g′−1 lies in∆C;
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(iii) No strict right-divisor ofg′ may satisfy(ii) ;
(iv) If g 6= 1 holds, we haveH(g′) ≺ H(g).

Proof. (i) By assumption, we havege <̃ ∆g, whence∆ 4 ge, then∆ 4 gH(e), then
gH(e) <̃ ∆ = ∂̃(H(f))H(e) and, finally,g <̃ ∂̃(H(f)).

(ii)–(iii). For h′ in C satisfyingh = h′∂̃(H(f)), the conditionheh−1 ∈ ∆C is equiv-
alent toh′∂̃(H(f))e∂̃(H(f))−1h′−1 ∈ ∆C, hence toh′cyc∆(e)h′−1 ∈ ∆C. Applying
this withh′ = g′, we obtain (ii) and applying this withh′ a proper right-divisor ofg′, we
obtain (iii) ash would then be a proper right-divisor ofg.

(iv). Sinceg′ left-dividesg, we haveH(g′) 4H(g) by (IV.1.46), so it is sufficient to
prove thatg /∈ C× impliesH(g′) 6= H(g).

If H(g) is equal toH(g′), left-dividing byH(g) the equalityg = g′∂̃(H(f)) yields
T (g) = T (g′)∂̃(H(e)), whenceT (g)H(e) = T (g′)∆, from which we obtain∆ 4
T (g)H(e)4 T (g)e.

Now, by assumption, there existsf in C satisfyingge = ∆fg, which may be written
T (g)e = (H(g)−1∆)fg; thus∆ 4 T (g)e implies ∆ 4 (H(g)−1∆)fg, which, by the
H-law and (IV.1.46), implies∆4 (H(g)−1∆)fH(g) = T (g)eT (g)−1, contradicting the
minimality of g sinceg /∈ C× impliesg ≻ T (g).

Another way of viewing cycling is to choose the strict∆-normal decomposition ofe
of the form∆[i]||s1| ··· |sp with sj = H(sj ···sp) for j < p; we will call this theH-
normal decompositionof e; then we haveinit(e) = H(φ−i∆ (g1)) (equal toφ−i∆ (g1) if H
commutes withφ∆, which is automatic ifC has no nontrivial invertible element).

Definition 2.8 (decycling, final factor). For e in G� admitting the strict∆-normal de-
composition∆[i]||s1| ··· |sp, thefinal factorfin(e) of e is defined to besp, and thedecy-
cling dec(e) of e is defined to besp∆[i]s1 ···sp−1.

With the notation of Definition 2.8, we find

dec(e) = ∆[i]φi∆(sp)s1 ···sp−1 = fin(e)e,

wherege denotes the left-conjugation ofe by g. So decyclinge means left-conjugatinge
by fin(e) or, equivalently, right-conjugating it by∆[i]s1 ···sp−1. More precisely, we have

Lemma 2.9. With the above notation,∆[i]s1 ···sp−1 belongs toCycG(e, dec(e)), and, ife
lies inC�, thenfin(e) belongs toCycC(dec(e), e).

Decycling is related to cycling:φ∆(dec(e)) is a conjugate ofcyc(e−1)−1 by an invert-
ible element. Indeed, fore in G, if ∆[i]||s1| ··· |sp is a strict∆-normal decomposition ofe,
we havesup∆e = i+ p = inf∆e+ p = −inf∆(e−1). Hence we havefin(e) = h−1e for
some left-gcdh of ∆[sup∆(e)−1] ande, hence, by Proposition V.3.26 (inverse),fin(e)−1∆
is a left-gcd ofe−1∆[sup∆(e)] and∆, finally, we obtainfin(e)−1∆ =× init(e−1).

We recall that, in Context 2.1,C is right-Noetherian. It follows that Proposition 2.5 is
then valid. From the considerations of the previous two paragraphs we deduce:
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Corollary 2.10 (decycling andsup∆). In Context 2.1, assume thate lies in G�(x, x)
and has a conjugatee′ satisfyingsup∆(e′) < sup∆(e). Then

(2.11) sup∆(decn(e)) < sup∆(e)

holds forn sufficiently large;(2.11)holds forn = htR(∆(φ−1
∆ (x))) if the latter is finite.

As cycling does not increase the supremum and decycling doesnot decrease the infi-
mum, and owing to Proposition 2.5 and Corollary 2.10, an iterated application of cycling
and decycling leads to:

Corollary 2.12 (super-summit set). In Context 2.1, for everye in G�, the conjugacy
class ofe contains a well-defined subsetSSS(e) on which each one ofinf∆ and sup∆

takes a constant value and such that, for everye′ in the conjugacy class ofe, we have

inf∆(e′) 6 inf∆(SSS(e)) and sup∆(e′) > sup∆(SSS(e)).

FurthermoreSSS(e) belongs to the connected component ofe in CycG.

Definition 2.13 (super-summit set). The subsetSSS(e) involved in Corollary 2.12 is
called thesuper-summit setof e. The constant values ofinf∆ andsup∆ on SSS(e) are
denoted byinf∆(SSS(e)) andsup∆(SSS(e)), respectively.

Note that, by definition, ife belongs toC�, thenSSS(e) is included inC�.
The interest of considering super-summit sets is that, under convenient assumptions,

they lead to a solution of the Conjugacy Problem, that is, thequestion of algorithmically
deciding whether two elements of the considered groupoid are conjugate. We now give
algorithms providing such a solution. We will have to consider the following conditions
involving invertible elements.

Condition 2.14. (i) The Garside familyS is finite up to right-multiplication byC×, that
is, the number of=×-classes inS is finite.

(ii) Distinct=×-equivalent elements ofG are not conjugate.

Note that Condition 2.14(ii) is satisfied ifC is a semi-direct product of a category with-
out nontrivial invertible elements by an automorphism as considered in Subsection 1.3
(that condition will be used in the proof of Lemma 2.35).

Owing to Proposition V.2.40 (right-Noetherian) and its symmetric counterpart, Condit-
ion 2.14(i) implies thatC is Noetherian and, by Proposition II.2.58 (atom generate),that
it is generated by its atoms (which are inDiv(∆)) andC×.

Algorithm 2.15 (element of the super-summit set).

Context: A groupoidG that is the groupoid of fractions of a cancellative categorythat is
Noetherian and admits a Garside map, an algorithm for cycling, and an algorithm for
decycling



2 Cycling, sliding, summit sets 395

Input: An elemente of G�

Output: An element of the super-summit set ofe
: putL := {e}
: while cyc(e) /∈ L do
: pute := cyc(e)
: putL := L ∪ {e}
: while dec(e) /∈ L do
: pute := dec(e)
: putL := L ∪ {e}
: return e

Proposition 2.16(element of the super-summit set).If G is the groupoid of fractions of
a cancellative category that is Noetherian and admits a Garside map, then Algorithm 2.15
running on an elemente of G� returns an element of the super-summit set ofe.

Proof. This is a consequence of Proposition 2.5 and Corollary 2.10.

Example 2.17(element of the super-summit set).In the5-strand braid groupB5 (Ref-
erence Structure 2, page 5), consider

β = (σ1σ2σ1σ3σ2σ1σ4)(σ2σ3σ4)(σ4)(σ4)(σ4)(σ4).

The given factorization is the delta-normal decompositionof β associated with∆5. Re-
peatedly cyclingβ gives the following elements, given in delta-normal form:

β1 = (σ1σ2σ1σ3σ2σ1σ4σ3)(σ3)(σ3)(σ3)(σ3σ2σ1),

β2 = (σ1σ2σ1σ3σ2σ1σ4)(σ1)(σ1)(σ1)(σ1σ2σ3σ4),

β3 = ∆(σ4)(σ4)(σ4)(σ4),

β4 = ∆(σ1σ4)(σ4)(σ4).

Cycling becomes constant at the fifth iteration. Decyclingβ4 givesβ5 = ∆(σ1σ4)(σ1σ4)
and then decycling and cycling ofβ5 remain constant. We conclude thatβ5 belongs to
the super-summit set of (the conjugacy class of)β.

On the other hand decyclingβ iteratively gives the following elements

β′
1 = (σ1σ2σ1σ3σ4σ3σ2σ1)(σ2σ3σ4)(σ4)(σ4)(σ4),

β′
2 = (σ1σ2σ1σ3σ4σ3)(σ1σ2σ3σ2σ1σ4)(σ4)(σ4),

β′
3 = (σ1σ2σ1σ3σ4σ3)(σ1σ2σ3σ2σ4)(σ2σ1σ4),

β′
4 = (σ1σ2σ1σ4)(σ1σ2σ1σ3σ2σ4σ3σ2)(σ2σ4).

Decycling becomes constant at the fifth iteration. Cyclingβ′
4 givesβ5. Note that, in order

to obtain an element of the super-summit set ofβ, neither cycling alone nor decycling
alone is sufficient.
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Algorithm 2.18 (super-summit set).

Context: A groupoidG that is the groupoid of fractions of a cancellative categorythat is
Noetherian, admits a Garside map, and satisfies Condition 2.14

Input: An elemente of G�

Output: The super-summit set ofe
: compute an elementf of the super-summit set ofe using Algorithm 2.15
: putS := {f}
: putS′ := {e′ | ∃e ∈ S ∃s ∈ Div(∆) (e′ = es ande′ ∈ SSS(e′))}
: while S′ 6= S do
: putS := S′

: putS′ := {e′ | ∃e ∈ S ∃s ∈ Div(∆) (e′ = es ande′ ∈ SSS(e′))}
: return S

To prove the correctness of Algorithm 2.18, we begin with an auxiliary result.

Lemma 2.19. Under the assumptions of Algorithm 2.18, ife is an element ofG lying in
its super-summit set and ifef lies in this super-summit set, withf in C ∩ ConjG(e, -),
then, for every heads of f , the elementes also lies in its super-summit set .

Proof. Let i be inf∆(e) = inf∆(ef ). Let us writef = sh ande = ∆[i]e′. The relation
∆[i] 4 ef can be writtensh∆[i] 4∆[i]e′sh. This impliesφi∆(s)4 e′sh. Sinces is a head
of sh this impliesφi∆(s) 4 e′s which, using∆[i]e′ = e, can be writtens∆[i] 4 es, which
is in turn equivalent to∆[i] 4 es. Sincei is the maximum ofinf∆ in the conjugacy class,
we haveinf∆(es) = i = inf∆(e). Note that, ife lies in its super-summit set, thene−1

also lies in its super-summit set. Using then the relations betweeninf∆ andsup∆ given
in Corollary V.3.28 (inverse), we obtainsup∆(es) = sup∆(e), whence the result.

Proposition 2.20(computation of super-summit set). If G is the groupoid of fractions
of a cancellative category that is Noetherian, admits a Garside map, and satisfies Condi-
tion 2.14, then Algorithm 2.18 running on an elemente of G� returns the super-summit
set ofe.

Proof. First, we claim that, under Condition 2.14, the super-summit set of every element
is finite. Indeed, let us choose a setS′ of representatives of the=×-classes inS. By
Condition 2.14(i), the setS′ is finite. Letm andm+ℓ be the respective constant values of
inf∆ andsup∆ on some super-summit set. Then every element lying in this super-summit
set can be written∆[m]t1 ···tℓǫ with ti in S′ for eachi andǫ in C×. By Condition 2.14(ii),
there is no other element in the conjugacy class=×-equivalent to∆[m]t1 ···tℓǫ, whence
our claim.

As every super-summit set is finite, Algorithm 2.18 terminates.
By Corollary 2.12, a super-summit set is connected in the conjugacy category. Since

φ∆ maps a super-summit set onto itself, a super-summit set is connected under conju-
gation by elements ofC. Moreover, Lemma 2.19 shows that conjugating by elements
of Div(∆) as in steps 3 and 6 of Algorithm 2.18 is sufficient to obtain thewhole super-
summit set.
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Example 2.21(computation of super-summit set). In the braid groupB5, the super-
summit set of(σ1σ2σ1σ4)(σ4) (here written in normal form) has 10 elements, namely

(σ1σ2σ1σ4)(σ4), (σ2σ1σ4)(σ1σ4), (σ1σ2σ4)(σ2σ4), (σ1σ3σ4σ3)(σ1), (σ1σ4)(σ1σ2σ4),

(σ1σ4σ3)(σ1σ3), (σ2σ4)(σ2σ1σ4), (σ1σ3σ4)(σ1σ4), (σ1σ3)(σ1σ3σ4), (σ1σ4)(σ1σ4σ3).

Remark 2.22. Algorithm 2.18 is very rough. It can be improved in particular by making
some choice of the conjugating elements in steps 3 and 6. We donot enter into details
here since we will give a better method in Subsection 2.2 using sliding.

Using Algorithm 2.18, we easily obtain a (first) solution to the Conjugacy Problem.

Algorithm 2.23 (Conjugacy Problem I).

Context: A groupoidG that is the groupoid of fractions of a cancellative categorythat is
Noetherian, admits a Garside map, and satisfies Condition 2.14

Input: Two elementsd, e of G�

Output: YES if d ande are conjugate inG, NO otherwise
: compute the super-summit setS of e using Algorithm 2.18
: compute an elementd′ of the super-summit set ofd using Algorithm 2.15
: if d′ ∈ S then
: return YES
: else
: return NO

As the super-summit set characterizes a conjugacy class, the following result is clear.

Proposition 2.24(Conjugacy Problem I). If G is the groupoid of fractions of a Noethe-
rian cancellative category that admits a Garside map and Condition 2.14 holds, then
Algorithm 2.23 solves the Conjugacy Problem ofG.

Corollary 2.25 (decidability of Conjugacy Problem). If G is a groupoid satisfying the
assumptions of Proposition 2.24 and, in addition, the involved familyDiv(∆) is finite,
the Conjugacy Problem ofG is decidable.

Proof. The assumption that the Garside familyDiv(∆) is finite guarantees that delta-
normal decompositions are algorithmically computable, hence so are cycling and decy-
cling, so all underlying procedures used in Algorithm 2.23 are effective.

We complete the section with two technical results describing the behaviour of cycling
and decycling with respect to powers and to invertible elements.

Proposition 2.26(cycling a power). In Context 2.1, for everye in C� andn in N, the
cycling ofen belongs toCycC(e, -) and the decycling ofen belongs toCycC(-, e), by which
we mean thatinit(en) lies inCycC(e, -) (resp.fin(en) lies inCycC(-, e)).
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Proof (beginning).By the same considerations as in the beginning of the proof ofPropo-
sition 2.5, namely identifyingewith the elemente∆[−i]φ−i∆ of C⋊〈φ−i∆ 〉with i = inf∆(e),
we may assumeinf∆(e) = 0. Lets1 | ··· |sℓ be theH-normal decomposition ofen, that is,
si = H(si ···sℓ) holds fori < ℓ.

We first prove using induction onj thates1 ···sj lies inC andsj in CycC(es1 ···sj−1 , -).
The starting point of the induction is the following technical result.

Lemma 2.27. For all e in C� andn in N, the elementH(en) belongs toCycC(e, -).

Proof. For everyi > 0, we haveei−14ei. Hence, by (IV.1.46), we haveH(ei−1)4H(ei).
Defineti byH(ei) = H(ei−1)ti. We have

H(ei−1)ti = H(eei−1)4 eH(ei−1),

the last divisibility relation by theH-law, whenceH(ei−1)−1eH(ei−1) ∈ C and ti 4
H(ei−1)−1eH(ei−1), soti lies inCycC(H(ei−1)−1eH(ei−1), H(ei)−1eH(ei)), whence
the result usingH(en) =× t1 ···tn.

Proof of Proposition 2.26 (end).We now do the general step of the induction, assuming
thats1 ···sj lies inCycC(e, -). Fromen = s1 ···sℓ ∈ CycC(e), using thatCycC is closed un-
der right-quotient (see remark after 1.21), we obtain thatsj+1 ···sℓ lies inCycC(es1 ···sj , -).
By Lemma 2.27 applied toes1 ···sj , we deduceH(sj+1 ···sℓs1 ···sj) ∈ CycC(es1, ···sj , -),
sincesj+1 ···sℓs1 ···sj is equal to(es1, ···sj )n. Using thatCycC is closed under left-gcd
and thatsj+1 is a left-gcd ofsj+1 ···sℓ andH(sj+1 ···sℓs1 ···sj), we deduce thatsj+1 lies
in CycC(es1 ···sj , -).

In particular,sℓ lies in CycC(es1 ···sℓ−1 , e), which gives the statement of the proposi-
tion about decycling.

Fori = inf∆(en), we haves1 = ··· = si = ∆ and, sinceinit(en)=×φ−i∆ (si+1) holds,

the (i + 1)st step of our induction result givesφi∆(init(en)) ∈ CycC(e∆
[i]

, -), which is
CycC(φi∆(e), -). We deduce the part of the statement about cycling by applyingφ−i∆ .

Finally, for further reference, it will be useful to know that cycling and decycling are
compatible with conjugation by an invertible element.

Lemma 2.28. For e in G, the cycling (resp. decycling) of a conjugate ofe by an element
of C× is conjugate to the cycling (resp. decycling) ofe by an element ofC×.

Proof. Let ∆[m]||s1| ··· |sℓ be theH-normal decomposition ofe. Thus, we havei =
inf∆(e) and sj = H(sj ···sℓ) for j < ℓ. Let ǫ be an invertible element ofC. We
find ǫe = ∆[m]φi∆(ǫ)s1 ···sℓǫ−1 andH(φi∆(ǫ)s1 ···sℓǫ−1) =× φi∆(ǫ)s1. Hence we have
init(ǫe) = ǫinit(e)ǫ′ for some invertible elementǫ′. We finally obtain the equalities

cyc(ǫe) = (ǫe)ǫinit(e)ǫ′ = cyc(e)ǫ
′

.
Similarly, we findfin(ǫ∆[m]s1 ···sℓǫ−1) = ǫ′sℓǫ

−1 for some invertibleǫ′, since, in
theH-normal decomposition ofe, the product of the firstr − 1 terms is of the form
∆[m]s1 ···sℓ−1ǫ

′−1 for a certainǫ′. We deducedec(ǫe) = ǫ′sℓe = ǫ′dec(e).
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Twisted version. In addition to all previous assumptions, suppose thatC has an automor-
phismφ of finite order satisfyingφ(∆) = ∆, so thatφ commutes withφ∆. We extend the
chosen sharp head functionH to C ⋊ 〈φ〉 byH(eφm) = H(e). We define theφ-cycling
cycφ(e) of e in G by cycφ(e)φ = cyc(eφ) wherecyc is the cycling inC ⋊ 〈φ〉. Hereeφ
has to be an elementofC ⋊ 〈φ〉�, which means that the target ofe is the image byφ of
the source ofe. Similarly, we define theφ-decycling bydecφ(e)φ = dec(eφ). Note that
the initial factor ofeφ is equal to the initial factor ofe but the final factor ofeφ is fin(e)φ.
We can then translate in this context the above results. In the connected component of
an objecte in theφ-conjugacy category there is a super-summit set where the infimum
is maximal and the supremum minimal. This super-summit set is reached frome by a
sequence ofφ-cyclings andφ-decyclings.

2.2 Sliding circuits

We now turn to the construction of a new characteristic subset of every conjugacy class
that is smaller than the super-summit set. This set, called the set of sliding circuits, is
obtained by repeated application of an operation called sliding.

Our context remains Context 2.1 as in the previous subsection. The starting point is
the following easy observation about left-gcds. We recall that the latter necessarily exist
in the current context according to Proposition V.2.35 (lefts and gcds). Hereafter, we write
“gcd” for left-gcd and use it as a binary operation in formulas, although it is is defined up
to right-multiplication by an invertible element only. Nowassume thate lies inG�. Then
we can write

gcd(init(e), init(e−1)) =× gcd(init(e), fin(e)−1∆)

=× gcd(e∆[−inf∆(e)], e−1∆[sup∆(e)],∆) =× fin(e)−1H(fin(e)init(e)),

where the first relation follows from Proposition V.3.26 (inverse). Note thatinit(e) and
fin(e)−1 have the same source since, by assumption,e lies in G�, so the involved gcds
are defined.

Definition 2.29(prefix, sliding). Fore in G�, theprefixpr(e) of e is the head of a (any)
left-gcd ofinit(e) andinit(e−1), and thesliding sl(e) of e is the conjugateepr(e) of e.

Although the left-gcd need not be unique in general, the prefix and, therefore, the
sliding of an elemente of G� is well-defined since any two left-gcds are=×-equivalent
and, by assumption,H is a sharp head-function, that is, one that takes equal values on
=×-equivalent entries. Note that, asinit(e) and init(e−1) are divisors of∆, the effect
of applying the mapH is only to pick the chosen representative in an equivalence class
for =×. By definition, the relationspr(e) 4 init(e) andfin(e)pr(e) 4∆ are satisfied, so
the prefixpr(e) is an element ofConjG(e, sl(e)). The main properties of the sliding are
as follows.



400 VIII Conjugacy

Proposition 2.30(sliding circuits). In Context 2.1, and for everye in G�:
(i) We haveinf∆(sl(e)) > inf∆(e), and, if there existse′ in the conjugacy class ofe

satisfyinginf∆(e′) > inf∆(e), there existsi satisfyinginf∆(sli(e)) > inf∆(e).
(ii) We havesup∆(sl(e)) 6 sup∆(e), and, if there existse′ in the conjugacy class ofe

satisfyingsup∆(e′) < sup∆(e), there existsi satisfyingsup∆(sli(e)) < sup∆(e).
(iii) If S/=× is finite, sliding is ultimately periodic up to invertible elements in the

sense that, for everye in G�, there existsi > j > 0 satisfyingsli(e) =× slj(e).

Proof (beginning).Let ∆[m]||s1| ··· |sℓ be theH-normal decomposition ofe. We have

sl(e) = ∆[m](φm∆(pr(e))−1s1)s2 ···(sℓpr(e)),

where each of the bracketed terms is a divisor of∆. Hence∆[inf∆(e)] left-dividessl(e),
which itself left-divides∆[sup∆(e)]. We deduce the inequalitiesinf∆(sl(e)) > inf∆(e)
andsup∆(sl(e)) 6 sup∆(e).

For the other assertions, as in [129, Lemma 4], we first prove

Lemma 2.31.(i) The relationfin(e)init(e)4∆ is equivalent tosup∆(cyc(e)) < sup∆(e),
and, when this holds,sl(e) andcyc(e) are conjugate by an element ofC×.

(ii) The relation∆ 4 fin(e)init(e) is equivalent toinf∆(dec(e)) > inf∆(e), and,
when this holds,sl(e) andφ∆(dec(e)) are conjugate by an element ofC×.

(iii) If we are not in case(i) or (ii) , then the three elementssl(e), cyc(dec(e)) and
dec(cyc(e)) are conjugate by elements ofC×.

Proof. (i) Let again∆[m]||s1| ··· |sℓ be theH-normal decomposition ofe, and assume that
we havefin(e)init(e)4∆. Then we find

pr(e) =× fin(e)−1H(fin(e)init(e)) =× fin(e)−1fin(e)init(e) = init(e),

thussl(e) is conjugate tocyc(e) by an invertible element. Furthercyc(e), which iseinit(e),
hence×=-equivalent to∆[m]s2 ···sℓ−1(sℓ init(e)), divides∆[sup∆(e)−1]. We will see in
the proof of (iii) thatfin(e)init(e) 64 ∆ implies sup∆(cyc(e)) = sup∆(e), whence the
equivalence.

(ii) Assume∆4 fin(e)init(e). Then we havepr(e) =× fin(e)−1∆, thussl(e) is con-
jugate by an invertible element toφ∆(fin(e)e), which isφ∆(dec(e)), and, since∆ divides
s2 ···sℓ init(e), we deduce that∆[i+1] dividesdec(e). We will see the converse in the
proof of (iii).

(iii) Assume that we are not in case (i) or (ii). Since we haveinit(e)=×φ−i∆ (s1), we ob-
tain thatcyc(e) is conjugate by an invertible element tog, which is∆[m]s2 ···sℓφ−i∆ (s1).
Hence, by Lemma 2.28,dec(cyc(e)) is conjugate todec(g) by an invertible element.
Now, if fin(e) init(e), that is,sℓ init(e), does not divide∆, then neither doessℓφ

−i
∆ (s1)

and, by Propositions V.1.52 (second domino rule) and III.1.61 (right-multiplication), the
last entryg′ in the strict normal decomposition ofg satisfiesg′ =× T (sℓφ

−i
∆ (s1)). In
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this case, we obtainsup∆(cyc(e)) = sup∆(g) = sup∆(e). Let t = H(sℓφ
−i
∆ (s1))

and t′ = T (sℓφ
−i
∆ (s1)). Thendec(g) is conjugate tot′∆[m]s2 ···sℓ−1e by an invert-

ible element. Sincefin(e)pr(e) is =×-equivalent toH(fin(e)init(e)), whence tot, we
deduce thatsl(e) is conjugate by an invertible element tot−1sℓes

−1
ℓ t. The latter ele-

ment ist−1sℓφ
−i
∆ (s1)∆

[m]s2 ···sℓ−1t, hence it is conjugate by an invertible element to
dec(cyc(e)) since we havet−1sℓφ

−i
∆ (s1) = t′.

Similarly, assume thatsℓ init(e) is not divisible by∆. By Proposition III.1.45 (first
domino rule), we haveinf∆(dec(e)) = inf∆(e), and, by theH-law, we have

init(dec(e)) = H(dec(e)∆[−i]) = H(sℓφ
−i
∆ (s1)···φ−i∆ (sℓ)) = H(sℓH(φ−i∆ (s1))).

We deduceinit(dec(e) = H(sℓ init(e)), whencecyc(dec(e)) = eg whereg is the el-
ements−1

ℓ H(sℓ init(e)). The latter is equal topr(e) up to right-multiplication by an
invertible element, whence the result.

Proof of Proposition 2.30 (end).Assume that, for everyi, we have

sup∆(sli(e)) = sup∆(e) and inf∆(sli(e)) = inf∆(e).

Then we are in case (iii) of Lemma 2.31 at each iteration ofsl. By Lemma 2.28, the
transformationscyc anddec are compatible with conjugation by invertible elements, so,
up to conjugating by invertible elements, we can replace each iteration ofsl by an ap-
plication of cyc ◦ dec or of dec ◦ cyc. Also, sinceinf∆ andsup∆ remain constant for
each sequence of transformationscyc anddec applied toe, we are left with an elemente′

falling in case (iii), that is,cyc(dec(e′)) anddec(cyc(e′)) are conjugate by an invertible
element. It follows that cyclings and decyclings can be reordered so thatsln(e) is equal,
up to conjugating by an invertible element, tocycn(decn(e)). The latter implies thate
lies in its super-summit set.

It follows that, if e does not lie in its super-summit set, some power ofsl will diminish
the supremum or increase the infimum.

Finally, under the assumption of (iii), there is a finite number of classes modulo right-
multiplication byC× of elements with given supremum and infimum. Thus the super-
summit set of the alemente is finite moduloC×. This implies (iii).

Definition 2.32(sliding category). Fore, e′ in G�, we denote byConjC(e, e′) the family
of all positiveelements ofConjG(e, e′), defined to be those elements that, under Conven-
tion 2.2, lie inC. Thesliding categorySSS(G) of G is the subcategory ofConjG whose
objects are the elements ofG� that have a minimum supremum and a maximum infimum
in their conjugacy class and such that, fore, e′ in Obj(SSS(G)), the setSSS(G)(e, e′)
is ConjC(e, e′).

Note that the existence of elements ofG� that simultaneously have a minimal supre-
mum and a maximal infimum is guaranteed by Proposition 2.30. Also note that, for
everye in G�(x, x), the element∆(x) lies inConjC(e, φ∆(e)).

Sliding then gives rise to a natural functor from the category SSS(G) into itself.

Proposition 2.33(sliding functor). In Context 2.1, definesl on the categorySSS(G) by
mappinge to sl(e) for e in Obj(SSS(G)) andg to pr(e)−1g pr(eg) for g in ConjC(e, eg).
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(i) The mapssl define a functor from the categorySSS(G) to itself.
(ii) The functorsl preserves left-divisibility, ands ∈ Div(∆) impliessl(s) ∈ Div(∆).
(iii) The functorsl preserves left-gcds.
(iv) If S/=× is finite, the functorsl is ultimately periodic on elements up to invertible

elements, that is, for everyg in SSS(G), there existsi > j > 0 satisfyingsli(g)=× slj(g).

Proof. (i) As sl is obviously compatible with composition of elements, the only nontrivial
point is to check that, forg in ConjC(e, eg), the elementsl(g) is positive, or, equivalently,
thatpr(e) left-dividesg pr(eg) in C. Now we havepr(e) =× gcd(init(e), init(e−1)), so it
is sufficient to proveinit(e)4 g init(eg), which, together with the same property fore−1,
will give pr(e)4 g pr(eg).

We have thus to show

gcd(e∆[−inf∆(e)],∆)4 g gcd(eg∆[−inf∆(eg)],∆)

or, equivalently,gcd(e∆[−inf∆(e)],∆) 4 gcd(eg∆[−inf∆(eg)], g∆). As we are inSSS(G),
we haveinf∆(eg) = inf∆(e), hence it is sufficient to provee∆[−inf∆(e)] 4 eg∆[−inf∆(e)]

and∆4 g∆. Now both relations are obvious.
(ii) The argument for left-divisibility is the same as for (i). The second assertion

comes from the first and the fact that fore in G�(x, x) we have

sl(e,∆(x), φ∆(e)) = (sl(e),∆(y)ǫ, φ∆(sl(e)))

wherey is the source ofsl(e) andǫ in C×satisfiespr(φ∆(e)) = φ∆(pr(e))ǫ.
(iii) We first observe that the subcategorySSS(G) of Conj (G) is closed under left-

gcd. Indeedinf∆(eg) > inf∆(e) is equivalent toeg∆[−inf∆(e)] ∈ C, hence as well to
g∆[inf∆(e)] 4 eg, and the conjunction ofg∆[inf∆(e)] 4 eg andh∆[inf∆(e)] 4 eh implies
gcd(g, h)∆[inf∆(e)] 4 e gcd(g, h). The same considerations apply tosup∆.

To show (iii), it is sufficient, using (ii), to show that, forg andh in SSS(G)(e, -),
the relationgcd(g, h) =× 1 impliesgcd(sl(g), sl(h)) =× 1. So let us assume the relation
gcd(g, h)=×1. As we havepr(e)sl(g) = g pr(eg) andpr(e)sl(h) = hpr(eh), the relation
we have to show is equivalent togcd(g pr(eg), hpr(eh)) =× pr(e).

Using againpr(e)=×gcd(init(e), init(e−1)), the above relation will be a consequence
of the relationgcd(ginit(eg), hinit(eh)) =× init(e) together with the same relation for
e−1. The left-hand side is in turn equal togcd(eg∆[−m], eh∆[−m], g∆, h∆), where we
have setm = inf∆(e) = inf∆(eg) = inf∆(eh) (the equalities are valid since we are in
SSS(G)). Now, by assumption, we have

gcd(eg∆[−m], eh∆[−m]) =× gcd(e∆[−m]φ−i∆ (g), e∆[−m]φ−i∆ (h))

=× e∆[−m]φ−m∆ (gcd(g, h)) =× e∆[−m].

In the same way, we findgcd(g∆, h∆) =× ∆, whence

gcd(eg∆[−m], eh∆[−m], g∆, h∆) =× gcd(e∆[−m],∆) =× init(e),

and (iii) follows.
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(iv) SinceSSS(G) is closed under left-gcd, we haveH(g) =× gcd(g,∆) ∈ SSS(G)
for everyg in SSS(G). Therefore, in view of an induction on theS-length, it is sufficient
to prove the result forg in S. Now, in the latter case,sli(g) lies in Div(∆) for everyi
by (ii), and, by Proposition 2.30(iii), the ultimate periodicity is a direct consequence of
the finiteness ofS modC×.

Note that, as seen in the proof of Proposition 2.33(ii), the relationsl(∆) =× ∆ always
holds (with the usual abuse of notation: these two elements∆(-) need not have same
source). Also, note that, when restricted toSSS(G), the prefix mappr can then be inter-
preted as a natural transformation between the identity functor and the sliding functorsl.

Gebhardt-González algorithm for computing sliding circuits. We now show how
sliding can be used to solve the Conjugacy Problem in good cases, namely when Con-
dition 2.14 is satisfied and moreoverC× is finite. Recall that Condition 2.14(i) implies that
C is Noetherian and that it is generated by its atoms andC×.

Definition 2.34 (sliding circuits). In Context 2.1 and assuming that Condition 2.14 is
satisfied, thecategory of sliding circuitsSC(G) is the subcategory ofSSS(G) made of all
objects and elements that are left fixed by a large enough (divisible enough) power ofsl.

By Proposition 2.30, every object ofConjG that is fixed by a power ofsl belongs
to its super-summit set, hence it is an object ofSC(G). The next result implies that
(provided Condition 2.14 is satisfied), the categorySC(G) is the intersection of the images
of SSS(G) undersli for i > 0.

Lemma 2.35. In Context 2.1 and assuming that Condition 2.14 is satisfied,we have:
(i) An object or an element ofSSS(G) that is fixed up to right-multiplication by an

invertible element by a power ofsl is fixed by that power.
(ii) Sliding is ultimately periodic on objects and on elements ofSSS(G).

Proof. By Proposition 2.33, sliding is ultimately periodic up to right-multiplication by
invertible elements on objects and elements. Hence (ii) is aconsequence of (i).

Now, if e lies inObj(ConjG) and we haveslk(e)=× e, then, sincesl(e) is a conjugate
of e, Condition 2.14(ii) impliesslk(e) = e, whence (i) for objects.

Next, assumeg ∈ ConjG(e, eg) with slk(e) = e and slk(g) =× g. Let us show
that this impliesslk(g) = g. By definition of sl, there exist elementsf andh in CycG
satisfyingslk(e) = ef , slk(eg) = egh, andslk(g) = f−1gh. Then we haveg=× slk(g) =
f−1gh, which impliesg−1fg =× h, henceg−1fg = h by Condition 2.14(ii) and, finally,
slk(g) = g, which completes the proof of (i).

We now describe an algorithm that computes the whole connected component of a
given objecte in the category of sliding circuitsSC(G). For this, it is sufficient to compute
the atoms ofSC(G) with sourcee.

Lemma 2.36. Assume thate is an object ofSC(G). If g andh lie in SC(G)(e, -), then
gcd(g, h) lies inSC(G)(e, -) as well.
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Proof. By definition ofSC(G), there existsi > 0 satisfyingsli(g) = g andsli(h) = h.
Sincesl preserves left-gcds, we deducesli(gcd(g, h)) =× gcd(g, h), whence the result by
Lemma 2.35(i).

By Proposition 2.33, we havesl((e,∆, φ∆(e)) = (sl(e),∆, φ∆(sl(e))) and, therefore,
∆ lies inSC(G)(e, -) for every objecte of SC(G). It follows then from Lemma 2.36 that,
given an objecte of SC(G) and an atoms of C with same source ase, there is a4-minimal
elementg satisfyings4g andg ∈ SC(G)(x, -) which is unique up to right-multiplication
by an invertible element.

Notation 2.37(elementŝ ). In the above context, fors an atom ofC with the same source
ase, we choose a4-minimal right-multipleŝ of s that lies inSC(G)(e, -).

Note thatŝ lies in Div(∆) for every atoms. The atoms ofSC(G)(e, -) are those
elementŝsǫ, with ŝ as above andǫ in C×, that are not proper multiple of another elementŝ′

and such that̂sǫ lies inSC(G)(e, -). In particular,̂s is an atom if it is not a proper multiple
of another element̂s′.

Proposition 2.38(sliding circuits). In Context 2.1 with Condition 2.14, assume thate is
an object ofSC(G) ands is an atom ofC lying in ConjC(e, -). Then

(i) If, for everyk, we haveslk(s) 6∈ C×, then either there existsk > 0 satisfying
s 4 slk(s), and then̂s =× slij(s) holds fori and j minimum satisfyingslij(e) = e and
sl(i+1)j(s) = slij(s), or ŝ is not an atom ofSC(G).

(ii) If slk(s) is invertible for some integerk, thens4 pr(e) holds.

Proof. Let us first consider the case when there is somek > 0 satisfyings 4 slk(s).
Sincesl preserves left-divisibility, we haves4 slk(s)4 sl2k(s)4 ···, whences4 slik(s)
for everyi. SinceC is right-Noetherian, this increasing sequence of left-divisors of∆
must be eventually constant up to invertible elements, hence eventually constant by Con-
dition 2.14. Hence there existsh satisfyingslhk(s) = sllk(s) for everyl > h. Taking
such anl multiple of the period under sliding ofe, we deducesllk(e) = e, whence
slhk(s) = sllk(s) ∈ SC(G)(e, -), and ŝ 4 slhk(s). Taking moreoverl multiple of the
period ofŝ under sliding, froms4 ŝ we deduceslhk(s) = sllk(s)4 sllk(ŝ) = ŝ. Putting
both together we deducês =× slhk(s), so we have alsôs =× slij(s) for every i and j
satisfyingslije = e andsl(i+1)j(s) = slij(s) (suchi, j exist taking forj the length of the
sliding circuit of the pair(e, s)).

If, for everyk > 0, we have boths 64 slk(s) andslk(s) 6∈ C×, let us takek divisible
enough so as to ensureslk(s) ∈ SC(G)(e, -) and slk(ŝ) = ŝ. From s 4 ŝ we deduce
slk(s)4 slk(ŝ) = ŝ ands 64 slk(s) then impliesslk(s) ≺ ŝ. As, by assumption,slk(s) is
not invertible,̂s cannot be an atom.

Finally, assume that an elementg of ConjC(e, -) is such that, for somek, we have
slk(g) =× 1 (we do not assume thatg is an atom). We then prove using induction onk
thatgcd(g, pr(e)) is not1. This will give the result wheng is an atom.

Assume firstk = 1. Then the equalities1 =× sl(g) = pr(e)−1g pr(eg) imply
g pr(eg) =× pr(e), whenceg 4 pr(e).

Assume nowk > 2. By induction hypothesis,gcd(sl(g), pr(sle)) is not invertible.
Applying sl to pr(e), an element ofConjG(e, -), we obtainsl(pr(e)) = pr(sl(e)) by
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definition. Using the compatibility ofsl with left-gcds, we deduce

gcd(sl(g), pr(sle)) = gcd(sl(g), sl(pr(e))) = sl(gcd(g, pr(e))).

As the left-hand term is not invertible, we deduce that neither isgcd(g, pr(e)).

WhenC× is finite, which together with the other assumptions impliesthat C has a
finite number of atoms, Proposition 2.38 leads to an algorithm for computing the atoms
of SC(G)(e, -).

Algorithm 2.39 (atoms of sliding circuits).

Context: A groupoidG that is the groupoid of fractions of a cancellative categoryC that
is right-Noetherian, admits a Garside map, satisfies Condition 2.14 and is such that
C× is finite, algorithms for cycling and decycling objects and elements ofC, the atom
setA of C.

Input: An objecte of SC(G)
Output: The atoms ofSC(G)(e, -)

: putS := ∅
: for s in A ∩ ConjC(e, -) do
: putp := (e, s) andL := {p}
: while sl(p) /∈ L do
: putp := sl(p)
: putL := L ∪ {p}
: put (e, ǫ) := last pair inL whose first term ise
: if s4 ǫ then
: putS := S ∪ {ǫ}

: if s4 pr(e) then
: put t := leastt satisfyings4 t4 pr(e) andet ∈ Obj(SC(G))
: putS := S ∪ {t}
: putS := S \ {s ∈ S | ∃s′∈S (s ≻̃ s′)}
: for s in S andǫ in C×do
: if esǫ ∈ Obj(SC(G)) then
: putS := S ∪ {sǫ}
: return S

Proposition 2.40(atoms of sliding circuits). If G is the groupoid of fractions of a can-
cellative categoryC that is right-Noetherian, admits a Garside map, satisfies Condition
2.14 and is such thatC× is finite, then Algorithm 2.39 running on an objecte of SC(G)
returns the atoms ofSC(G)(e, -).

Proof. We know that the atoms ofSC(G) are the elements of the form̂sǫ with same nota-
tion as in 2.37. For each atom̂s of ConjC(e, -), if we are in Case (i) of Proposition 2.38,
we can compute parametersi andj as in the statement, and then a candidateŝ for an
atom actually is an atom ifs left-dividesslij(s). This is exactly what Steps 4 to 8 of
Algorithm 2.39 do: take an atoms of ConjC(e, -) and apply iterativelysl to the pair(e, s)
until it stabilizes to a pair(e, ǫ), which happens by Lemma2.35. We are in Case (i) ifǫ is
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not invertible, and ifs left-dividesǫ, which is checked in step 9. If we are not in Case (i)
of Proposition 2.38 and̂s is an atom, we are in Case (ii) ofloc. cit. and then̂s has to be
a divisor ofpr(e) sincepr(e) then lies inSC(G). So, in order to complete the algorithm,
it is sufficient to compute which divisors ofpr(e) are inSC(G), which can be done since
this set of divisors is finite and checking if an element lies in SC(G) is done by iterating
sliding until it stabilizes. We have then to retain amongst all our atom candidates those
that are not proper right-multiples of others. This is done in Step 14. Other atoms are
=×-equivalent to these. This is done in Steps 16 and 17.

Note that the conjunction of Condition 2.14 and the finiteness of C× is equivalent to
Div(∆) being finite.

Once the atoms of a sliding circuit are known, it is easy to compute the full component
of an object inSC(G) and to deduce a new solution to the Conjugacy Problem.

Algorithm 2.41 (sliding circuits).

Context: A groupoidG that is the groupoid of fractions of a cancellative categoryC that
is right-Noetherian, admits a Garside map, satisfies Condition 2.14 and is such that
C× is finite

Input: An objecte of SC(G)
Output: The connected component ofe in SC(G)

: putX := {e}
: for f in X do
: compute the atom setS of SC(G)(f, -) using Algorithm 2.39
: for s in S do
: if fs /∈ X then
: putX := X ∪ {fs}
: for ǫ in C×∩ Conj (f, -) do
: if f ǫ ∈ SC(G) \X then
: putX := X ∪ {fs}

: until no new element ofX has been found
: return X

Algorithm 2.42 (Conjugacy Problem II).

Context: A groupoidG that is the groupoid of fractions of a cancellative categoryC that
is right-Noetherian, admits a Garside map, satisfies Condition 2.14 and is such that
C× is finite

Input: Two elementsd, e of G�

Output: YES if d ande are conjugate, NO otherwise
: find d′ in a sliding circuit ofd by iteratively slidingd until it becomes periodic
: find e′ in a sliding circuit ofe by iteratively slidinge until it becomes periodic
: computeX := the connected component ofe′ in SC(G) using Algorithm 2.41
: if d′ ∈ X then
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: return YES
: else
: return NO

Proposition 2.43(Conjugacy Problem II). If G is the groupoid of fractions of a right-
Noetherian cancellative categoryC that admits a Garside map and Condition 2.14 holds
andC× is finite, then Algorithm 2.42 solves the Conjugacy Problem of G.

Proof. First Algorithm 2.39 computes all atoms of the component ofSC(G) containing
a given object. Since the categorySC(G) is generated by its atoms and its invertible el-
ements, conjugating recursively by the atoms which are in finite number and then by the
invertible elements, which are also in finite number, computes the whole set of sliding
circuits of a conjugacy class. This is what does Algorithm 2.41 (it terminates since this
set is finite). Now the set of sliding circuits is characteristic of a conjugacy class. Indeed
if e andd are inSC(G) and conjugate, since sliding is ultimately periodic they are con-
jugate by an element fixed some power ofsl. Hence to know if two elementse andd are
conjugate it is sufficient to compute the setX of sliding circuits of the conjugacy class of
e, to compute an objectd′ of the sliding circuits of the conjugacy class ofd and to check
if d′ is inX . This is exactly what does Algorithm 2.42. One first obtainse′ conjugate toe
(resp. d′ conjugate tod) lying in a sliding circuit by iteratively applying slidingto e (resp.
d), which is doable by Lemma 2.35. Then Algorithm 2.41 appliedto e′ gives the full set
X of object of the sliding circuits of the conjugacy class ofe. The final test is to check
whetherd′ lies inX .

Example 2.44(Conjugacy Problem II). Let us consider the braidβ of Example 2.21.
The delta-normal decompositions ofβ andβ−1 respectively are

σ2σ1σ4|σ1σ4 and ∆−2||σ2σ1σ3σ2σ1σ4σ3σ2 |σ2σ1σ3σ2σ1σ4σ3.

Using the fact that∆2 is central in the braid monoid, we thus findinit(β) = σ2σ1σ4 and
init(β−1) = σ2σ1σ3σ2σ1σ4σ3σ2. The elementσ2σ1 left-divides init(β) and init(β−1).
As σ2σ1σ4 does not left-divideinit(β−1), we deduce thatpr(β) is equal toσ2σ1. We
obtainsl(β) = σ1σ2σ1σ4σ4. The computation givesslsl(β) = sl(β). Henceβ′ = sl(β) is
an object ofSC(G).

Then Algorithm 2.41 gives that the set of objects of the connected component of
SC(G) containingβ′ is {β′, σ1σ3σ4σ3σ1}. Comparing with the full super-summit set ofβ
as given in Example 2.21 suggests that the sliding approach is much more efficient than
the cycling approach.



408 VIII Conjugacy

Left- and right-slidings. To complete this section, we now show that the preferred
choice of left-divisors and the resulting normal decompositions does not really matter
when defining sliding: choosing right-divisors and the resulting co-normal decomposi-
tions as in Subsection V.3.4 leads to isomorphic sliding circuits.

What was developed above will be calledleft-sliding. In order to describeright-
sliding, a symmetric version, we first need a right-transversal inDiv(∆): we define it as
the image of the functioñH onDiv(∆) given byH̃(e) = H(∆e−1)−1∆. The following
lemma results from a simple computation.

Lemma 2.45. For everye in Div(∆) and everyǫ in C×, we haveH̃(e) ×= e and, when-
everǫe is defined,H̃(ǫe) = H̃(e).

Definition 2.46(right-sliding). Fore in G�, thesuffixp̃r(e) is defined by

p̃r(e) = H̃(g̃cd(∆[−inf∆(e)]e,∆[sup∆(e)]e−1,∆)),

and theright-sliding s̃l(e) of e is the left-conjugateepr(e)e of e.

We extend right-sliding from objects ofConjG to elements ofConjG by defining,
for g in ConjC(e, eg), the element̃sl(g) to bep̃r(e)gp̃r(eg)−1. A computation similar to
that in the proof of Proposition 2.33 shows thats̃l(g) is then well defined. The map̃sl is
compatible with composition, sõsl provides a functor fromSSS(G) to itself.

In the rest of this section, we shall work with the following additional assumption.

Condition 2.47. The sharp head functionH is compatible with left- and right-complement
to ∆ in the sense that∆ = g′g impliesH(g′) = g′ ⇔ H(g) = g.

Condition 2.47 is satisfied in a category that contains no nontrivial invertible element,
and also in the case of the semi-direct product of such a categoryC by an automorphismφ
as in Subsection 1.3 whenH is extended toCφ byH(gφi) = H(g)(see the last paragraph
of Subsection 2.2). Condition 2.47 will be used through its following consequence.

Lemma 2.48. In Context 2.1, if Condition 2.47 is satisfied, thenImH andImH̃ coincide.

In other words, the left- and right-transversals ofDiv(∆) we consider are the same.

Proof. We first show thatImH̃ is included inImH . Let g belong toImH̃ . Then we
haveg = H̃(g) = H(∆g−1)−1∆, henceH(∆g−1)g = ∆ whence, by Condition 2.47,
H(g) = g. Henceg belongs toImH .

Conversely, assumeg = H(g). We want to showg = H̃(g). Assume∆ = g′g. By
Condition 2.47, we haveH(g′) = g′, hence

H̃(g) = H(∆g−1)−1∆ = H(g′)−1∆ = g′−1∆ = g. �

Proposition 2.49(left- vs. right-sliding). In Context 2.1, if Condition 2.47 is satisfied,
then, for everyn, the maps̃sln from Im(sln) to Im(s̃ln) andsln from Im(s̃ln) to Im(sln)
are reciprocal isomorphisms when restricted toSSS(G).
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Before entering the proof, we inductively define thek-th iterated prefixprk and the
k-th iterated suffixp̃rk, by pr1 = pr, p̃r1 = p̃r andprk(e) = prk−1(e)pr(slk−1(e)) and
p̃rk(e) = p̃r(s̃lk−1(e))p̃rk−1(e) for k > 1. Then the equalities

slk(e) = eprk(e) and s̃lk(e) = eprk(e)e

hold by definition.

Lemma 2.50. For everye in SSS(C) and everyk, we have

p̃rk(e)4 prk(s̃l
k(e)) and p̃rk(sl

k(e)) <̃ prk(e).

Proof. We shall prove the second property using induction onk. The proof of the first
one is similar by reversing the arrows. Let

m = inf∆(e) = inf∆(sl(e)) and m+ ℓ = sup∆(e) = sup∆(sl(e))).

By definition, we have

p̃r(e) ×= g̃cd(∆[−m]e,∆[m+ℓ]e−1,∆) and pr(e) =× gcd(e∆[−m], e−1∆[m+ℓ],∆).

In particular,pr(e) left-divides e∆[−m], which, conjugating by∆[m], implies that the
element∆[−m]pr(e)−1e lies inC. Similarly pr(e) 4 e−1∆[m+ℓ] implies that the element
∆[m+ℓ]pr(e)−1e−1 lies inC. Now, applying the formula for̃pr to sl(e) gives

p̃r(sl(e)) ×= g̃cd(∆[−m]sl(e),∆[m+ℓ]sl(e)−1,∆)

×= g̃cd(∆[−m]pr(e)−1e pr(e),∆[m+ℓ]pr(e)−1e−1pr(e),∆),

whencep̃r(sl(e)) <̃ pr(e) by applying the above positivity statements and using that
pr(e) is in S, hence right-divides∆. This completes the proof fork = 1.

Assume nowk > 1. The induction hypothesis applied tosl(e) instead of toe gives
p̃rk−1(sl

k(e)) <̃ prk−1(sl(e)). The elementg satisfyingp̃rk−1(sl
k(e)) = g prk−1(sl(e))

can be interpreted as an element ofConjC(s̃lk−1(slk(e)), sl(e)). We then have the fol-
lowing commutative diagram

e sl(e) slk(e)

s̃l(sl(e)) s̃lk−1(slk(e))

s̃lk(slk(e))

p̃r(e) p̃rk−1(sl(e))

p̃r(sl(e)) p̃rk−1(sl
k(e))

p̃r(s̃lk−1(slk(e)))

h g

s̃l(g)

p̃rk(sl
k(e))

p̃rk(e)

whereh comes from the propertỹpr(sl(e)) <̃ pr(e). Since all the arrows are given by
positive elements, we obtain the expected result.
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Proof of Proposition 2.49.We claim that, fore in SSS(G) and for everyn, we have
slns̃lnsln(e) = sln(e). By Lemma 2.50,p̃rn(sl

n(e)) is a left-multiple ofprn(e). As-
sume thatg satisfiesg prn(e) = p̃rn(sl

n(e)). The commutative diagram of Figure 2
shows that the iterated slidingsln(g) satisfies

prn(s̃l
nsln(e))sln(g) = p̃rn(sl

n(e)).

Thusprn(s̃l
nsln(e)) left-dividesp̃rn(sln(e)). By Lemma 2.50,p̃rn(sl

n(e)) left-divides
prn(s̃l

nsln(e)), hence we must havẽprn(sln(e)) =× prn(s̃l
nsln(e)). By Condition 2.47,

this impliesp̃rn(sln(e)) = prn(s̃l
nsln(e)), hencesln(g) = 1, whence our claim.

We have shown thatsln s̃ln is the identity onsln(SSS(G)). In the same way,̃slnsln is
the identity oñsln(SSS(G)). This completes the argument.

e sl(e) sl2(e) sln(e)

s̃lnsln(e) sls̃lnsln(e) sl2s̃lnsln(e) slns̃lnsln(e)

f sl(f) sl2(f) sln(f)

prn(e)

prn(s̃l
nsln(e))

p̃rn(sln(e))

Figure 2.Proof of Proposition 2.49.

The following consequence is straightforward.

Corollary 2.51 (image ofsln). In Context 2.1 with 2.47, for everye in SSS(G), we have

∃e′ ∈ SSS(C) (e = sln(e′)) ⇔ slns̃ln(e) = e,

∃e′ ∈ SSS(C) (e = s̃ln(e′)) ⇔ s̃lnsln(e) = e.

Notation 2.52(SC(G)(e), S̃C(G)(e)). Fore belonging to its super-summit set, we denote
by SC(G)(e) the full subcategory ofSC(G) whose objects are in the conjugacy class ofe.
Similarly, we defineS̃C(G)(e) to be the subcategory ofSSS(C) fixed by a large enough
(divisible enough) power of̃sl and whose objects are in the conjugacy class ofe.

Corollary 2.53 (SC(G)(e) vs.S̃C(G)(e)). In Context 2.1 with 2.47, for everye belonging
to its super-summit set and forn large enough,sln and s̃ln are mutually inverse isomor-
phisms betweenSC(G)(e) andS̃C(G)(e).

Proof. SinceS is finite moduloC× the categoriesSC(G)(e) and S̃C(G)(e) are finite.
Hence, forn large enough, the image ofsln isSC(G)(e) and the image of̃sln is S̃C(G)(e).
The result is then a direct consequence of Proposition 2.49.
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Twisted conjugacy. Let us consider again the context of a semi-direct product byan
automorphism. Forφ an automorphism of the categoryC, we defineφ-sliding as corre-
sponding to the sliding of elements of the formeφ in C ⋊ 〈φ〉. As already mentioned,
Conditions 2.14 and 2.47 are automatically satisfied inC ⋊ 〈φ〉 if C has no nontrivial in-
vertible element. Indeed, for the former, ifeφm is conjugate todφn, then we must have
φm = φn so two conjugate elements cannot differ by an invertible element, and, for the
later, if ∆ is the product of two elements ofS(C ⋊ 〈φ〉)×, it must be a decomposition of
the form∆ = (gφm)(φ−mg′) with g, g′ in S; nowH(gφm) = gφm impliesφm = id,
whenceH(φ−mg′) = φ−mg′. Thus all results of the previous section hold forC ⋊ 〈φ〉
whenC has no nontrivial invertible element.

3 Conjugacy classes of periodic elements

In this section, we study the conjugacy classes of periodic elements, defined as the roots
of a power of∆. The main result is Proposition 3.34, which precisely describes the
conjugacy classes of all periodic elements.

The section contains three subsections. First, we introduce periodic elements and es-
tablish results in the special case of roots of∆[2] (Subsection 3.1). Next, we develop in
Subsection 3.2 a geometric approach involving the subfamily of the considered category
consisting of all elements that are not divisible by∆ and viewing this family as a nega-
tively curved space on which the category and its envelopinggroupoid act. These methods
are then used in Subsection 3.3 to deduce a more complete analysis of periodic elements
and of their conjugates.

3.1 Periodic elements

Once again, we fix a common context for the sequel.

Context 3.1. • C is a Noetherian and cancellative category;
• ∆ is a Garside map inC;
• G is the enveloping groupoid ofC;

Definition 3.2 (periodic). For p, q > 1, an elemente of G� is called(p, q)-periodic if
ep =× ∆[q] holds.

Note that, by definition, every iteration∆[q] of the considered map∆ is periodic, and
that, if e is (p, q)-periodic, it is also(np, nq)-periodic for every non-zero integern.
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Example 3.3(periodic). In a free Abelian monoid based on a setI and equipped with
the smallest Garside element∆I (Reference Structure 1, page 3), the only periodic el-
ements are the powers of∆I . By contrast, in the braid monoidB+

n equipped with the
smallest Garside element∆n (Reference Structure 2, page 5), for every permutation
(i1, i2, ... , in−1) of {1, 2, ... , n − 1}, the elementσi1σi2 ···σin−1

is periodic; more pre-
cisely we have(σi1σi2 ···σin−1)

n = ∆2
n, so these elements are(n, 2)-periodic.

Lemma 3.4. In Context 3.1, if, moreover,(i) φ∆ has finite order, or(ii) there is no non-
trivial invertible element inC, then, ife is (p, q)-periodic, the fractionp/q depends only
one and not on the choice ofp andq.

Proof. Assume thate is (p, q)- and(p′, q′)-periodic. Writeep =× ∆[q] andep
′

=× ∆[q′].
If the order ofφ∆ is finite, raising these equalities to suitable powers, we can assume that
φq∆ andφq

′

∆ are the identity. In any case, we haveer
′p+rp′ =× ∆[r′q+rq′] for all integersr

andr′ (this is a true equality in case (ii)). In particular, we can chooser andr′ such that
r′p+rp′ is the gcdp′′ of p andp′. Raising the equalityep

′′

=×∆[r′q+rq′] to the powersp/p′′

andp′/p′′, using thatφr
′q+rq′

∆ is the identity in case (i), and identifying the resulting
equalities withep =× ∆[q] andep

′

=× ∆[q′] respectively, we obtainq = (r′q + rq′)p/p′′

andq′ = (r′q + rq′)p′/p′′, whencep/q = p′/q′.

If at least one of the assumptions of Lemma 3.4 is satisfied, wecall p/q the period
of e. Note that, ifφ∆ has finite order, then a conjugate of a periodic element is periodic
with the same period, although the minimal pair(p, q) may change. Indeed, if we have
ep = ∆[q]ǫwith ǫ in C×andq large enough to satisfyφp∆ = id, then a conjugateeg satisfies
(eg)p = ∆[q]ǫg =× ∆[q]. We shall see that two periodic elements with the same periodare
conjugate if and only if they are cyclically conjugate; we will also be able to describe the
centralizers of periodic elements. Note that, ifφ∆ has finite orderd, the centralizer of an
element inG is obtained from its centralizer inC by multiplying by powers of∆d.

We first show by elementary computations that a(p, 2)-periodic element ofC is the
same up to cyclic conjugacy as a(p/2, 1)-periodic element whenp is even, and obtain
a related characterization whenp is odd. We will prove similar results for more general
fractions in Subsection 3.3 using geometric methods.

Proposition 3.5 ((p, 2)-periodic). In Context 3.1, ife is an element ofC� satisfying
ep =× ∆[2] for some positive integerp, and puttingr = ⌊p/2⌋:

(i) Some cyclic conjugated of e satisfiesdp =× ∆[2] anddr ∈ Div(∆).
(ii) Furthermore, ifp is even, we havedr=×∆, and, ifp is odd, there existss inDiv(∆)

satisfyingdrs = ∆ andd = sφ∆(s)ǫ, whereǫ is the element ofC×satisfyingdp = ∆[2]ǫ.

Proof. (i) We prove using increasing induction oni that, for i 6 p/2, there existsg
in CycC(e, -) such that(eg)i belongs toDiv(∆) and(eg)p belongs to∆[2]C×. We start the
induction withi = 0 where the result holds trivially withg = 1.
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Assume nowi > 0 and i + 1 6 p/2. We assume the result fori and will prove
it for i + 1. We thus have an elementg for stepi, thus replacinge by eg we assume
ei ∈ Div(∆) andep ∈ ∆[2]C×; we will conclude by findingg in S satisfyingg 4 e and
(eg)i+1 ∈ Div(∆) and(eg)p ∈ ∆[2]C×. If ei+1 left-divides∆, we have the desired result
with g = 1. We may thus assumesup∆(ei+1) > 2. Sinceei+1 left-divides∆[2], we have
actuallysup∆(ei+1) = 2 by Proposition III.1.62 (length). Leteig|e′ be a (strict) normal
decomposition ofei+1, whereeig belongs toS ande′ belongs toDiv(∆). We have

eige′(eig)4 eige′(eige′) = e2(i+1) 4 ep =× ∆[2],

hence we still have2 = sup∆((eig)e′(eig)) = sup∆((eig)e′). By Proposition IV.1.37
(second domino rule, alternative form),e′(eig) must lie inDiv(∆). Then we deduce
e′(eig) = e′((ge′)i)g = (eg)i+1, an element ofDiv(∆), andg 4 e follows.

Sog will do if we can show(eg)p ∈ ∆[2]C×. Now,ep is ∆[2]ǫ with ǫ invertible, hence
e commutes with∆[2]ǫ, hence so doesei+1, that is, we haveφ2

∆(ei+1)ǫ = ǫei+1 and,
equivalently,φ2

∆(eig)φ2
∆(e′)ǫ = ǫeige′. Now φ2

∆(eig)|φ2
∆(e′)ǫ is a (non-necessarily

strict) normal decomposition and, aseig|e′ is also a normal decomposition, then, by
Proposition III.1.25 (normal unique), there must exist an invertible elementǫ′ satisfying
φ2

∆(eig)ǫ′ = ǫeig. Then we have

ei∆[2]φ2
∆(g)ǫ′ = ∆[2]φ2

∆(eig)ǫ′ = ∆[2]ǫeig = ei∆[2]ǫg,

the last equality becauseei commutes with∆[2]ǫ. Cancelling∆[2], we findφ2
∆(g)ǫ′ = ǫg.

We have then

g(eg)p = epg = ∆[2]ǫg = ∆[2]φ2
∆(g)ǫ′ = g∆[2]ǫ′,

whence the result by left-cancellingg.
(ii) The relationdr ∈ Div(∆) implies the existence ofs in Div(∆) satisfyingdrs = ∆.

Assumingdp = ∆[2]ǫ with ǫ invertible, we deducedrs∆ǫ = ∆[2]ǫ = dp, whence by
cancellations∆ǫ = drdi with i = 1 if p is odd, andi = 0 if p is even. We deduce
drdi = s∆ǫ = ∆φ∆(s)ǫ = drsφ∆(s)ǫ and, finally,sφ∆(s)ǫ = di.

If p is odd, we obtain the expected result and, ifp is even, we obtain thatsφ∆(s) is
invertible, hence so iss anddr belongs to∆C×.

Example 3.6((p, 2)-periodic). LetBn be the braid group onn strands (Reference Struc-
ture 2, page 5). The square∆2

n of the Garside element∆n is in the center ofBn (in
fact it generates the center), and we haveφ2

∆ = id. If a braidβ is ad-th root of∆2
n for

some positive integerd, Proposition 3.5 implies thatb is cyclically conjugate to a positive
braidβ1 whose powersβi1 are simple braids (that is, positive braids that divide∆n inB+

n )
for all i 6 d/2. Moreover, ifd is even, one hasβd/21 = ∆n and, ifd is odd, there exists

a(positive) simple braidβ′ such that∆n = β
(d−1)/2
1 β′ andβ1 = β′φ∆n(β′).

Let us give a concrete example: takeβ = σ5σ1σ2σ3σ4σ5 inB6. Thenβ is a 5th root of
∆2

6 butβ2 does not divide∆6. The braidβ1 = σ1σ2σ5σ4σ3σ2 is cyclically conjugate toβ
(see Exercise 98) and satisfiesβ2

1β
′ = ∆6 with β′ = σ5σ4σ3 and one hasβ′φ∆6(β

′) = β1.
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The twisted case:φ-periodic elements. Let us apply Proposition 3.5 to the case of
a semi-direct product categoryC ⋊ 〈φ〉 in the case whenC has no nontrivial invertible
element and the Garside familyS is invariant underφ. Then an elementeφ of (Cφ)� is
(p, q)-periodic if and only if(eφ)p = ∆[q]φp holds. Proposition 3.5 then shows that, for
q = 2, the elemente must be cyclicallyφ-conjugate to an elemente′ satisfying(e′φ)r ∈
Sφr and(e′φ)p = ∆[2]φp. The latter equality shows that the conjugating element must
be fixed underφ2

∆φ
p.

For p = 2r, we have(e′φ)r = ∆φr. For p = 2r + 1, we have(e′φ)rh = ∆ for
someh, whenceh = sφ−r for somes in S, ande′φ = sφ(φ∆φ

r)(s). Further, sincee′φ
commutes with∆[2]φp and∆ is fixed underφ, the equality(e′φ)rs = ∆φr implies thats
commutes with∆[2]φp.

3.2 Geometric methods

In order to extend the above results to arbitrary exponents of ∆, we shall now introduce
geometric ideas and consider geodesic walks in some subfamily (or quotient) of the con-
sidered groupoid that behaves like a negatively curved space. Our framework remains
the same as previously, with the exception that no Noetherianity assumption is included
at first. On the other hand, we add the mild assumption that theambient category is
small, that is, its families of objects and elements are sets (and not proper classes). This
assumption will be used to guarantee the existence of a convenient height function.

Context 3.7. • C is a small cancellative category;
• ∆ is a Garside map inC;
• G is the enveloping groupoid ofC;

We recall from Definition V.3.23 and Proposition V.3.24 (interval) that, forg in G,
the parameterinf∆(g) is the largest integerk satisfying∆[k] 4 g, whereassup∆(g) is the
least integerk satisfyingg4∆[k]; the canonical lengthℓ∆(g) is thensup∆(g)− inf∆(g).
If g is not of the form∆[m]ǫ with ǫ in C×, the canonical length ofg is the unique integerℓ
such thatg admits a strict∆-normal decomposition of the form∆[m]||g1| ··· |gℓ.
Notation 3.8(relation =∆, family G0, elementg0). In Context 3.7, we denote byG0 the
family {g ∈ G | inf∆(g) = 0}. Forg, g′ in G, we writeg =∆ g′ for ∃q ∈ Z (g′ = g∆[q]),
and we putg0 = g∆[−inf∆(g)].

By the results recalled above,G0 is alsoC \∆C, that is, the family of allg in C that are
not left-divisible by∆. Our starting point is the following straightforward observation.

Lemma 3.9. In Context 3.7, for everyg of G, the elementg0 is the unique element ofG0

satisfyingg0 =∆ g.

ThusG0 is a family of representatives for the quotientG/=∆ (which is alsoC/=∆

since every class contains elements ofC), and working withG0 amounts to working with
that quotient. However, it will be convenient here to stick to the current definition asG0

being included inG allows for using the operations and relations ofG without ambiguity.
Hereafter, we shall reserve the lettersa, b, c for elements ofG0.

The idea will be to viewG0 as a geometric space on whichG acts.
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Lemma 3.10. In Context 3.7, putg • a = (ga)0 for g in G anda in G0 such thatga is
defined. Then• is a left-action ofG onG0, in the sense thatg • a is defined whenever the
target ofg coincides with the source ofa, the source ofg • a is the source ofg, and we
have1x • a = a for a with sourcex and(gh) • a = g • (h • a) whenever both are defined.

Note that, when defined,g • a always has the formga∆[m] for some integerm.

Lemma 3.11. In Context 3.7, the functiondist defined onG0 × G0 by

dist(a, b) =

{
∞ if a andb do not share the same source,

ℓ∆(a−1b) otherwise,

is a quasi-distance, that is, it is symmetric and satisfies the triangular inequality; more-
over,dist is invariant under the action ofG onG0.

Proof. Corollary V.3.28 (inverse) gives

dist(b, a) = ℓ∆(b−1a) = ℓ∆((b−1a)−1) = ℓ∆(a−1b) = dist(a, b).

Proposition V.3.30 (inequalities) gives

dist(a, c) = ℓ∆(a−1c) = ℓ∆((a−1b)(b−1c))

6 ℓ∆(a−1b) + ℓ∆(b−1c) = dist(a, b) + dist(b, c).

Finally, assume thatg • a andg • b are defined. Then there existm,n satisfying the
equalitiesg • a = ga∆[m] andg • c = gc∆[n], so we find

dist(g • a, g • b) = ℓ∆((g • a)−1(g • b)) = ℓ∆((ga∆[m])−1(gb∆[n]))

= ℓ∆(∆[−m]a−1b∆[n]) = ℓ∆(a−1b) = dist(a, b),

the fourth equality being true because the canonical lengthis invariant under a left- or a
right-multiplication by∆.

Note thatdist(1x, a) = ℓ∆(a) holds for everya with sourcex.

Lemma 3.12. In Context 3.7, fora, b in G0,
(i) dist(a, b) = 0 is equivalent toa=× b;
(ii) dist(a, b) = 1 is equivalent to the existence ofs in Div(∆)\ (C×∪∆C×) satisfying

eitherb = as or a = bs.

Proof. Point (i) is obvious. For (ii), assumedist(a, b) = 1. By definition, we have
ℓ∆(a−1b) = 1, that is, there existt in Div(∆) \ (C×∪ ∆C×) andm in Z satisfying
a−1b = ∆[m]t, whenceb = ∆[m]φm∆(a)t anda = ∆[−m−1]φ−m−1

∆ (b)φ−m∆ (∂t). Now,
by assumption, we have∆ 64 b, that is,∆ 64 ∆[m]φm∆(a)t. As φm∆(t)a lies in C, this
impliesm 6 0. Similarly, we have∆ 64 a, that is,∆ 64 ∆[−m−1]φ−m−1

∆ (b)φ−m∆ (∂t). As
φ−m−1

∆ (b)φ−m∆ (∂t) lies inC, this implies−m− 1 6 0, that is,m > −1. Form = 0, we
haveb = as with s = t, and, form = −1, we haveas = b with s = ∂t. The converse
direction is straightforward.
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We now consider certain geodesics in the spaceG0, and first recall the standard notion.

Definition 3.13 (walk, geodesic). In Context 3.7, anℓ-step walkin G0 is a sequence
(a0, ... , aℓ) satisfyingdist(ai, ai+1) 6 1 for everyi; it is calledgeodesicif there exists
no ℓ′-step walk froma0 to aℓ with ℓ′ < ℓ.

A walk is a concatenation of segments of length at most1 connecting two endpoints
and a geodesic walk—ageodesic, for short—is a walk such that no strictly shorter walk
connects the endpoints. Note that all points in a walk must share the same source. If
(a0, ... , aℓ) is a geodesic walk, the triangular inequality (Proposition3.11) implies that
every segment(ai, ai+1) has length one exactly. Also, it follows from the definition that
every subsequence of a geodesic walk is geodesic and that, if(a0, ... , aℓ) is geodesic, then
so is(aℓ, ... , a0).

Hereafter we shall consider particular geodesics inG0 that are connected with∆-
normal decompositions inG. In view of Propositions III.3.1 (geodesic, positive case)
and III.3.2 (geodesic, general case), a connection is natural. However, the current context
is different since the equivalence relation=∆ is involved.

Definition 3.14(normal walk). In Context 3.7, a walk(a0, ... , aℓ) in G0 is callednormal
if some strict∆-normal paths1| ··· |sn, then called awitnessfor (a0, ... , aℓ), satisfies
(3.15) ∀i ( ai =∆ a0 s1 ···si ).
Example 3.16(normal geodesic).Consider the pointsa andb2c in the spaceG0 asso-
ciated with the free Abelian monoid based on{a, b, c} with ∆ = abc (Reference Struc-
ture 1, page 3). The canonical length ofa−1b2c is 3, so the distance froma to b2c

is 3. Now (a, 1, bc, b2c) is a normal geodesic froma to b2c, as shows the witness
bc|bc|b. By contrast,(a, ab, b, b2c), which is another geodesic froma to b2c, is not
normal since the only candidate-witness, namelyb|bc|bc, is not normal. Note that the
reversed geodesic(b2c, bc, 1, a) is also normal since it admits the witnessac|a|a. We
shall see in Lemma 3.18 below that this is a general fact.

Our first observation is that normal geodesics exist as oftenas possible, namely when-
ever the expected endpoints have a finite distance.

Lemma 3.17. In Context 3.7, for alla, b in G0, the following are equivalent:
(i) We have0 < dist(a, b) <∞;
(ii) There exists a geodesic connectinga to b;
(iii) There exists a normal geodesic connectinga to b.

Proof. That (iii) implies (ii) and (ii) implies (i) directly follows from the definition.
Assume now thata andb share the same source and satisfydist(a, b) = ℓ 6= 0. Let

∆[m]||s1| ··· |sℓ be a strict∆-normal decomposition ofa−1b. Puta0 = a and, fori 6 ℓ,
putai = (a0φ

m
∆(s1)···φm∆(si))

0. Then we have

aℓ = (a0φ
m
∆(s1)···φm∆(sℓ))

0 = (a0φ
m
∆(s1)···φm∆(sℓ)∆

[m])0

= (a∆[m]s1 ···sℓ)0 = b0 = b.

As φ∆ is an automorphism ofC, the pathφm∆(s1)| ··· |φm∆(sℓ) is strictly∆-normal and, by
definition, it is a witness for(a0, ... , aℓ). So the latter is a normal walk connectinga to b.
Moreover, this walk is geodesic sinceℓ is the dsitance ofa andb. So (i) implies (iii).
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We now establish some general properties of normal geodesics.

Lemma 3.18. In Context 3.7,
(i) A normal walk inG0 is always geodesic, and it admits a unique witness.
(ii) If (a0, ... , aℓ) is a normal geodesic andg • a0 is defined, then(g • a0, ... , g • aℓ) is

also normal geodesic.
(iii) If (a0, ... , aℓ) is a normal geodesic, then(aℓ, ... , a0) is also normal geodesic.

Proof. (i) Assume that(a0, ... , aℓ) is normal with witnesss1| ··· |sℓ. By definition, the
canonical length ofs1 ···sℓ is ℓ and we finddist(a0, aℓ) = ℓ∆(a−1

0 aℓ) = ℓ. Hence
(a0, ... , aℓ) is geodesic.

Assume thats′1| ··· |s′ℓ is another witness. Then we havea0s
′
1 ···s′i =∆ a0s1 ···si for

eachi, whences′1 ···s′i =∆ s1 ···si∆[m]. By definition,s′1 ···s′i ands1 ···si belong toG0,
so they must be equal. An obvious induction oni then impliess′i = si for everyi.

(ii) Assume thats1| ··· |sℓ is a witness for(a0, ... , aℓ) andg • a0 is defined. Letm be
the (unique) integer satisfyingg • a0 = ga0∆

[m]. Then we obtain for everyi

g • ai =∆ gai =∆ ga0 s1 ···si = (g • a0)∆
[−m] s1 ···si =∆ (g • a0)φ

m
∆(s1)···φm∆(si),

which shows thatφm∆(s1)| ··· |φm∆(sℓ) is a witness for(g • a0, ... , g • aℓ).
(iii) Assume again thats1| ··· |sℓ is a witness for(a0, ... , aℓ). For eachi, there exists an

integermi satisfyingai = a0s1 ···si∆[mi]. We deduceai = aℓ∆
[−mℓ]s−1

ℓ ···s−1
i+1∆

[mi],
whence, using the formulag−1 = ∂g∆[−1] and writingm formℓ,

ai = aℓ ∆[−m]∂sℓ∆
[−1] ∂sℓ−1∆

[−1] ··· ∂si+1∆
[−1] ∆[mi]

= aℓ φ
m
∆(∂sℓ)φ

m+1
∆ (∂sℓ−1) ··· φm+ℓ−i

∆ (∂si+1)∆[mi−m+i−ℓ].

By Proposition V.3.26 (inverse), the pathφm∆(∂sℓ)| ··· |φm+ℓ−1
∆ (∂s1) is ∆-normal, and

it is strict since the assumption thatsi is neither invertible nor delta-like implies that
φn∆(∂si) is neither invertible nor delta-like for everyn. Therefore this path is a witness
for (aℓ, ... , a0).

As normal geodesics are defined in terms of normal paths and normality is local in
that a path is normal if and only if every length two subpath isnormal, it is natural to
expect that normal geodesics admit a local characterization. This is indeed the case.

Proposition 3.19(normal geodesic local).In Context 3.7, a walk is a normal geodesic
in G0 if and only if each of its length3 subsequences is.

Proof. Assume that(a0, ... , aℓ) is a normal geodesic, with witnesss1 | ··· |sℓ. By defini-
tion, for eachi, we haveai = a0 s1 ···si∆[mi] for some (unique) integermi. Choosei
with 0 6 i 6 ℓ− 2. Then, writing

ai+1 = a0 s1 ···sisi+1 ∆[mi+1]

= a0 s1 ···si∆[mi]∆[−mi]si+1 ∆[mi+1] = aiφ
mi

∆ (si+1)∆[mi+1−mi],

we deduceai+1 =∆ aiφ
mi

∆ (si+1) and, similarly,ai+2 =∆ aiφ
mi

∆ (si+1)φ
mi

∆ (si+2). Now,
si+1 |si+2 is strictly ∆-normal, hence so isφmi

∆ (si+1)|φmi

∆ (si+2). Then the latter is a
witness for(ai, ai+1, ai+2), which is therefore normal, hence geodesic by Lemma 3.18.
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Conversely, assume that every length three subsequence of(a0, ... , aℓ) is normal
(hence geodesic). We use induction onℓ. For ℓ 6 2, there is nothing to prove. As-
sumeℓ > 3. By induction hypothesis, the walk(a0, ... , aℓ−1) is normal, so it admits a
witness, says1| ··· |sℓ−1, hence there exist integersm,m′ satisfying

(3.20) aℓ−2 = a0s1 ···sℓ−2∆
[m] and aℓ−1 = a0s1 ···sℓ−2sℓ−1∆

[m′],

whenceaℓ−1 = aℓ−2φ
m
∆(sℓ−1)∆

[m′−m]. On the other hand, by assumption, the walk
(aℓ−2, aℓ−1, aℓ) is normal, so it admits a witness, sayt1|t2, hence there exist integersn, n′

satisfyingaℓ−1 = aℓ−2t1∆
[n] andaℓ = aℓ−2t1t2∆

[n′]. Merging the evaluations ofaℓ−1

yieldsφm∆(sℓ−1)∆
[m′−m] = t1∆

[n], whenceφm∆(sℓ−1) =∆ t1. By definition,t1 andsℓ−1,
henceφm∆(sℓ−1) as well, lie inDiv(∆)\(C×∪∆C×). Hence we must haveφm∆(sℓ−1) = t1,
whence∆[m]t1 = sℓ−1∆

[m]. Let sℓ = φ−m∆ (t2), that is,∆[m]t2 = sℓ∆
[m]. Inserting the

value ofaℓ−2 provided by (3.20) inaℓ = aℓ−2t1t2∆
[n′], we obtain

aℓ = a0s1 ···sℓ−2∆
[m]t1t2∆

[n′]

= a0s1 ···sℓ−2sℓ−1∆
[m]t2∆

[n′] = a0s1 ···sℓ−2sℓ−1sℓ∆
[m+n′]

By assumption,t1 |t2 is strictly∆-normal, hence so isφ−m∆ (t1)|φ−m∆ (t2), that is,sℓ−1|sℓ.
Therefore, the paths1| ··· |sℓ is strictly ∆-normal and, by construction, it witnesses that
(a0, ... , aℓ) is a normal walk inG0.

We shall now introduce an oriented version of the distance onthe spaceG0 using the
left-height function on the categoryC, which, by Proposition II.2.47 (height) is defined
everywhere onC if and only if C is left-Noetherian—this is where we use the assumption
thatC is small. We recall that the left-height functionhtL is the ordinal-valued left-height
functionhtL onC, which is defined by

htL(g) =

{
0 if g is invertible,

sup{htL(f) + 1 | f ≺ g} otherwise.

Thenf ≺ g implieshtL(f) < htL(g). By Lemma II.2.44,htL is invariant underφ∆. Here
comes the key observation about left-height in the current context.

Lemma 3.21. In Context 3.7, assume thatC is left-Noetherian.
(i) If (a, b) is a geodesic inG0, that is, if dist(a, b) = 1 holds, then we have either

htL(a) < htL(b) or htL(a) > htL(b).
(ii) If (a, b, c) is a normal geodesic inG0, thenhtL(a) < htL(b) > htL(c) is impossible.

Proof. (i) By Lemma 3.12, there exists an elementt of Div(∆) \ (C×∪ ∆C×) satisfying
eitherb = at or a = bt. In the first case, we deducehtL(b) > htL(a), in the second case,
we havehtL(b) < htL(a).

(ii) Let s1|s2 be a witness for(a, b, c). By Lemma 3.12, there existst in Div(∆) \
(C×∪ ∆C×) satisfying eitherb = at or a = bt. This is equivalent to the existence oft1
in Div(∆) \ (C×∪ ∆C×) andm in {0,−1} satisfyingb = at1∆

[m]. Similarly there exists
h2 in Div(∆) \ (C×∪ ∆C×) andn in {0,−1} satisfyingc = bt2∆

[n]. Merging with the
definition of a witness, we deducet1 = s1 andt2 = φm∆(s2), andc = as1s2∆

[m+n].
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Assumen = −1. Then we have−(m + n) > 1, and the latter equality, rewritten
asc∆[−(m+n)] = as1s2, implies∆ 4 as1s2. As s1|s2 is normal, this implies∆ 4 as1.
Henceas1 does not belong toG0, whereas, by assumption,as1∆[m], which isb, does. We
deducem 6= 0, whencem = −1. Son = −1 impliesm = −1.

We claim that, symmetrically,m = 0 impliesn = 0. Indeed, this follows from apply-
ing the above result to the reversed geodesic(c, b, a), which is normal by Lemma 3.18(iii).
Callingm′ andn′ the associated parameters, the above result says thatn′ = −1 implies
m′ = −1. Now, by construction,n′ = −1 is equivalent tom = 0 andm′ = −1 is
equivalent ton = 0.

We conclude that the conjunction ofm = 0 andn = −1 is impossible. Now, by
definition,m = 0 corresponds tohtL(a) < htL(b) whereasn = −1 corresponds to
htL(b) > htL(c).

This leads us to considering a new parameter.

Definition 3.22 (oriented distance). In Context 3.7, assume thatC is left-Noetherian.
Define−→dist fromG0 × G0 to Ord ∪ {∞} by

−→dist(a, b) =

{
∞ if a andb do not share the same source,

htL((a
−1b)0) otherwise.

Proposition 3.23. In Context 3.7, ifC is left-Noetherian:
(i) For a in G0(x, -), we have−→dist(1x, a) = htL(a).
(ii) For all a, b, b′ in G0, the relationb′ =× b implies−→dist(a, b′) =

−→dist(a, b).
(iii) The function−→dist is invariant under•, that is,−→dist(g • a, g • b) =

−→dist(a, b) holds
whenever the points are defined.

(iv) If (b0, ... , bℓ) is a normal geodesic inG0, then, for everya in G0 sharing the source
of b0 and everyi in {1, ... , ℓ− 1}, we have

(3.24) −→dist(a, bi) < max(
−→dist(a, b0),

−→dist(a, bℓ)).

Of course we declare thatα < ∞ holds for every ordinalα (alternatively, in the case
whenObj(C) is a set, hence in particular whenC is a small category, we could use an
ordinalθ that is larger thanhtL(∆(x)) for every objectx of C).

Proof. (i) For a in G0, we have(1−1
x a)0 = a0 = a, so the result follows from the

definition.
(ii) Assumeb′ = bǫ with ǫ invertible. Write(a−1b)0 = a−1b∆[m]. Then we have

a−1b′ = a−1bǫ =∆ a−1bǫ∆[m] = a−1b∆[m]φm∆(ǫ), whence(a−1b′)0 =× (a−1b)0, and−→dist(a, b′) =
−→dist(a, b).

(iii) Assume thatg•a andg•b are defined (in particulara andb share the same source).
Write g • a = ga∆[m] andg • b = gb∆[n]. Then we find

(g • a)−1(g • b) = ∆[−m]a−1b∆[n] = φm∆(a−1b)∆[n−m] =∆ φ
m
∆(a−1b),

whence, using the invariance ofhtL underφ∆ given by Lemma II.2.44(iv),

−→dist(g • a, g • b) = htL(φ
m
∆(a−1b)) = htL(a

−1b) =
−→dist(a, b).
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(iv) Let x be the common source ofb0, ... , bℓ anda be an element ofG0 with sourcex.
By definition,a−1

• bi is defined for everyi. Put ci = a−1
• bi. By Lemma 3.18(ii),

(c0, ... , cℓ) is a normal geodesic. Then, using (iii) and (i), we have for each i

−→dist(a, bi) =
−→dist(a−1

• a, a−1
• bi) =

−→dist(1x, ci) = htL(ci).

So we are left with establishinghtL(ci) < max(htL(c0), htL(cℓ)) for 1 6 i 6 ℓ − 1
whenever(c0, ... , cℓ) is a normal geodesic. This follows from Lemma 3.21(ii), since, by
the latter, no point except the endpoints may be a local maximum of the left-height.

Definition 3.25(center). ForO included inG0 andb in G0, put

(3.26) −→distO(b) = supa∈O

−→dist(a, b).

A point of G0 is said to be acenterof O if it achieves the minimum of−→distO onG0.

Notation 3.27(family S/=×). ForS included inC, we denote byS/=× the family of all
=×-classes of elements ofS.

By definition,G0 is included inC, so the notationO/=× makes sense forO ⊆ G0.

Proposition 3.28(center). In Context 3.7 withC left-Noetherian andO included inG0:
(i) There exists at least one center inO.
(ii) If all elements ofO share the same sourcex, every center ofO has sourcex.
(iii) If, moreover,O/=× is finite, any two centersc, c′ of O satisfydist(c, c′) 6 1.

Proof. (i) The supremum of (3.26) is always defined inOrd∪{∞} and the well-ordering
property of ordinals guarantees that the minimum is achieved by a point ofG0.

(ii) By definition, −→distO(b) is ∞ if and only if the source ofb is notx. In particular,−→distO(b) < ∞ holds forb in O, hence forc a center ofO. This implies that such a center
admitsx as its source.

(iii) Let O′ be a (finite)=×-selector onO, that is, a subfamily ofO that contains one
point in each=×-class. Then, for everyb in G0, we have

(3.29) −→distO(b) = maxa∈O′
−→dist(a, b)

since, by Proposition 3.23(ii),b=× b′ implies−→dist(a, b′) =
−→dist(a, b). Now, by definition,

c andc′ share the common source of all elements ofO, hencedist(c, c′) < ∞ holds. By
Lemma 3.17, there exists a normal geodesic, say(c0, ... , cℓ), connectingc to c′. If ℓ > 2
holds, then, for every pointa in O′, (3.24) gives

−→dist(a, c1) < max(
−→dist(a, c),−→dist(a, c′)),

whence, by taking the maxima over the finite setO′ and owing to (3.29),

−→distO(c1) <
−→distO(c) =

−→distO(c′).

This contradicts the assumption thatc andc′ achieve the minimum of−→distO and, therefore,
we must haveℓ 6 1.
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3.3 Conjugacy of periodic elements

We can now return to periodic elements ofG and their conjugates and apply the results
of Subsection 3.2. We first use the result of that subsection to give a characterisation of
the elements which have a periodic conjugate and we prove that, in that case, they have a
conjugate close to a power of∆.

Proposition 3.30(conjugate to periodic). In Context 3.7 withC left-Noetherian, fore
in G� anda in G0 such thatea is defined, define thee-orbit of a to be{en • a | n ∈ Z}.
Then an elemente of G� is conjugate to a periodic element if and only if there existsan
e-orbit O such thatO/=× is finite. In this case,e is conjugate to an element of the form
∆[m]h withm in Z andh in Div(∆) \ ∆C×.

Proof. Assume thateg is periodic. We note that(eg)p =× ∆[q] implies(eg∆
[m]

)p =× ∆[q]

for everyr, and, thereforeeg
′

is also periodic for everyg′ satisfyingg′ =∆ g, with the
same parameters. Hence, some conjugate ofe of the formea with a in G0 is periodic.
Now, by definition,ea is periodic if and only if there existsp satisfying(ea)p =× ∆[q] for
someq. The latter relation rewrites asepa=× a∆[q], and, asg =× g′ impliesg0 =× g′0, it
impliesep • a = (epa)0 =× (a∆[q])0 = a. So, in this case, thee-orbit of a intersects at
mostp many=×-classes.

Conversely, assume that thee-orbit of somea has a finite image inG0/=×. AsG is a
groupoid, there must existp satisfyingep •a=×a. This means that there exists an integerq
satisfyingepa∆[−q] =× a, whenceepa=× a∆[q], that is,(ea)p =× ∆[q]. Soea is periodic.

Assume that we are in the case above, that is, we have(ea)p =× ∆[q]. Let x be the
source ofe anda, and letO be thee-orbit of a. By Proposition 3.28(i),O admits at least
one center, sayc and, by Proposition 3.28(ii), the source ofc is x. We claim thate • c
is also a center ofO. Indeed,O is invariant under left-translation bye, and, for alla, b
in G0, Proposition 3.23(iii) implies−→dist(e • a, e • b) =

−→dist(a, b′). Hence, ifc achieves the
minimum of−→dist onO, so doese • c. Now, by assumption, the image ofO in G0/=× is
finite, so Proposition 3.28(iii) impliesdist(c, e • c) 6 1. By definition, the last relation
readsℓ∆(c−1(e • c)) 6 1, which is alsoℓ∆(ec) 6 1 sinceℓ∆ is invariant under right-
multiplication by∆. Soℓ∆(ec) must be0 or 1. In the first case,ec belongs to∆[m]C× for
somem. In the second case,ec has an expression of the form∆[m]h with h in Div(∆) \
(C×∪∆C×), hence also an expression of the formh∆[m] with h in Div(∆) \ (C×∪ ∆C×).
In all cases,ec has the form∆[m]h with h in Div(∆) \ ∆C×.

Corollary 3.31 (SSS of periodic).In Context 3.7 withC left-Noetherian, ife is an element
of G� that is conjugate to a periodic element, then the super-summit set ofe consists of
elements of the form∆[m]h with m in Z andh in Div(∆), ande is conjugate by cyclic
conjugacy to such an element.
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Proof. By Proposition 3.30,e is conjugate to an elemente′ of the form∆[m]hwithm in Z

andh in Div(∆) \ ∆C×. Such an element must lie in its super-summit set. Indeed, , we
find inf∆(e′) = sup∆(e′) = m if h is invertible andsup∆(e′) = inf∆(e′) + 1 = m+ 1
otherwise; in each case,e′ is in its super-summit set since cycling does not change its
shape. Furthermore, every element of the super-summit set of e′ has the same shape since
the values ofinf∆ andsup∆ must be the same. So the super-summit set is as described.

As for the last point, it follows from Corollary 2.12, which guarantees that one can go
from e to an element of its super-summit set using cyclic conjugacies.

Proposition 3.32(cyclically conjugate). In Context 3.7 withC Noetherian, any two pe-
riodic elements ofC that are conjugate are cyclically conjugate.

Proof. This is a special case of Proposition 1.24.

In the case when the automorphismφ∆ has a finite order, we can come back to Propo-
sition 3.30 and obtain a more complete description of the periodic elements.

Lemma 3.33. In Context 3.7 withφ∆ of finite order, every conjugate of a periodic element
must be a periodic element.

Proof. Assume thatφn∆ is the identity andep =× ∆[q] holds. For everyg such thateg is
defined, we obtain(eg)pn = g−1epng =× g−1∆[qn]g = ∆[qn] since∆[qn] commutes with
every element.

Proposition 3.34(periodic elements). If C is a Noetherian cancellative category and∆
is a Garside map inC such that the order ofφ∆ is finite:

(i) Every periodic elemente of C is cyclically conjugate to some elementd satisfying
dp ∈ ∆[q]C×with p andq positive and coprime and such that, for all positive integers p′

andq′ satisfyingpq′ − qp′ = 1, we havedp
′

4∆[q′];
(ii) For d as in(i), the elementg satisfyingdp

′

g = ∆[q′] is an element ofDiv(∆) whose
=×-class is independent of the choice of(p′, q′); moreover,g∆[−q′] is (p,−qp′)-periodic
andd=× (g∆[−q′])q∆[qq′] holds.

Proof. (i) We use the notions and notation of Subsection 3.2. Sinceφ∆ has finite order,
Lemma 3.33 implies that all conjugates ofe are periodic, and, therefore, all orbits of a
periodic element have a finite image inG0/=×. Let O be ane-orbit in G0 and letZ be
ane-orbit in the family of the centers ofO. ThenZ/=× is finite, and every two elements
c, c′ of Z satisfydist(c, c′) 6 1. Takec in Z and setd = ec. Hered is a priori inG; we
will prove eventually that it is in fact inC, which will imply, by Proposition 3.32, that it
is cyclically conjugate toe.

The setc−1
• Z is ad-orbit in the set of centers of thed-orbit c−1

• O and it consists
of all elements(di)0 with i in Z. Let p be the cardinal ofZ/=×, andZ0 be the set
{(di)0 | i = 0, ... , p − 1}. Thus, we havedp =× ∆[q] for some integerq. For eachi,
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the elementsdi anddp+i are=∆-equivalent to=×-equivalent elements. Sincep/q is the
period ofd, it is also the period ofe, which is positive, sincee is in C. Hencep > 0
impliesq > 0. If p = 1 holds,pq′ − qp′ = 1 is equivalent toq′ = 1 + kq andp′ = kq for
somek in Z, and (i) holds.

We now assume thatd0 is not invertible inC. Thendist((di)0, (di+1)0) is positive
and, since(di)0 and(di+1)0 are centers, we havedist((di)0, (di+1)0) = 1. Let x be the
source ofd. We havedist(1x, (d

i)0) = 1, hence all elements(di)0 lie in Div(∆). By
Lemma 3.12, the relationdist((di)0, (dj)0) = 1 forbidshtL((d

i)0) = htL((d
j)0), so we

may label the elements ofZ0 asc0 = 1, c1, ... , cp−1 so that thathtL(cj) < htL(cj+1)
holds for everyj. Then, by Lemma 3.12 and our assumption on left-heights, we have
ci = c1g1 ···gi−1 whereci andgi are non-invertible elements ofDiv(∆) for i > 0. There
exists a positive integerp′ such thatdp

′

mapsc1 to an invertible element. We then have
dp

′

c1 = ∆[q′]ǫ for some integerq′ and some invertible elementǫ. Hence, fori > 1, the
action ofdp

′

, which is∆[q′]ǫc−1
1 , mapsci to φ−q

′

∆ (ǫg1 ···gi−1), an element whose left-
height is at most that ofci, sincehtL is invariant underφ∆. Since the elements ofZ0

have distinct left-heights, the action ofdp
′

onZ0/=
× must map the=×-class ofcj to that

of cj−1 (mod p). We claim that we haved−jp
′

=× cj∆
[−jq′] for 1 6 j 6 p − 1. This is

true forj = 1. By induction onj, we obtain

d−(j+1)p′ =× (c1ǫ
−1∆[−q′])cj∆

[−jq′] = c1ǫ
−1φq

′

∆(cj)∆
[−(j+1)q′ ].

If ∆ left-divided c1ǫ−1φq
′

∆(cj), we would have∆ = c1ǫ
−1c′ for some left-divisorc′

of φq
′

∆(cj), but then the left-height ofcj+1, which is=×-equivalent to(d−(j+1)p′ )0 would
be at most the left-height ofcj . As this is impossible, we deduce that(d−(j+1)p′ )0 is

=×-equivalent toc1e−1φq
′

∆(cj), and our claim follows.

Nowd−p
′

mapscp−1 to an invertible element. This means thatc1ǫ
−1φq

′

∆(cp−1)∆
[−pq′]

is a power of∆ up to right-multiplication by an invertible element. Since∆ does not
dividecj−1, we obtainc1ǫ−1φq

′

∆(cp−1) =× ∆, whence

d−p
′p =× c1ǫ

−1φq
′

∆(cp−1)∆
[−pq′] =× ∆[1−pq′].

Fromd−p
′p =× ∆[−qp′], we deducepq′ − qp′ = 1. In particular,p andq are coprime so

that they are theq andp of the proposition, andq′ > 0 holds.
Let us check the other statements of (i). From

d = d−qp
′+pq′ = (c1ǫ

−1∆[−q′])q∆[qq′],

we deduced ∈ C. Then the fact thatd and e are cyclically conjugate follows from
Proposition 3.32. The equalitydp

′

c1 = ∆[q′]ǫ impliesdp
′

4∆[q′]. Moreover, the relation
dp =× ∆[q] impliesd−p

′−kp∆[q′+kq] =× d−p
′

∆[q′] ∈ C for everyk, so that, for every pair
of integers(p′, q′) as in (i), we havedp

′

4∆[q′].
(ii) First p = 1 impliesg = ∆ and all assertions of (ii) are easily checked. Assume

nowp 6= 1. In the proof of (i), we have obtainedg = d−p
′

∆[q′] = c1ǫ
−1, so the=×-class

of g is independent of(q′, p′). We also have

(g∆[−q′])p = d−pp
′

=× (∆[−q])p
′

=× ∆[1−pq′],
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henceg∆[−q′] is (p, 1 − dd′)-periodic and we haveg 4∆, that is,g belongs toDiv(∆).
We have also(g∆[−q′])q = d−qp

′

= d1−pq′ =× d∆[−qq′], which completes the proof.

Remark 3.35. (i) With the notation of Proposition 3.34, let us writeq = ip + k with
0 < k < p. We then have

d = (g∆[−q′])ip+k∆[q′(ip+k)] = (g∆[−q′])k(g∆[−q′])ip∆[q′(ip+k)]

=× (g∆[−q′])k∆[−iqp′]∆[q′(ip+k)] = (g∆[−q′])k∆[kq′]∆[i].

Hence we can writed = h∆[i] with h ∈ Div(∆). Indeed we have

(g∆[−q′])k∆[q′k] 4 (g∆[−q′])p∆[q′p] =× ∆[−qp′]∆[q′p] = ∆.

So the elements thus obtained have the form mentioned in Proposition 3.30.
(ii) In the casep 6= 1 of Proposition 3.34, the elementd is (p, q)-periodic and satisfies

inf∆(dp
′

) = q′ − 1 andsup∆(dp
′

) = q′. In particulardp
′

is in its own super-summit set.
Conversely, ifd is (p, q)-periodic withp 6= 1 andp, q′, q, p′ are as in the theorem, assume
thatdp

′

has minimalsup∆ in its conjugacy class. Thensup∆(dp
′

) = q′ andg defined
by dp

′

g = ∆[q′] lies in Div(∆) \ C× since, as in the proof of Proposition 3.34(ii), the
elementg∆[−q′] is (p, 1 − pq′)-periodic. Moreover,g is not delta-like since the relation
(g∆[−q′])p =× ∆[1−pq′] would implyp = 1. Thusinf∆(dp

′

) equalsq′ − 1 anddp
′

lies in
its super-summit set.

(iii) Note that the proof of Proposition 3.34(ii) from (i) does not use the geometric
tools of Subsection 3.2.

Corollary 3.36 (centralizer). Under the assumptions of Proposition 3.34, the centralizer
of d in C coincides with the simultaneous centralizer ofg∆[−q′] and of∆[q]ǫ, whereǫ is
the invertible element defined bydp = ∆[q]ǫ.

Proof. Fromg∆[−q′] = d−p
′

, we deduce that every element that centralizesd also cen-
tralizesg∆[−q′]. On the other hand, an element that centralizesd obviously centralizes its
power∆[q]ǫ.

Conversely, the relations(g∆[−q′])q(∆[q]ǫ)q
′

= d−qp
′

dpq
′

= d imply that an element
centralizing bothg∆[−q′] and∆[q]ǫ also centralizesd.

The twisted case. As at the end of the previous subsections, we now consider a category
C ⋊ 〈φ〉 and spell out how Proposition 3.34 looks when applied to an element ofCφ.

Proposition 3.37(periodic elements, twisted case).Assume thatC is a left-Noetherian
cancellative category with no nontrivial invertible element, ∆ is a Garside map inC, the
order ofφ∆ is finite, andφ is a finite order automorphism ofC that commutes withφ∆.

(i) If an elementd of C is such thatdφ is periodic of periodp/q with p, q positive and
coprime, thend is cyclicallyφ-conjugate to some elementeφ satisfying(eφ)p = ∆[q]φp

and(eφ)p
′

φ−p
′

4∆[q′] for all positive integersp′ andq′ satisfyingpq′ − qp′ = 1;
(ii) For e as in (i), the elementg satisfying(eφ)p

′

g = ∆[q′]φp
′

belongs toC and
is independent of the choice of(q′, p′). We have(g∆[−q′]φ−p

′

)p = ∆[1−pq′]φ−p
′p and

e = (g∆[−q′]φ−p
′

)q∆[q′q]φqp
′

. Moreover,g is fixed underφq∆φ
p;
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(iii) For e andg as in (ii) , andψ = φ−q
′

∆ φ−p
′

, the centralizer ofeφ in C coincides
with CycC(gψ, gψ) in the categoryC ⋊ 〈ψ〉; moreover,CycC(gψ) can be computed inside
the category of fixed points(CycC)φ

q
∆φ

p

.

Proof. All assertions of (i) and (ii) but the last one are mere translations of Proposi-
tion 3.34, taking into account that the only invertible elements are the powers ofφ, which
allows for replacing the=× relations with equalities. In particular,gφ−p

′

here corre-
sponds to the elementg of Proposition 3.34(ii). This element is fixed underφq∆φ

p since
∆ ande are, the former sinceφ commutes withφ∆ and the latter since∆[q]φp is a power
of eφ.

(iii) By Corollary 3.36, we know that the centralizer ofeφ coincides with the family
of all φq∆φ

p-fixed points in the centralizer ofg∆[−q′]φ−p
′

. Identifyingg∆[−q′]φ−p
′

with

the elementgφ−q
′

∆ φ−p
′

of the categoryC⋊〈φ−q
′

∆ φ−p
′〉 and applying Proposition 1.24, we

obtain that every elementf of the centralizer ofgφ−q
′

∆ φ−p
′

lies in the cyclic conjugacy
family CycC(gψ, gψ). More precisely, the proof of Proposition 1.24 shows thatf is a
product of elements of the cyclic conjugacy that are inductively computed as left-gcds,
the first being the left-gcd off andg. If f is fixed underφq∆φ

p, this left-gcd is fixed
underφq∆φ

p sinceg is, whence the result by induction. Finally,CycC(gψ) can be evaluated
inside(CycC)φ

q
∆φ

p

sincegψ commutes withφq∆φ
p.

We now spell out more explicitly how the above result looks like whenq = 2 and
φ2

∆ = id hold. A specific feature of this case is that we can replace theuse of Proposi-
tion 3.34(i) by that of Proposition 3.5 to prove Proposition3.37, and we obtain thus, by
the proof of Proposition 3.5, an explicit sequence of cyclicφ-conjugations fromd to e.

Corollary 3.38 (caseq = 2). Assume thatC is a left-Noetherian cancellative category
with no nontrivial invertible element,∆ is a Garside map inC, andφ is a finite order
automorphism ofC that commutes withφ∆. Assume moreover that the elementdφ of Cφ
satisfies(dφ)p = ∆[2]φp.

(i) If p is even, sayp = 2r, there existse such thatCycC(dφ, eφ) is nonempty and we
have(eφ)r = ∆φr. The centralizer ofeφ in C coincides withCycC(eφ, eφ), and it can be
computed in the category of fixed points(CycC)φ∆φ

r

.
(ii) If p is odd, sayp = 2r + 1, there existse such thatCycC(dφ, eφ) is nonempty and

we have(eφ)p = ∆[2]φp and(eφ)rφ−r 4 ∆. The elementg defined by(eφ)rg = ∆φr

is such that, in the categoryC ⋊ 〈ψ〉 with ψ = φ∆φ
−r, we haveeψ2 = (gψ)2 and

(gψ)p = ∆ψp. The centralizer ofeφ in C coincides withCycC(gψ, gψ), and it can be
computed in the category of fixed points(CycC)φ

pφ−2
∆ .

Proof. The corollary is a direct application of Proposition 3.37, where, for (i), we take
(p, q′, q, p′) = (r, 1, 1, r− 1), implyingg = d and,(p, q′, q, p′) = (p, 1, 2, r) for (ii).

Exercises

Exercise 95(simultaneous conjugacy).Show thatg belongs toConj∗C((ei)i∈I) (see
Remark 1.16) if and only ifg 4 eia holds for everyi. Generalize 1.10 to 1.15 in this
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context.

Exercise 96(no right-lcm). LetM be the monoid generated bya0, a1, ... ,b0, b1, ... , c
with relationsai = ai+1c, bj = bj+1c, andaibj = biaj for all i, j. (i) Show that
aibj = ai+kbj+kc

2k holds for everyk, and deduce thatai andbj admit no right-lcm.
(ii) Show that, nevertheless, every familyDiv(g) is closed under right-comultiple.

Exercise 97(quasi-distance). (i) In Context 3.7, show thatℓ∆(g) = sup∆(g0) holds for
everyg in G. (ii) For g, g′ in G, definedist(g, g′) to be∞ if g, g′ do not share the same
source, and to beℓ∆(g−1g′) otherwise. Show thatdist is a quasi-distance onG that is
compatible with=∆.

Exercise 98(conjugacy). Show using Algorithm 2.23 or Algorithm 2.42 that the braids
β andβ1 of Example 3.6 are conjugate.

Notes

Sources and comments.The Conjugacy Problem of the braid groups was solved by
F.A. Garside in his seminal PhD thesis of 1967 [122] and in thepaper [123]. The original
solution consists in introducing summit sets, which are distinguished subsets of conju-
gacy classes, in general larger than the super-summit sets but nevertheless finite and ef-
fectively computable. At the time, the normal form was not known, and the summit set
consists of all elements of the form∆if with maximali. Cycling, decycling, and their
connection with the current normal form were introduced andfirst investigated around
1988 by E. ElRifai and H. Morton in [115]. More recent contributions by J. Birman,
K.Y. Ko and S.J. Lee appear in [22], by V. Gebhardt in [127] andby J. Birman, V. Gebhardt
and J. González-Meneses in [20]. Sliding circuits were introduced by V. Gebhardt and
J. González-Meneses in [129] and [130].

Our exposition in Section 1 is close to the one given in Digne–Michel [108]. In
particular,Cycφ(C) is the particular case forn = 1 of the category calledCn(φ∆) in
Subsection XIV.1.2, andC(P1(φ)) in [108, 8.3(ii)]. The study of ribbons as a Garside
category was introduced in Digne–Michel [108]. It is also implicit in Godelle [131].
Proposition 1.59(i) is a generalization of Paris [188, Proposition 5.6].

The ribbon category considered in Subsection 1.4 is an extension of the ribbon cate-
gory occurring in the study of the normalizer of a parabolic submonoid of an Artin-Tits
monoid (the submonoid generated by a part of the atoms) as developed in Paris–Godelle
[188, section 5], and in Godelle [132], [133], [137]. The description of the atoms in a
ribbon category given in Proposition 1.59 extends to the case of Artin-Tits monoids asso-
ciated to infinite Coxeter groups (and thus do not have a Garside element). The following
result can be extracted from the proof of Godelle [133, Theorem 0.5].

Proposition. Assume thatB+ is an Artin-Tits monoid and letB+
I be a submonoid gener-

ated by a setI of atoms ofB+. The atoms ofB+
I are the elementsI

v(J,I)−−−−→ φJ (I) where
J is the connected component ofI ∪ {s} in the Coxeter graph of atoms ofB+ for s an
atom ofB+ such thatJ has spherical type.
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The current exposition of Section 2 is an extension to a general categorical framework
of the main results in the above mentioned papers. Some of theoriginal arguments were
simplified along the way. One of the specificities of the current treatment is that non-
trivial invertible elements are not discarded. We are endebted to J. González-Meneses for
Lemma 2.27 (private communication). Our treatment of sliding is a slight generalization
of the results of Gebhardt and González-Meneses [129], which we mostly follow. In par-
ticular, the proof of Lemma 2.50 fork = 1 is similar to the proof of [129, Proposition 5].
V. Gebhardt and J. González-Meneses have a more efficient replacement for Step 11 of Al-
gorithm 2.39, based on the notion ofpullback, a partial inverse to sliding on morphisms.
However, we decided to omit a description of it since it wouldlengthen considerably our
exposition.

Let us also mention theultra-summit setas introduced by V. Gebhardt in [127]: in
general, the ultra-summit set is a proper subset of the super-summit set, and in turn strictly
includes the set of sliding circuits. The operations oftransport, which in the terminology
of Section 2 is the map on morphisms induced by the sliding functor, and the related
operationpullbackwere first introduced in [127] for ultra-summit set, and later extended
to the set of sliding circuits in [129]. The notion of ultra-summit set allows for especially
efficient implementations. However, as it was superseded bysliding circuits, we did not
give the details here. All the algorithms described in this chapter are implemented in
GAP [179].

Alternative solutions to the Conjugacy Problem of braids based on the geometric
structure of braids (Nielsen–Thurston classification) rather than on their algebraic struc-
ture might also exist: in the case ofB4, such a solution with a polynomial complexity
was recently described by M. Calvez and B. Wiest in [47]. Let us mention that, using the
Garside structure, M. Calvez has given in [46] an algorithm for finding the type of a braid
in the Nielsen–Thurston classification that is quadratic inthe braid length.

The results of Section 3 are directly inspired of M. Bestvina’s analysis in [15], which
was generalized to the Garside context in Charney–Meier–Whittlesey [56]. In particular,
Subsection 3.2 is a solution of the exercise suggested in Bessis [8, 8.1], namely rewriting
the results of [15] and [56]) in a categorical setting. Proposition 3.32 is already in [20,
4.5, 4.6] whenC has no nontrivial invertible element and the order ofφ∆ is finite. Here
we allow for an additional generalization, namely the presence of invertible elements in
the considered category.

Further questions. An open problem related to the Conjugacy Problem in the braid
groupBn is to bound the number of slidings required to reach the ultra-summit set.

Although very efficient implementations of sliding circuits have been made, the the-
oretical complexity of the method is exponential, and the main open problem of the area
so far is to know whether polynomial solutions for the Conjugacy Problem for braid
groupsBn with n > 5.

Owing to its supposed high complexity, it has been proposed to use the Conjugacy
Problem of braids to design cryptographical protocols, see[3], [154], or [73] for a survey.
Experiments seem promising. However, a potential weaknessof the approach is that,
because the braid groups are not amenable, it is virtually impossible to state and prove
probabilistic statements involving braids: there is no reasonable probability measure on
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sets of braids, and, therefore, actuallyproving that a cryptosystem based on braids is
secure remains a challenging question.

Another natural problem connected with conjugacy is whether any twodth roots of
an element of a (quasi)-Garside group are necessarily conjugate. In the case of braid
groups, using the Nielsen-Thurston classification, J. González-Meneses proved in [140]
that any twodth roots of an element ofB+

n are conjugate inB+
n . This is an open problem in

general (see Conjecture X.3.10), in particular for other spherical Artin-Tits groups, though
a similar behaviour to the case of the braid groups is expected: in this case, defining
a Nielsen-Thurston classification—this amounts to definingwhat would be a reducible
element—is an open problem. Note that the question of the uniqueness ofdth roots up
to conjugacy has an obvious solution in the case of a bi-orderable group, sincedth roots
are then unique; but there are few examples of bi-orderable quasi-Garside groups; the
free groups are such an example (see Example XII.1.15, Example I.2.8 and the notes of
Chapter I referring to the paper [11]).
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Chapter IX

Braids

This chapter is about various Garside structures that occurin connection with Artin’s
braid groups (Reference Structure 2, page 5, Reference Structure 3, page 10) and some
generalizations, Artin–Tits groups and braid groups associated with complex reflection
groups. Due to the richness of the subject, we concentrate here on the description of the
structures, but renounce to explore their innumerable applications, some of which being
just briefly mentioned in the Notes section.

The chapter contains three sections. In Section 1, we introduce Artin–Tits groups
and describe Garside families that have been constructed onthem using what is called the
classical approach, namely the one based on the Artin generators. We establish the needed
background about Coxeter groups, and apply both the reversing approach of Chapter II
and the germ approach of Chapter VI to construct the classical Garside structure for the
braid group associated with a spherical type Coxeter system(Proposition 1.29 and 1.36).

Then, in Section 2, we use the germ approach again to describeanother Garside struc-
ture existing on certain Artin–Tits groups, namely the so-called dual Garside structure.
Here we concentrate on typeA (Proposition 2.11) and on the beautiful connection with
noncrossing partitions (Proposition 2.7), mentioning in amore sketchy way the extension
to arbitrary finite Coxeter groups of other types. We also show that a number of exotic
Garside structures arise in particular in connection with braid orderings, such structures
involving Garside elements (in the current meaning) but failing to be Garside monoids (in
the restricted sense) by lack of Noetherianity.

Finally, in Section 3, we show how the dual approach of Section 2 can also be devel-
oped for the braid groups of (certain) complex reflection groups, namely those that are
finite and well-generated (Propositions 3.20, 3.21, and 3.22).

1 The classical Garside structure on Artin–Tits groups

The classical Garside structure on an Artin–Tits group directly relies on the properties of
the underlying Coxeter group, and it can be constructed in (at least) two different ways,
namely starting from the presentation and using the technique of subword reversing as
described in Section II.4, or starting from the properties of Coxeter groups and using the
technique of germs and derived groups as described in Chapter VI.

Here we shall mention both approaches: we first recall basic properties of Coxeter
groups and the definition of the associated Artin–Tits groups in Subsection 1.1, then de-
velop the reversing approach in Subsection 1.2, and finally describe the germ approach in
Subsection 1.3.
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1.1 Coxeter groups

Coxeter groups are groups defined on the shape of the symmetric groupSn. Here we
introduce them from the notion of a Coxeter system. We recallthat aninvolutionof a
groupG is a nontrivial endomorphism ofG whose square is the identity.

Definition 1.1 (Coxeter group, Coxeter system).Assume thatW is a group andΣ is a
set of involutions inW . Fors andt in Σ, letms,t be the order ofst if this order is finite
and be∞ otherwise. We say that(W,Σ) is a Coxeter system, and thatW is aCoxeter
group, if W admits the presentation

(1.2) 〈Σ | {s2 = 1 | s ∈ Σ} ∪ {(s|t)[ms,t] = (t|s)[mt,s] | s, t ∈ Σ andms,t 6= ∞}〉,

where(f |g)[m] stands for the wordf |g|f |g|...with m letters.

A relation (s|t)[ms,t] = (t|s)[mt,s] as in (1.2) is called abraid relation. Note that,
in presence of the torsion relationss2 = 1, it is equivalent to(st)ms,t = 1. Beware
that a Coxeter group may originate from several non-isomorphic Coxeter systems (see
Exercise 99). Note that, in Definition 1.1, we do not assumeΣ to be finite. Nevertheless,
in all examples we will be interested in,Σ will be finite.

Example 1.3(Coxeter system).Consider the symmetric groupSn, and letΣn be the
family of all transpositions(i, i + 1) for i = 1, ... , n − 1. Putsi = (i, i + 1). Each
transpositionsi has order2, the relationssisj = sjsi hold for |i − j| > 2, and the
relationssisjsi = sjsisj hold for |i − j| = 1. The groupSn is generated byΣn and
it is well known that the above relations make a presentationof Sn. Moreover, the order
of sisj is 2 for |i − j| > 2, and3 for |i − j| = 1. It follows that(Sn,Σn) is a Coxeter
system, with the associated coefficientsms,t given bymsi,sj = 2 for |i − j| > 2, and
msi,sj = 3 for |i− j| = 1.

All information needed to encode a Coxeter system is the listof the coefficientsms,t.
It is customary to record the latter in the form of a square matrix. For the diagonal, we
complete with the valuesms,s = 1, which amounts to completing the presentation (1.2)
with the trivial relationss = s.

Definition 1.4 (Coxeter matrix). A Coxeter matrixis a symmetric matrix(ms,t) indexed
by a setΣ where the entries are integers or∞ that satisfyms,t > 2 for every pair(s, t)
of distinct element ofΣ andms,s = 1 for everys in Σ.

For instance, the Coxeter matrix associated with the Coxeter system(S4,Σ4) of Ex-

ample 1.3 is




1 3 2
3 1 3
2 3 1


. We thus have associated a Coxeter matrix to a Coxeter system.

The following theorem gives a converse. For a proof see in [27, Chapter V,§4 no 3,
Proposition 4].
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Proposition 1.5 (Coxeter system).Let (ms,t) be an arbitrary Coxeter matrix indexed
by a setΣ, and letW be the group presented by the associated presentation(1.2). Then
(W,Σ) is a Coxeter system.

The meaning of this result is that, in the groupW presented as above, every element
of Σ is different from 1 and, for every pair of elements ofΣ, the order ofst in W is
exactlyms,t (a priori, it could be less).

A way to encode a Coxeter matrix is to draw aCoxeter graphwith one vertex for
each element ofΣ, and one (unoriented) edge labelledms,t between the verticess andt
if ms,t 6= 2; the convention is that3-labelled edges are represented unlabelled. For
instance, the Coxeter graph forSn is

1 2 n−2 n−1

If Γ is a Coxeter graph we will denote by(WΓ,ΣΓ) the associated Coxeter system.
We now recall basic results about Coxeter groups. For a detailed exposition see for

instance [27, Chapter IV].
If (W,Σ) is a Coxeter system, since the elements ofΣ are involutions, they generate

W positively, that is, every element ofW can be expressed as a product of elements ofΣ.
We denote by‖‖Σ theΣ-length onW (see Definition VI.2.50).

Definition 1.6 (reflection, reduced word). If (W,Σ) is a Coxeter system, the elements
of ∪g∈W gΣg−1 are called thereflectionsof W . A Σ-word is calledreducedif no shorter
word represents the same element ofW .

The next result, which associates with every element of a Coxeter group a family of
reflections, captures in algebraic terms the essential geometric properties of these groups.
According to our general conventions, ifw is a Σ-word, we denote by[w] the element
of W represented byw. We use△ for the symmetric difference in a powerset, that is, the
operation defined byX △ Y = (X\Y ) ∪ (Y \X) (corresponding to addition mod 2 on
indicator functions).

Lemma 1.7. Assume that(W,Σ) is a Coxeter system andR is the set of reflections ofW .
(i) There is a unique mapN fromΣ∗ to the powerset ofR satisfyingN(s) = {s} for

s in Σ andN(u|v) = N(u)△ [u]N(v)[u]−1 for all u andv in Σ∗.
(ii) For w = s1| ··· |sk with s1, ... , sk in Σ, we have

(1.8) N(w) = {s1} △ {s1s2s1} △ ··· △ {s1 ···sk−1sksk−1 ···s1}.

(iii) If w is aΣ-word, the value ofN(w) depends only on[w].
(iv) If w is a reducedΣ-word, the reflections appearing in the right-hand side of(1.8)

are pairwise distinct, the symmetric difference is a union,and the cardinal ofN(w) is the
Σ-length of[w].

Proof. If N satisfying (i) exists, it must satisfy (ii), as can be seen byapplying inductively
the equalityN(u|v) = N(u) △ [u]N(v). This implies the unicity ofN . Conversely, if
we take the right-hand side of (1.8) as a definition forN , the equalityN(u|v) = N(u)△
[u]N(v) is satisfied for all wordsu andv.



434 IX Braids

To prove (iii), it suffices to show thatN is invariant under the defining relations ofW ,
which results from the easy equalitiesN(s|s) = ∅ andN((s|t)[ms,t]) = N((t|s)[mt,s])
for every pair(s, t) of distinct elements ofΣ such thatms,t is finite.

For (iv), assumew = s1| ··· |sk. Saying that two reflections occurring in (1.8) coincide
means that there existi < j such thats1s2 ···si ···s2s1 = s1s2 ···sj ···s2s1 holds inW .
But, then, we deducesisi+1 ···sj = si+1si+2 ···sj−1, andk cannot be minimal.

Owing to Lemma 1.7(iii), we shall naturally defineN(g) for g inW to be the common
value ofN(w) for w representingg.

Lemma 1.9. Assume that(W,Σ) is a Coxeter system andR is the set of reflections ofW .
(i) For g, h in W , the relation‖g‖Σ+‖h‖Σ=‖gh‖Σ is equivalent toN(g) ⊆ N(gh).
(ii) For everyr in R, we haver ∈ N(r).
(iii) For everyg in W , we haveN(g) = {r ∈ R | ‖rg‖Σ < ‖g‖Σ}.

Proof. Let us prove (i). By Lemma 1.7(iv), we have‖gh‖Σ = ‖g‖Σ + ‖h‖Σ if and only
if the cardinal ofN(gh) is the sum of the cardinals ofN(g) andN(h). Using the equality
N(gh) = N(g) △ gN(h), this is equivalent toN(g) ⊆ N(gh).

For (ii), assume thatr is a reflection, and lets1 ···sn−1snsn−1 ···s1 be an expression
of r as a conjugate of an element ofΣ, with s1, ... , sn in Σ andn minimal. Letri the
ith entry in the right-hand side of (1.8) applied to this decomposition (which has2n − 1
terms). We claim thatr = rn andr 6= ri hold for i 6= n, which will show thatr lies
in N(r). Indeed, an easy computation shows that, fori 6 n, we haverrir = r2n−i;
hencer2n−i = r is equivalent tori = r. But, by minimality ofn, we haveri 6= r for
i < n.

Let us prove (iii). Lets1| ··· |sk be a reducedΣ-word representingg. Considerr =
s1s2 ···sisi−1 ···s1, an element ofN(g). Then we findrg = s1 ···si−1si+1 ···sk, hence
‖rg‖Σ < ‖g‖Σ. Conversely, forr inR\N(g), we haver /∈ rN(g) whereas, by (v),r lies
in N(r). Then, by Lemma 1.7(ii),r must lie inN(rg) and, by the first part, we deduce
‖g‖Σ = ‖r(rg)‖Σ < ‖rg‖Σ.

Proposition 1.10(exchange property). If (W,Σ) is a Coxeter system ands1| ··· |sk is
a reducedΣ-word representing an elementg of W , then, for everys in Σ satisfying
‖sg‖Σ < ‖g‖Σ, there existsi such that the words1| ··· |si−1|si+1 | ··· |sk representssg.
The latter word is reduced, that is, we have‖sg‖Σ = ‖g‖Σ − 1.

Proof. By assumption, one obtains aΣ-minimal expression forg by left-multiplying by
s a Σ-minimal expression forsg, which impliess ∈ N(g). It follows that there existsi
satisfyings = s1 ···si ···s1, whencesg = s1 ···si−1si+1 ···sk. But, in this case, the word
s|s1| ··· |si−1|si+1| ··· |sk representsg and it is reduced since it has lengthk. It follows
that its subwords1| ··· |si−1 |si+1| ··· |sk is reduced as well.
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The symmetric result obtained by exchanging left and right applies togs, as can be
seen by applying Proposition 1.10 tosg−1.

We now list some consequences of the exchange property.

Corollary 1.11 (Matsumoto’s lemma). Assume that(W,Σ) is a Coxeter system.
(i) If s1| ··· |sk is a non-reducedΣ-word representing an elementg ofW , there existi

andj such that the words1| ··· |si−1|si+1 | ··· |sj−1 |sj+1 | ··· |sk representsg.
(ii) If w andw′ are reducedΣ-words representing the same element ofW , one can

pass fromw tow′ using only braid relations. In particularw andw′ have same length.

Proof. (i) Let i be the largest index such that the wordsi| ··· |sk is not reduced. Then, by
Proposition 1.10, there existj > i satisfyingsi ···sk = si+1 ···sj−1sj+1 ···sk.

(ii) First, Lemma 1.7(iii) and (iv) implies that two reducedwords representing the
same element have the same length. We then prove the result using induction on the
lengthk of w andw′. Assumew = s1| ··· |sk andw′ = s′1| ··· |s′k, andw andw′ rep-
resentg in W . Then the words′1|s1|s2| ··· |sk represents an element ofΣ-lengthk − 1.
Hence, by 1.10, there existsi 6 k such that the wordss′1|s1| ··· |si−1 ands1|s2| ··· |si
represent the same element (and are reduced). Ifi < k holds, we are done since, by in-
duction hypothesis, we can pass using only braid relations froms1| ··· |si to s′1|s1| ··· |si−1

and then froms1| ··· |si−1|si+1 | ··· |sk to s′2| ··· |s′k. Otherwise, we havei = k and both
s′1|s1| ···sk−1 ands1| ··· |sk representg. Repeating the same argument withs1 instead
of s′1, we see that either we are done by induction hypothesis, ors1|s′1|s1| ··· |sk−2 rep-
resentsg. Going on, we deduce that either we are done by induction hypothesis, or that
g is represented by the word(s1|s′1)[k]. Going further by one step then shows thatw is
also represented by the word(s′1|s1)[k], and, as this word is reduced,k must be the order
ms1,s′1

of s1s′1 in W . Applying the induction hypothesis, we can pass using only braid
relations fromw to (s1|s′1)[k] and from(s′1|s1)[k] to w′. As (s1 |s′1)[k] = (s′1|s1)[k] is a
braid relation, we are done.

Corollary 1.12 (parabolic subgroup). If (W,Σ) is a Coxeter system andWI is the
subgroup ofW generated by a subsetI of Σ, then all reducedΣ-words representing
elements ofWI are I-words.

Proof. Assumeg ∈ WI . By definition, there exists at least oneI-word, sayw, that
representsg. By Matsumoto’s lemma, one can obtain a reduced wordw′ representingg
starting fromw and deleting letters, sow′ is anI-word. Finally, by Matsumoto’s lemma
again, every reduced expression ofg is obtained fromw′ by applying braid relations,
hence it must be anI-word.

From the above corollaries we deduce canonical representatives of left-cosets.

Proposition 1.13(left-cosets). If (W,Σ) is a Coxeter system andWI is the subgroup
ofW generated by a subsetI of Σ, then, for everyg in W , the following are equivalent:

The elementg has no nontrivialΣ-suffix inWI ;(1.14)

We have‖gh‖Σ = ‖g‖Σ + ‖h‖Σ for all h ∈ WI ;(1.15)

The elementg has minimalΣ-length in its cosetgWI .(1.16)



436 IX Braids

Further, if g satisfies the conditions above, it is the unique element ofgWI of minimal
Σ-length and for everyf in WI , everyΣ-suffix ofgf in WI is aΣ-suffix off .

The symmetric result (exchanging left and right, suffix and prefix) is valid for right-
cosetsWIg.

Proof. Equation (1.15) implies thatg has minimalΣ-length in its cosetgWI . Conversely,
assume thatg satisfies (1.16). Ifh is an element of minimalΣ-length inWI such that
1.15 does not hold, thenh can be writtenfs with f ∈ WI ands ∈ I satisfying‖fs‖Σ =
‖f‖Σ + ‖s‖Σ and‖gfs‖Σ < ‖gf‖Σ = ‖g‖Σ + ‖f‖Σ. By the exchange property, this
means that one gets aΣ-word representinggfs by deleting a generator in aΣ-word of
minimal length representing ofgf . As we have‖fs‖Σ = ‖f‖Σ + ‖s‖Σ, the deletion
must occur ing. We then obtaingfs = g′f with ‖g′‖Σ < ‖g‖Σ. This contradicts the
minimality of g in gWI . We thus have shown the equivalence of (1.15) and (1.16).

Next, Conditions (1.14) and (1.16) are equivalent. Indeed,if g has a non-trivialΣ-
suffix v in WI , we then haveg = g1h with ‖g1‖Σ = ‖g‖Σ − ‖v‖Σ. It follows thatg is
not an element of minimalΣ-length ingWI . Hence (1.16) implies (1.14). Conversely,
if g′ is an element of minimalΣ-length ingWI , we haveg = g′h with h in WI and
‖g‖Σ = ‖g′‖Σ + ‖h‖Σ by (1.15) applied tog′. It follows thath is a nontrivialΣ-suffix
of g in WI , contradicting (1.14).

Now Equality (1.15) shows that all elements ofgWI have aΣ-length strictly larger
than that ofg, whence the unicity. Moreover, if an elementh of WI is aΣ-suffix of gf
with f in WI , we then have‖gf‖Σ = ‖gfh−1‖Σ + ‖h‖Σ and, by (1.15), we deduce
‖gf‖Σ = ‖g‖Σ + ‖f‖Σ and‖gfh−1‖Σ = ‖g‖Σ + ‖fh−1‖Σ. This implies‖f‖Σ =
‖fh−1‖Σ + ‖h‖Σ, so thath is aΣ-suffix of f .

Further results arise in the case of a finite Coxeter system, that is, whenW is finite.

Lemma 1.17. If (W,Σ) is a Coxeter system andW is finite, then there exists a unique
elementδ of maximalΣ-length inW . TheΣ-length ofδ is the total number of reflections
in W , and every element ofW is both aΣ-prefix and aΣ-suffix ofδ. The elementδ is the
unique element ofW that admits all elements ofΣ as prefixes (or suffixes).

Proof. Since the groupW is finite, it contains an elementδ of maximalΣ-length. Then,
for every reflectionr, we have‖rδ‖Σ < ‖δ‖Σ. By Lemma 1.9(iii), this impliesN(δ) = R,
whence‖δ‖Σ = #(R). For everyw in W , we haveN(w) ⊆ N(δ), so Lemma 1.9(i)
implies thatw is aΣ-prefix of δ. The unicity ofδ is clear since another element of the
same length being a prefix ofδ must be equal to it.

Let nowg be an element ofWΓ that admits all elements ofΣ as prefixes. Sinceg is a
suffix of δ, there exists an elementf in W satisfyingδ = fg and‖δ‖Σ = ‖f‖Σ + ‖g‖Σ.
But no elements of Σ can be a suffix off since it is a prefix ofg. Hencef has to be 1.
Exchanging prefixes and suffixes gives the analogous result for an element that admits all
elements ofΣ as suffixes.

When the groupW is finite, the Coxeter system (resp. graph, resp. matrix) is said
to be ofspherical type. Note that, if a Coxeter graphΓ is not connected, then the group
WΓ is the direct product of the Coxeter groups associated with the connected components
of Γ so that, in view of an exhaustive description, it is enough toconsider connected
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graphs. The complete classification of the connected Coxeter graphs of spherical type is
shown in Figure 1 (see [27, Chapter VI,§1 no 1, Theorem 1]). In that figure two different
types correspond to non-isomorphic groups. Nevertheless we shall use also the notation
I2(m) for m > 2: then typesI2(3), I2(4), I2(6) are respectively the same as typesA2,
B2 andG2. The graph of typeI2(2) is not connected; the corresponding Coxeter group is
the direct product of two groups of order 2. We shall also use the notationI2(∞) for the
infinite dihedral group which is the free product of two groups of order 2.

typeAn (n > 1) :
1 2 n

typeBn (n > 2) :
1 2 n

typeDn (n > 3) :
1 3

2

4 n

typeEn (n = 6, 7, 8) :
1 3

2

4 n

typeF4 :
1 2 3 4

typeG2 :
1

6
2

typeH3 :
1

5
2 3

typeH4 :
1

5
2 3 4

typeI2(m) (m = 5 orm > 7) :
1

m
2

Figure 1.Dynkin classification of the Coxeter graphs such that the associated Coxeter group is finite:
no edge means exponent 2, a simple edge means exponent 3, a double edge means exponent 4.

1.2 Artin–Tits groups, reversing approach

When we start with a Coxeter presentation and remove the torsion relationss2i = 1, we
obtain a new group presentation: this is what is called theArtin-Tits groupassociated with
the Coxeter system.

Definition 1.18 (Artin–Tits group, Artin-Tits monoid). If (W,Σ) is a Coxeter system
encoded in the Coxeter matrix(ms,t), we denote byPW,Σ the presentation(Σ,R) where
R is the family of all braid relations

(1.19) (s|t)[ms,t] = (t|s)[mt,s] for s, t in Σ with ms,t 6= ∞.

Thebraid group(resp. monoid) of (W,Σ), also called theArtin–Tits group(resp. monoid)
associated with(W,Σ), is the group (resp. monoid) presented byPW,Σ.
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Example 1.20(Artin–Tits monoid, Artin-Tits group). The Artin–Tits group associated
with the Coxeter system(Sn,Σn) of Example 1.3 is the group with presentation

(1.21)

〈
σ1, ... , σn−1

∣∣∣∣
σiσj = σjσi for |i− j| > 2

σiσjσi = σjσiσj for |i− j| = 1

〉
,

in which we recognize Artin’s braid groupBn (Reference Structure 2, page 5). The
associated Artin–Tits monoid is then, of course, Artin’s braid monoidB+

n .

We begin with a few easy remarks.

Lemma 1.22. Assume that(W,Σ) is a Coxeter system andB (resp.B+) is the associated
Artin–Tits group (resp. monoid).

(i) The identity map onΣ induces a surjective (group) morphismπ fromB toW , and
a (monoid) morphismι fromB+ toB.

(ii) Mapping a reducedΣ-word to its image inB+ provides a well-defined injective
mapσ ofW toB+ that is a (set theoretical) section ofπ.

(iii) The monoidB+ has no nontrivial invertible element.
(iv) The presentationPW,Σ is homogeneous, the monoidB+ is Noetherian; every

element ofB+ has a finite height, namely the common length of theΣ-words that represent
it, and the atoms ofB+ are the elements ofΣ.

Proof. (i) The results are direct consequences of the definitions.
(ii) The result follows from Matsumoto’s lemma: if two reducedΣ-words have the

same image inW , they are connected by braid relations, hence they have the same image
in B+ (and a fortiori inB). By definition,π(σ([w])) = [w] holds for every reduced
Σ-wordw, soσ is a section forπ and, therefore, it must be injective.

(iii) No braid relation involves an empty word, so a nonemptyΣ-word cannot be
equivalent to an empty word, hence cannot represent1.

(iv) Braid relations have the formu = v with u andv of the same length. So the
presentationPW,Σ is homogeneous and, according to Proposition II.2.32 (homogeneous),
the length provides anN-valued Noetherianity witness. By Proposition II.2.33 (witness),
the monoidB+ is Noetherian, and every element ofB+ has a height which is the common
length of the words that represent it. ThenB+ is generated by its atoms, which are the
elements of height1, hence the elements ofΣ.

We shall now explain how to investigate Artin–Tits groups and, first, Artin–Tits mon-
oids, using a direct approach based on the presentation (1.19) and on the reversing tech-
nique of Section II.4, which proves to be well suited. The basic (and trivial) observation
in the approach is

Lemma 1.23. For every Coxeter system(W,Σ), the presentationPW,Σ is right- and
left-complemented. If(ms,t) is the corresponding Coxeter matrix, the involved syntactic
right-complementθ and left-complement̃θ are given by

θ(s, t) = (t|s)[ms,t−1] θ̃(s, t) =

{
(t|s)[ms,t−1] if ms,t is odd,

(s|t)[ms,t−1] if ms,t is even,

andθ(s, t) andθ̃(s, t) undefined ifms,t is∞.
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Proof. ThatPW,Σ is right-complemented and associated withθ is straighforward since,
for all s, t in Σ, the relation(t|s)[ms,t] = (s|t)[mt,s] can be written as

s · (t|s)[ms,t−1] = t · (s|t)[mt,s−1].

The argument is similar on the left, taking into account thatθ̃(s, t) must finish withs.

Lemma 1.23 implies that every Artin–Tits presentation is eligible for the simple, de-
terministic version of right- and left-reversing—as was already seen in Section II.4 where
braid examples were described. In order to take advantage ofsuch tools, we have to
know that reversing is complete for the considered presentation. As we are dealing with
a homogeneous presentation, this reduces to verifying thattheθ-cube condition of Defi-
nition II.4.14 is satisfied. So the following technical result is crucial:

Lemma 1.24. For every Coxeter system(W,Σ), theθ-cube condition is true inPW,Σ for
every triple of pairwise distinct elements ofΣ.

Proof. The point is to establish, forr, s, t pairwise distinct inΣ, the cube relations
(1.25)

θ∗3(r, s, t) ≡+ θ∗3(s, r, t), θ
∗
3(s, t, r) ≡+ θ∗3(t, s, r), and θ∗3(t, r, s) ≡+ θ∗3(r, t, s),

whereθ∗3(r, s, t) stands forθ∗(θ(r, s), θ(r, t)) andθ∗ is the extension ofθ to words de-
scribed in Lemma II.4.6; the relations mean that either bothterms are defined and they
are equivalent, or neither is defined. We shall consider all possible values of the triple
(mr,s,ms,t,mr,t) with entries in{2, 3, ... ,∞}, which amounts to considering all three-
generator Coxeter systems. Not surprisingly, different behaviours appear according to
whether the corresponding Coxeter group is finite (first fourcases below) or not (remain-
ing cases). When writing “>m” below, we mean “a finite number not smaller thanm”.
• Case(2, 2,>2): By definition, we haveθ(r, s) = θ(t, s) = s, θ(s, r) = r, θ(s, t) = t,
θ(r, t) = (t|r)[m], θ(t, r) = (r|t)[m] with m = mr,t − 1, and we obtain

θ∗3(r, s, t) = θ∗(s, (t|r)[m]) = (t|r)[m] = θ∗(r, t) = θ∗3(s, r, t),

θ∗3(s, t, r) = θ∗(t, r) = (r|t)[m] = θ∗(s, (r|t)[m]) = θ∗3(t, s, r),

θ∗3(t, r, s) = θ∗((r|t)[m], s) = s = θ∗((t|r)[m], s) = θ∗3(r, t, s),

as expected for (1.25).
• Case(2, 3, 3): The verification was already made in Example II.4.20. By definition, we
haveθ(r, s) = s, θ(s, r) = r, θ(s, t) = t|s, θ(t, s) = s|t, θ(r, t) = t|r, θ(t, r) = r|t,
and, as expected, we obtain

θ∗3(r, s, t) = θ∗(s, t|r) = t|s|r|t ≡+ t|r|s|t = θ∗(r, t|s) = θ∗3(s, r, t),

θ∗3(s, t, r) = θ∗(t|s, r) = r|t|s = θ∗(s|t, r|t) = θ∗3(t, s, r),

θ∗3(t, r, s) = θ∗(r|t, s|t) = s|r|t = θ∗(t|r, s) = θ∗3(r, t, s).

• Case(2, 3, 4): The verification is entirely similar, now with the values

θ∗3(r, s, t) = θ∗(s, t|r|t) = t|s|r|t|r|s|t ≡+ t|r|t|s|t|r|t = θ∗(r, t|s) = θ∗3(s, r, t),

θ∗3(s, t, r) = θ∗(t|s, r) = r|t|s|r|t|r ≡+ r|t|r|s|t|r = θ∗(s|t, r|t|r) = θ∗3(t, s, r),
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θ∗3(t, r, s) = θ∗(r|t|r, s|t) = s|t|r|t|s = θ∗(t|r|t, s) = θ∗3(r, t, s).

• Case(2, 3, 5): Here the values are

θ∗3(r, s, t) = θ∗(s, t|r|t|r) = t|s|r|t|r|t|s|t|r|t|r|s|t
≡+ t|r|t|r|s|t|r|t|s|r|t|r|t = θ∗(r, t|s) = θ∗3(s, r, t),

θ∗3(s, t, r) = θ∗(t|s, r) = r|t|s|r|t|r|t|s|t|r|t|r
≡+ r|t|r|t|s|t|r|t|r|s|t|r = θ∗(s|t, r|t|r|t) = θ∗3(t, s, r),

θ∗3(t, r, s) = θ∗(r|t|r|t, s|t) = s|t|r|t|s|r|t|r|t|s
≡+ s|t|r|t|r|s|t|r|t|s = θ∗(t|r|t|r, s) = θ∗3(r, t, s).

Note that, in order to establish an equivalenceu ≡+ v as above, it issufficientto check
that reversinguv yields an empty word, which is indeed the case.
• Case(>3,>3,>3): In this case, as in all subsequent cases,
(1.25) is satisfied because none of the involved expressions
is defined. The point is that, as already observed in Exam-
ple II.4.20, reversing the patternr|s|t leads in six steps to a
word that includes the initial pattern, see on the right, and,
therefore, it cannot lead in finitely many steps to a positive–
negative word.

r

r s

s t

s

t

t

r

The three indices play symmetric roles, and the same situation holds for every pat-
tern s|t|r and the like. It follows thatθ∗3(r, s, t) is not defined: the latter has the form
θ∗(s|r|..., t|r|...), and reversing...|r|s|t|r|... cannot terminate since the latter word in-
cludes one of the above forbidden patterns. The same holds for all similar expressions
involved in (1.25).
• Case(2,>4,>4): First, we claim that reversing the words
r|t|s ands|t|r does not terminate: as shown on the right, revers-
ing one of these words leads in four steps to a word that includes
the other. It follows thatθ∗3(r, s, t) is not defined:

s

s t s

s

t

r r

the latter has the formθ∗(s, t|r|t|...), and reversing...s|t|r|t|... cannot terminate since
the latter word includes the forbidden patterns|t|r. Similarly, θ∗3(s, t, r) has the form
θ∗(t|s|t|..., r) and reversing...|t|s|t|r cannot terminate since the latter word includes the
(inverse of the) forbidden patternr|t|s, andθ∗3(t, r, s) has the formθ∗(r|t|r|..., s|t|s|...)
and reversing...|r|t|r|s|t|s|... cannot terminate since the latter word leads in one step to
...|r|t|s|r|t|s|..., which includes both forbidden patternsr|t|s and (the inverse of)s|t|r.
• Case(2, 3,>6): This time, reversings|t|r|t
does not terminate: as shown on the right, re-
versing this word leads in ten steps to a word
that includes the initial word. It follows again
thatθ∗3(r, s, t) is not defined: the latter has the
form θ∗(s, t|r|t|r|t|...), and reversing

s

s t

s t r t r t

s t r

t

r

t

r

s s

...s|t|r|t|r|t|... cannot terminate since the latter includes the forbidden pattern s|t|r|t.
Similarly, θ∗3(s, t, r) is θ∗(t|s, r) and reversings|t|r cannot terminate since it leads in
two steps to...|r|s|t|r|t|r|..., which includes the forbidden pattern, whereasθ∗3(t, r, s)
has the formθ∗(r|t|r|t|r|..., s|t) and reversing...|r|t|r|t|r|s|t cannot terminate since
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the latter word leads in one step to...|r|t|r|t|s|r|t, again including the (inverse of the)
forbidden pattern.
• Case(..., ...,∞): Then θ(r, t) and θ(t, r) are undefined, hence none ofθ∗3(r, s, t),
θ∗3(r, t, s), θ∗3(t, r, s), andθ∗3(t, s, r) can be defined. If, in addition,mr,s orms,t is infinite,
then all six expressions of (1.25) are undefined, and the cubecondition is satisfied. As-
sume now thatmr,s andms,t are finite, and considerθ∗3(s, r, t), that isθ∗(θ(s, r), θ(s, t)),
henceθ∗(r|..., t|...): reversing...|r|t|... cannot terminate, since the latter word includes
the forbidden patternr|t. The argument is similar forθ∗3(s, t, r).

Thus all possible cases have been considered, and the proof is complete.

Applying Proposition II.4.16 (right-complemented) and observing that, as the Coxeter
relations are palindromic (invariant under left–right symmetry), all results on one side
imply their symmetric counterpart, we deduce:

Proposition 1.26. For every Coxeter system(W,Σ), the associated braid monoidB+ is
cancellative; it admits conditional right- and left-lcms,and left- and right-gcds.

By Corollary IV.2.41 (smallest Garside), this in turn implies

Corollary 1.27 (smallest Garside). For every Coxeter system(W,Σ), the associated
Artin–Tits monoid admits a smallest Garside family containing 1, namely the closure of
the atoms under the right-lcm and right-complement operations, which is also the closure
of the atoms under right-division and right-lcm.

Example 1.28(dihedral case).For typeI2(m) with finitem, we have two atoms, saya, b,
and the unique relation(a|b)[m] = (b|a)[m]. Let∆ be the element represented by(a|b)[m].
Then∆ is the (unique) right-lcm ofa andb. The closure of{a, b} under the right-lcm and
right-complement operations is the cardinality2m family {1, a, b, ab, ba, ... ,∆} consist-
ing of all elements(a|b)[k] and(b|a)[k] with k 6 m, that is, in other words, the (left or
right) divisors of∆.

For typeI2(∞), the monoid is a free monoid based on the two generatorsa, b. Then
no right-lcm exists, and the smallest Garside family containing1 is simply{1, a, b}.

It is natural to wonder whether the smallest Garside family in an Artin–Tits monoid is
bounded. The results of Subsection 1.1 imply that the answeris directly connected with
the finiteness of the corresponding Coxeter group. We recallthat a Coxeter system(W,Σ)
is said to beof spherical typeif W is finite.

Proposition 1.29(Garside group I). Assume that(W,Σ) is a Coxeter system of spherical
type andB (resp.B+) is the associated Artin–Tits group (resp. monoid). Let∆ be the
lifting of the longest element ofW . Then(B+,∆) is a Garside monoid, andB is a
Garside group. The element∆ is the right-lcm ofΣ, which is the atom set ofB+, and
Div(∆) is the smallest Garside family ofB+ containing1.

Before establishing Proposition 1.29, we begin with two auxiliary results.



442 IX Braids

Lemma 1.30. For every Coxeter system(W,Σ) with associated Artin–Tits monoidB+,
the image of the liftingσ fromW toB+ is closed under left- and right-divisor inB+.

Proof. Assume thatg lies in the image ofσ, that is, equivalently, we haveg = σ(π(g)),
andf left-dividesg in B+. By definition, there existΣ-wordsu, v satisfying[u] = f and
[uv] = g. The assumption thatg lies in the image ofσ, hence that some expression ofg is
a reducedΣ-word, plus the fact that all expressions ofg have the same length imply that
uv must be reduced. As right-multiplying by one elementσi increases theΣ-length by1
at most, an initial subword of a reduced word must be reduced,sou is a reducedΣ-word.
We deducef = σ(π(f)), sof lies in the image inσ.

The argument for right-divisors is symmetric.

Lemma 1.31. If (W,Σ) is a Coxeter system of spherical type and∆ is the lifting of the
longest element ofW in the associated Artin–Tits monoidB+, then, for everyg in B+, the
following conditions are equivalent:

(i) The elementg belongs to the image ofσ;
(ii) The element is a left-divisor of∆;
(iii) The element is a right-divisor of∆.

Proof. Let δ be the longest element ofW , andσ be the lifting fromW toB+. Assume (i).
This means thatg has an expressionu that is a reducedΣ-word. By Lemma 1.17,[u] must
be anΣ-prefix ofδ inW , that is,δ = [uv] holds inW for some reducedΣ-wordv. Lifting
this equality byσ, we obtain∆ = gσ([v]) inB+, which implies (ii). The argument for (iii)
is symmetric, using the fact thatu must also be anΣ-suffix of δ.

On the other hand,∆ belongs to the image ofσ by definition, so, by Lemma 1.30,
every left- or right-divisor of∆ must lie in the image ofσ, that is, each of (ii) and (iii)
implies (i).

Proof of Proposition 1.29.We claim that∆ is a Garside element inB+. Indeed, each
generatorσi belongs to the image ofσ, hence, by Lemma 1.31, left-divides∆, so the
left-divisors of∆ generateB+. On the other hand, Lemma 1.31 says that the left- and
right-divisors of∆ coincide, since they both coincide with the elements in the image
of σ. Finally, asσ is injective, the divisors of∆ in B+ are in one-to-one correspondence
with the elements ofW , hence they are finite in number. Hence, by Proposition V.2.31
(compatibility),∆ is a Garside element inB+, and(B+,∆) is a Garside monoid in the
sense of Definition I.2.1.

Then, by Corollary V.2.26 (Garside map), the familyDiv(∆) is a bounded Garside
family in B+ and, by Propositions V.2.32 (Garside map) and II.3.11 (Ore’s theorem), the
groupB is a group of fractions forB+. Moreover∆ is the right-lcm ofΣ; indeed it is a
right-multiple ofΣ and, if a left-divisor of∆ is a right-multiple of all atoms, it is in the
image ofσ by Lemma 1.31, and by Lemma 1.17 its image inW is δ.

Example 1.32(braid groups). Proposition 1.29 applies in particular to typeAn−1, that
is, in the case of the braid monoidB+

n : then we obtain the results mentioned in Chapter I,
namely that the fundamental braid∆n is a Garside element inB+

n and its divisors make a
finite, bounded Garside family. The elements of the latter are the positive braids that can
be represented by a braid diagram in which any two strands cross at most once:∆n has
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this property, hence so do all its divisors; conversely, anybraid with this property can be
multiplied on the left (or on the right) by a positive braid soas to obtain∆n.

As a direct application of Algorithm IV.3.25 and Proposition IV.3.25 (Word Prob-
lem II), we obtain

Proposition 1.33(Word Problem). If (W,Σ) is a Coxeter system of spherical type, then
a signedΣ-word w represents1 in the associated Artin–Tits groupB if and only if its
double right-reversing ends with the empty word, that is, ifthere exist positive wordsu, v
satisfyingw y uv andvu y ε. The complexity of the algorithm is quadratic in time and
linear in space.

Example 1.34(braids). Consider the braid wordσ1|σ1|σ2|σ2|σ1|σ1|σ2|σ2. Right-rever-
sing it leads to the positive–negative wordσ2|σ1|σ1|σ1|σ2|σ1|σ2|σ2|σ2|σ1. Exchanging
the negative and positive parts and reversing again leads back to the original word. The
latter is nonempty, so we conclude that the initial word doesnot represent1 in Bn.

1.3 The germ approach

Instead of verifying the cube condition, one can also deriveall previous results by starting
from the Coxeter group and using the derived germ approach ofSubsection VI.2.4. Once
the basic properties of Coxeter groups established in Subsection 1.1 are at hand, one
obtains a quick and elegant proof of Proposition 1.29 and of Lemmas 1.30 and 1.31.

Starting with a Coxeter system(W,Σ), we shall apply Definition VI.2.58 (derived
structure) taking for(G,Σ) the pair(W,Σ) and choosingH = W . By Lemma VI.2.60,
the derived germWΣ is cancellative and Noetherian, and we can consider the monoid
Mon(WΣ) generated by this germ. We first use Proposition VI.2.66 (derived Garside II)
to show that this germ is a Garside germ. Forr, s in Σ, we shall denote by∆r,s the image
of the word(r|s)[mr,s] in W .

Proposition 1.35(Garside germ). For every Coxeter system(W,Σ), the germWΣ is a
Garside germ, and the monoidMon(WΣ) is the associated Artin-Tits monoid.

Proof. We prove that(W,Σ) is eligible for Proposition VI.2.66 (derived Garside II). We
first look at the condition (VI.2.67). Assume thatr, s lie in Σ and admit a common6Σ-
upper bound. We letI = {r, s} and letg be the upper bound. Writeg = fh whereh has
minimal Σ-length inWIg andf lies inWI . We have‖f‖Σ + ‖h‖Σ = ‖g‖Σ. Then, by
Proposition 1.13,r ands areΣ-prefixes off . The latter is thus an upper bound ofr and
s in WI . Since every element ofWI is equal to a productrsr... or srs..., it follows that
rs has finite order and thatf = ∆r,s holds. Thus we found that∆r,s is a least6Σ-upper
bound ofr ands.

Next, we show (VI.2.68). Thus we assume this time thatr, s lie in Σ andg lies inW
and we have‖g‖Σ + 1 = ‖gr‖Σ = ‖gs‖Σ, and we assume thatr, s have a common
6Σ-upper bound, which we have seen is∆r,s. We have to show the equality‖g‖Σ +
‖∆r,s‖Σ = ‖g∆r,s‖Σ; but this is exactly the fact that (1.14) implies (1.15).

We obtain the last assertion by comparing the presentation of a monoid associated
with a germ and the presentation of an Artin-Tits monoid.
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Note that the germWΣ, seen as a subset of the associated Artin–Tits monoid, is the
image ofW under the liftingσ defined in Lemma 1.22(ii). If(W,Σ) is of spherical
type, then, by Lemma 1.17, the Garside family provided by this germ is equal toDiv(∆),
hence is bounded by∆. By definition of a derived germ, we have recovered Lemmas 1.30
and 1.31, as well as Proposition 1.29:

Proposition 1.36(Garside group II). If (W,Σ) is a Coxeter system of spherical type,
then the Garside family of the associated Artin-Tits monoidB+ given by the germWΣ is
bounded by the lift∆ of the longest element ofW . In particular, (B+,∆) is a Garside
monoid and the associated Artin–Tits groupB is a Garside group.

Remark 1.37. Using Proposition II.3.11 (Ore’s theorem), we thus obtain an easy proof
of the result that the braid monoid associated with a Coxetersystem of spherical type
embeds in the associated braid group.

Always in the spherical case, we add a few observations aboutthe centre and the
quasi-centre. We recall that an element is calledquasi-centralif it globally commutes
with the atom set.

Proposition 1.38 (quasi-centre). If (W,Σ) is a Coxeter system of spherical type and
the associated diagram is connected, then every quasi-central element in the associated
Artin–Tits monoidB+ is a power of the lift∆ of the longest element ofW .

Proof. Assume thatb is a quasi-central element inB+. Let s be an element ofΣ that
left-dividesb and lett be an element ofΣ that does not commute withs. We claim thatt
left-dividesb. We havetb = bt′ for somet′ in Σ. From the equalitybt′ = tb we deduce
thats andt left-divide tb. Hence their right-lcm dividestb. This right-lcm is a product
tsts ··· with at least 3 factors, hence, cancellingt, we obtain thatst dividesb. Let us
write b asstb′. We haveb = tb′s′ wheres′ is the element ofΣ satisfyingsb = bs′. This
establishes our claim.

Now, using the connectedness of the Coxeter diagram, we see that all atoms divideb.
Since∆ is the right-lcm of the atoms, it has to divideb. Write b = ∆b1. Thenb1 is
quasi-central and we obtain the expected result using induction on the length ofb.

Corollary 1.39 (centre). The center of an irreducible Artin-Tits group of spherical type
is cyclic, generated by the smallest central power of∆.

Proof. This comes from the facts that∆ has a central power and that any element of the
group is equal to a power of∆ times an element of the monoid.

Let us now briefly consider Coxeter systems(W,Σ) that are not of spherical type.
Then one easily checks that the Garside family of the associated braid monoid provided
by the germWΣ is not bounded. Actually, we have a stronger result:
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type spherical large
no∞ Ã2 Ã3 Ã4 B̃3 C̃2 C̃3

#E 1 3
(
#S
3

)
3 10 35 14 3 12

#S #W O((#S)3) 16 125 1, 296 315 24 317

Table 1. Size of the smallest Garside family S in a few Artin–Tits monoids; whenever S is finite, it
must consist of all right-divisors of the elements of some finite set E (the “extremal elements”).

Proposition 1.40(not bounded). The Artin–Tits monoid associated with a Coxeter sys-
tem not of spherical type admits no right-bounded Garside family.

Proof. Assume that(W,Σ) is a Coxeter system,B+ is the associated Artin–Tits monoid,
andB+ admits a Garside family that is right-bounded by an element∆. Then all atoms
of B+, that is, all elements ofΣ, left-divide ∆. First, as∆ has a finite height,Σ must
be finite. Next, by Proposition V.1.46 (common right-multiples), any two elements ofB+

admit a common right-multiple, hence a right-lcm. Let∆0 be the right-lcm ofΣ in B+,
and letδ be the projection of∆0 to W . Then, by (VI.2.67),δ is a common6Σ-upper
bound ofΣ in W . It follows thatN(δ) is the set of all reflections inW , and, therefore,
‖g‖Σ 6 ‖δ‖Σ holds for everyg in W . This implies thatW is finite.

WhenW is finite, the Garside familyσ(W ) of the associated braid monoidB+ is
the smallest Garside family ofB+: indeed, every Garside family ofB+ must contain the
right-lcm∆ of the atoms, hence all right-divisors of∆. WhenW is infinite, the situation
is different and the following question naturally arises:

Question 25(smallest Garside).Does every finitely generated Artin–Tits monoid admit
a finite Garside family?

For instance, in typẽA2, we have seen in Reference Structure 9, page 111 that the
answer is positive, as it is for many similar cases, see Exercises 102 and 103 and Table 1.
For the moment, we observe that Question 25 translates into apure Coxeter problem:

Proposition 1.41(translation). For every Coxeter system(W,Σ), the following condi-
tions are equivalent:

(i) There exists a finite Garside family in the braid monoid of(W,Σ);
(ii) There exists a finite subfamily ofW that includesΣ and is closed under least

6Σ-upper bound andΣ-suffix.

Proof. LetB+ be the braid monoid of(W,Σ). There exists a finite Garside family inB+

if and only if the smallest Garside family ofB+, namely the closurêΣ of Σ under right-
lcm and right-divisor, is finite. By Proposition 1.35, the copy σ(W ) of W in B+ is a
Garside family, hence it includeŝΣ. Now, by Definition VI.2.58 (derived structure), for
all f, g in W , the relationσ(f)4σ(g) holds in the germWΣ, hence in the monoidB+, if
and only iff 6Σ g holds inW and, symmetrically,σ(f) 4̃ σ(g) holds inB+ if and only
if f 6̃Σ g holds inW . HenceΣ̂ is in one-to-one correspondence with the closure ofΣ
under least6Σ-upper bound andΣ-suffix inW .

We refer to the final Notes section for the announcement of a positive answer to Ques-
tion 25.
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2 More Garside structures on Artin–Tits groups

A monoid (more generally, a category) admits in general several different Garside fami-
lies: typically, if S is a Garside family including1C in C, thenS2 andS are in general
distinct Garside families. Beyond that, a group (more generally, a groupoid) may be
the group(oid) of fractions of several distinct monoids (categories), leading to possibly
unrelated Garside structures. Here we shall see that such a situation occurs for many
Artin–Tits groups, which turn out to admit what is known as adual Garside structure.

The section comprises four subsections. Dual germs and dualbraid monoids are intro-
duced in full generality in Subsection 2.1, and we state without proof the state-of-the-art
description of the cases when the dual germ is a Garside germ (Proposition 2.4). A com-
plete proof of the result in the case of typeAn, that is, for the symmetric group, is given
in Subsection 2.2. The case of other finite Coxeter groups is addressed, in a sketchy way,
in Subsection 2.3. Finally, we briefly mention in Subsection2.4 the existence of several
other unrelated Garside structures in the (very) special case ofB3.

2.1 The dual braid monoid

In this section, we consider a Coxeter system(W,Σ) with Σ finite. We shall define
another derived germ inW that will, in good cases, be a Garside germ and generate
another monoid for the Artin-Tits group associated with(W,Σ), now known as adual
braid monoid.

The construction of this germ depends on the choice of a Coxeter element, which we
introduce now.

Definition 2.1 (Coxeter element). If (W,Σ) is a Coxeter system withΣ finite, aCoxeter
elementis an element ofW that can be expressed as the product of all elements ofΣ
(enumerated in some order).

It is known (see [27, chap. V n◦ 6.1, prop. 1]) that, if the Coxeter graph has no cycle,
then all Coxeter elements are conjugate. This is not true in general.

We shall use Definition VI.2.58 (derived structure) withW as groupoidG (as in Sub-
section 1.3) and the setR of all reflections ofW as generating set (unlike Subsection 1.3
where only the reflections ofΣ are used). Next, we choose a Coxeter elementc inW , and
take forH of Definition VI.2.58 the setPref(c) of all R-prefixes ofc.

Definition 2.2 (dual germ, dual monoid). Assume that(W,Σ) is a Coxeter system with
Σ finite andc is a Coxeter element inW . Then the germPref(c)R is called adual germ
and the monoidMon(Pref(c)R) is called adual braid monoidfor W .

Example 2.3(dual germ, dual monoid). Consider the typeA3, that is, the symmetric
groupS3 with the generating systemΣ = {s1, s2} made of the two transpositions(1, 2)
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and(2, 3). There exist two Coxeter elements, namelyc = s1s2 andc′ = s2s1 (which are
conjugate as mentioned above), and the set of reflectionsR has three elements, namely
s1, s2, ands1s2s1. Choose the Coxeter elementc. We
find c = s1·s2 = s2·s2s1s2 = s1s2s1·s1, so all three
reflections areR-prefixes ofc. The associated germ is
shown on the right, wheres3 meanss1s2s1. We see
that the corresponding monoid admits the presentation
〈s1, s2, s3 | s1s2 = s2s3 = s3s1〉+, and recognize the dual
braid monoidB+∗

3 of Reference Structure 3, page 10.

• 1 s1 s2 s3 c
1 1 s1 s2 s3 c
s1 s1 c
s2 s2 c
s3 s3 c
c c

Note that the dual germ depends in general on the choice of a Coxeter element. Nev-
ertheless, when the Coxeter graph has no cycles, since all Coxeter elements are conjugate
in W , all dual germs are isomorphic. This is the case for spherical types.

The next result describes cases where the dual germ is a Garside germ. The affine
Coxeter graphs of typẽAn andC̃n respectively are the graphs

1 2 n

n+1

and
1 2 3 n+1

.

Proposition 2.4(dual germ). If (W,Σ) is a Coxeter system withΣ finite andc is a Cox-
eter element inW , then the germPref(c)R is a bounded Garside germ in the following
cases, and in each of them the group obtained is the corresponding Artin-Tits group:

(i) If the type ofW is spherical andc is any Coxeter element;
(ii) If the type ofW is Ãn andc is the product of the generators in consecutive order

on the Coxeter diagram;
(iii) If the type ofW is C̃n andc is any Coxeter element.

So, in particular, the dual braid monoid is a Garside or quasi-Garside monoid in the
above cases.

The proof of the part of Proposition 2.4 stating that the germis a bounded Gar-
side germ consists in showing that the germPref(c)R is eligible for PropositionVI.2.69
(derived Garside III). If we can apply this proposition, since all elements of the germ
Pref(c)R are prefixes ofc, the Garside family thus obtained will be automatically bounded.

Lemma 2.5. Assume that(W,Σ) is a Coxeter system withΣ finite andc is a Coxeter
element inW . Then the germPref(c)R is closed underR-prefixes andR-suffixes.

Proof. By definition,Pref(c)R is closed underR-prefixes. NowR is closed under conju-
gacy inW , hence theR-length is invariant under conjugacy, and aR-suffix of an element
of W is also aR-prefix of the same element since every productfg in W can also be
writteng(g−1fg). Whence the lemma.

So, in order to establish thatPref(c)R is a bounded Garside germ, it remains to show
that any two elements ofPref(c)R admit a6R-least upper bound. This is the main point
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of the proof. Then, in order to prove Proposition 2.4, we haveto show that the group
generated by the germPref(c)R is indeed the expected Artin-Tits group.

Below, we shall give a complete proof of Proposition 2.4 onlyfor type An, that is,
when the Coxeter group is a symmetric group, and give the mainideas for the other
spherical types following [10] and [31]. For affine types, werefer to [105] and [106].
Let us also mention that the analogous result for complex reflection groups will appear as
Proposition 3.20 below.

2.2 The case of the symmetric group

We now prove Proposition 2.4 whenW is the symmetric groupSn. In this case,R is the
set of all transpositions and theR-length of an elementf isnminus the number of factors
in a decomposition off into a product of disjoint cycles.

Definition 2.6 (noncrossing partition). A partition (λ1, ... , λr) of {1, ... , n} is called
noncrossingif, for every 4-tuple(i, j, k, l) with 1 6 i < j < k < l 6 n, if {i, k} is a
subset of some partλs, then{j, l} is not a subset of a partλt with t 6= s.

Noncrossing partitions can be visualised as follows (see Figure 2): consider an ori-
ented circle and a set{1, ... , n} of n points on that circle numbered 1 ton in cyclic order;
a partition(λ1, ... , λr) of {1, ... , n} is noncrossing if and only if the convex hulls of any
two parts in the disc are equal or disjoint.

1
2

3

4

5

6
7

8

9

10

11

12

Figure 2.The noncrossing partition λ of {1, ... ,12} given by {1, 5, 12}, {2, 4}, {3}, {6, 9, 10, 11}, {7},
{8}. The corresponding element of S12, see Definition 2.8, is cλ = (1, 5, 12)(2, 4)(6, 9, 10, 11).

There is a natural partial order on partitions: a partitionλ is finer than a partitionλ′ if
every part ofλ′ is a union of parts ofλ.

Noncrossing partitions will allow us to understand the order on Pref(c)R when we
take the cycle(1, 2, ... , n) as Coxeter element.

Proposition 2.7 (isomorphism). Let c be the Coxeter element(1, 2, ... , n) of Sn. The
mapψ from Sn to the set of partitions of{1, ... , n} that maps every element ofSn to
the partition given by its orbits induces a poset isomorphism fromPref(c)R to the set of
noncrossing partitions of{1, ... , n}.

Before proving Proposition 2.7, we need some definitions anda lemma.
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Definition 2.8 (permutation cλ, cut). (i) For F ⊆ {1, ... , n}, sayF = {i1, ... , ik} with
i1 < ··· < ik, we denote bycF the cycle(i1, ... , ik). Then, forλ = (λ1, ... , λr) a
noncrossing partition of{1, ... , n}, we putcλ = cλ1cλ2 ···cλr .

(ii) For F ′ ⊆ F ⊆ {1, ... , n}, sayF = {i1, ... , ik} with i1 < ··· < ik andF ′ =
{ij1 , ... , ijk′ } with j1 < j2 < ··· < jk′ , we denote byF ′\\F (F cut atF ′) the partition
of F whose parts are the sets{ijl , ijl+1, ... , ijl+1−1}, where we make the convention that
jk′+1 meansj1 and indices of elementsi are taken modulok, see Figure 3.

1
2

3

4

5

6
7

8

9

10

11

12

Figure 3. Cutting a subset F , here {1, 2, 4, 5, 7, 8, 10, 11, 12}, at a subsubset F ′, here {2, 6, 7, 11}:
black points are the elements of F ′, grey points are those of F \ F ′, and white points are those not
in F ; the parts of F ′\\F are indicated with dashed lines: we attach behind every black point the grey
points that lie between this black point and the next one in cyclic order; note that {6} also belongs
to F ′\\F (that is why we added the small dashed circle).

Lemma 2.9. (i) For F ′ ⊆ F ⊆ {1, ... , n}, we havecF = cF ′cF ′\\F .
(ii) Assume thatλ andλ′ are noncrossing partitions of{1, ... , n} andλ′ is finer thatλ.

Then there exists a unique noncrossing partition of{1, ... , n}, which we denote byλ′\\λ
(λ cut atλ′), satisfyingcλ′cλ′\\λ = cλ.

Proof. We prove (i) by induction on the cardinality ofF ′. With notation as in Defini-
tion 2.8(iii), letF1 = {i1, ... , ij2−1}, F2 = F \ F1, and letF ′

2 = F ′ \ {i1}, so that we
havecF ′ = (i1, ij2)cF ′

2
. Using the equalityF ′\\F = {F1} ∪ F ′

2\\F2, we obtain

cF ′cF ′\\F = cF ′cF1cF ′
2\\F2

= (i1, ij2)cF ′
2
cF1cF ′

2\\F2
= (i1, ij2)cF1cF ′

2
cF ′

2\\F2
,

the last equality sincecF ′
2

commutes tocF1 sinceF ′
2 ∩ F1 is empty. By the induction

hypothesis, we havecF2 = cF ′
2
cF ′

2\\F2
. This together with the equality

cF = cF1(ij2−1, ij2)cF2 = (i1, ij2)cF1cF2

gives the result.
To prove (ii) we first consider the case whenλ has only one part with cardinal at least 2

which we denote byF . Let λ′1, ... , λ
′
l be the non-trivial parts ofλ′. They are all subsets

of F . The point is to observe that, since fori > 1 the convex hulls ofλ′i andλ′1 do not in-
tersect, eachλ′i lies inside a single connected component of the complement of the convex
hull of λ′1 in the convex hull ofF , hence each is included in a part ofλ′1\\F . Therefore
the result follows from (i) using induction on the number of parts ofλ. Uniqueness comes
from the equalitycλ′cλ′\\λ = cλ.
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The general case of (ii) is easily obtained by applying the above result to all the non-
trivial parts ofλ.

Proof of Proposition 2.7.We claim that, ifλ is a noncrossing partition and if an elementg
of Pref(c)R satisfiesg 6R cλ, thenψ(g) is a noncrossing partition finer thanλ and
g = cψ(g) holds. This will prove the proposition. Indeed, taking forλ the partition with
only one part, so thatcλ is c, we see thatPref(c)R is the set of all elementscλ with λ a
noncrossing partition and thatψ andλ 7→ cλ are bijections inverse of each other since,
for every noncrossing partitionλ, we haveψ(cλ) = λ. This proves also that divisibility
in the germPref(c)R is mapped byψ on the order relation on partitions.

We prove our claim using decreasing induction on theR-length ofg. The starting
point of the induction is forg = c. In this case,ψ(g) is the partition with only one part.
Let g belong toPref(c)R; we can assumeg 6= cλ so that there exists a transposition(i, j)
satisfying‖(i, j)g‖R = ‖g‖R + 1 and(i, j)g 6R cλ. This implies that(i, j) is a prefix
of cλ so that the decomposition of(i, j)cλ into disjoint cycles has one more cycle than
the decomposition ofcλ since theR-length of a product ofk cycles inSn is n− k. This
in turn means thati andj are in the same part ofλ, that is, the partitionψ((i, j)) is finer
than the partitionψ(y). Applying Lemma 2.9(ii), we deduceg = cψ((i,j))\\λ, which gives
the claim.

Corollary 2.10 (Garside germ). Let c be the Coxeter element(1, 2, ... , n) of Sn. Then
the germPref(c)R is a bounded Garside germ.

Proof. Since noncrossing partitions and the germPref(c)R are isomorphic posets and
noncrossing partitions make a lattice, we can apply Propositions VI.2.69 (derived Gar-
side III) and Corollary VI.3.9 (bounded Garside), which give the result: Lemma 2.5
guarantees that theΣ-prefixes ofc coincide with itsΣ-suffixes, so the assumptions of
Corollary VI.3.9 are satisfied.

We now consider the monoid associated with the above Garsidegerm and its envelop-
ing group.

Proposition 2.11(braid group). Let c be the Coxeter element(1, 2, ... , n) of Sn. Then
the group generated by the germPref(c)R is isomorphic to then-strand braid groupBn
and the monoid generated by the germ is the dual braid monoidB+∗

n of Reference Struc-
ture 3, page 10.

To prove Proposition 2.11, we first define a surjective morphism fromBn to the group
generated by the above germPref(c)R. As in Definition 2.8, we writeci,j for c{i,j}, and
si for ci,i+1.
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Lemma 2.12. Let c be the Coxeter element(1, 2, ... , n) of Sn andG be the group gen-
erated by the germPref(c)R. Then the mapσi 7→ si extends to a surjective morphism
fromBn toG.

Proof. The equalitiesci,i+1ci+1,i+2 = ci+1,i+2ci,i+2 = ci,i+2ci,i+1 hold in the germ.
We deduce that, inG, we havesisi+1si = si+1ci,i+2si = si+1sisi+1. We also have
sisj = sjsi in the germ for|i− j| > 2. Hence the elementssi satisfy the braid relations.
So the mapσi 7→ si extends to a morphism fromBn toG. By induction onj − i we see
that, fori < j, we haveci,j = sisi+1 ···sjs−1

j−1 ···s−1
i+1s

−1
i . It follows thatG is generated

by {s1, ... , sn−1} and, therefore, the above morphism is surjective.

For proving that the morphism of Lemma 2.12 is an isomorphism, we first give a
presentation of the groupG using onlyR as generating set.

Lemma 2.13. Let c be the Coxeter element(1, 2, ... , n) of Sn andG be the group gen-
erated andG (resp.M) be the group (resp. monoid) generated by the germPref(c)R.
ThenM admits the presentation with generatorsci,j , where{i, j} runs over all subsets
of cardinality 2 of{1, ... , n}, and relations

ci,jci′,j′ = ci′j′ci,j if {i, j} and{i′, j′} are noncrossing(2.14)

ci,jcj,k = cj,kck,i for i < j < k in the cyclic order.(2.15)

The groupG admits the same presentation as a group presentation.

Proof. SinceM generatesG, the last assertion follows from the first one. The monoidM
is generated by the elementsci,j . Indeed it is generated by the elementscλ whereλ runs
over noncrossing partitions of{1, ... , n}; by definitioncλ is the product of elements of the
form cF with F a subset of{1, ... , n} andcF = ci1,i2ci2,i3 ···cik−1,ik for F = {i1, ... , ik}
with i1 < ···ik.

Relations (2.14) and (2.15) hold in the germ. We have to provethat all other relations
are consequences of these. By definition, all relations are of the formf = ghwhenf, g, h
are in the germ and‖f‖R = ‖g‖R + ‖h‖R holds. Writing decompositions off , g andh,
into products of elements ofR, we are reduced to prove that one can pass from any such
decomposition off to any other only by means of relations (2.14) and (2.15). We show
that, starting from a fixed decomposition off , for everys in R left-dividing f , we can
obtain a decomposition off starting withs using only relations (2.14) and (2.15). This
gives the result using induction on‖f‖R. We start with a decomposition off obtained in
the following way: we havef = cλ = cλ1 ···cλr whereλ = (λ1, ... , λr) is a noncrossing
partition; each partλp is of the form{i1, ... , il} with i1 < ··· < il. We decomposecλp

asci1,i2ci2,i3 ···cil−1,il . Sinces left-dividesf , we haves = ci,j with i < j andi, j in the
same partλp of λ. Sinceλ is noncrossing,s commutes with the elements ofR that occur
in the decompositions ofcλq for q 6= p.

Hence we are left with proving the result forf = cλp . We havei = ih, j = ik for
some indicesh andk. Using relation (2.15) repeatedly, we find

ci,ih+1
···cik−1,j = ci,ih+1

cih+1,j
cih+1,ih+2

···cik−2,ik−1
.

We have alsoci,ih+1
cih+1,j

= ci,jci,ih+1
. Using once more relation (2.15), then the com-

mutation relations (2.14) we can pushci,j to the left and obtain the expected result.
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Proof of Proposition 2.11.Consider in the braid groupBn the elementsai,j defined in
Reference Structure 3, page 10. According to (I.1.12), theysatisfy the same relations
(2.14) and (2.15) as the elementsci,j hence, by Lemma 2.13, there exists a surjective
morphism fromG toBn mappingci,j to ai,j . Since this morphism mapssi to σi, it is the
inverse of the morphism defined in Lemma 2.12, whence the result.

Note that Lemma 2.13 is equivalent to the fact that the Hurwitz action of the braid
groupBk is transitive on the decompositions of every element of the germ ofR-lengthk
into products of atoms (compare with Lemma 3.17). We recall from Remark I.2.10 that
the Hurwitz action ofBn on lengthn sequences with entries in a groupG is given by

(2.16) σi • (g1, ... , gn) = (g1, ... , gi−1, gigi+1g
−1
i , gi, gi+1, ... , gn).

2.3 The case of finite Coxeter groups

We now sketch the main steps for a proof of Proposition 2.4 in the case whenG is a
(general) finite Coxeter group, following the approach of Brady and Watt in [30]. We
start from the next result, stated for the orthogonal group of a real vector space in [30],
but actually valid for an arbitrary linear group.

Lemma 2.17. Assume thatV is a finite-dimensional vector space over a fieldk. For A
in GL(V ), letM(A) be the image ofA − idV and letm(A) = dimM(A) (the number
of eigenvalues ofA different from1 if A is semi-simple). Then

(i) For all A,B in GL(V ), we havem(AB) 6 m(A) +m(B), and equality occurs if
and only ifM(AB) = M(A) ⊕M(B) holds.

(ii) WriteA E B for m(A) + m(A−1B) = m(B). ThenE defines a partial order
onGL(V ).

Proof (sketch).The key point is the equalityAB − idV = (A − idV )B + (B − idV ),
which impliesM(AB) ⊆M(A) +M(B).

By contrast, the next result requires a specific context.

Lemma 2.18. Assume thatG(V ) is either the orthogonal group of a real vector space,
or the unitary group of a complex vector space. LetA belong toG(V ). Then the map
B 7→ M(B) is a poset isomorphism between{B ∈ G(V ) | B E A} and the poset of
subspaces ofM(A) ordered by inclusion.

We assume now thatW is a subgroup ofG(V ) generated by reflections (or complex
reflections in the unitary case). LetR be the set of all reflections ofW . ThenW is
generated as a monoid byR.

Lemma 2.19. For everyg in W , we have‖g‖R = m(g).

We assume now thatV is ann-dimensional real vector space, which is the reflection
representation of the irreducible finite Coxeter groupW , and thatc is a Coxeter element
in W . Lemma 2.19 implies‖c‖R = n. Let Pref(c) be the set of leftR-prefixes ofc.
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Lemmas 2.17–2.19 imply that, onPref(c), theΣ-prefix relation6R identifies with the
partial orderE of Lemma 2.17. So, in view of the criteria of Chapter VI, the question
reduces to proving that least upper bounds exist forE. Now, the main result of Brady and
Watt in [31] may be formulated as

Proposition 2.20(lattice). If (W,Σ) is a Coxeter system of spherical type andc is a
Coxeter element inW , then the poset(Pref(c),E) is a lattice.

Proof (sketch).Lemma 2.18 suggests an approach that doesnot work: starting withg, h
satisfyingg, h E c, if we could findf satisfyingM(f) = M(g) ∩M(h), then, by the
poset isomorphism of Lemma 2.18, we would deduce thatf is a greatest lower bound
for g andh. However, such an elementf does not exist in general. Now, a different
approach works. PutR(g) = {s ∈ R | s E g}. Then, for allg, h as above, one can show
that there existsf satisfyingR(f) = R(g) ∩ R(h) using a spherical complex structure
on the positive roots ofW , adapted to theE-relation. We will not say more about the
argument here.

2.4 Exotic Garside structures onBn

The question of whether there exist further Garside structures on (spherical) Artin–Tits
groups beyond the above described classical and dual ones remains open in general. In the
(very) special case of the3-strand braid groupB3, several such exotic Garside structures
are known, and we quickly review them here. We also observe that every left-invariant
ordering onBn gives rise to a Garside structure.

Proposition 2.21(exotic monoids forB3). For m in Z, defineB+

3,m by

(2.22) B+

3,m =

{
〈a, b | aba = bamb〉+ for m > 0,

〈a, b | a = bab|m|−1ab〉+ for m < 0.

Then, for everym, the monoidB+

3,m is an Ore monoid whose group of fractions is the
3-strand braid groupB3, and it admits∆2

3 as a Garside element.

Proof. In B3, putx = σ2 andy = σ1σ
−ℓ+1
2 , whenceσ1 = yxℓ−1, with ℓ ∈ Z. The braid

relationσ2σ1σ2 = σ1σ2σ1 then readsxyxℓ = yxℓyxℓ−1, soB3 admits the presentation
〈x, y | xyx = yxℓy〉. We deduce that (2.22) is, in every case, a presentation ofB+

3 : for
ℓ > 0, this corresponds to takingm = ℓ, a = x, b = y, that is,a = σ2 andb = σ1σ

−m+1
2 ;

for ℓ < 0, this corresponds to takingm = ℓ− 1, a = y andb = x−1, that is,a = σ1σ
|m|
2

andb = σ−1
2 .

The presentations (2.22) are right- and left-complemented. Form < 0, the presen-
tation is right-triangular in the sense of Definition II.4.12 and, therefore, by Proposi-
tion II.4.51 (completeness), right-reversing is completefor the presentation. HenceB+

3,m
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is cancellative. Let∆ = (ab|m|−1ab|m|)2. A direct verification shows that∆ is central
in B+

3,m (as can be expected since the evaluation of this expression in B3 is ∆2
3), and

that it is a right-multiple ofa andb. Hence this element is a Garside element inB+

3,m.
We deduce thatB+

3,m is an Ore monoid, hence it embeds in its group of fractions, which
isB3.

Form = 0 andm = 1, the monoidB+

3,m is (strongly) Noetherian (see Exercise 100),
so, by Proposition II.4.51 (completeness) again, right-reversing is complete and, as above,
we deduce thatB+

3,m is cancellative and admits conditional lcms. Form > 2, the
monoidB+

3,m is not Noetherian, and the presentation (2.22) is not eligible for Proposi-
tion II.4.51 (completeness). However, as every two-generator right-complemented pre-
sentation, it is eligible for [77, Proposition 4.1 and Corollary 4.5] and, again, right-
reversing is complete and, therefore,B+

3,m is cancellative and admits conditional lcms.
Let ∆ = (abam)2. As above, a direct verification shows that∆ is central inB+

3,m and it
is a multiple ofa andb. So it is a Garside element inB+

3,m and, as in them < 0 case,
B+

3,m is an Ore monoid, hence it embeds in its group of fractions, which isB3.

The monoidB+

3,1 is the usual Artin braid monoidB+

3 . The
monoidB+

3,0, whose presentation is〈a, b | aba = b2〉+, is a Gar-
side monoid (in the sense of Definition I.2.1), in which the Gar-
side element∆2

3 has 8 divisors, forming the lattice shown on the
right. The monoidB+

3,2 is not Noetherian; an explicit descrip-
tion of the (infinitely many) divisors of∆2

3 in B+

3,2 is given in
Picantin [191, Figure 21]. 1

∆

a b

The monoidB+

3,−1 is the Dubrovina-Dubrovin monoidB⊕
3 of Definition XII.3.12

below. Like all other monoidsB+

3,m with m < 0, it is a monoid ofO-type, that is, any
two elements are comparable with respect to left-divisibility or, equivalently, the monoid
with 1 removed is the positive cone of a left-invariant ordering onits group of fractions,
hereB3, see Chapter XII for further details.

More Garside structures on3-strand braids can be described (the list is not closed).

Example 2.23(more exotic monoids forB3). Start witha = ∆3

in B3. Forb = σ1σ2, the braidsσ1 andσ2 can be recovered froma
andb by σ1 = a−1b andσ2 = ba−1, leading to the presentation
〈a, b | a3 = b2〉. The associated monoid〈a, b | a3 = b2〉+ is indeed
the torus-type monoidT3,2 of Example I.2.7, which we know is a
Garside monoid. The corresponding5-element lattice of divisors
of ∆3 is shown on the right. 1

∆

a b

Starting again froma = ∆3, consider nowa = σ−1
2 . Then we easily find the presen-

tation〈a, b | a = babab〉 for B3. The corresponding monoid is a monoid ofO-type, that
is, any two elements are comparable with respect to left-divisibility anda2 (alias∆2

3), is
central, see again Chapter XII for further details.

In all above Garside structures onB3, in particular in the cases connected with linear
orderings, the element∆2

3 is always a Garside element of the involved monoid. This is a
general result that can be established for all braid groupsBn.
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Proposition 2.24(Garside in ordered case).If 6 is a left-invariant linear order onBn,
andM is the submonoid{β ∈ Bn | 1 6 β} of Bn, then∆2

n belongs either toM or
toM−1 and, in either case, it is a Garside element in the involved monoid.

Proof (sketch).ThatM andM−1 are monoids readily follows from the assumption that
6 is a left-invariant order onBn (see Lemma XII.1.3). If∆2

n does not lie inM , that
is, if 1 6 ∆2

n fails, then∆2
n < 1 must hold, implying1 < ∆−2

n , whence∆−2
n ∈ M .

Next, as∆2
n is central, its left- and right-divisors coincide: indeedββ′ = ∆2

n implies
β∆2

n = ∆2
nβ = ββ′β, whenceβ′β = ∆2

n by left-cancellingβ.
Assume from now on1 < ∆2

n. For p < q in Z, let us write[p, q] for the interval
{β ∈ Bn | ∆2p

n 6 β 6 ∆2q
n } of M . We want to show that the left-divisors of∆2

n in M
generateM , which amounts to saying that[0, 1] generatesM . It is easy to check that
the product ofp braids in[0, 1] belongs to[0, p], and that the inverse of a braid in[0, p]
belongs to[−p, 0]. So the point is to show thateverybraid lies in some interval[p, p+ 1]:
a priori, there might exist braids outside all these intervals (we do not assume that the
order is Archimedean).

Now we claim that the generatorsσi must all lie in the interval[−1, 1], which will
clearly imply that each braid lies in some interval, as needed. Letδn = σ1 ···σn−1. As is
well known, we haveδnn = ∆2

n, so the assumption1 < ∆n implies1 < ∆2
n = δnn , hence

1 < δn, and, therefore,1 < δn < δ2n < ··· < δnn = ∆2
n.

Assume that we have∆2
n 6 σi for somei. Let j be any element of{1, ... , n− 1}. All

generatorsσj are conjugate under some power ofδn, so we can findp with 0 6 p 6 n−1
satisfyingσj = δ−pn σiδ

p
n. Then we obtain

1 < δn−pn = δ−pn ∆2
n 6 δ

−p
n σi 6 δ

−p
n σiδ

p
n = σj .

So1 < σj holds for each generatorσj. It follows that, if a braidβ can be represented by a
positive braid word that contains at least one letterσi, then∆2

n 6 β holds. This applies in
particular to∆n, and we deduce∆2

n 6 ∆n, which contradicts the assumption1 < ∆n.
Similarly, assumeσi 6 ∆−2

n . Consider again anyσj . If p is as above, we also have
σj = δn−pn σiδ

p−n
n , sinceδnn lies in the center ofBn. Then we find

σj = δn−pn σiδ
p−n
n < δn−pn σi 6 δ

n−p
n ∆−2

n = δ−pn 6 1.

This time,σj < 1 holds for eachj. As∆n is a positive braid, this implies∆n < 1, which
contradicts the assumption1 < ∆n again. So our claim is established, and the proposition
follows.

Example 2.25. For everyn, the braid groupBn admits several left-invariant orders, see
Chapter XII. For each of them, the associated positive cone (augmented with1) is a can-
cellative submonoid ofBn in which∆2

n (or its inverse) is a Garside element. This applies
in particular to the positive cone of the Dehornoy order, andto the Dubrovina-Dubrovin
monoidB⊕

n of Definition XII.3.12: the former monoid is not finitely generated, but the
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second one is. However,B⊕
n is not a Garside monoid in the sense of Definition I.2.1 since

it is (very) far from Noetherian.

3 Braid groups of well-generated complex reflection groups

We now consider an extension of the family of Coxeter groups,the family of complex
reflection groups. These groups arise when the constructionof Coxeter groups is extended
to consider groups generated by pseudo-reflections of finiteorder in a complex vector
space, instead of a real vector space as in the Coxeter case. The main result is that the dual
monoid approach can be extended to well-generated reflection groups (Definition 3.7),
thus giving rise to bounded Garside germs and, from there, toGarside groups.

3.1 Complex reflection groups

We begin with a quick introduction to reflection groups. A possible reference is [39].

Definition 3.1 (complex reflection). If V is a finite-dimensional vector space overC, a
complex reflectionis an elements of GL(V ) of finite order such that the fixed points ofs,
that is,Ker(s− idV ), form a hyperplaneHs.

If V is of dimensionn, a complex reflections is diagonalizable withn−1 eigenvalues
equal to1 and the last one a root of unityζ different from1. For ζ = −1, we recover
the classical notion of a reflection, which is the only possible complex reflection if we
replaceV by a vector space overR. To lighten the terminology, we will just say “reflec-
tion” for complex reflection in the rest of this section and specify “reflection of order 2”
when needed.

Definition 3.2 (reflection group). A finite complex reflection groupis a finite groupW
such that there exists a finite-dimensionalC-vector spaceV such thatW is a subgroup
of GL(V ) generated by complex reflections. We then denote byR(W ) the set of all
reflections inW .

Every finite Coxeter group is a finite complex reflection group, but we shall see below
that there exist finite complex reflection groups that are notCoxeter groups, namelyV
does not admit any real structure preserved byW .

There is an alternative definition of finite complex reflection groups based on algebraic
geometry: given a finite linear groupW of GL(V ), the quotient varietyV/W always
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exists but is not necessarily smooth; it is smooth if and onlyif W is a complex reflection
group.

If W is a finite complex reflection group, thenV/W is not only smooth, but isomor-
phic toV again as a variety. This leads to a characterization of complex reflection groups
in terms of invariants: the algebra of the varietyV (that is the algebra of polynomial func-
tions onV ) is S(V ∗), the symmetric algebra of the dual vector space; for any choice of
basisx1, ... , xn of V ∗ it is isomorphic toC[x1, ... , xn]. The algebra of the varietyV/W
is the algebraS(V ∗)W of fixed points under the natural action ofW on S(V ∗). Thus
finite complex reflection groups are characterized by the property thatS(V ∗)W is a poly-
nomial algebraC[f1, ... , fn]. The polynomialsfi are not unique but their degreesdi (as
polynomials in thexi) are unique: they are called thereflection degreesof W . We may
choose the polynomialsfi homogeneous of degreedi, which we will do.

A lot of information onW is encoded in the reflection degrees; for instance, the
cardinality ofW is d1 ···dn and the number of reflections ofW is

∑i=n
i=1 (di − 1).

Classification of finite complex reflection groups. We say that a reflection groupW is
irreducible if its natural representation on the underlying vector space V is irreducible,
that is, equivalently, ifV cannot be decomposed as a productV1 × V2 such thatW is
included inGL(V1)×GL(V2). Irreducible complex reflection groups have been classified
by Shephard and Todd [204] in 1954: they contain an infinite family G(p, e, n) with e|p,
consisting of the monomialn×nmatrices whose entries arep-th roots of unity and whose
product of entries is ane-th root of unity, and 34 exceptional groups which for historical
reasons (the original naming of Shephard and Todd) are denoted byG4 to G37. The
irreducible finite Coxeter groups are special cases of irreducible finite complex reflection
groups, precisely those whose natural representation can be defined over the reals. They
appear in the Shephard-Todd classification as indicated in Table 2.

An Bn Dn I2(e) H3 H4 F4 E6 E7 E8

G(1,1,n+1) G(2,1,n) G(2,2,n) G(e,e,2) G23 G30 G28 G35 G36 G37

Table 2. Correspondence between the Dynkin classification of finite Coxeter groups and the
Shephard–Todd classification of complex reflection groups

3.2 Braid groups of complex reflection groups

We now associate with every finite complex reflection groupW an analog of the braid
group (or Artin–Tits group) associated with every (finite) Coxeter group. To this end, we
start from the geometrical viewpoint of hyperplane arrangements.

Assume thatW is a finite complex reflection group with underlying vector spaceV .
By a theorem of Steinberg [213] in 1964, the coveringV → V/W is regular outside of
the reflecting hyperplanes. This means that we can extend to complex reflection groups
the topological definition of braid groups.
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Definition 3.3 (braid group). Assume thatW is a finite complex reflection group
with underlying vector spaceV . Let V reg be the complement inV of the reflecting
hyperplanes. Thebraid groupB(W ) of W is defined to be the fundamental group
π1(V

reg/W ); thepure braid groupPB(W ) is defined to beπ1(V
reg).

The coveringV → V reg/W gives rise to an exact sequence

1 → PB(W ) → B(W )
π−→W → 1,

which makesW a natural quotient ofB(W ), and generalizes the special case already
mentioned in (I.1.7).

As shown by Brieskorn in [34], in the case of a Coxeter group (hence in particular in
the case of a symmetric group), the braid group so introducedcoincides with the braid
group (or Artin–Tits group) considered in Section 1.

Proposition 3.4 (coherence). If (W,Σ) is a finite Coxeter system, thenW can be re-
alized as a real reflection group; the associated braid groupB(W ) as introduced in
Definition 3.3 is then isomorphic to the Artin–Tits group as introduced in Definition 1.18.

Let us return to the case of a general finite complex reflectiongroupW . Then the
groupB(W ) can be generated bybraid reflections, see for instance [41, Proposition 2.2],
where a braid reflection is an elements of B(W ) such thatπ(s) is a reflection, and such
that s is the image inB(W ) of a path inV reg of the form shown in Figure 4. Braid
reflections above conjugate reflections are conjugate.

x0

s(x0)

p

s(p)

γ

s(γ)

s
Hs

Figure 4.A braid reflection above a reflection s, drawn in V reg. If x0 in V reg is above the base point
in V reg/W , we take any path γ from x0 to a point p close to the hyperplane Hs, then follow an arc
around Hs from p to s(p), and finish by the reflected path s(γ). This maps to a loop in V reg/W .

Given a basepointx0 in V reg, the loopπ : t 7→ e2iπtx0 from [0, 1] to V reg is central
in PB(W ). It can actually be shown that it generates the center of thisgroup whenW is
irreducible, see [107].

Definition 3.5 (regular). If W is a finite complex reflection group with underlying vector
spaceV , an elementg of W is calledregular if it has an eigenvectorx in V reg.

If the eigenvalue associated with the eigenvectorx of V reg is e2ikπ/d, the patht 7→
e2ikπt/dx becomes a loop inV reg/W ; if we denote this loop byβ, we haveβd = πk
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by construction. Then we have the following theorem of Springer about regular elements,
see [209, Theorem 4.2]:

Proposition 3.6(regular elements). Assume thatW is a finite complex reflection group
with underlying vector spaceV andg is a regular element ofW with regular eigenvalueζ.

(i) All other regular elements with regular eigenvalueζ are conjugate tog.
(ii) Let Vg,ζ be theζ-eigenspace ofw. ThenCW (g) acting onVg,ζ is a complex

reflection group, whose reflecting hyperplanes are the traces onVg,ζ of those ofW .
(iii) The reflection degrees ofCW (g) are the degreesdi ofW satisfyingζdi = 1.
(iv) The eigenvalues ofg onV are ζ1−di .

3.3 Well-generated complex reflection groups

A finite Coxeter group of dimensionn (meaning that the group can be realized as a group
of reflections of ann-dimensional real vector space) can be generated byn reflections. In
contrast, an irreducible finite complex reflection group of dimensionn sometimes needs
n+ 1 reflections to be generated.

Definition 3.7 (well-generated). A finite complex reflection group with underlying vec-
tor space of dimensionn is calledwell-generatedif it can be generated byn reflections.

The irreducible groups that are not well-generated areG(p, e, n) for p 6= e ande 6= 1,
andG7, G11, G12, G13, G15, G19, G22 andG31.

Hereafter we assume that the fundamental invariantsf1, ... , fn have been labelled so
as to satisfyd1 6 ··· 6 dn. The following result can be observed from the classification.

Lemma 3.8. If W is an irreducible well-generated finite complex reflection group, and
d1, ... , dn are the associated degrees (in non-decreasing order),di < dn holds fori 6= n.

It follows by a general regularity criterion [169] that there exists regular elements for
the eigenvaluee2iπ/dn . By Proposition 3.6, such elements form a single conjugacy class.

Definition 3.9 (Coxeter number, Coxeter class).In the context of Lemma 3.8, the max-
imal degreedn is denoted byh and it is called theCoxeter numberof W . The conjugacy
class of regular elements for the eigenvaluee2iπ/h is called theCoxeter classof W .

If c belongs to the Coxeter class, itse2iπ/h-eigenspace is one-dimensional, and its
centralizer is a cyclic group of orderh. The following can be shown:

Lemma 3.10. If W is an irreducible well-generated finite complex reflection group with
underlying vector spaceV of dimensionn, every element of the Coxeter class is the
product ofn reflections, and this is the minimum number of reflections of which it is the
product.
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Proof (sketch).The fact thatn reflections are sufficient is checked case-by-case. In the
case whereW is real (thus a finite Coxeter group), it results from the factthat the Coxeter
class is the conjugacy class of the Coxeter elements defined in Definition 2.1.

On the other hand, Proposition 3.6(iv) implies that an element c of the Coxeter class
has no eigenvalue equal to one. Then it follows from Lemma2.17 that at leastn reflections
are needed since we havem(c) = n.

Having introduced the Coxeter class, we can now define what will play the role of a
dual braid monoid in the general case of a finite complex reflection group.

Definition 3.11. Assume thatW is a finite, well-generated complex reflection group. The
dual braid monoidassociated withW is the monoid generated by the germPref(c)R,
wherec is a chosen element in the Coxeter class ofW .

That this definition makes sense is clear, as, by definition,W is generated byR,
and even positively generated sinceR consists of finite order elements. Next, the fam-
ily Pref(c) is closed underR-prefix by definition. So Lemmas VI.2.60 and VI.2.62 guar-
antee thatPref(c)R is indeed a cancellative, right-associative germ that is Noetherian.
Our main task will be to show that this germ is actually a Garside germ and that the
associated group is the braid groupB(W ), which will be done in Proposition 3.22 below.

3.4 Tunnels

We assume until the end of this section thatW is an irreducible well-generated finite
complex reflection group. In the proof of Proposition 3.22 asdeveloped by Bessis in [7],
the first ingredient is the notion of a tunnel, which we explain now.

For each reflecting hyperplaneH forW , let eH = |CW (H)| (so that there areeH − 1
reflections with hyperplaneH), and letαH ∈ V ∗ be a linear form definingH . Then
Disc =

∏
H α

eH

H is invariant underW , thus is a polynomial in the fundamental invariants
f1, ... , fn, andDisc 6= 0 is the equation which definesV reg/W in the vector spaceV/W
with natural coordinatesf1, ... , fn; the hypersurfaceDisc = 0 is called thediscriminant.
We have the following result, see [7, 2.6].

Proposition 3.12(discriminant). It is possible to choose the invariantsfi so that they
satisfy

Disc = fnn + α2f
n−2
n + α3f

n−3
n + ··· + αn,

whereαi is a polynomial inf1, ... , fn−1 weighted homogeneous of degreeih (for the
weightdi assigned tofi).

Then, the idea for computing the fundamental groupB(W ) of the complement of the
discriminant, is to study the intersection of the discriminant with the complex lineLy
in V/W obtained by fixing the valuesy = (y1, ... , yn−1) of f1, ... , fn−1. By Proposi-
tion 3.12, this intersection is the set of zeros of a degreen polynomial, thus is a setLL(y)
of points with multiplicities whose total multiplicity isn. To be able to consider loops in
variousLy as elements of the same fundamental groupB(W ), Bessis uses the fact that it
is possible to replace a basepoint by any contractible subset U. He proves [7, lemma 6.2]:
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Lemma 3.13. LetU =
⋃
y Uy, whereUy is the set of allz in Ly satisfying

ℜ(z) 6= ℜ(x) for everyx in LL(y) or

ℑ(z) > ℑ(x) for everyx in LL(y) satisfyingℜ(x) = ℜ(z).

ThenU is contractible.

Using this, it will be possible to use for generating loops inB(W ) segments of a
special type that Bessis calls tunnels.

Definition 3.14 (tunnel). (See Figure 5.) Atunnelof Ly is a horizontal line segment in
someLy that starts and ends inUy . A tunnel is calledsimpleif it crosses only one half-
line below somexi in LL(y), and crosses that line below everyxi in that line. A tunnel
deep enough (with a negative enough imaginary part) and longenough so that it crosses
every half-line below all pointsxi of that half-line is called thedeeptunnel ofLy.

δ

s2

s1
s3

x1

x2

x3

x4

Figure 5. One of the complex lines Ly . We assume that LL(y) is {x1, x2, x3, x4} with respective
multiplicities 2, 1, 1, 2. The complement of Uy in Ly consists of 3 half-lines. The simple tunnels
s1, s2, s3 are product respectively of 3, 1, 2 braid reflections. The deep tunnel is δ = s1s2s3.

In Definition 3.14, we may use “the” for the deep tunnel, sinceall such tunnels are
clearly homotopic. It is also clear that all the deep tunnelsin various linesLy represent
the same element ofB(W ); but note that this element is nevertheless dependent on our
choice of coordinates inV , specific choice of invariants, and choice of basepoint; it turns
out that if we change these choices we may obtain every conjugate element inB(W ).

Choose for basepointv in V reg, ae2iπ/hv-eigenvector of a Coxeter elementc and letδ
be theh-th root ofπ image of the patht 7→ e2iπt/hv. For everyi, sincefi is invariant
and homogeneous of degreedi we have

fi(v) = fi(c(v)) = fi(e
2iπ/hv) = e2iπdi/hfi(v),

from which we deducefi(v) = 0 for i 6 n − 1 since then we havedi < h. Thus
the loopδ lives entirely in the lineLy0 wherey0 is (0, ... , 0). The intersection of the
discriminant with the lineLy0 is given inLy0 by the equationfnn = 0 thusLL(y0) is only
one point0 with multiplicity n. The loopδ is thus represented by the deep tunnel ofLy0.
Thus all deep tunnels representδ, and eachLy gives a decomposition ofδ as a product
of simple tunnels.

Note the following property (which is not difficult to prove):

Lemma 3.15. A simple tunnels included inLy is the product ofm braid reflections,
wherem is the sum of the multiplicities of the points ofLL(y) on the half-line thats
crosses.
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3.5 The Lyashko-Looijenga covering and Hurwitz action

Let Y = Cn−1, with coordinates identified tof1, ... , fn−1 and letXn be the config-
uration space of multisets of total multiplicityn in C (also called the punctual Hilbert
schemeC[n]). We can seeLL as a map fromY toXn that falls into the subset of points
with sum0; in algebraic terms, this map sends(f1, ... , fn−1) to (α2, ... , αn) since the
multisetLL(y) of roots ofDisc = 0 is determined by the elementary symmetric func-
tions of the roots, which are theαi. LetXreg

n be the configuration space of subsets ofn
points ofC with sum0, that is, the subspace ofXn where each point has multiplicity1
and the sum of points is0, and letY reg be the preimage ofXreg

n by LL. Bessis shows [7,
5.3 and 5.6]:

Proposition 3.16(covering). The mapLL : Y reg → Xreg
n is anétale, unramified cover-

ing of degreen!hn/|W |.

It is important for our purpose that the subspaceXgen
n of Xreg

n consisting ofn-tuples
of points with distinct real parts be contractible. Thus theordinary braid groupBn,
which is the fundamental group ofXreg

n , can be seen as the fundamental group with
basepointXgen

n . Since the fundamental group of a base space acts on the fibersof a cov-
ering, we deduce a Galois action ofBn on the preimageY gen of Xgen

n . Note that an
elementy of Y reg is in Y gen if and only ifLy provides a decomposition ofδ as a product
of n simple tunnels which are braid reflections. We have the following result [7, 6.18]:

Lemma 3.17. The Galois action ofBn induces the Hurwitz action on the decompositions
of δ as a product ofn braid reflections.

The definition of the Hurwitz action was recalled in (2.16). As a corollary, we obtain
that the Hurwitz orbit of a decomposition ofδ into simple tunnels is of cardinality less
thann!hn/|W |, and there will be only one orbit if we prove that an orbit has this specific
cardinality. This last fact turns out to be true, and the maintool to show it is the following
proposition, of which unfortunately only a case-by-case proof, using the classification, is
known: see [12] for the infinite series; the exceptional groups have been checked using
the GAP3 packageCHEVIE [179].

Proposition 3.18(decompositions).For everyc in the Coxeter class ofW , there exist
n!hn/|W | decompositions ofc into a product ofn reflections, and the Hurwitz action is
transitive on them.

Using the fact that the Hurwitz action commutes with the projectionB(W )
π−→ W ,

one deduces

Lemma 3.19. The Hurwitz action ofBn on decompositions ofδ into simple tunnels is
transitive. Moreover there is an isomorphism ofBn-sets between such decompositions
and decompositions ofc as a product ofn reflections.

Actually more is known by the same case-by-case analysis, with the same references
to [12] and to the GAP3 packageCHEVIE as above:
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Proposition 3.20(Garside germ). LetR be the set of reflections ofW . LetPref(c) be
the set ofR-prefixes ofc. ThenPref(c) satisfies the assumptions of Proposition VI.2.69
(derived Garside III), andPref(c)R is a bounded Garside germ.

It follows from Lemma 3.10 that theR-tight decompositions ofc are the decomposi-
tions of Proposition 3.18.

We should note here an important difference between the realcase (the spherical Cox-
eter case) and the complex case. In the real case,R is a subset ofPref(c). In the general
case, the intersectionΣ = R ∩ Pref(c) is a proper subset ofR, which still generatesW .
We may as well, and we will, useΣ in Proposition 3.20 instead ofR and write the germ
derived fromPref(c) asPref(c)Σ.

Summarizing what we have so far, we obtain

Proposition 3.21(tunnels). Assume thatW is an irreducible well-generated finite com-
plex reflection group. Then tunnels equipped with composition form a bounded Garside
germ isomorphic toPref(c)Σ.

It remains to see that the group associated with the Garside germPref(c)Σ is (isomor-
phic to) the braid group ofW . This is what the next result [7, 8.2] states:

Proposition 3.22(generated group). If W is an irreducible well-generated finite com-
plex reflection group andG is the group generated by the germPref(c)Σ, then the natural
morphism fromG toB(W ) is an isomorphism.

The proof of Proposition 3.22 uses the transitivity of the Hurwitz action on decompo-
sitions ofδ and Lemma 3.19 to establish the following presentation for the group derived
from Pref(c)Σ.

Lemma 3.23. A complete set of relations for the group generated byPref(c)Σ is given
by rr′ = r′r′′ wherer, r′, r′′ lie in Σ andrr′ andr′r′′ areΣ-prefixes ofc.

Compare with Lemma 2.13 in the case ofBn.
In the framework explained, Proposition 3.22 is a consequence of the presentation of

B(W ) given in [9, Section 3]. The relations given there can be seento result from the
relations of Lemma 3.23 and Hurwitz action.

In his paper [7], Bessis goes on to show that the fixed points(V reg/W )ζ of V reg/W
under a root of unityζ (for the natural action ofC, which in the coordinatesfi is the
mapfi 7→ ζdifi), if nonempty, form also aK(π, 1) space. Along the way, he shows
[7, Theorem 12.5] that Springer’s theorem has a lift to the braid group whenW is well-
generated:
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Proposition 3.24(regular braids). Assume thatW is an irreducible well-generated finite
complex reflection group andβ is an element ofB(W ) satisfyingβd = π.

(i) All otherd-th roots ofπ are conjugate toβ.
(ii) The imagew of β in W is a regular element for the eigenvalueζ = e2iπ/d.
(iii) There is a natural map fromπ1((Vw,ζ ∩ V reg)/CW (w)) to B(W ), which is in-

jective, and has for imageCB(W )(β).

Note that, in the above,(Vw,ζ ∩ V reg)/CW (w) is isomorphic to(V reg/W )ζ.
To conclude, let us mention that, in the case of non-well-generated complex reflection

groups, structures of Garside monoids may also exist.

Example 3.25(2-dimensional complex reflection groups).The braid groups of the 2-
dimensional complex reflections groupsG15,G7,G11,G19, andG(2de, 2e, 2) for d > 1
are isomorphic to each other (see [6]), and these are the onlyisomorphisms for braid
groups of 2-dimensional reflection groups generated by reflections of order 2, see [45].
Note that these are all possible coincidences for rank 2 braid groups since it is known
that all braid groups of complex reflection groups arise fromcomplex reflection groups
generated by reflections of order 2.
For every integere > 1, these groups admit the presenta-
tion 〈a, b, c | abc = bca, ca(b|c)[2e−1] = (b|c)[2e−1]ca〉
[41]. One can check [191] that, for eache, the monoid
with this presentation is indeed a Garside monoid associ-
ated with∆ = ca(b|c)[2e−1]. For e = 2 the lattice of
the sixteen divisors of∆ is shown on the right. As shown
in [6], these braid groups are also isomorphic to the Artin-
Tits group of typeA1 × Ã1, which gives another structure
of quasi-Garside monoid. 1

∆

a b
c

A similar result holds for the braid group ofG13, which admits the presentation

〈a, b, c | acabc = bcaba, bcab = cabc, cabca = abcab〉;

in this case, a Garside element is(abc)3, and it admits 90 divisors.

Exercise

Exercise 99(non-isomorphic). (i) Show that the Coxeter group of typeB3 is isomorphic
to the direct product of two Coxeter groups of typesA1 andA3. (ii) Show that the Artin–
Tits group of typeB3 is not isomorphic to the direct product of two Artin–Tits groups of
typesA1 andA3.

Exercise 100(exotic monoid). Show that the monoid〈a, b | aba = b2〉+(the monoidB+

3,0

of Proposition 2.21) is strongly Noetherian. [Hint: Define an N-valued Noetherianity
witness by giving weights toa andb.]
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Exercise 101(unfolding). (i) Show that, in Artin’s braid groupBn, the elementsσ1σ5σ5 ···
andσ2σ4σ6 ··· generate a dihedral group and express the order of the latterin terms ofn.
(ii) Deduce that the centralizer of∆n inBn is an Artin–Tits group of typeB. [Hint: Show
that a braid commutes with∆n if and only if it is fixed under the flip endomorphism that
exchangesσi andσn−i for eachi, and deduce that the centralizer of∆n is generated by
σ1σn−1, σ2σn−2, etc.]

Exercise 102(smallest Garside, right-angled type).Assume thatB+ is a right-angled
Artin–Tits monoid, that is,B+ is associated with a Coxeter system(W,Σ) satisfying
ms,t ∈ {2,∞} for all s, t in Σ. (i) For I ⊆ Σ, denote by∆I the right-lcm (here the
product) of the elements ofI, when it exists (that is, when the elements pairwise com-
mute). Show that the divisors of∆I are the elements∆J with J ⊆ I. (ii) Deduce that the
smallest Garside family inB+ is finite and consists of the elements∆I for I ⊆ Σ.

Exercise 103(smallest Garside, large type).Assume thatB+ is an Artin–Tits monoid of
large type,B+ is associated with a Coxeter system(W,Σ) satisfyingms,t > 3 for all s, t
in Σ. PutΣ1 = {s∈Σ | ∀r∈Σ (mr,s=∞)}, Σ2 = {(s, t)∈Σ2 | ∀r∈Σ (mr,s+mr,t=∞},
Σ3 = {(r, s, t)∈Σ3 | mr,s+mr,t+ms,t<∞}, andE = Σ1 ∪ {∆s,t | (s, t) ∈ Σ2} ∪
{r∆s,t | (r, s, t) ∈ Σ3} (we write∆s,t for the right-lcm ofs andt when it exists). (i)
Explicitly describe the elements of the closureS of E under right-divisor, and deduce
thatS is finite. (ii) Show thatS is closed under right-lcm and deduce thatS is a Garside
family in B+. (iii) Show thatS is the smallest Garside family inB+. (iv) Show that, ifΣ
hasn elements andms,t 6= ∞ holds for alls, t, thenE has3

(
n
3

)
elements. (v) Show that,

if Σ hasn elements andms,t = m holds for alls, t, thenS has(n+ 2m− 5)
(
n
2

)
+n+ 1

elements. Apply ton = m = 3.

Notes

Sources and comments.Artin–Tits groups were investigated by J. Tits in the 1960’s
as “generalized braid groups”. They subsequently appearedin literature under the name
“Artin groups”. As these groups seem to never appear in Artin’s works, calling them
“Artin–Tits groups” appears a reasonable compromise.

The reversing approach developed in Subsection 1.2 is closeto the one originally de-
veloped by F.A. Garside in [122, 123] (in the case of the braidmonoidsB+

n ). Although
maybe less elegant that the germ approach developed in the subsequent section, this ap-
proach allows for a direct and elementary treatment.

The dual monoid for typeAn was first introduced by J. Birman, K.Y. Ko, and S.J. Lee
in [21]. The germ approach to this monoid was developed in [13]. The lattice property
for the case of the dual monoid in general is a difficult resultof which only a case-by-case
proof is known, see [7, 8.14]. Previous to this work, D. Bessis had given a construction for
the real case in [10], using case-by-case arguments for the lattice property. The proof of
Proposition 2.7 follows [13]. The proof of Proposition 2.11follows [13] and [10]. There
exists a case-free proof for Coxeter groups of spherical type appears in Brady–Watt [31].
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For typeÃn the dual germ is a Garside germ for two choices of the Coxeter element
only, nevertheless it is a germ for the corresponding Artin–Tits group for all choices of
the Coxeter element. It is conjectured that this is the case for all types of Coxeter groups.

It has been announced by J. McCammond [177] that, for Coxetergroups of affine type
other thañAn or C̃n, the dual germ of Definition 2.2 is never a Garside germ.

D. Bessis proved in [11] that the dual germ is a Garside germ for the universal Coxeter
group with a finite number of generators, that is the Coxeter group such that all edges of
the Coxeter graph are labelled with∞ (the associated Artin-Tits group is a free group).
See Corran–Picantin [65] for an explicit description of a Garside structure on braid groups
associated with complex reflection groups of type(e, e, r).

The source for the Garside structures of Example 3.25 is Picantin [191]. Proposi-
tion 2.24 comes from D. andal. [99, Proposition II.3.6].

The many uses of the Garside structures of braids.The Garside structure of braid
groups and Artin–Tits groups has been used in a number of works that we cannot mention
here, starting with the already mentioned solutions to the Word and Conjugacy Problems,
first in Garside [123] and then in the many developments and extensions already men-
tioned in the notes of Chapter VIII. Most of them are based on normal decompositions
and, therefore, on the Garside structure of braids, as are most of the practical implemen-
tations of braid groups. In particular, should braids become important in cryptography,
their Garside structure would certainly play a central role.

Among the structural results based on the Garside structure, the most important is
maybe the existence of a (bi)-automatic structure established for the braid groupsBn
in Thurston [220] and Epstein andal. [117] and subsequently extended to all spherical
type Artin–Tits groups in Charney [53, 54]. In another direction, the algebraic proof of
the linearity of braid groups as established in Krammer [158, 159] and extended to other
Artin-Tits groups of spherical type in Digne [104] and Cohen–Wales [62] uses decom-
positions into divisors of the Garside element. An extension of these methods to general
Artin-Tits groups was used by L. Paris in [189] to prove that Artin-Tits monoids injects in
their group. In the same vein, the proof of theK(π, 1) property by P. Deligne in [100] for
Artin-Tits groups of spherical type and by D. Bessis in [7] for braid groups of complex
reflection groups resort on normal decompositions, as does the study of the homology and
theK(π, 1)-property as investigated in Charney–Meier–Wittlesey [56], D.–Lafont [97],
and Charney–Peifer [57].

The complete description of the normalizers and centralizers in Paris [187], Gonz-
ález-Meneses–Wiest [141], and Godelle [132, 133] heavilyrelies on the existence of a
Garside element and the properties of the derived normal decompositions. The connected
problem of extracting roots in a braid group was addressed using ∆-normal decomposi-
tions in Stychnev [214], then extended in Sibert [205], again using normal forms. So is
the recognition of palindromes in Deloup [103].

Even in the topological approach of braid groups as mapping class groups, the alge-
braic properties of the fundamental braids∆n and the existence of∆-normal decomposi-
tions are often useful. Let us for instance mention the recognition of the Nielsen–Thurston
type in Lee–Lee [167], the recognition of quasi-positive braids in Orevkov [185], or the
study of Kleinian singularities in Brav–Thomas [32]. A topological interpretation of the
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parametersinf∆ andsup∆ appears in Wiest [223]. We stop here this certainly very in-
complete review.

Combinatorics of normal sequences.Every finite Coxeter group gives rise to a finite
Garside family in the associated Artin–Tits monoid, and natural counting problems im-
mediately arise, namely counting (strict) normal sequences of a given length. Note that,
by Proposition III.3.1 (geodesic, positive case), strict normal sequences are geodesic so
counting strict normal sequences amounts to investigatingthe metric on the monoid asso-
ciated with the considered family of generators.

Here we shall only address typeA, that is, Artin’s braid groupsBn. By Proposi-
tion III.3.24 (adjacency matrix), the associated combinatorics is essentially contained in
then!× n!-matrixMn that specifies length2 normal sequences. By Lemma 1.31, the di-
visors of∆n inB+

n are in one-to-one correspondence with the permutations of{1, ... , n},
and the question arises of characterizing normality in terms of permutations. Forf in the
symmetric groupSn, one says thati is adescentof f if f(i) > f(i+ 1) holds.

Lemma. Letσ be the lifting fromSn toB+
n as in Lemma 1.31. Then, forf, g in Sn, the

pair σ(f)|σ(g) is ∆n-normal if and only if every descent ofg−1 is a descent off .

The result follows from the characterization of normality of Proposition V.1.53 (recog-
nizing greedy). We are thus left with the question of investigating theSn×Sn-matrixMn

whose(f, g) entry is1 if every descent ofg−1 is a descent off , and is0 otherwise. It turns
out thatMn is connected with the descent algebra of Solomon [208], and many interest-
ing questions arise, in particular about the eigenvalues ofMn, see [84]. Let us mention
that the size of the matrixMn, which somehow indicates the size of the automata in-
volved in an automatic structure, can be reduced fromn! to the number of partitions ofn,
see [loc. cit.] and Gebhardt [128]. The natural but nontrivial fact that the characteristic
polynomial ofMn divides that ofMn+1 was proved using quasi-symmetric functions in
Hivert–Novelli–Thibon [144]. One of the puzzling open questions in the area involves
the spectral radiusρ(Mn) of the matrixMn (maximal modulus of an eigenvalue), which
directly controls the growth of the numbers of∆n-lengthp elements inB+

n :

Conjecture. The ratioρ(Mn+1)/n!ρ(Mn) tends tolog 2 whenn grows to∞.

An application of the counting results of [loc. cit.] is the construction of sequences
of braids that are finite but so long that one cannot prove their existence in weak logical
subsystems of Peano arithmetic in Carlucci–D.–Weiermann [49], a paradoxical situation.

Similar questions arise in the dual case. As shown in Subsection 2.2, the setDiv(∆∗
n)

in the dual braid monoidB+∗
n is in one-to-one correspondence with the setNC(n) of all

noncrossing partitions of{1, ... , n}. Then the counterpart of the above lemma is

Lemma. Let σ∗ be the map fromNC(n) to B+∗
n stemming from Proposition 2.7. Then,

for λ, µ in NC(n), the pairσ∗(λ)|σ∗(µ) is ∆∗
n-normal if and only if the polygons associ-

ated with the Kreweras complement ofλ and withµ have no chord in common.

Above, the polygons associated with a partition are those displayed in Figure 2, and
the Kreweras complement of a partitionλ is the cut of1n at λ, where1n is the finest
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partition of {1, ... , n}. Then a sizeCat(n) × Cat(n) incidence matrixM∗
n arises and

governs the combinatorics of dual normal sequences of braids. Little is known so far,
but the number of length two∆∗

n-normal pairs and the determinant of the matrixM∗
n

are computed in Biane–D. [16] using a connection with free cumulants for a product of
independent variables.

Finally, let us mention that very little is known about combinatorics of braids with re-
spect to Artin generators: in the case of the monoidB+

n , the generating series for the num-
ber of lengthp braids is easily computed but, even forB4, it remains unknown whether the
generating series for the number of lengthp braids with respect to Artin’s generatorsσi is
rational or not, see Mairesse–Matheus [174].

Further questions. A number of questions involving Artin–Tits groups and braidgroups
of complex reflection groups remain open, even in the case of basic problems:

Question 26. Are the Word and Conjugacy Problems of an Artin–Tits group decidable?

Many solutions in particular cases are known. Typically, when it exists, a finite
bounded Garside structure provides positive answers to Question 26 by means of Corol-
laries III.3.64 (decidability of Word Problem) and VIII.2.25 (decidability of Conjugacy
Problem). By contrast, nothing is clear in the non-spherical case. We addressed in Ques-
tion 25 the existence of a finite (undbounded) Garside family; at the time of printing, a
positive answer has been announced [93]:

Proposition. Every finitely generated Artin–Tits monoid admits a finite Garside family.

The proof relies on Proposition 1.41 and on introducing the notion of a low element in
a Coxeter groupW by using the associated root systemΦ [23, Chapter 4]: an elementw
of W is calledlow if there exists a subsetA of the (finite) set of small roots [loc. cit.,
Section 4.7] such that the right-inversion setΦ+ ∩ w(Φ−) is obtained by taking all roots
in the cone (linear combinations with nonnegative coefficients) spanned byA. One can
show that the family of all low elements includesΣ, is finite, and is closed under join
(that is, least6Σ-upper bound) andΣ-suffix. This requires in particular to analyze what
is called the dominance relation on the root systemΦ [loc. cit., page 116].

The above result then makes the following question crucial:

Question 27.Can a finite Garside family in the Artin–Tits monoid be used tosolve Ques-
tion 26?

This question is open. A finite Garside family gives a solution to the Word Problem of
the monoid, but the latter is trivial: to decide whether two (positive) wordsu, v represent
the same element, we can exhaustively enumerate all words that are equivalent tou, which
are finite in number, and see whetherv occurs. In the non-spherical type, hence outside
the range of Ore’s theorem, the problem is to connect the Artin–Tits monoidB+ with its
enveloping groupB, typically to control the elements ofB by distinguished zigzag-words
where positive and negative factors alternate. What Question 27 asks is whether a finite
Garside family inB+ may help.

Let us mention another problem connected with the Word Problem but maybe easier.
If W is an infinite Coxeter group, the (left- or right-) reversingprocess associated with
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the presentation (1.19) of the corresponding Artin–Tits monoid does not always terminate
and Algorithm IV.3.23 does not solve the Word Problem. However, some variants can be
considered and natural questions then appear. Assuming that (S,R) is a positive presenta-
tion andw,w′ are signedS-words, say thatw  w′ holds if one can transformw intow′

by repeatedly right- and left-reversing subwords and replacing positive (resp. negative)
subwords with equivalent positive (resp. negative) words. Say thatextended reversing
solves the Word Problem ifw  ε holds for every signedS-word w representing1.
Extended reversing is reminiscent of the Dehn algorithm forhyperbolic groups [117] in
that it corresponds to applying the relations of the presentation and the trivial free group
relations but banishing the introduction of factorss|s or s|s.
Question 28. Does extended reversing solve the Word Problem of every Artin–Tits pre-
sentation?

By Proposition 1.33, the answer is positive in the sphericalcase. It is shown in D.–
Godelle [95] that the answer is also positive for Artin–Titsgroups of type FC (the closure
of spherical type Artin–Tits groups under amalgamated products), and right-angled Artin–
Tits groups (those in which all exponents are2 or∞).

In another direction, and in view of the preliminary observations of Subsection 2.4, it
is natural to raise

Question 29. Do the braid groupsBn admit other Garside structures than the classical
and dual ones?

An (extremely) partial answer is given with the exotic Garside structures onB3 de-
scribed in Proposition 2.21 (which do not involve Garside monoids as the associated
monoids are in general not Noetherian). A more general positive answer is given in Propo-
sition 2.24 when some left-invariant ordering is involved.In the vein of Example 2.23,
the following simple question seems to be open

Question 30. Does the submonoid ofBn generated byσ1, σ1σ2, ...,σ1σ2 ···σn−1 admit a
finite presentation? Is it a Garside monoid?

In a completely different direction, interesting submonoids ofBn originate in the
following result of Sergiescu [203].

Proposition. Assume thatΓ is a finite planar connected graph withn vertices and no
loop of length1, embedded in the oriented plane. Letσ1, ... , σN−1 be an enumeration of
the edges ofΓ, andRΓ consist of the relations

σiσj = σjσi if σi andσj are disjoint,
σiσjσi = σjσiσj if σi andσj have a vertex in common,
σiσjσkσi = σjσkσiσj if σi, σj , σk have a vertex in common,

and occur in positive order,
σi1σi2 ···σip−1

= σi2 ···σip−1
σip if (σi1 , ... , σip) is a positive loop with no

vertex inside andi1 6= i2 andip−1 6= ip.

(∗)





Then〈σ1, ... , σN−1 |RΓ〉 is a presentation of the braid groupBn.

If Γ is a path of lengthn − 1, the presentation(∗) is the standard Artin presentation
of Bn, and the associated monoid is the Artin braid monoidB+

n . If Γ is a complete graph
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on n vertices, one obtains the Birman–Ko–Lee presentation, andthe associated monoid
is the dual braid monoidB+∗

n . Considering various graphs provides a number of positive
presentations for the braid groupBn and, therefore, a number of monoids that can be
called theSergiescu monoids.

Question 31. Which Sergiescu monoids can be given the structure of a Garside monoid?

No general answer is known. We refer to Picantin [191] for
partial observations in the case of the graph shown on the
right, where a Garside monoid with 589 divisors of the Gar-
side element arises.



Chapter X

Deligne-Lusztig varieties

This chapter describes an application of the methods of PartA to the representation the-
ory of finite reductive groups and, more specifically, to properties connected with the
Broué Abelian defect Conjecture in the theory of finite groups. In essence, finite reduc-
tive groups are central extensions of simple groups in the infinite families of finite simple
groups; they make a large family that includes all infinite families of finite simple groups
except for the alternating groups. The Broué Conjecture inthe case of the principal block
predicts some deep connection between the representation theory of a finite reductive
group and that of its Sylow subgroups. Lacking at the moment for a proof of the Broué
Conjecture, one can directly address some of their geometric consequences that involve
Deligne-Lusztig varieties and are connected with questions about conjugacy and central-
izers in braid groups and ribbon categories. This is where Garside theory appears, mainly
through results about conjugacy in a category equipped witha bounded Garside family
as developed in Chapters V and VIII. Of special interest hereis Proposition VIII.1.24,
which states that, under convenient assumptions, every conjugation is a cyclic conjuga-
tion. Our aim in this chapter is to explain these results and their contribution to a program
that could eventually lead to a direct proof of these geometric consequences of the Broué
Conjecture. We shall describe mainly the special case of thegroupGLn(Fq), but in a way
where we can hint to what happens for other finite reductive groups.

The chapter comprises four sections, plus an Appendix. First, in Section 1 and 2, we
give a quick introduction to the theory of finite reductive groups and their representations,
in particular Deligne-Lusztig theory. We then recall some modular representation theory,
ending with a geometric version of the Broué Abelian defectConjecture in the case of
the principal block. Next, for every reductive group, one has an associated Weyl group,
hence an Artin-Tits group and a classical Artin-Tits monoidas described in chapter IX.
This monoid admits a distinguished Garside family. We show how to use the results
of chapter VIII to establish some geometric consequences ofthe Broué Conjecture, first
in the case of a torus (Section 3), next in the general case (Section 4). The results are
summarized in Propositions 3.12 and 4.10.

In the final Appendix, we prove Proposition A.2, a general result of independent in-
terest about representations of categories with Garside families into bicategories, which
generalizes a result of Deligne [101, Théorème 1.5] aboutrepresentations of spherical
braid monoids into a category.

1 Finite reductive groups

We begin with a quick introduction to reductive groups and some of their special sub-
groups.
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1.1 Reductive groups

The basic example of a finite reductive group is the general linear group over a finite field.

Example 1.1(general linear group). Let Fq be the finite field of characteristicp with
q elements andF be an algebraic closure ofFq. Then the general linear groupGLn(Fq)
can be seen as the subgroup of the algebraic groupG = GLn(F) consisting of all points
over Fq. Now the points overFq are also the points that are fixed by theFrobenius
endomorphismF given byF (ai,j) = (aqi,j), since the elements ofFq are the solutions of

the equationxq = x in F. So, in this case, we haveGLn(Fq) = GF .

Finite reductive groups are those groups that similarly arise as subgroups of fixed
points in a convenient algebraic group.

Definition 1.2 (reductive group). A finite reductive groupis a group of the formGF

whereG is a connected reductive linear algebraic group andF is a Frobenius endomor-
phism ofGF (or a similar isogeny in the case of a Ree or a Suzuki group).

In the above definition, reductive algebraic group means that G admits no unipotent
radical, that is, it has no normal unipotent subgroup, and a Frobenius endomorphism is
one that is defined by the same formula as inGLn in appropriate local coordinates.

Thus,GLn(Fq) is the typical example of a finite reductive group. Other examples
are the other classical groups like the unitary, symplecticand orthogonal groups over
finite fields. There are also the so-called exceptional groups, like the groupE8(Fq) first
constructed by Chevalley. The current unified definition is due to Chevalley and Steinberg.
In the sequel, we will denote byG some connected algebraic group and byF a Frobenius
endomorphism ofG. The reader can have in mind thatG is GLn but, unless explicitly
stated, the definitions and results are valid for all connected algebraic reductive groups.

1.2 Some important subgroups

Like the general linear groupGLn(Fq), every finite reductive group admits some special
subgroups.

Definition 1.3 (maximal torus). If G is a linear algebraic group, amaximal torusof G

is a maximal connected algebraic subgroup consisting of simultaneously diagonalizable
elements.

A maximal torus is commutative and it is its own centralizer.All maximal tori are
conjugate.

Definition 1.4 (Borel subgroup). If G is a linear algebraic group, aBorel subgroupof G

is a maximal connected solvable algebraic subgroup.

All Borel subgroups are conjugate. Hereafter we shall fix a maximal torus ofG,
denoted byT 1, and a Borel subgroup ofG, denoted byB1, chosen so that it containsT 1

(note thatT 1 being commutative is included in a Borel subgroup). In the case of a linear
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group, we can take forT 1 the subgroup of diagonal matrices and forB1 the subgroup of
upper triangular matrices:

T 1 =



∗ 0

. . .
0 ∗


 , B1 =



∗ . . . ∗

. ..
...

0 ∗


 .

A general Borel subgroup ofGLn is the stabilizer of a complete flag

V0 ⊂ V1 ⊂ ··· ⊂ Vn

with dimVi = i in Fn.
The quotientW = NG(T 1)/T 1 is called theWeyl group. It is a Coxeter group. In

the case ofGLn, the normalizerNG(T 1) is the group of monomial matrices so that the
Weyl group is (isomorphic to) the symmetric groupSn.

The subgroups containing a Borel subgroup are calledparabolic subgroups. They
need not be reductive, but they always have aLevi decomposition: they are the semi-direct
productP = V ⋊ L of their unipotent radical by aLevi subgroupwhich is reductive.

Example 1.5. In GLn, parabolic subgroups containingB1 are block-upper triangular
matrices, for which the corresponding block-diagonal matrices is a Levi subgroup:

P =




∗ . . . . . . . . . . . . . . . . . . . . ∗
...

...
∗ . . . ∗

∗
∗ ∗

∗
0 ∗

...
∗ ∗ ∗




, L =




∗ . . . ∗
...

... 0
∗ . . . ∗

∗ ∗
∗ ∗

∗ ∗ ∗
0 ∗ ∗ ∗

∗ ∗ ∗




.

For every parabolic subgroupP , the normalizerNG(P ) is equal toP .
EachF -stable subgroup ofG gives rise to a subgroup ofGF ; we define thus tori,

Borel subgroups, parabolic subgroups, etc. ofGF . We assume that we have takenT 1

andB1 to beF -stable (this is always possible, see Proposition 1.7 for Borel subgroups
and maximal tori). This condition is obviously satisfied forour choice in the case ofGLn.

1.3 GGGF-conjugacy

An important property of the Frobenius endomorphisms is

Proposition 1.6(Lang’s theorem). Assume thatH is a connected linear algebraic group
with a Frobenius endomorphismF . Then the mapx 7→ x−1F (x) is surjective.

Lang’s theorem enables one to studyGF-conjugacy. For example one can show:
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Proposition 1.7(F -stable Borel subgroup). There existF -stable Borel subgroups; they
form a single orbit forGF-conjugation.

Proof. Let us fix a Borel subgroupB. Every other Borel subgroup is equal togB for
someg in G. It is F -stable if and only if one hasF(gB) = gB or, equivalently,
g−1F (g)(FB) = B. But FB is another Borel subgroup. So we must havehFB = B for
someh in G, and, by Lang’s theorem, the equationg−1F (g) = h has a solution. Thus
B1 = gB is anF -stable Borel subgroup.

Now an arbitrary Borel subgroupgB1 is F -stable if and only ifF (gB1) = gB1

or, equivalently,g−1F (g) ∈ NG(B1) = B1 holds. SinceB1 is connected, we may
apply Lang’s theorem to writeg−1F (g) = b−1F (b) with b in B1. Then we deduce
gb−1 = F (gb−1) andgB1 = gb−1

B1, and we conclude thatgB1 is conjugate toB1 by
theF -stable elementgb−1.

Things are different with tori since a maximal torus need notbe equal to its own
normalizer but it is only the connected component of this normalizer, the quotient (the
component group) being the Weyl group.

Since every maximal torus ofG is included in a Borel subgroup, we see that a maxi-
mal torus of a Borel subgroup is a maximal torus ofG. Arguing as in Proposition 1.7, we
obtain that anF -fixed Borel subgroup contains anF -fixed maximal torus. So we obtain
the existence of theF -fixed pairT 1 ⊆ B1 as announced.

We now explain the classification of theGF -conjugacy classes ofF -fixed maximal
tori. To simplify the exposition, except in Subsection 4.2,we consider onlysplit Chevalley
groups, which means that we assume that the automorphismφ of W induced by the
Frobenius endomorphism is trivial (we sketch in Subsection4.2 what happens when the
assumption is dropped). With the assumption, it is easy to deduce from Lang’s theorem
the next result.

Proposition 1.8(F -stable torus). TheGF -class of theF -stable torusgT 1g
−1 is param-

eterized by the conjugacy class of the image inW of the elementg−1F (g) ofNG(T 1).

If T is anF -stable maximal torus whoseGF -class is parameterized by the class of
w, we say thatT is of typew (abusing notation sincew is defined up toW -conjugacy).
For such a torus the pair(T , F ) is conjugate by an element ofG to (T 1, wF ). We denote
by Tw a maximal torus of typew.

In GLn(Fq), the elements that lie in a torus of typew are characterized by the fact
thatF induces the permutationw on the roots of their characteristic polynomial. If the
permutationw is a product of cycles of lengthsn1, ... , nk we have

T F
w ≃ TwF

1 ≃
∏

i
F×
qni , whence |T F

w | = |TwF
1 | =

∏

i

(qni − 1).

Note that every degreen polynomialc0 + ··· + cn−1T
n−1 + T n in Fq[T ] is the charac-

teristic polynomial of some element ofGLFn , as demonstrated by the companion matrix( 0 1 0
...

...
...

0 ... 0 1
−c0 ... ... −cn−1

)
of GLFn .
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2 Representations

We now turn to complex representations of reductive groups,which will lead us to Deligne-
Lusztig varieties and to the Broué Conjecture.

2.1 Complex representations ofGGGF

ForG a finite group, we denote byIrr(G) the set of all complex irreducible characters
of G. A first idea to construct representations ofGF is to use induction from subgroups
that resemble it, like a Levi subgroupL isomorphic to a product of smaller reductive
groups, that is, in the case ofGLn, to a productGLn1 × ··· × GLnk

with n1 + ··· +

nk = n. However, forχ in Irr(LF ), the induced representationIndGF

LF (χ) has too many
irreducible components to be understood. A construction which turns out to work better
is the Harish-Chandra induction.

Definition 2.1 (cuspidal character). Assume thatL is anF -fixed Levi subgroup of an
F -fixed parabolic subgroupP = V ⋊ L andχ is a character ofLF .

(i) The Harish-Chandra inductionRG
L (χ) of χ is IndGF

PF (χ̃) whereχ̃ is the natural
extension ofχ to PF through the quotient1 → V F → PF → LF → 1.

(ii) We say thatχ is cuspidalif it is irreducible and cannot be obtained by Harish-
Chandra induction, this meaning that〈χ,RL

M (ψ)〉GF = 0 holds for everyF -fixed Levi
subgroupM of everyF -fixed proper parabolic subgroup ofL and every irreducible char-
acterψ of MF .

It can be shown thatRG
L (χ) does not depend on theF -fixed parabolic subgroup ad-

mitting L as a Levi subgroup, which is why we omit the parabolic subgroup from the
notation. Whenχ is cuspidal, the decomposition ofRG

L (χ) into irreducible characters is
simple; the multiplicities are the same as in the regular representation of therelative Weyl
groupNGF (L, χ)/LF , which is of small size (in particular, of size independent of q).

Thus Harish-Chandra induction reduces the problem of parametrizingIrr(GF ) to that
of parametrizing the cuspidal characters.

2.2 Deligne-Lusztig varieties

We denote byB the variety of Borel subgroups ofG. SinceNG(B1) = B1 holds, the
varietyB is isomorphic toG/B1.

Definition 2.2 (relative position of Borel subgroups). Forw in W , a pair(B,B′) in
B × B is said to be inrelative positionw if it is G-conjugate to the pair(B1,

wB1). We
denote this byB

w−→ B′ and we denote byO(w) the subvariety ofB×B consisting of all
pairs in relative positionw.

Example 2.3(relative position). In the case ofGLn, we saw that Borel subgroups are
the stabilizers of complete flags and that the Weyl group is the symmetric groupSn.
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Under this dictionary, a pair of complete flags((Vi)i, (V
′
i )i) is in relative positionw if

there exists a basis(ei) of F
n

such thatei spansVi/Vi−1 andew(i) spansV ′
i /V

′
i−1.

A pair of Borel subgroups has a uniquely defined relative position. This results from
theBruhat decompositionG =

∐
w B1wB1. We thus obtain a stratification

B × B =
∐

w

O(w).

Let l denote theS-length inW , whereS is the generating set ofW as a Coxeter
group. We denote byw0 the longest element ofW . In Sn we haveS = {(i, i + 1) |
i = 1, ... , n − 1}, the S-length is the number of inversions andw0 is the involution
i 7→ n+ 1 − i (see Example IX.1.3 and Lemma IX.1.17).

The varietyO(w) has dimensionℓ(w0) + ℓ(w). Forw = 1 we obtain thatO(1) is
the diagonal inB × B. The varietyO(w0) is the unique open piece in the stratification of
B×B; it has dimensiondim(B×B) = 2ℓ(w0). In GLn, the BorelB1 of upper triangular
matrices is in relative positionw0 with the Borel subgroup of lower triangular matrices,
equal tow0B1.

Definition 2.4 (Deligne-Lusztig variety). Forw in W , theDeligne-Lusztig varietyXw

associated withw is {B | B
w−→ F (B)}, that is, equivalently, the intersection ofO(w)

with the graph of the Frobenius endomorphism.

The dimension ofXw is equal toℓ(w). Let us explain the connection between max-
imal tori of typew and the varietyXw. If T is anF -stable maximal torus andB is a
Borel subgroup containingT , we have(T ,B) = g(T 1,B1) for someg in G. We saw
above thatg−1Fg lies inN(T ) and that (the class of) its imagew in the Weyl group is
the type ofT . As we haveFB = F(gB1) =

FgB1, and the latter can be writtengwB1,
we see thatB lies inXw.

We recall that, for every primeℓ 6= p, a varietyX over F hasℓ-adic cohomology
groups with compact supportHi

c(X,Qℓ) which areQℓ-vector spaces that can be non-
trivial only for i in {0, ... , 2 dimX}.

The groupGF acts by conjugation onXw; this induces an action on theℓ-adic coho-
mology ofXw.

Note thatQℓ andC are abstractly isomorphic, but an explicit isomorphism depends on
the axiom of choice. However, for algebraic numbers like entries in representing matrices,
there is no difference betweenℓ-adic and complex representations.

Definition 2.5 (Deligne-Lusztig unipotent characters).TheDeligne-Lusztig unipotent
charactersRG

T w
(1) are the characters defined forg in GF by

RG
T w

(1)(g) =

2ℓ(w)∑

i=0

(−1)iTrace(g | Hi
c(Xw,Qℓ)).
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Note that Deligne-Lusztig unipotent characters arevirtual characters, due to the signs.
It can be shown that they depend only on the conjugacy class ofw in W .

The notation can seem strange since there is no torus in the definition, but it is a par-
ticular case of a more general construction that involves the torusTw (see Definition 2.6).

Forw = 1, the characterRG
T w

(1) is obtained by Harish-Chandra induction from the
trivial character of the torusT 1 so that the notations agree: indeed the varietyX1 is the
discrete varietyGF /BF

1 of F -stable Borel subgroups; thus its cohomology is only in
degree 0 and we haveH0

c (X1,Qℓ) = Qℓ[G
F /BF

1 ].
The Deligne-Lusztig unipotent characters are a particularcase of the Deligne-Lusztig

characters, which we define in general now but will not need further in this chapter.

Definition 2.6 (Deligne-Lusztig character). Forθ in Irr(T F
w), the Deligne-Lusztig char-

acterRG
T w

(θ) associated withθ is defined to be
∑
i(−1)iHi

c(Xw,Fθ), whereFθ is a
sheaf onXw that can be associated withθ.

Two main properties of Deligne-Lusztig characters are

Proposition 2.7(Deligne-Lusztig characters).(i) For every irreducible representationθ,
one has

〈RG
T w

(θ), RG
T w

(θ)〉GF = |NGF (Tw, θ)/T
F
w |.

(ii) Every irreducible representation occurs as a component of someRG
T w

(θ).

In the case ofGLn, the decomposition ofRG
T w

(θ) has a simple description. For ex-
ample, one hasRG

T w
(1) =

∑
χ∈Irr(W ) χ(w)Uχ whereUχ are irreducible characters. The

decomposition is more complicated for other groups.

2.3 Modular representation theory

The algebraCGF is semi-simple, hence its blocks, that is, its indecomposable factors,
are indexed by the irreducible representations.

Whenℓ is a prime dividing the cardinal ofGF , the algebraFℓG
F is not semi-simple,

and the first problem ofmodular representation theoryis to understand its blocks. It
can be shown that they are the same as the blocks ofZℓG

F , which are slightly easier to
understand sinceZℓG

F can be compared withQℓG
F , which is semisimple.

Theprincipal block is the one containing the identity representation. The following
conjecture, a particular case of the Broué Conjecture, somehow describes the representa-
tions of the principal block when the consideredℓ-Sylow subgroup is abelian.

Conjecture 2.8(Broué Conjecture for principal block). If G is a finite reductive group
and S is an abelianℓ-Sylow subgroup ofGF , there exists an equivalence of derived
categories between the principal block ofZℓG

F and that ofZℓNGF (S).
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The rest of the chapter explains some concepts involved in exploring this conjecture
for reductive groups. We first describe the abelian Sylow subgroups of reductive groups.

The well known order formula

|GLn(Fq)| =
n−1∏

i=0

(qn − qi) = qn(n−1)/2
∏

d6n

Φd(q)
⌊n/d⌋

generalizes for split reductive groups to

|GF | = q
P

i(di−1)
∏

i

(qdi − 1) = q
P

i(di−1)
∏

d

Φd(q)
a(d),

where the numbersdi are thereflection degreesof the Weyl group anda(d) is the number
of indicesi such thatd|di; here we considerW as a reflection group onZdim T 1 , so there
existdimT 1 reflection degrees satisfying|W | =

∏
i di. In the case ofSn, the degrees

are1, 2, ... , n.

Proposition 2.9(Sylow subgroup). If ℓ is a prime different fromp, theℓ-Sylow subgroup
of GF is abelian if and only ifℓ does not divide the cardinal ofW .

In the case ofGLn, the condition in Proposition 2.9 reduces toℓ > n.
If we haveℓ 6= p andℓ 6 | |W | but still ℓ| |GF |, thenℓ divides a single factorΦd(q)a(d)

of |GF |, thus determines a numberd. It can be shown that there are elements ofW whose
characteristic polynomial onZdim T 1 is a multiple ofΦd(X)a(d), which shows thatT F

w

contains anℓ-Sylow subgroupS. ForGLn, we take forw the product of⌊n/d⌋ disjoint
d-cycles for which|T F

w | = (qd − 1)⌊n/d⌋(q − 1)n mod d.

Definition 2.10(geometric Sylow subgroup).ForS a Sylow subgroup ofGF , the min-
imal connected algebraic subgroupS includingS is called thegeometric Sylow subgroup
associated withS.

A geometric Sylow subgroupS is always a subtorus satisfying|SF | = Φd(q)
a(d).

Moreover, we haveCG(S) = CG(S) andNG(S) = NG(S). As the centralizer of a torus
is a Levi subgroup, we haveCG(S) = L whereL is a Levi subgroup that includesTw.
We then also haveNG(S) = NG(L).

The next result is proved in [40].

Proposition 2.11(maximal eigenspace).Let S be a geometric Sylow subgroup andw
be such thatS is contained is a maximal torus of typew; thenw (viewed as a linear
transformation) has ane2iπ/d-eigenspace of maximal dimensiona(d), and the centralizer
of this space is the Weyl group of the Levi subgroupCG(S).

3 Geometric Broué Conjecture, torus case

We now study a geometric form of the Broué Conjecture, whichconsists in using the
geometric Sylow subgroupS rather than the Sylow subgroupS. More precisely we shall
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explain some consequences of this conjecture and we shall present a tentative program
that, if completed, would lead to a proof of these consequences. We begin in this section
with the special case when the Levi subgroupCG(S) is a torusTw.

3.1 The geometric approach

By Proposition 2.11, the assumptionCG(S) = Tw translates into the fact thatw (viewed
as a linear transformation) admits ane2iπ/d-eigenspace of maximal dimensiona(d) (where
d and a(d) are as at the end of Section 2) and, moreover, that the centralizer of this
eigenspace is trivial, so there exists an eigenvector fore2iπ/d outside the reflecting hy-
perplanes. An element ofW with an eigenvector outside the reflecting hyperplanes is
calledregular. It is calledd-regular if the associated eigenvalue ise2iπ/d. Thed-regular
elements have orderd and form a single conjugacy class ofW , see Proposition IX.3.6
(regular elements). In the case ofGLn, such elements exist exactly ford|n and ford|n−1.

In the torus case, the derived equivalence predicted by the Broué Conjecture should
be realized “through the cohomology complex” ofXw for an appropriate choice ofw in
its conjugacy class. More precisely the Broué Conjecture imply that one should have

Conjecture 3.1(Broué conjecture for unipotent characters, torus case).In every con-
jugacy class of regular elements ofW , there exists an elementw satisfying

〈Hi
c(Xw,Qℓ), H

j
c (Xw,Qℓ)〉GF = 0 for i 6= j,

and moreover, there exists an action ofNGF (S)/CGF (S) onH∗
c (Xw,Qℓ) which makes

its algebra the commuting algebra of thisGF-module.

In the above framework, one hasNGF (S)/CGF (S) = NGF (Tw)/Tw ≃ CW (w).
One main problem in Conjecture 3.1 is to construct the actionof CW (w) asGF -

endomorphisms ofH∗
c (Xw,Qℓ). The key point is to construct a sufficiently large family

of GF -endomorphisms ofH∗
c (Xw,Qℓ). We shall sketch below a two-step program in

this direction.
As the elementw considered in Conjecture 3.1 is regular, the groupCW (w) is a com-

plex reflection group (in the case ofGLn, it is the groupG(d, 1, ⌊n/d⌋), hence isomorphic
to a wreath productZ/d ≀ S⌊n/d⌋). Being a complex reflection group, it has an associ-
ated braid group and one can define cyclotomic Hecke algebrasas quotient of the group
algebra of this braid group.

Program 3.2. In the context of Conjecture 3.1, construct for a well chosenrepresen-
tativew of every class of regular elements ofW an action ofCW (w) according to the
following steps:

1. Define an action of a braid monoid for the braid group ofCW (w) asGF -endomor-
phisms ofXw.
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2. Check that this action, on the cohomology, factors through a cyclotomic Hecke
algebra forCW (w).

This would conclude using Tits’ theorem which gives an isomorphism of the cyclo-
tomic Hecke algebra and the group algebra ofCW (w).

Here we will address only Step 1 of Program 3.2 since it is for this step that the
Garside structure of the Artin-Tits monoid is used. Step 2 has been successfully addressed
in particular cases by Broué, Digne, Michel, and Rouquier,see [42], [112], and [110].

3.2 Endomorphisms of Deligne-Lusztig varieties

From now on, our problem, namely Step 1 of Program 3.2, is to construct endomorphisms
of Xw whenw is a regular element ofW . To do this, we shall resort to results from
Chapter VIII about the cyclic conjugacy category.

A first attempt would be to directly associate endomorphismswith the elements ofW .
To this end, we could consider double cosets of the formB1wB1. Such double cosets
multiply according to the following rule

Lemma 3.3. For ℓ(w′) + ℓ(w′′) = ℓ(w′w′′), we haveB1w
′B1w

′′B1 = B1w
′w′′B1.

Whenℓ(w′) + ℓ(w′′) = ℓ(w′w′′) fails, B1w
′B1w

′′B1 is the union of several double
cosets. One deduces

Lemma 3.4. Assumeℓ(w′) + ℓ(w′′) = ℓ(w′w′′).

(i) If we haveB
w′

−→ B′ andB′ w′′

−−→ B′′, then we also haveB
w′w′′

−−−→ B′.

(ii) Conversely, ifB
w′w′′

−−−→ B′ holds, there exists a unique Borel subgroupB′ satis-

fyingB
w′

−→ B′ andB′ w′′

−−→ B′′.

Then an idea for constructingGF -endomorphisms ofXw could be to use the follow-
ing three ingredients:

(i) If we havew = xy with ℓ(w) = ℓ(x)+ ℓ(y), then, givenB
w−→ F (B), there exists

a unique Borel subgroupB′ satisfyingB
x−→ B′ y−→ F (B).

(ii) If we have alsoℓ(yx) = ℓ(y) + ℓ(x), then, sinceB′ y−→ F (B)
x−→ F (B′) holds,

the subgroupB′ belongs toXyx, henceB 7→ B′ defines a mapDx from Xw to Xyx

that commutes with the action ofGF on both varieties.
(iii) If in addition x commutes tow, thenDx is an endomorphism ofXw.
However, it is not true in general that every regular elementw admits a decomposition

w = xy satisfying all conditions listed in (i)–(iii) and the aboveapproach is not sufficient
to construct enough endomorphisms ofXw.

In order to solve the problem and construct enough endomorphisms ofXw, we shall
go out ofW and introduce the associated braid monoidB+ which, as explained in Chap-
ters VI and IX can be seen as an unfolded version ofW . In this way, the constraints
above the addition of lengths vanish, corresponding to the fact that the partial product of
the germW extends into an everywhere defined product inB+. The price to pay is that
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we then have to extend the definition of Deligne-Luzstig varietiesX(w), so far defined
for w in W , so as to alloww to be a positive braid.

The setS of Coxeter generators positively generatesW and, as shown in Chapter IX,
W lifts to a subsetW which is a germ for the braid monoidB+. The subsetW can be
characterized as the set of all braidsw whose imagew in W has same length asw. By
definition, forw,w′ in W with imagesw,w′ in W , the elementww′ lies in W if and
only if ℓ(w) + ℓ(w′) = ℓ(ww′) holds, and thenww′ lifts ww′. The Garside element∆ is
the lift of the longest element ofW—in the case ofSn the permutation

(
1 2 ··· n
n n−1 ··· 1

)
.

Every element ofB+ is a productw1 ···wr with wi in W . We associate a variety

X(w1, ... , wr) = {(B0, ... ,Br) | Bi−1
wi−→ Bi andBr = F (B0)}

to every sequencewi of elements ofW . The facts that relative positions compose exactly
when the partial multiplication is defined inW , and thatW is a germ forB+ imply that,
up to isomorphism,X(w1, ... , wr) only depends on the product ofw1, ... ,wr in B.

In order to actually attach a well defined variety with every braid b in B+, we need
more, namely auniqueisomorphism between two models associated with different de-
compositions of the same braidb. Such a unique isomorphism does exist by the following
special case of Proposition A.2 in the Appendix:

Proposition 3.5(Deligne’s theorem). Every representation ofW into a monoidal cate-
gory extends uniquely to a representation ofB+ into that monoidal category.

Applying Deligne’s theorem to the varieties

O(w1, ... , wr) = {(B0, ... ,Br) | Bi−1
wi−→ Bi for all i},

we conclude that there is a unique morphism

O(w1, ... , wr) ×B O(w′
1, ... , w

′
r′ ) → O(w1, ... , wr, w

′
1, ... , w

′
r′)

defined on the fibered product, that is, on pairs of sequences where the last term of the first
agrees with the first term of the second, defining a structure of monoidal category. Then
the restriction to 1-term sequences is a representation ofW into a monoidal category.
By Deligne’s theorem, it extends toB+, giving a well-defined varietyO(b) attached with
every braidb in B+, which for every decompositionw1| ··· |wr of b as a product of
elements ofW , is isomorphic toO(w1, ... , wr). We can then extend Definition 2.4 and
put:

Definition 3.6 (extended Deligne-Lusztig variety).For b in B+, theDeligne-Lusztig
varietyXb associated withb is the intersection ofO(b) with the graph of the Frobenius
endomorphism.

Whenb is the lift in W of an elementw ofW , the varietyXb is canonically isomor-
phic to the ordinary Deligne-Lusztig varietyXw.
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Now, whenever we have an (arbitrary) left-divisorx of b in B+, mimicking the
three-step approach explained after Lemma 3.4, we obtain a well defined morphismDx

from Xb to Xx−1bx commuting with the action ofGF on both varieties. We can there-
fore state:

Proposition 3.7(endomorphisms ofXb). For everyb inB+, every element in the cyclic
conjugacy categoryCycB+(b, b) gives an endomorphism ofXb.

We thus obtained a translation of questions aboutGF -endomorphisms of Deligne-
Lusztig varieties, hence about Step 1 in Program 3.2, into questions about braids. The
cyclic conjugacy category ofB+ maps naturally to the category of Deligne-Lusztig va-
rieties with GF -morphismsDx: an objectb maps toXb, and a cyclic conjugation
xy

x−→ yx maps to the morphismDx.

3.3 Periodic elements

Our aim now is to build endomorphisms of the varietiesXb for every element of the
centralizer ofb in the monoidB+, that is the endomorphisms ofb in the conjugacy
category ofB+, whenb is the lift in B+ of a regular element ofW , according to our
Program 3.2.

At this point, the endomorphismsDx we built come from centralizers in the cyclic
conjugacy category. A priori, a problem is that the cyclic conjugacy category is smaller
than the full conjugacy category and, therefore, the associated centralizers may be dif-
ferent. However—and this is the point—it turns out that, forthe particular elements in
the conjugacy class of regular elements involved in the Broué Conjecture, the considered
centralizers coincide, as stated in Proposition 3.9 below.

The starting observation is that the elementsb we have to consider are connected with
periodic elements ofB+, see [42, Proposition 3.11 and Théorème 3.12]:

Proposition 3.8 (periodic elements). (i) In the conjugacy class of everyd-regular el-
ement ofW , there exists an elementw whose liftw in the Artin-Tits monoid satisfies
wd = ∆2.

(ii) Conversely, for everyb inB+ satisfyingbd = ∆2, the image ofb inW is a regular
element of orderd.

In the caseW = Sn the second item is due to Kerekjarto and Eilenberg who classified
periodic braids. In that case the only numbersd for which ∆2 hasd-th roots are the
divisors ofn and the divisors ofn− 1.

Now, Proposition VIII.1.24 (every conjugacy cyclic) applied in the monoidB+ with
the Garside familyDiv(∆) implies
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Proposition 3.9 (every conjugacy cyclic I). If an elementb of B+ has some power
divisible by∆, then every conjugation fromb is a cyclic conjugation.

Then, for every elementw whose lift w is a root of∆2, the conjunction of Propo-
sitions 3.8 and 3.9 provides us with an endomorphismDx of Xw for everyx in B+

centralizingw.
Moreover, the morphisms so obtainedDx are “équivalences of étale sites”, which

implies that they induce isomorphisms of cohomology spaces, hence Proposition 3.9 also
implies that there is essentially only one variety to consider whenever thed-th roots of∆2

are conjugate. We are thus led to wondering whether the latter property is true.

Conjecture 3.10(roots conjugate). For every finite Coxeter groupW and everyd, any
twod-th roots of an element of the associated Artin–Tits monoidB+ are conjugate inB+.

By [140], Conjecture 3.10 is true for everyd whenW is the symmetric groupSn.
On the other hand, for an arbitrary finite Coxeter groupW , the conjecture is true for
certain values ofd, namely when2ℓ(∆)/d is the minimal length in the conjugacy class of
e2iπ/d-regular elements, as state the first two items of the following result of [173, 143]:

Proposition 3.11(minimal length). Assume thatW is a finite Coxeter group andw is an
element ofW that has minimal length in its conjugacy class and does not lie in a proper
parabolic subgroup.

(i) Every braid inB+ that liftsw has a power divisible by∆.
(ii) All liftings in B+ of elements of minimal length in theW -conjugacy class ofw

are conjugate inB+.
(iii) If w lifts w, the morphism fromCB+(w) toCW (w) is surjective.

Proposition 3.11(iii) helps to complete Step 1 in Program 3.2: what we want is an
action of a monoid for the braid group associated to the reflection groupCW (w) (see
Subsection IX.3.2 for a definition). What we have built here is an action of the centralizer
of w in B+.

In the case ofSn, the results of [13] show that the centralizer of ad-th root of∆2

is the braid group ofG(d, 1, ⌊n/d⌋), so, in this case, we actually obtain an action of the
expected type for this braid group. It has been shown more generally by Bessis that for a
well-generated complex reflection group, the centralizer in the braid group of a periodic
element is the braid group of the centralizer of its image in the reflection group, see
Proposition IX.3.24 (regular braids).

Thus, summarizing, we may state:

Proposition 3.12(step 1 completed I). For every finite Coxeter group, Step 1 in Pro-
gram 3.2 is completed for every class of regular elements ofW .
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4 Geometric Broué Conjecture, the general case

WhenS is a general geometric Sylow subgroup ofG, the centralizerCG(S) is a Levi
subgroup that can be larger than the torusTw. There is again a geometric version of
the Broué Conjecture, but it involves Deligne-Lusztig varieties that are associated with
parabolic subgroups. Then, in order to extend the approach of Section 3, we will have to
consider a Garside family in a convenient category rather than in a braid monoid. In this
context, we will consider the analog of Step 1 in Program 3.2,see Program 4.7.

4.1 The parabolic case

As everywhere above, we consider the case of split Chevalleygroups, that is, we assume
that the automorphismφ of W induced by the Frobenius endomorphism is trivial. If
W is the Weyl group ofG andS its set of Coxeter generators, for every subsetI of S,
we denote byP I the parabolic subgroup containingB1 such that the Weyl group of its
Levi subgroup is the subgroupWI ofW generated byI, see Corollary IX.1.12 (parabolic
subgroup) and Proposition IX.1.13 (left-cosets). It is known that there is a unique such
parabolic subgroup for everyI. For every parabolic subgroupP , there is a unique subsetI
of S such thatP is conjugate toP I .

Definition 4.1 (type of a parabolic). If P is a parabolic subgroup conjugate toP I , we
say thatI is the type ofP .

Example 4.2 (type of a parabolic). If G is GLn, a subsetI of S corresponds to a
partition of the set{1, ... , n} and the groupWI is the subgroup ofSn that permutes the
integers within each part of that partition. The corresponding parabolic subgroupP I is
the group of matrices which are block upper-triangular according to that partition.

We want to replace pairs of Borel subgroups by pairs of parabolic subgroups having a
common Levi subgroup (note that a Levi subgroup of a Borel subgroup is a maximal torus
and that two Borel subgroups contain always a common maximaltorus). Such a pair of
parabolic subgroups(P ′,P ′′) is G-conjugate to the pair(PJ , wPKw

−1) for someJ,K
included inS and somew in W satisfyingJ = wKw−1. From now on, we fixI and
we will consider only parabolic subgroups of typeJ whereJ isW -conjugate toI. Then
we can define the relative position of two parabolic subgroups having a common Levi
subgroup:

Definition 4.3 (relative position of parabolic subgroups). Let I be the set of all sub-
setsJ of S that areW -conjugate toI. LetC(I) be the category with object setI and whose
elements are conjugations of the formJ

w−→ K with K = Jw. ForJ
w−→ K in C(I), we

say that two parabolic subgroupsP ′ andP ′′ are inrelative positionJ
w−→ K if the pair

(P ′,P ′′) is conjugate to(PJ , wPKw
−1). We write this asP ′

J
w−→ K P ′′.

Since the relative position is well defined only up to changing w in its double-coset
WJwWK , we may assume thatw is J-reduced, or, equivalently, that its liftw is J -
reduced (see Definition VIII.1.44), wherew is the lift ofw to the Artin-Tits monoid and
J included inS is the lift of J for J ⊆ S.
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Definition 4.4 (parabolic Deligne-Lusztig variety). ForJ
w−→ J in C(I), theparabolic

Deligne-Lusztig varietyassociated toJ
w−→ J is

X(J
w−→ J) = {P | P J

w−→ J F (P )}.

Note that, since we have assumed thatF acts trivially onW , the groupF (P ) is
conjugate toPJ if P is.

We will identify I with the set of allB+-conjugates ofI that are included inS.
If we choose for the monoidM of Definition VIII.1.45 (ribbon category) the braid

monoidB+, the ribbon categoryRib(B+, I) has a Garside germ whose arrows are in
one-to-one correspondence withC(I), the partial product of the germ being defined when
the lengths add.

To an elementJ
w−→ J of Rib(B+, I)� with w ∈ W , we associate the variety

X(J
w−→ J). Similarly, to an element

J
b−→ J = J

w1−−→ J1| ··· |Jn−1
wn−−→ J

with wi ∈ W for eachi, we associate the variety

{P ,P 1, ... ,Pn | P J
w−→ I1 P1 ···Pn Jn−1

wn−−→ J F (P )}.

By using the extension of Deligne’s theorem stated as Proposition A.2, one can show
that there exists a canonical isomorphism between the varieties attached to two decom-

positions ofJ
b−→ K. Then, as above in Definition 3.6, we can attach to each element

of Rib(B+, I)� a unique, well defined parabolic Deligne-Lusztig variety naturally de-

noted byX(J
b−→ J).

At this point, the cyclic conjugacy category of the ribbon category occurs: for every
left-divisorx of b in B+(I), there exists a well defined morphism

Dx : X(J
b−→ J) → X(x−1Jx

x−1bx−−−−→ x−1Jx)

in the same way as in the torus case; moreover, as in the torus case, the category with

objects the parabolic varietiesX(J
b−→ J) for J in I and elements the compositions of

the endomorphismsDx identifies with the cyclic conjugacy categoryCyc(Rib(B+, I)).
The next result of [110, 143] is the analog for the general case of Proposition 3.8 for

the torus case. ForJ included inS, we will write ∆2/∆2
J for ∆−2

J ∆2, which makes
sense since, in an Artin-Tits group, the element∆2 is central. But beware that∆−1

J ∆ is
not an endomorphism inRib(B+, I) unlessφ∆(J) = J holds.

Proposition 4.5 (root of ∆2/∆2
I). Let W be a finite Coxeter group. Letζ = e2iπ/d

and letVζ be a subspace ofV on which some elementw of W acts byζ. Then, up to
W -conjugacy, we haveCW (Vζ) = WI for someI included inS. Moreover, ifw is
I-reduced, its liftw to the braid monoid satisfieswd = ∆2/∆2

I
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(Note that, in the above statement, we must havewIw−1 = I). The following sort of
converse is established in [111]:

Proposition 4.6(not extendible). Assume thatw lies inB+ and we havewd = ∆2/∆2
I

for someI included inS.
(i) The relationwIw−1 = I holds,w defines an elementI

w−→ I in Rib(B+, I), and
CW (Vd) is included inWI , whereVd is thee2iπ/d-eigenspace ofw.

(ii) Moreover,w is not extendible, in the sense that there are no proper subset J of I
andv in B+

I satisfying(vw)d = ∆2/∆2
J , if and only if we haveCW (Vd) = WI andVd

is a maximale2iπ/d-eigenspace ofW .

The assumption thatCG(S) containsTw translates into the fact thatw has ae2iπ/d-
eigenspace of maximal dimensiona(d), whered anda(d) are as at the end of Section 2,
and moreover that the centralizer of this space isWI whereI is the type of a parabolic
subgroup havingCG(S) as a Levi subgroup. Now, Proposition 4.5 guarantees that we can
choosew in its conjugacy class such that its liftw is a root of∆2/∆2

I , and Proposition 4.6
shows thatw is not extendible. This is the reason why we are only interested in elements
w satisfying the assumptions of Proposition 4.5 and Property(ii) of Proposition 4.6. In
this context, the analog of step 1 in program 3.2 is

Program 4.7. Construct for every elementw satisfying the assumptions of Proposi-
tion 4.5 and Property (ii) of Proposition 4.6 an action of a braid monoid for the braid group
of the complex reflection groupNW (wWI )/WI asGF -endomorphisms ofX(I

w−→ I).

As in the torus case, Proposition VIII.1.24 (every conjugacy cyclic) applies, here in
the case of the categoryRib(B+, I) and the Garside family consisting of all elements of

the formI
∆−1

I
∆−−−−→ φ∆(I), and it gives:

Proposition 4.8 (every conjugacy cyclic II). Assume thatI
w−→ I is an element

of Rib(B+, I) such that some power ofw is divisible by∆−1
I ∆. Then every conju-

gate ofI
w−→ I is a cyclic conjugate: every elementI

x−→ I that conjugatesI
w−→ I

to itself, that is, every element ofConj (Rib(B+, I))(I
w−→ I, I

w−→ I), belongs to
Cyc(Rib(B+, I))(I

w−→ I, I
w−→ I).

Now Proposition 4.8 provides us with endomorphisms ofXw for everyx as in the
proposition. Note than such an elementx must lie inCB+(w).

By [170], if w is a root of∆2/∆2
I that is not extendible in the sense of Proposi-

tion 4.6(ii), the groupNW (wWI )/WI is a complex reflection group. Hence what is miss-
ing to complete Program 4.7 is a positive answer to the following conjecture analogous to
Proposition IX.3.24.

Conjecture 4.9(centralizer in braid group equal braid group of centralizer II). If W
is a finite Coxeter group andw is a root of∆2/∆2

I that is not extendible in the sense of
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Proposition 4.6(ii) , the enveloping group of the monoid

{x ∈ CB+(w) | xIx−1 = I andx is I-reduced}

is the braid group of the complex reflection groupNW (wWI)/WI .

Very little is known in general on this property. Summarizing the results, we may
state:

Proposition 4.10(step 1 completed II). If W is a finite Coxeter group andw is an ele-
ment ofW satisfying the the assumptions of Proposition 4.5 and Property (ii) of Proposi-
tion 4.6 and for which Conjecture 4.9 is true, Program 4.7 is completed.

Note that, as in the torus case, as the morphismsDx induce isomorphisms of co-
homology spaces, the variety that has to be considered for a given I and a givend is
essentially unique in the case when alld-th roots of∆2/∆2

I are conjugate. We are thus
led to addressing the question of whether alld-th roots of∆2/∆2

I are conjugate. This is
conjectured to be true.

4.2 The really general case

Until now, we made the simplifying assumption that the automorphismφ induced by the
Frobenius endomorphismF on the Weyl groupW is trivial.

This is not always the case: for instance, the unitary group is defined by starting
with the same algebraic groupGLn(F), but composing the Frobenius endomorphism of
GLn(Fq) with the transpose and inverse maps. In this example,φ acts onW by conjuga-
tion by the longest element.

Thus, in the very general case, we have to replace conjugacy by φ-conjugacy in the
sense of Subsection VIII.1.3, namely defining theφ-conjugate ofw underv to be the ele-
mentv−1wφ(v). TheGF -classes of tori are then parameterized byφ-conjugacy classes.

We obtain morphisms of Deligne-Lusztig varieties in the cyclic φ-conjugacy cate-
gory Cycφ instead ofCyc. To handle this case, we have to addφ to the category as an
invertible element. The results of Chapter VIII are still relevant in this context. But we
need results aboutφ-centralizers and, here already, there are no known resultssimilar to
those of Bessis, stated in Proposition IX.3.24 (regular braids), used to establish Proposi-
tion 3.12 (step 1 completed I).

Appendix : Representations into bicategories

We now establish a general result that extends Deligne’s theorem (Proposition 3.5) used
above to attach a Deligne-Lusztig variety to a morphism of a ribbon category. Deligne’s
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theorem is about Artin-Tits monoids of spherical type. Our theorem covers the case of
non-spherical Artin-Tits monoids.

We follow the terminology of [165, XII.6] for bicategories.By a “representation of a
categoryC into a bicategoryB”, we mean a morphism of bicategories betweenC viewed
as a trivial bicategory into the given bicategoryB. This amounts to giving a mapT from
Obj(C) to the0-cells ofX , and forg in C of sourcex and targety, an elementT (g)
of V (T (x), T (y)) whereV (T (x), T (y)) is the category whose objects (resp. morphisms)
are the 1-cells ofX with domainT (x) and codomainT (y) (resp. the 2-cells between
them), together, with for every pathg|h, an isomorphismT (g)T (h)

∼−→ T (gh) such that
the resulting square

(A.1)

T (f)T (gh) T (fgh)

T (f)T (g)T (h) T (g)T (h)

∼

∼

∼ ∼

commutes.
We consider now a Garside familyS in C. We define arepresentationof the Garside

family S as satisfying the same property (A.1), except that the abovesquare is restricted
to the case whenf , g, fg lie in S andfgh lies in S♯ (which implies thath andgh lie
in S♯ since the latter is closed under right-divisor). Here is themain result:

Proposition A.2 (bicategory representation). If C be a left-cancellative category that is
right-Noetherian and admits conditional right-lcms andS is a Garside family inC, every
representation ofS into a bicategory extends uniquely to a representation ofC into the
same bicategory.

In order to establish Proposition A.2, we will usestrict decompositions of an arbitrary
elementg of C into elements ofS♯. By strict decomposition, we mean a decomposition
g1| ··· |gn whereg1, ... , gn−1 lie in S \ C× andgn lies inS♯ \ C×. The proof goes exactly
as in [101], in that what must been proven is a simple connectedness property for the set
of strict decompositions of an element ofC— this generalizes [101, 1.7] and is used in
the same way. In his context, Deligne shows more, namely the contractibility of the set of
decompositions; on the other hand, our proof, which followsa suggestion by Serge Bouc
to use a version of [26, Lemma 6], is simpler and valid in our more general context.

Fix a non-invertible elementg in C. We denote byE(g) the set of all strict decompo-
sitions ofg. ThenE(g) is a poset, the order being defined by

g1| ··· |gi−1|gi|gi+1| ··· |gn > g1| ··· |gi−1|g′i|g′′i |gi+1| ··· |gn

if gi = g′ig
′′
i holds inS.

We recall the definition of homotopy in a posetE (a translation of the corresponding
notion in a simplicial complex isomorphic as a poset toE). A path fromx1 to xk in
E is a sequencex1, ... , xk where eachxi is comparable withxi+1. The composition of
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paths is defined by concatenation. Homotopy, denoted by∼, is the finest equivalence
relation on paths compatible with concatenation and generated by the three following
elementary relations:x|y|z ∼ x|z if x 6 y 6 z and bothx|y|x ∼ x andy|x|y ∼ y
whenx 6 y holds. Homotopy classes form a groupoid, as the compositionof a path with
sourcex and of the inverse path is homotopic to the constant path atx. Forx in E, we
denote byΠ1(E, x) the fundamental group ofE with base pointx, which is the group of
homotopy classes of loops starting fromx.

A posetE is said to besimply connectedif it is connected (there is a path linking any
two elements ofE) and if the fundamental group with some (or any) base point istrivial.

Note that a poset with a smallest or largest elementx is simply connected since every
pathx|y|z|t| ··· |x is homotopic tox|y|x|z|x|t|x| ··· |x which is homotopic to the trivial
loop.

Proposition A.3 (simply connected).The setE(g) is simply connected.

Before proving Proposition A.3, we begin with a version of a result from [26] on order
preserving maps between posets. IfE is a poset, we writeE>x for {x′ ∈ E | x′ > x},
which is a simply connected subposet ofE since it has a smallest element. Iff : X → Y
is an order preserving map, it is compatible with homotopy (it corresponds to a continuous
map between simplicial complexes), so it induces a homomorphismf∗ from Π1(X,x)
to Π1(Y, f(x)).

Lemma A.4. Assume thatf : X → Y is an order preserving map between two posets. We
assume thatY is connected and that, for everyy in Y , the posetf−1(Y>y) is connected
and nonempty. Thenf∗ is surjective. If moreoverf−1(Y>y) is simply connected for
everyy, thenf∗ is an isomorphism.

Proof. Let us first show thatX is connected. Letx, x′ belong toX . We choose a path
y0— ···—yn in Y from y0 = f(x) to yn = f(x′). For i = 0, ... , n, we choosexi
in f−1(Y>yi) with x0 = x andxn = x′. Then, if yi > yi+1 holds, the inclusion
f−1(Y>yi) ⊆ f−1(Y>yi+1) is true, so that there exists a path inf−1(Y>yi+1) from xi
to xi+1; otherwiseyi < yi+1 holds, which impliesf−1(Y>yi) ⊇ f−1(Y>yi+1) and
there exists a path inf−1(Y>yi) from xi to xi+1. Concatenating these paths gives a path
connectingx andx′.

We fix nowx0 in X . Let y0 = f(x0). We prove thatf∗ : Π1(X,x0) → Π1(Y, y0) is
surjective. Lety0—y1— ···—yn with yn = y0 be a loop inY . We lift arbitrarily this loop
into a loopx0— ···—xn in X as above, wherexi—xi+1 stands for a path fromxi toxi+1

which is either inf−1(Y>yi) or in f−1(Y>yi+1). Then the pathf(x0—x1— ···—xn)
is homotopic toy0— ···—yn; this can be seen by induction: let us assume that the path
f(x0—x1 ···—xi) is homotopic toy0— ···—yi—f(xi); then the same property holds for
i+1: indeed we haveyi—yi+1 ∼ yi—f(xi)—yi+1 as they are two paths in a simply con-
nected set which is eitherY>yi or Y>yi+1 ; similarly, we havef(xi)—yi+1—f(xi+1) ∼
f(xi—xi+1). Putting things together gives

y0— ···—yi—yi+1—f(xi+1) ∼ y0—y1— ···—yi—f(xi)—yi+1—f(xi+1)

∼ f(x0— · · ·—xi)—yi+1—f(xi+1)

∼ f(x0— · · ·—xi—xi+1).
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We now prove thatf∗ is injective when allf−1(Y>y) are simply connected.
We first prove that ifx0— ···—xn andx′0— ···—x′n are two loops lifting the same

loop y0 ···yn, then they are homotopic. Indeed, we obtain using inductionon i that
x0— ···—xi—x′i and x′0— ···—x′i are homotopic paths, using the fact thatxi−1, xi,
x′i−1 andx′i are all in the same simply connected subposet, namely eitherf−1(Y>yi−1)
or f−1(Y>yi) holds.

It remains to prove that we can lift homotopies, which amounts to showing that, if
we lift as above two loops which differ by an elementary homotopy, the liftings are ho-
motopic. If y—y′—y ∼ y is an elementary homotopy withy < y′ (resp. y > y′),
then we havef−1(Y>y′) ⊆ f−1(Y>y) (resp. f−1(Y>y) ⊆ f−1(Y>y′)) and the lifting
of y—y′—y constructed as above is inf−1(Y>y) (resp. f−1(Y>y′)), so is homotopic to
the trivial path. Ify < y′ < y′′ holds, a lifting ofy—y′—y′′ constructed as above is in
f−1(Y>y) so is homotopic to any path inf−1(Y>y) with the same endpoints.

Proof of Proposition A.3.We argue by contradiction. If the result fails, we chooseg in C
minimal for proper right-divisibility such thatE(g) is not simply connected.

Let L be the set of all non-invertible elements ofS that left-divideg. For everyI
included inL, since the category admits conditional right-lcms and is right-Noetherian,
the elements ofI have a right-lcm. We fix such a right-lcm∆I . Let EI(g) be the set
{g1| ··· |gn ∈ E(g) | ∆I 4 g1}. We claim thatEI(g) is simply connected whenI is
nonempty. This is clear ifg lies in ∆IC×, in which case we haveEI(g) = {(g)}. Let
us assume this is not the case. In the following, if∆I 4 a holds, we denote byaI the
element satisfyinga = ∆Ia

I . The setE(gI) is defined sinceg does not lie in∆IC×. We
apply Lemma A.4 to the mapf : EI(g) → E(gI) defined by

g1| ··· |gn 7→
{
g2| ··· |gn for g1 = ∆I

gI1 |g2| ··· |gn otherwise
.

This map preserves the order and every setf−1(Y>(g1 | ··· |gn)) has a least element, namely
∆I |g1| ··· |gn, so it is simply connected. As, by minimality ofg, the setE(gI) is simply
connected, Lemma A.4 implies thatEI(g) is simply connected.

Let Y be the set of non-empty subsets ofL. We now apply Lemma A.4 to the mapf
from E(g) to Y defined byg1| ··· |gn 7→ {s ∈ L | s 4 g1}, whereY is ordered by
inclusion. This map is order preserving sinceg1| ··· |gn < g′1| ··· |g′n implies g1 4 g′1.
We havef−1(Y>I) = EI(g), so this set is simply connected. SinceY , having a greatest
element, is simply connected, Lemma A.4 implies thatE(g) is simply connected, whence
the result.

Proof of Proposition A.2.We have to defineT (g) for eachg in C and isomorphisms
T (g)T (h)

∼−→ T (gh) for every composable pair(g, h), starting from the analogous data
for the Garside family. To each strict decompositiong1| ··· |gn of a non invertibleg we
associateT (g1)···T (gn). To each elementary homotopy is associated an isomorphisms
between these functors. Now, as in [101, Lemma 1.6], the simple connectedness ofE(g),
as established in Proposition A.3, implies that this set of isomorphisms generates a tran-
sitive system so that we can defineT (g) as the projective limit of this system and we get
isomorphismsT (g)T (h) ≃ T (gh) as wanted.
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Notes

Sources and comments.The current exposition is based on Digne–Michel [111] and
[110]. Many of the ideas are already present in Broué–Michel [42]. Details and more
complete information on reductive groups can be found for instance in the books by
A. Borel [25], J. Humphreys [146], or T. Springer [210]. For their representation theory,
see the books by R. Carter [51] or by F. Digne and J. Michel [109].

The construction of cuspidal characters was first done forGLn by J.A. Green (1955)
using a complicated inductive construction. I.G. Macdonald (1970) predicted that the cus-
pidal characters should be associated to some twisted tori,that is, someTw with w 6= 1.
Finally, P. Deligne and G. Lusztig (1976) constructed a variety associated to twisted tori
such that the cuspidal representations occur in itsℓ-adic cohomology.

What we have looked at is a simplified version of a particular case of the Broué con-
jecture as stated in [38]. The general Broué conjecture is about the cohomology of a
non-necessarily constant sheaf on the varietyXw where moreover the base ring is the
ring of ℓ-adic integers instead ofQℓ.

Proposition 3.5 was proved by P. Deligne in the paper [101]. This paper was motivated
by a construction of A.I. Bondal and M.M. Kapranov and by a question of M. Broué and
J. Michel when they were writing the paper [42] and wanted to define Deligne-Lusztig
varieties associated to all elements of an Artin–Tits monoid, see [42, 1.6]. Another proof
was given recently by S. Gaussent, Y. Guiraud, and P. Malbos in [126]. The generalization
(Proposition A.2) we give in the Appendix appeared in [111].



Chapter XI

Left self-distributivity

Left self-distributivity is the algebraic law

(LD) x(yz) = (xy)(xz).

Syntactically, it appears as a variant of the associativitylawx(yz) = (xy)z and, indeed, it
turns out that these laws have much in common. However, the repetition of the variablex
in the right-hand term of the LD-law changes the situation radically and makes the study
of the LD-law much more delicate than that of associativity.In particular, the Word
Problem of the LD-law, that is, the question of effectively recognizing whether two formal
expressions are equivalent modulo the LD-law, is not trivial and remained open until 1991.
By contrast, the similar question for associativity is trivial: two expressions are equivalent
modulo associativity if and only if they become equal when all parentheses are erased.
In the early 1990’s a rather sophisticated theory was developed in order to investigate
the LD-law and, in particular, solve the above mentioned Word Problem, see the Notes
section at the end of this chapter. It turns out that, at the heart of the theory, a key role
is played by a certain monoidMLD and that this monoid has a Garside structure, yet it is
not a Garside monoid. This Garside structure is interestingin several respects. First, it
provides a natural and nontrivial example of a Garside family that is not associated with a
Garside element. Next, this structure can actually be described in terms of a Garside map,
but at the expense of switching to a category framework, thusproviding another argument
in favor of the category approach. Finally, the Garside structure associated with the LD-
law turns out to be closely connected with that of braids, thelatter being a projection of
the former. As a consequence, a number of algebraic results involving braids immediately
follow from analogous results involving the LD-law: from that point of view, Garside’s
theory of braids is the emerged part of an iceberg, namely thealgebraic theory of the
LD-law.

In this chapter, we shall give a self-contained overview of this theory, with a special
emphasis on the associated Garside structure. In particular, we discuss what is known as
the Embedding Conjecture, a puzzling open question directly connected with the normal
decompositions associated with the Garside structure.

The chapter is organized as follows. In Section 1, we describe the general framework
of a (right)-Garside sequence associated with apartial action of a monoid on a set. This
can be seen as a weak variant for the notion of a (right)-Garside element as investigated in
Chapter V: a (right)-Garside sequence in a monoidM consists of elements∆x that play
a role of local (right)-Garside elements for the elements ofM that act onx. A (right)-
Garside element then corresponds to a constant (right)-Garside sequence and an action
that is defined everywhere.

In Section 2, we provide some background about the LD-law, introducing in particular
the notion of an LD-expansion, a partial order on terms that corresponds to applying the
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LD-law in the expanding direction only. A certain categoryLD0 naturally arises, which
contains a map∆0 that (at the least) resembles a right-Garside map.

In Section 3, we introduce the monoidMLD, the geometry monoid of the LD-law, a
counterpart of Richard Thompson’s groupF in the context of self-distributivity, derive
the notion of labeled LD-expansion and prove that the associated categoryLD has a
right-Garside map (Proposition 3.25). This leads us to introducing and discussing the
Embedding Conjecture, a natural statement that would make our understanding of the
LD-law much more complete but, frustratingly, resisted efforts so far. Some forms of this
conjecture directly involve the Garside structure onMLD (Propositions 3.27 and 3.33).

Finally, in Section 4, we describe the connection between the categoryLD and Artin’s
braids: formalized in Proposition 4.8, it enables one to recover a number of braid proper-
ties from the results of Section 3, see for instance Proposition 4.14.

1 Garside sequences

One of the main benefits of the existence of a (right)-Garsideelement∆ in a monoidM is
the existence of a∆-normal decomposition for every element ofM . There are cases—and
the structure studied from Section 2 will be an example—whenno Garside element exists,
but instead there exists a sequence(∆x)x∈X of elements playing the role of local Garside
elements and again leading to a Garside family, hence to distinguished decompositions
for the elements of the considered monoid. In this section, we describe a general context
for such constructions, in connection with what will be called a partial action.

There are three subsections. In Subsection 1.1 we introducethe notion of a partial
action of a monoid on a set and associated a natural category.Next, in Subsection 1.2,
we define the notion of a (right)-Garside sequence in a monoidand connect it with a
(right)-Garside map in the associated category. Finally, in Subsection 1.3, we show how
the existence of a right-Garside sequence leads to results similar to those following from
the existence of a right-Garside map.

1.1 Partial actions

The convenient framework here is that of a monoid with a partial action on a set, namely
an action that need not be defined everywhere. Several definitions may be figured out.
For our current purpose the suitable one is as follows.

Definition 1.1 (partial action). A partial actionof a monoidM on a setX is a partial
functionF : M→(X→X) if, writing x • g for F (g)(x),

We havex • 1 = x for everyx in X ,(1.2)

We have(x • g) • h = x • gh for all x in X andg, h in M , this meaning that
either both terms are defined and they are equal, or neither isdefined.

(1.3)
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Forx in X , we then putDef(x) = { g ∈M | x • g is defined}. The partial action is
calledproper if, moreover,

(1.4)
For every finite subsetA of M , there existsx in X such thatx • g is defined
for everyg in A.

In terms of the setsDef(x), (1.2), (1.3), and (1.4) respectively express as

1 ∈ Def(x), gh ∈ Def(x) ⇔ (g ∈ Def(x) andh ∈ Def(x • g)),

∀A finite⊆M ∃x∈X (A ⊆ Def(x)).

An action of a monoidM in the standard sense, that is, an everywhere defined action,is
a partial action, and, in this case, we haveDef(x) = M for everyx in X . A partial action
may well be empty, that is, nowhere defined. However, this is impossible for a proper
action, which we shall see behaves in many respects as an everywhere defined action.

Example 1.5(partial action). Consider the braid monoidB+
∞ (Reference Structure 2,

page 5). We obtain a (trivial) partial action ofB+
∞ onN by putting

(1.6) n • g = n if g lies inB+
n , andn • g undefined otherwise.

Indeed, for everyn, the unit braid1 belongs toB+
n , and, ifg, h belong toB+

n , so does the
productgh. This action is proper, since, for every finite family of positive braidsg1, ... , gp
in B+

∞, there existsn such thatg1, ... , gp all lie in Bn, and, therefore,n • gi is defined for
everyi. The setDef(n) is then the submonoidB+

n of B+
∞.

A category naturally arises when a partial action of a monoidis given.

Definition 1.7 (categoryCF(M,X)). ForF a partial action of a monoidM on a setX ,
the categoryassociated withF , denoted byCF(M,X), or simplyC(M,X), is as follows:

• The objects ofCF(M,X) are the elements ofX ;
• The elements ofCF(M,X) are triples(x, g, y) with x in X , g in M such thatx • g is

defined, andy = x • g;
• The source (resp. target) of(x, g, y) isx (resp. y), and the multiplication of(x, g, y)

and(y, h, z) is (x, gh, z).

In practice, we shall use the same convention as in Chapters VIII and X and write
x

g−→ y for a triple(x, g, y). So, for instance, the categoryC(B+
∞,N) associated with the

proper partial action (1.6) ofB+
∞ onN is the category whose objects are positive integers

and whose elements are triplesn
g−→ n with g in B+

n .
The categoryCF(M,X) is a sort of pointed version of the monoidM in which the

action onX is made explicit. If the partial actionF is proper, then, for everyg in M ,
there exists at least one elementx for which x • g is defined and, therefore, mapping
x

g−→ y to g provides a surjection ofCF(M,X) ontoM (“forgetful surjection”).
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We begin with a few observations about the categoriesCF(M,X) that are directly
reminiscent of those about the conjugacy categoriesConjC in Chapter VIII. As in Chap-
ter VIII, the first two entries in a triplex

g−→ y determine the third one, so we can write
x

g−→ - with no ambiguity when there is no need to give a name to the last entry.

Lemma 1.8. Assume thatF is a partial action of a monoidM on a setX .
(i) If the monoidM is left-cancellative, then so is the categoryCF(M,X).
(ii) Conversely, ifF is proper andCF(M,X) is left-cancellative, then so isM .

The easy verification is left to the reader, as is the one of thenext result:

Lemma 1.9. Assume thatF is a partial action of a monoidM on a setX .

(i) Assume thatx • g is defined. Theny
h−→ -4 x

g−→ - holds inCF(M,X) if and only if
we havey = x andh4 g in M .

(ii) Assume thatx • f andx • g are defined. Thenx
h−→ - is a left-gcd ofx

f−→ - and
x

g−→ - in CF(M,X) if and only ifh is a left-gcd off andg in M .

We refer to Exercise 105 for further easy preservation results between the monoidM
and the associated categoriesCF(M,X).

1.2 Right-Garside sequences

The example of the categoryC(B+
∞,N) shows the interest of going from a monoid to

a category. The monoidB+
∞ may contain no Garside element, since it has infinitely

many atoms and no element may be a multiple of all atoms simultaneously. However,
the partial action of (1.6) enables us to restrict to subsetsB+

n (submonoids in the current
case) for which Garside elements exist. So the category context allows one to capture
the fact thatB+

∞ has, in some sense, a local Garside structure. We now formalize this
intuition in a general context. The natural idea is to consider, for everyx in the setX on
which the monoidM acts, an element∆x playing the role of a Garside element for the
subsetDef(x) of M made by those elements that act onx.

Definition 1.10 (right-Garside sequence).If M is a left-cancellative monoid andF is
a partial action ofM on a setX , a sequence(∆x)x∈X of elements ofM is called a
right-Garside sequence with respect toF if

For everyx in X , the elementx • ∆x is defined;(1.11)

The monoidM is generated by
⋃
x∈X Div(∆x);(1.12)

The relationg 4∆x implies∆x 4 g∆x•g;(1.13)

For allx andg such thatx • g is defined,g and∆x admit a left-gcd;(1.14)

For allx, y in X , the setDiv(∆x) ∩ Def(y) is included inDiv(∆y).(1.15)

Right-Garside elements trivially give rise to right-Garside sequences:
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Lemma 1.16. If F is an everywhere defined partial action of a left-cancellative monoidM
on a setX , then a sequence(∆x)x∈X is a right-Garside sequence inM with respect toF
if and only if∆x is a right-Garside element for everyx and its=×-equivalence does not
depend onx.

Proof. Owing to the assumption thatF is defined everywhere, (1.14) implies thatDiv(∆x)
is included inDiv(∆y) for all x, y. By symmetry, we deduceDiv(∆x) = Div(∆y),
whence∆x =× ∆y. Then, comparing (1.12)–(1.14) with (V.1.22)–(V.1.24) inChapter V,
we immediately see that∆x is a Garside element inM .

Conversely, it is equally easy that every sequence(∆x)x∈X such that∆x is a Garside
element for eachx and∆x =× ∆y holds for allx, y satisfies (1.11)–(1.15).

Of course, we shall be interested here in lthe case when the action is genuinely partial.

Example 1.17(right-Garside sequence).Consider the braid monoidB+
∞ and its action

on N as defined in (1.6). Let∆n be the Garside element ofB+
n as defined in (I.1.6).

Then(∆n)n∈N is a right-Garside sequence inB+
∞ with respect to the considered action.

Everything is easy in this case, as the setDef(n) is the braid monoidB+
n , and the latter

admits∆n as a (right)-Garside element. In particular, (1.15) is satisfied as the divisors
of ∆n have an intrinsic definition that does not depend onn, namely that any two strands
cross at most once in any positive diagram that represent them.

For our current purpose, the point is the following connection between a right-Garside
sequence in a monoidM and a right-Garside map in the associated categoryCF(M,X).

Proposition 1.18 (right-Garside sequence). Assume thatM is a left-cancellative
monoid with a partial actionF ofM on a setX .

(i) If (∆x)x∈X is a right-Garside sequence inM with respect toF , then the map∆

defined onX by∆(x) = x
∆x−−→ - is a right-Garside map inCF(M,X) satisfying

(1.19) If x
g−→ - lies inDiv(∆), then so doesy

g−→ - whenever defined.

(ii) Conversely, ifF is proper and∆ is a right-Garside map inCF(M,X) satisfy-
ing (1.19), then(∆x)x∈X is a right-Garside sequence inM , where, forx in X , we de-

fine∆x to be the (unique) element ofM satisfying∆(x) = x
∆x−−→ -.

Proof. (i) First, Lemma 1.8 implies thatCF(M,X) is left-cancellative, so it makes sense to
speak of a right-Garside family inCF(M,X). Next, for everyx in X , the source of∆(x)
is x, so∆ satisfies (V.1.16).

Then, by Lemma 1.9,y
g−→ - left-divides∆(x) if and only if we havey = x andh ∈

Div(∆x). Hence the familyDiv(∆) in CF(M,X) is the family of all triplesx
g−→ - with g

in
⋃
x∈X Div(∆x). Now letx

g−→ - be an arbitrary element ofCF(M,X). By assumption,⋃
x∈X Div(∆x) generatesM . Hence there exists a decompositions1| ··· |sp of g such
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that, for everyi, there existsyi such thatsi left-divides∆(yi). Now, by assumption,x • g
is defined, hence so isx • s1 ···si for everyi. Let x0 = x andxi = x • s1 ···si−1 for
i = 1, ... , p. By assumption, we havexi−1 • si = xi for everyi. Moreover, by (1.15),
the assumption thatgi left-divides some element∆yi implies that is left-divides∆xi−1

and, therefore,xi−1
si−→ xi is an element ofDiv(∆). HenceDiv(∆) generatesC, and∆

satisfies (V.1.17).
Assume now thatx

g−→ - right-divides∆(y) in CF(M,X). This means that there ex-

ists y in X andf in M satisfyingy
f−→ x

g−→ - = y
∆y−−→ -. Then we have in particular

fg = ∆y. Thenf left-divides∆y, hence, by (1.13), we have∆y 4 f∆y•f , that is,

fg 4 f∆x. Left-cancellingf , we deduceg 4 ∆x, whencex
g−→ - 4 ∆(x). This shows

that∆ satisfies (V.1.18).
Finally, let x

g−→ - be an element ofCF(M,X) with sourcex. Then, by definition,
x • g is defined and, therefore, by (1.14), the elementsg and∆x admit a left-gcd, says.
Then, by Lemma 1.9(ii),x

s−→ - is a left-gcd ofx
g−→ - and∆(x) in CF(M,X). So ∆

satisfies (V.1.19) and, therefore, it is a right-Garside mapin CF(M,X).

For (1.19), assume thatx
g−→ - belongs toDiv(∆) and y

g−→ - is another element
of CF(M,X). By assumption,g left-divides∆x and it belongs toDef(y). Hence, by (1.15),
g left-divides∆y, and, therefore,y

g−→ - belongs toDiv(∆) as well. So (1.19) is satisfied.
(ii) Let x be an element ofX . First, by definition,∆(x) is an element ofCF(M,X)

whose source isx, hence of the formx
g−→ -, so the definition of∆x makes sense. Then,

by construction,x • ∆x is defined. Hence(∆x)x∈X satisfies (1.11).
Let g be an element ofM . AsF is proper, there existsx inX such thatx•g is defined.

Thenx
g−→ - is an element ofCF(M,X). By assumption,Div(∆) generates the category,

so there exists a decompositionx1
s1−→ -| ··· |xp

sp−→ - of x
g−→ - as a product of elements

of Div(∆). Then, by construction, we haveg = s1 ···sp, and each elementsi belongs
to
⋃
x∈X Div(∆x). So(∆x)x∈X satisfies (1.12).

Next, assumeg 4 ∆x. Let h satisfygh = ∆x, and lety = x • g. In CF(M,X),

we havex
g−→ y

h−→ φ∆(x) = ∆(x), soy
h−→ φ∆(x) lies in D̃iv(∆). By assumption,∆

satisfies (V.1.18), soy
h−→ φ∆(x) must belong toDiv(∆). The only possibility is that

y
h−→ φ∆(x) left-divides∆(y) in CF(M,X), hence thath left-divides∆y in M . It follows

thatgh, which is∆(x), left-dividesg∆y, that is,(∆x)x∈X satisfies (1.13).

Assume now thatx • g is defined. Then, inCF(M,X), the elementsx
g−→ - and∆(x)

admits a left-gcd. By Lemma 1.9(ii), the latter must be of theform x
s−→ - wheres is a

left-gcd ofg and∆x in M . So(∆x)x∈X satisfies (1.14).

Finally, assume thatg belongs toDiv(∆x) ∩ Def(y). Thenx
g−→ - is an element

of Div(∆). On the other hand,y
g−→ - is another element ofCF(M,X) with middle en-

try g. By (1.19), this element must lie inDiv(∆) as well, which means thatg must
left-divide∆y. So(∆x)x∈X satisfies (1.15), and it is a right-Garside sequence inM .

Note that Condition (1.19) is crucial in the above argument:otherwise, there would
be no way to compose the elements ofDiv(∆).
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1.3 Derived notions

Proposition 1.18 shows that, if we have a right-Garside sequence in a monoidM in con-
nection with a partial actionF of M on a setX , then we deduce a right-Garside map in
the associated categoryCF(M,X), and, therefore, a distinguished Garside family in this
category. The interest of the construction is that it also provides a Garside family in the
initial monoidM .

Proposition 1.20(Garside family). If F is a proper partial action of a left-cancellative
monoidM onX and(∆x)x∈X is a right-Garside sequence inM with respect toF , then⋃
x∈X Div(∆x) is a Garside family inM that is closed under left-divisor.

Proof. PutS =
⋃
x∈X Div(∆x). First,S contains1 and is closed under left-divisor by

very definition. Next, by definition again,S generatesM and it is closed under right-
divisor. So, in order to apply Proposition IV.1.50(i) (recognizing Garside III), it suffices
to prove that every elementg of M has anS-head. Letg be an arbitrary element ofM .
SinceF is assumed to be proper, there existsx in X such thatx • g is defined. Lets be
a left-gcd ofg and∆x, which exists by (1.14). Thens left-dividesg and belongs toS.
Now let t be any element ofS that left-dividesg. As t4 g holds,x • t is defined, that is,
t lies inDef(x). By (1.15), the assumption thatt lies in some setDiv(∆y) implies that it
lies in Div(∆x). Hencet must left-divides, ands is anS-head ofg. SoS is a Garside
family in M .

It follows that, under the assumption that a right-Garside sequence exists inM , we
obtain for the elements ofM normal decompositions with all the properties explained in
Chapter V. However, in general, the Garside family providedby Proposition 1.20 need
not be (right)-bounded: a typical example will be describedin Section 3 below.

In addition to the existence of distinguished decompositions, we saw in Section V.1
that a right-Garside map implies the existence of common right-multiples. Using Proposi-
tion 1.18, we easily derive a similar result from the existence of a right-Garside sequence.

Proposition 1.21(common right-multiple). Every left-cancellative monoid containing a
right-Garside sequence with respect to a proper partial action necessarily admits common
right-multiples.

Proof. Assume thatF is a proper partial action ofM on some setX and (∆x)x∈X
is a right-Garside sequence inM with respect toF . By Proposition 1.18, the cate-
goryCF(M,X) admits a right-Garside map. Hence, by Corollary V.1.48 (common right-
multiple), any two elements ofCF(M,X) admit a common right-multiple. Letf, g belong
to M . As F is assumed to be proper, there existsx in X such thatx • f andx • g are

defined. Thenx
f−→ - andx

g−→ - are elements ofCF(M,X) that share the same source,

hence they admit a common right-multiple, sayx
h−→ -. Then, by construction,h must be

a common right-multiple off andg in M .
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One of the main tools deriving from a (right)-Garside map∆ is the associated func-
tor φ∆, hereafter writtenφ. In the case of a right-Garside sequence, we similarly obtain a
sort of local endomorphism. Once again, we can appeal to the categoryCF(M,X).

Proposition 1.22(map φx). Assume thatM is a left-cancellative monoid,F is a proper
partial action ofM onX , and(∆x)x∈X is a right-Garside sequence inM . Then, for
all x inX andg inM such thatx•g is defined,∆x4g∆x•g holds and, if we defineφx(g)
to byg∆x•g = ∆x φx(g), then the equality

(1.23) φx(gh) = φx(g)φx•g(h).

holds wheneverx • gh is defined. Moreover, we haveφx(∆x) = ∆φ(x).

Proof. Let ∆ be the right-Garside map onCF(M,X) provided by Proposition 1.20. Then,
by construction,φx(g) is the unique element ofM satisfying

(1.24) φ∆(x
g−→ y) = φ(x)

φx(g)−−−→ φ(y).

Then it suffices to translate the results of Proposition V.1.28 (functorφ∆) for the associ-
ated functorφ∆ in terms ofφx.

Relation (1.23) is illustrated in the commuta-
tive diagram shown on the right. Note that, if the
action is defined everywhere and the∆-sequence
is constant,φx does not depend onx and it is
an endomorphism of the ambient monoid, but this
need not be the case for an arbitrary partial action.

φx(g) φy(h)

g h

∆x ∆y ∆z

x y z

φ(x) φ(y) φ(z)

Finally, we conclude with a sort of local version of Lemma 1.16.

Proposition 1.25(local delta). Assume thatF is a partial action of a left-cancellative
monoidM on a setX andx0 is an element ofX such that

(1.26) x0 • gh is defined if and only ifx0 • g andx0 • h are defined.

(i) The setDef(x0) is a left-cancellative submonoid ofM that is closed under left-
and right-divisor.

(ii) If (∆x)x∈X is a right-Garside sequence inM with respect toF , then∆x0 is a
right-Garside element in the monoidDef(x0).

Proof. (i) PutM0 = Def(x0). First,1 belongs toM0 by (1.2). Then (1.26) implies that
the product of two elements ofM0 belongs toM0. Hence,M0 is a submonoid ofM . It
is left-cancellative as a counter-example to left-cancellativity in M0 would be a counter-
example inM . The closure properties are clear sincegh ∈ M0 implies bothg ∈ M0

andh ∈M0.
(ii) First, ∆x0 belongs toM0 by (1.11). Next, letg be an arbitrary element ofM0.

By (1.11), we can writeg = s1 ···sp with s1, ... , sp in
⋃
xDiv(∆x). Then (1.26) implies

thatx0 • si is defined for everyi, and (1.15) then implies thatsi lies in Div(∆x0). This
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shows thatDiv(∆x0), which is included inM0, is generatesM0. So∆x0 satisfies (V.1.22)
in M0.

Next, assumefg = ∆x0 . By (1.26), the elementg belongs toM0. As (∆x)x∈X is a
right-Garside sequence inM , there existsy such thatg left-divides∆y, and (1.15) then
implies thatg left-divides∆x0 . In other words,̃Div(∆x0) is included inDiv(∆x0), and
∆x0 satisfies (V.1.23) inM0.

Finally, assumeg ∈M0. Thenx0 • g is defined, so, by (1.15), the elementsg and∆x0

admit a left-gcd inM , says. Assumeg = sg′ and∆x0 = sh. First, (1.26) implies thats,
g′, andh belong toM0. Sos is a common left-divisor ofg′ and∆x0 in M0. Moreover,
if t is a common left-divisor ofg and∆x0 in M0, then it is a common left-divisor inM
as well, hence it must left-divides. So s is a left-gcd ofg and∆x0 in M0, and∆x0

satisfies (V.1.24). Hence it is a right-Garside element inM0.

We stop with general results here. It should be clear that what was made above for
right-Garside elements could be made for Garside elements as well. However, we shall
not go into this direction here, as it is not relevant for the sequel of this chapter.

2 LD-expansions and the categoryLD0

We now turn to the specific case of left self-distributivity.Our exposition is centered
around the notion of an LD-expansion, which corresponds to applying the LD-law in the
expanding direction. In this way, arise a poset and, more relevant in our current approach,
a category. The main technical result is that this categoryLD0 admits a map∆0 that
is close to be a right-Garside map. However, one of the ingredients for a genuine right-
Garside map is missing: as we shall see subsequently, this isone of the many forms of the
Embedding Conjecture.

The section is organized as follows. The LD-law and the notion of an LD-system
are introduced in Subsection 2.1. Next, in Subsection 2.2, we define the partial ordering
of terms provided by LD-expansions and sketch a proof of the result that any two LD-
equivalent terms admit a common LD-expansion. In Subsection 2.3, we introduce the
categoryLD0 naturally associated with the partial ordering of LD-expansions and show
the existence of a map∆0 that is nearly a right-Garside map onLD0. Finally, in Subsec-
tion 2.4, we give an intrinsic characterization of those LD-expansions that left-divide∆0

in the categoryLD0.

2.1 Free LD-systems

We recall that LD refers to the left self-distributivity lawx(yz) = (xy)(xz). An algebraic
structure consisting of a set equipped with a binary operation satisfying (LD) will be
called anLD-system.

Example 2.1(LD-system). If X is any set andf any map ofX to itself, then the op-
eration∗ defined onX by x ∗ y = f(y) satisfies the LD-law, and, therefore,(X, ∗) is a
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(trivial) LD-system.
If R is a ring andV is anR-module, then, fort in R, the operation∗ defined onV by

x ∗ y = (1 − t)x+ ty satisfies the LD-law, so(V, ∗) is an LD-system.
If G is a group, then the conjugacy operation defined onG byx ∗ y = xyx−1 satisfies

the LD-law, so(G, ∗) is an LD-system.
Up to a few variants, the last two families complete the description of what can be

called classical LD-systems. Note that, in both case, the idempotency lawxx = x is sat-
isfied. An example of a completely different type involves the braid groupB∞ (Reference
Structure 2, page 5). Indeed, letsh be the endomorphism ofB∞ that mapsσi to σi+1 for
everyi. Then the operation∗ defined onB∞ by x ∗ y = x sh(y)σ1 sh(x)−1 satisfies the
LD-law, so(B∞, ∗) is an LD-system. As1 ∗ 1 = σ1 holds, the LD-system(B∞, ∗) is not
idempotent.

In the sequel, we shall investigate particular LD-systems,namelyfreeLD-systems. In
the case of the LD-law as, more generally, in the case of everyalgebraic law or family
of algebraic laws, free systems are the universal objects inthe associated variety; they
can be described uniformly as quotients of absolutely free structures under convenient
congruences.

Definition 2.2 (term). Forn > 1, we defineTn to be the set of all (well-formed) brack-
eted expressions involving variablesx1, ... , xn, that is, the closure of{x1, ... , xn} under
the operation∧ defined byT1

∧T2 = (T1)(T2). We useT for the union of all setsTn. The
elements ofT are calledterms. Thesizeµ(T ) of a termT is the number of brackets inT
divided by four.

Typical terms arex1, which has size zero,x2
∧x1, which, by definition, is(x2)(x1)

and has size one, andx3
∧(x3

∧x1), which, by definition, is(x3)((x3)(x1)) and has size
two. It is convenient to think of terms as of rooted binary trees with leaves indexed by

variables: the trees associated with the previous terms are•

x1
,
x2 x1

, and x3

x3 x1

, respec-

tively. The size of a term is the number of internal nodes in the tree associated withT ,
which is also the number of leaves diminished by one. Then(Tn, ∧) is the absolutely
free system (or algebra) generated byx1, ... , xn, and every binary system generated by
n elements is a quotient of(Tn, ∧). So is in particular the free LD-system of rankn.

Definition 2.3 (LD-equivalence). We denote by=LD the least congruence (that is, equiv-
alence relation compatible with the product) on(Tn, ∧) that contains all pairs of the form

(T1
∧(T2

∧T3), (T1
∧T2)

∧(T1
∧T3)).

Two termsT, T ′ satisfyingT =LD T ′ are calledLD-equivalent.

The following result is then standard.

Proposition 2.4(free LD-system). For everyn, the binary system(Tn/=LD,
∧) is a free

LD-system based on{x1, ... , xn}.
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2.2 LD-expansions

The LD-equivalence relation=LD is a complicated relation, about which some basic ques-
tions remain open. In order to investigate it, it is useful tointroduce the subrelation that
corresponds to applying the LD-law in one direction only.

Definition 2.5 (LD-expansion). ForT, T ′ terms, we say thatT ′ is anatomic LD-expan-
sionof T if T ′ is obtained fromT by replacing some subterm of the formT1

∧(T2
∧T3)

with the corresponding term(T1
∧T2)

∧(T1
∧T3). We say thatT ′ is anLD-expansionof T ,

writtenT 6LD T ′, if there exists a finite sequence of termsT0, ... , Tp satisfyingT0 = T ,
Tp = T ′, and, for everyi, the termTi is an atomic LD-expansion ofTi−1.

By definition, being an LD-expansion implies being LD-equivalent, but the converse
is not true. For instance, the term(x∧x)∧(x∧x) is an (atomic) LD-expansion ofx∧(x∧x),
but the latter is not an LD-expansion of the former. However,the relation=LD is generated
by 6LD in the sense that two termsT, T ′ are LD-equivalent if and only if there exists a
finite zigzagT0, T1, ... , T2p satisfyingT0 = T , T2p = T ′, andTi−1 6LD Ti >LD Ti+1 for
each oddi. The first nontrivial result about LD-equivalence is that zigzags may always be
assumed to have length two.

Proposition 2.6(confluence). Two terms are LD-equivalent if and only if they admit a
common LD-expansion.

This result is similar to the property that, if any two elements of a monoidM admit
a common right-multiple, then every element in the enveloping group ofM can be ex-
pressed as a fraction of the formgh−1 with g, h inM . Proposition 2.6 plays a fundamental
role in the sequel, and we need to explain some elements of itsproof.

Definition 2.7 (dilatation). A binary operation∧∧ on terms is recursively defined by

(2.8) T∧∧xi = T∧xi, T∧∧(T1
∧T2) = (T∧∧T1)

∧(T∧∧T2).

Next, for each termT , the termφ(T ) is recursively defined by

(2.9) φ(xi) = xi φ(T1
∧T2) = φ(T1)

∧∧φ(T2).

An easy induction shows thatT∧∧T ′ is the term obtained by distributingT everywhere
in T ′, this meaning replacing each variablexi with T∧xi. Thenφ(T ) is the image ofT
when∧ is replaced with∧∧ everywhere in the unique expression ofT in terms of variables.
Examples are given in Figure 1. A straightforward inductionshows thatT∧∧T ′ is always
an LD-expansion ofT∧T ′ and, therefore, thatφ(T ) is an LD-expansion ofT .

The main step for establishing Proposition 2.6 consists in proving thatφ(T ) plays
with respect to atomic LD-expansions a role similar to Garside’s fundamental braid∆n

with respect to Artin’s generatorsσi in the braid monoidB+
∞—which makes it natural to

call φ(T ) the fundamental LD-expansionof T .

Lemma 2.10. [76, Lemmas V.3.11 and V.3.12](i) The termφ(T ) is an LD-expansion of
every atomic LD-expansion ofT .

(ii) If T ′ is an LD-expansion ofT , thenφ(T ′) is an LD-expansion ofφ(T ).
(iii) The mapφ is injective.
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φ

( )
=

T1 T2

φ(T1) φ(T1) φ(T1) φ(T1)

φ(T2)

Figure 1.The fundamental LD-expansion φ(T ) of a term T , recursive definition: φ(T1
∧T2) is obtained

by distributing φ(T1) everywhere in φ(T2).

φ

( )
=

x1

x2

x3 x4 x1x2 x1x3 x1x2 x1x4

Figure 2. The fundamental LD-expansion φ(T ) of a term T , an example: T = x1
∧(x2

∧(x3
∧x4))

gives φ(T ) = x1
∧∧(x2

∧∧(x3
∧∧x4)), which realizes as shown above.

Proof (sketch).In each case, one uses induction on the size ofT . Here is a typical case
for (i). AssumeT = T1

∧(T2
∧T3) andT ′ = (T1

∧T2)
∧(T1

∧T3). Using the fact that
φ(T ) >LD T always holds, we find

φ(T ) = φ(T1)
∧∧φ(T2

∧T3) >LD T1
∧∧(T2

∧T3) = (T1
∧T2)

∧(T1
∧T3) = T ′.

The case of (ii) is similar.
Let us go into more details for (iii). The aim is to show using induction on the size ofT

thatφ(T ) determinesT . The result is obvious ifT has size0. Assume nowT = T0
∧T1.

By construction, the termφ(T ) is obtained by substituting every variablexi occurring in
the termφ(T1) with the termφ(T0)

∧xi. Henceφ(T0) is the1n−10th subterm ofφ(T ) (see
Definition 3.1 below), wheren is the common right-height ofT andφ(T ). From there,
φ(T1) can be recovered by replacing the subtermsφ(T0)

∧xi of φ(T ) by xi. Then, by
induction hypothesis,T0 andT1, henceT , can be recovered fromφ(T1) andφ(T0).

Proof of Proposition 2.6 (sketch).One uses induction on the size of the involved terms.
Once Lemma 2.10 is established, an easy induction onm shows that, if there exists a
lengthm sequence of atomic LD-expansions connectingT to T ′, thenφm(T ) is an LD-
expansion ofT ′. Then a final induction on the length of a zigzag connectingT to T ′

shows that, ifT andT ′ are LD-equivalent, thenφm(T ) is an LD-expansion ofT ′ for
sufficiently largem, namely form at least equal to the number of zag’s in the zigzag.

By construction, the relation6LD is a partial ordering on the setT of all terms. Indeed,
it is reflexive and transitive by definition, and, as every LD-expansion that is not the iden-
tity increases the size of the tree, we may haveT 6LD T ′ andT ′ 6LD T simultaneously
only for T = T ′.

Question 2.11(lattice). Is (T ,6LD) an upper semilattice, that is, do every two terms that
admit a common upper bound with respect to6LD admit a least upper bound?

By Proposition 2.6, two terms are LD-equivalent if and only if they admit a common
6LD-upper bound. So Question 2.11 asks whether any two LD-equivalent terms admit a
smallest common LD-expansion. We shall return on it in Section 3 below.
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2.3 The categoryLD0

We now make the Hasse diagram of the partial ordering6LD into a category.

Definition 2.12 (categoryLD0). We letLD0 be the category whose objects are terms,
and whose elements are pairs of terms(T, T ′) satisfyingT 6LD T ′, the source (resp.
target) of(T, T ′) beingT (resp. T ′). ForT a term, we put∆0(T ) = (T, φ(T )).

Note that the definition of the source and target imposes thatthe product of(T, T ′)
and(T ′, T ′′) necessarily is(T, T ′′).

Proposition 2.13(categoryLD0). (i) The categoryLD0 is cancellative.
(ii) Two elements ofLD0 with the same source have a common right-multiple.
(iii) The categoryLD0 is strongly Noetherian; the atoms ofLD0 are the pairs(T, T ′)

with T ′ an atomic LD-expansion ofT .
(iv) The map∆0 satisfies(V.1.16)–(V.1.18) from the definition of a right-Garside

map; if the answer to Question 2.11 is positive,∆0 is a right-Garside map inLD0.

Proof. (i) Cancellativity is obvious from the construction. Indeed, assumefg = fg′

in LD0. This means that there exist termsT, T ′, T ′′ satisfyingf = (T, T ′), g = (T ′, T ′′),
and the only possibility is theng′ = (T ′, T ′′).

(ii) The existence of common right-multiples if a consequence (actually a restatement)
of Proposition 2.6. Indeed,g, g′ sharing the same source means that there existT, T ′, T ′′

such thatT ′ andT ′′ are LD-expansions ofT and we haveg = (T, T ′) andg′ = (T, T ′′).
By Proposition 2.6,T ′ andT ′′ admit a common LD-expansionT ′′′ and, then,(T, T ′′′) is
a common right-multiple ofg andg′ in LD0.

(iii) Put λ((T, T ′)) = µ(T ′)−µ(T ), where we recallµ(T ) denotes the size ofT . Then
λ is N-valued since an LD-expansion cannot decrease the size. Moreover,µ(T ′) > µ(T )
holds wheneverT ′ is an atomic LD-expansion ofT , hence wheneverT ′ is any nontrivial
LD-expansion ofT . It follows that λ is anN-valued Noetherianity witness forLD0.
Moreover, ifT ′ is an atomic LD-expansion ofT , thenT ′ is an immediate successor ofT
with respect to6LD, so(T, T ′) is an atom ofLD0. Conversely, ifT ′ is an LD-expansion
of T that is not atomic, there existsT ′′ such that(T, T ′) = (T, T ′′)(T ′′, T ′) holds inLD0

and, therefore,(T, T ′) is not an atom.
(iv) By definition, ∆0 is a map ofT , that is, ofObj(LD0), to LD0 and, for every

termT , the source of∆0(T ) is T . So∆0 satisfies Condition (V.1.16).
Next, let(T, T ′) be any element ofLD0. By definition (or by Noetherianity), there

exists at an atomic LD-expansionT ′′ of T such that(T, T ′′) left-divides(T, T ′) in LD0,
that is,T ′′ 6LD T ′ holds. Then, by Lemma 2.10(i),φ(T ) is an LD-expansion ofT ′′, that
is, (T, T ′′) left-divides∆0(T ) in LD0. This shows that every element ofLD0 is left-
divisible by an element ofDiv(∆0). By (iii) LD0 is Noetherian, so, by Lemma II.2.57,
this is enough to conclude thatDiv(∆0) generatesLD0. Hence∆0 satisfies Condi-
tion (V.1.17).

Assume now thatg right-divides∆0(T ) in LD0. This means that there existsf sat-
isfying fg = ∆0(T ), hence there exists an LD-expansionT ′ of T such thatf is (T, T ′)
andg is (T ′, φ(T )). Then, by Lemma 2.10(ii),φ(T ′) is an LD-expansion ofφ(T ). Hence
we haveg = (T ′, φ(T ))4 (T ′, φ(T ′)) = ∆0(T

′), that is,g belongs toDiv(∆0). Hence
∆0 satisfies Condition (V.1.18).
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Finally, assume that the answer to Question 2.11 is positive. ThenLD0 admits con-
ditional right-lcms. As it is Noetherian, it then admits left-gcds. Hence, for every termT
and every LD-expansionT ′ of T , the elements(T, T ′) and∆0(T ) admit a left-gcd. Hence
∆0 satisfies Condition (V.1.19) and, therefore, it is a right-Garside map inLD0.

Remark 2.14. In any case,∆0 is not a Garside map inLD0. Indeed,∆0 is target-
injective as, according to Lemma 2.10(iii),T 6= T ′ impliesφ(T ) 6= φ(T ′). ButDiv(∆0)
is certainly not equal tõDiv(∆0) since the mappingφ is not surjective onT : for instance,
for T0 = x∧(x∧x), no termT may satisfyφ(T ) = T0 and, therefore, the pair(T0, T0) is
an element ofDiv(∆0) that does not lie iñDiv(∆0).

2.4 Simple LD-expansions

For every termT , the LD-expansions ofT that lie belowφ(T ), that is, the termsT ′ that
satisfyT 6LD T ′ 6LD φ(T ), turn out to admit a simple intrinsic characterization. Such
terms will play an important role in the sequel, namely that of simple braids, that is, braid
dividing ∆n, and we describe them now.

Definition 2.15 (simple LD-expansion). If T, T ′ are terms, we say thatT ′ is a simple
LD-expansion ofT if T 6LD T ′ 6LD φ(T ) holds.

In order to state the announced characterization of simple LD-expansions, we intro-
duce the covering relation, a geometric notion involving the names and the positions of
variables occurring in a term. We recall that a sequence of variablesx1, x2, ... has been
fixed andT denotes the set of all terms built from these variables.

Definition 2.16 (injective, semi-injective, covering).A termT of T is calledinjective
if no variablexi occurs twice or more inT . It is calledsemi-injectiveif no variablexi
occurring inT coversitself, wherexi coversxj in T if there exists a subtermT ′ of T
such thatxi is the rightmost variable inT ′ andxj occurs at some other position inT ′.

Example 2.17(injective, semi-injective, covering).Consider the termsT=x1
∧(x2

∧x3),
T ′ = (x1

∧x2)
∧(x1

∧x3), andT ′′ = ((x1
∧x2)

∧x1)
∧((x1

∧x2)
∧x3). ThenT ′ is an atomic

LD-expansion ofT , andT ′′ is an atomic LD-expansion ofT ′. Then we have

x1

x2 x3

T
6LD

x1x2 x1x3

T ′

6LD

x1x2

x1

x1 x2

x1

T ′′

.

The termT is injective: each variablex1, x2, x3 occurs once, and none is repeated. On
the other hand,T ′ is not injective, asx1 occurs twice. HoweverT ′ is semi-injective, as
the second occurrence ofx1 does not cover the first one: there is no subterm ofT ′ ending
with x1 and containing another occurrence ofx1. By contrast,T ′′ is not semi-injective:
its left subterm is(x1

∧x2)
∧x1 (in grey), ends withx1 (underlined) and contains another

occurrence ofx1. Sox1 covers itself inT ′′.
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Proposition 2.18(simple LD-expansion). [76, Lemma VIII.5.8] IfT is an injective term
andT ′ is an LD-expansion ofT , then the following are equivalent:

(i) The termT ′ is a simple LD-expansion ofT ;
(ii) The termT ′ is semi-injective.

Proof (sketch).The preliminary observation is that an LD-expansion can only add cover-
ing: if xi coversxj in T , thenxi coversxj in every LD-expansion ofT . Then a relatively
simple induction onT shows thatφ(T ) is a semi-injective LD-expansion ofT , and one
easily deduces that (i) implies (ii).

For the other direction, one shows thatφ(T ) is a maximal semi-injective LD-expansion
of T , that is, no proper LD-expansion ofφ(T ) is semi-injective. Then the point is that, if
T0 is a semi-injective term andT1, T2 are semi-injective LD-expansions ofT0, then there
must exist a semi-injective termT3 that is an LD-expansion both ofT1 andT2: one first
shows the result whenT1 andT2 are atomic expansions ofT0 by exhaustively consider-
ing all possible cases, and then uses an induction to treat the case of arbitrary expansions.
Now, assume thatT ′ is a semi-injective LD-expansion ofT . Thenφ(T ) is another semi-
injective LD-expansion ofT , so, by the above result, there must exist a semi-injective
termT ′′ that is an LD-expansion both ofT ′ andφ(T ). Now, as no proper LD-expansion
of φ(T ) is semi-injective, the only possibility is thatT ′′ equalsφ(T ), that is,φ(T ) is an
LD-expansion ofT ′. HenceT ′ is a simple LD-expansion ofT .

3 Labelled LD-expansions and the categoryLD
At this point, we obtained a categoryLD0 that describes LD-expansions, but its study
remains incomplete in that we do not know about the possible existence of right-lcms
in LD0, or, equivalently, about whether the map∆0 is a right-Garside map inLD0. Our
strategy for going further consists in becoming more precise and considering labeled LD-
expansions, which are LD-expansions plus explicit descriptions of the way the expansion
is performed. This approach relies on introducing a certainmonoidMLD whose elements
can be used to specify LD-expansions.

The section is organized as follows. In Subsection 3.1, we introduce the operatorsΣα,
which correspond to performing an LD-expansion at a specified position in a term. Next,
in Subsection 3.2, we study the relations that connect the various operatorsΣα and we
are led to introducing a certain monoidMLD. In Subsection 3.3, we define the notion of
a labeled LD-expansion, introduce the associated categoryLD, and show that it admits a
natural right-Garside map. Finally, we discuss the Embedding Conjecture, which claims
that the categoriesLD0 andLD are isomorphic, in Subsection 3.4.

3.1 The operatorsΣα

By definition, applying the LD-law to a termT means selecting some subterm ofT and re-
placing it with a new, LD-equivalent term. When terms are viewed as binary rooted trees,
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the position of a subterm can be specified by describing the path that connects the root
of the tree to the root of the considered subtree, hence by a finite sequence of0s and1s,
according to the convention that0 means “forking to the left” and1 means “forking to the
right”. Hereafter, we useA for the set of such sequences, which we calladdresses, and∅
for the empty address, which corresponds to the position of the root in a tree.

Definition 3.1 (subterm, skeleton). For T a term andα an address, we denote byT/α
the subterm ofT whose root has addressα, if it exists, that is, ifα is short enough. The
skeletonof T is the set of all addressesα such thatT/α exists.

So, for instance, ifT is the treex1
∧(x2

∧x3), we haveT/0 = x1, T/10 = x2, whereas
T/00 is not defined, andT/∅ = T holds, as it holds for every term. The skeleton ofT
consists of the fives addresses∅, 0, 1, 10, and11.

Definition 3.2 (operator Σα). (See Figure 3.) We say thatT ′ is theΣα-expansion ofT
at α, writtenT ′ = T • Σα, if T ′ is the atomic LD-expansion ofT obtained by applying
the LD-law in the expanding direction at the positionα, that is, replacing the subtermT/α,
supposed to have the formT1

∧(T2
∧T3), with the corresponding term(T1

∧T2)
∧(T1

∧T3).

T

Σα

T • Σα

α α

T/α0 T/α10T/α11
T/α0

T/α10
T/α0

T/α11

↑↑

Figure 3.Action of Σα to a term T : the LD-law is applied to expand T at position α, that is, to replace
the subterm T/α, which is T/α0

∧(T/α10
∧T/α11), with (T/α0

∧T/α10)∧(T/α0
∧T/α11); in other words, the

light grey subtree is duplicated and distributed to the left of the dark grey and black subtrees.

By construction, every atomic LD-expansion is aΣα-expansion for a uniqueα. Note
that T • Σα need not be defined for allT andα: it is defined if and only if the sub-
termT/α is defined and it can be expressed asT1

∧(T2
∧T3). The latter condition amounts

(in particular) toT/α10 being defined, soT • Σα is defined if and only ifT/α10 is.
The idea now is to use the lettersΣα as labels for LD-expansions. As arbitrary LD-

expansions are compositions of finitely many atomic LD-expansions, hence of opera-
tors Σα, it is natural to use finite sequences of lettersΣα, that is, words, to label LD-
expansions. Hereafter, a word in the alphabet{Σα|α∈A} will be called aΣ-word.

Definition 3.3 (action). ForT a term andw a Σ-word, sayw = Σα1 | ··· |Σαp , we define
T • w to be(···((T • Σα1) • Σα2)···) • Σαp if the latter is defined.
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In this way, we obtain a partial action ofΣ-words, hence a partial action of the free
monoid{Σα |α∈A}∗, on T , in the sense of Definition 3.2. This action is directly con-
nected with the notion of an LD-expansion, and a technicallysignificant point is that it
is proper and that the domains of definition can be specified precisely. The next result
summarizes the needed results. A mapσ : {xi | i ∈ N} → T is called asubstitution; if T
is a term andσ is a substitution, we denote byT σ the term obtained fromT by applyingσ
to every occurrence of variable inT , that is, substitutingxi with σ(xi) everywhere.

Lemma 3.4. (i) A termT ′ is an LD-expansion of a termT if and only if there exists a
Σ-wordw satisfyingT ′ = T • w.

(ii) For everyΣ-wordw, there exists a pair of terms(T−
w , T

+
w ) such thatT−

w is injec-
tive and, for every termT , the termT • w is defined if and only if there exists a substitu-
tion σ such thatT is (T−

w )σ, in which caseT • w is (T+
w )σ.

(iii) The partial action of{Σα|α∈A}∗ on terms is proper.

Proof (sketch).Point (i) is obvious as, by definition,T ′ is an LD-expansion ofT if and
only if there exists a finite sequence of atomic LD-expansions connectingT to T ′.

For (ii), one uses induction on the length ofw. If w is empty, the result is clear with
T−
w = T+

w = x1. Assume now thatw has length one, sayw = Σα. Forα = ∅, the result
is clear withT−

w = x1
∧(x2

∧x3) andT+
w = (x1

∧x2)
∧(x1

∧x3). Then we use induction
on the length ofα. Forα = 0β, we can takeT−

α = T−
β

∧xn, wheren is the size ofT−
β ,

and, forα = 1β, we can takeT−
α = x1

∧(T−
β )σ, whereσ(xi) = xi+1 for everyi. Finally,

forw = uv, the point is that, because, by induction hypothesis,T−
v exists and is injective,

there must exist a minimal pair of substitutions(σ, τ) satisfying(T+
u )σ = (T−

v )τ ; then
definingT−

w = (T−
u )σ andT+

w = (T+
v )τ gives the result.

For (iii), letw1, ... , wp beΣ-words. Because the termsT−
wi

all are injective, there exist
substitutionsσ1, ... , σp satisfying(T−

w1
)σ1 = ··· = (Twp)

σp . ThenT •wi is defined for ev-
ery i whenever the skeleton ofT includes the common skeleton of(T−

w1
)σ1 , ... , (Twp)σp .

See Exercise 104 for more about the termsT such thatT • w is defined.

3.2 The monoidMLD

Various relations connect the actions of the operatorsΣα: different sequences may lead
to the same term transformation, in particular some commutation relations hold. We now
identify a family of such relations, and introduce the monoid presented by the latter.

Lemma 3.5. For all addressesα, β, γ, the following pairs have the same action on trees:
(i) Σα0β |Σα1γ andΣα1γ |Σα0β ; (“parallel case”)
(ii) Σα0β |Σα andΣα|Σα00β |Σα10β ; (“nested case 1”)
(iii) Σα10β |Σα andΣα|Σα01β ; (“nested case 2”)
(iv) Σα11β |Σα andΣα|Σα11β ; (“nested case 3”)
(v) Σα|Σα1|Σα andΣα1 |Σα|Σα1|Σα0. (“critical case”)
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Proof (sketch).The commutation relation of the parallel case is clear, as the transforma-
tions involve disjoint subterms. The nested cases are commutation relations as well, but,
because one of the involved subtree is nested in the other, itmay be moved and possibly
duplicated when the main expansion is performed, so that thenested expansion(s) have
different names before and after the main expansion. Finally, the critical case is specific
to the LD-law, and there is no way to predict it except the verification, see Figure 4.

Σ1

Σ∅ Σ1

Σ∅

Σ∅ Σ1 Σ0

Figure 4.Relations between Σα-expansions: the critical case. We read that the action of Σ∅|Σ1|Σ∅

and Σ1|Σ∅|Σ1|Σ0 coincide.

Question 3.6. Do the relations of Lemma 3.5 exhaust all relations between the opera-
torsΣα: does every equalityT •w = T •w′ imply thatw andw′ are connected by a finite
sequence of relations as above?

We shall come back on the question below. For the moment, we introduce the monoid
presented by the above relations.

Definition 3.7 (monoid MLD). We defineRLD to be the family of all relations of
Lemma 3.5, andMLD to be the monoid〈{Σα|α ∈ A} |RLD〉+.

Lemma 3.5 immediately implies

Lemma 3.8. The partial action of the free monoid{Σα|α∈A}∗ on terms induces a well
defined proper partial actionF of the monoidMLD onT .

For T a term andg in MLD, we shall naturally denote byT • g the common value
of T • w for all Σ-wordsw that representg.

We are now left with the technical question of investigatingthe presented monoidMLD.
The next step is to show that the monoidMLD is left-cancellative. To this end, we once
more use the method developed in Subsection II.4.

Lemma 3.9. The presentation({Σα|α∈A},RLD) is right-complemented and (strongly)
Noetherian.
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Proof. That({Σα|α∈A},RLD) is right-complemented follows from an inspection ofRLD:
there exists no relation of the formΣα ··· = Σα ··· in RLD, and, for all distinctα, β, there
exists exactly one relation of the formΣα ··· = Σβ ···.

As for Noetherianity, we use the partial action of{Σα|α∈A}∗ on terms. Letw be a
word in the alphabet{Σα|α∈A}. As the partial action of{Σα|α∈A}∗ on terms is proper,
there exists a termT such thatT • w is defined. Then, let us put

λ∗(w) = min{µ(T • w) − µ(T ) | T • w is defined}.

By definition, λ∗ is N-valued. Next we claim thatλ∗ is RLD-invariant. Indeed, by
Lemma 3.5, ifw andw′ areRLD-equivalentΣ-words andT is a term such thatT • w
is defined, thenT •w′ is defined as well and it is equal toT •w′. It follows that the mini-
mum ofµ(T •w)−µ(T ) for T such thatT •w is defined coincides with the minimum of
µ(T • w′) − µ(T ) for T such thatT • w′ is defined, that is,λ∗(w) andλ∗(w′) are equal.

Now letα be an address. Thenλ∗(Σα|w) is the minimum ofµ(T • Σα|w) − µ(T )
for T such thatT • Σα|w is defined. LetT be a term realizing the above minimum. By
assumption,T∧Σα|w is defined, hence, by (1.3), so isT • Σα. PutT ′ = T • Σα. We find

λ∗(Σα|w) = µ(T • Σα|w) − µ(T )

= µ(T • Σα|w) − µ(T • Σα) + µ(T • Σα) − µ(T )

= µ(T ′
• w) − µ(T ′) + µ(T • Σα) − µ(T ) > λ∗(w) + 1 > λ∗(w).

Henceλ∗ is a right-Noetherianity witness for({Σα|α∈A},RLD).

Proposition 3.10(left-cancellativity). The monoidMLD is left-cancellative, and it admits
conditional right-lcms and left-gcds.

Proof. For the first two properties, owing to Proposition II.4.16 (right-complemented)and
to Lemma 3.9, it suffices to show that, for every triple of distinct addressesα, β, γ, the
θ-cube condition is true forΣα,Σβ ,Σγ . This is Proposition VIII.1.9 of [76]. The proof
consists in considering all possible mutual positions of the involved addresses. A priori, a
high (but finite) number of cases have to be considered, but uniform geometric arguments
show that all instances involving the parallel or nested cases in Lemma 3.5 are automat-
ically satisfied. Essentially, the only really nontrivial case is that of a triple(α, α1, α11)
involving two critical cases. Usingθ for the involved syntactic right-complement, we
have to check that, ifθ∗3(Σ∅,Σ1,Σ11) is defined (which is true), thenθ∗3(Σ1,Σ∅,Σ11)
is defined as well and isRLD-equivalent, and similarly when a cyclic rotation is applied.
Now, one obtains

θ∗3(Σ∅,Σ1,Σ11) = Σ11|Σ1|Σ∅ = θ∗3(Σ1,Σ∅,Σ11),

θ∗3(Σ1,Σ11,Σ∅) = Σ∅|Σ1|Σ0|Σ11|Σ01|Σ00

≡ Σ∅|Σ1|Σ11|Σ10|Σ0|Σ01|Σ00 = θ∗3(Σ11,Σ1,Σ∅),

θ∗3(Σ11,Σ∅,Σ1) = Σ1|Σ∅|Σ11|Σ1|Σ01|Σ∅

≡ Σ1|Σ11|Σ10|Σ∅|Σ1Σ0 = θ∗3(Σ∅,Σ11,Σ1),

as expected. Hence,MLD is cancellative and admits conditional right-lcms. The existence
of left-gcds then follows using Lemma II.2.37 sinceMLD is (strongly) Noetherian.
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3.3 The categoryLD
We are now ready to introduce our main object of interest, namely the refined version of
the categoryLD0 in which, in addition to an LD-expansion(T, T ′), one takes into account
an elementg ofMLD that mapsT to T ′, that is, a distinguished way of expandingT toT ′.

Definition 3.11 (categoryLD). The categoryLD of labeled LD-expansionsis the cate-
goryC(MLD, T ) associated with the action ofMLD onT in the sense of Definition 1.7.

Thus, the objects ofLD are terms, and the elements are triplesT
g−→ T ′ with g inMLD

andT • g = T ′. The source ofT
g−→ T ′ is T , and its target isT ′. For instance, a typical

element ofLD is the triple

Σ∅Σ1−−−→ ,

whose source is the termx∧(x∧(x∧x))—we adopt the convention that an unspecified
variable means some fixed variablex—and whose target is(x∧x)∧((x∧x)∧(x∧x)). Two
natural projections apply toLD: forgetting the central entry of the triples gives a sur-
jective functor fromLD ontoLD0, whereas forgetting the first and third entries gives a
surjective homomorphism fromLD onto the monoidMLD.

Proposition 3.12(left-cancellativity). The categoryLD is left-cancellative and admits
conditional right-lcms and left-gcds.

Proof. Assume thatT
g−→ T ′ h−→ T ′′ = T

g−→ T ′ h′

−→ T ′′ holds inLD. Then, by defini-

tion, we havegh = gh′ in MLD, whenceh = h′ by Proposition 3.10, andT ′ h−→ T ′′ =

T ′ h′

−→ T ′′. HenceLD is left-cancellative.

Assume now thatT
g−→ - andT

g′−→ - admit a common right-multiple inLD. By

definition, this common right-multiple is of the formT
h−→ -, whereh is a common right-

multiple ofg andg′. By Proposition 3.10,g andg′ must admit a right-lcm, sayg′′. Then

T
g′′−→ - is easily seen to be a right-lcm ofT

g−→ - andT
g′−→ - in LD. The argument for

left-gcds is similar.

We shall now prove that the categoryLD admits a natural right-Garside map∆.
As can be expected,∆(T ) will be constructed as a labelled version of∆0(T ), that is,
of (T, φ(T )). This amounts to fixing some canonical way of expanding a termT into
the corresponding termφ(T ). To this end, the natural solution is to follow the recursive
definition of the operations∧∧ andφ.

Forw aΣ-word, we denote bysh0(w) the word obtained by replacing each letterΣα
of w with the corresponding letterΣ0α, that is, byshiftingall indices by0. Similarly, we
denote byshγ(w) the word obtained by appendingγ on the left of each address inw. The
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LD-relations of Lemma 3.5 are invariant under shifting: ifw andw′ represent the same
elementg of MLD, then, for eachγ, the wordsshγ(w) andshγ(w

′) represent the same
element, naturally denoted byshγ(g), ofMLD. By construction,shγ is an endomorphism
of the monoidMLD. For everyg in MLD, the action ofshγ(g) on a termT corresponds
to the action ofg on theγ-subterm ofT : so, for instance, ifT ′ = T • g holds, then
T ′∧T1 = (T∧T1) • sh0(g) holds as well, since the0-subterm ofT∧T1 is T , whereas that
of T ′∧T1 is T ′.

Definition 3.13 (elementsδT and ∆T ). ForT a term, the elementsδT and∆T of MLD

are defined byδT = ∆T = 1 if T is a variable and, recursively, forT = T0
∧T1,

δT = Σ∅ · sh0(δT0) · sh1(δT1),(3.14)

∆T = sh0(∆T0) · sh1(∆T1) · δφ(T1).(3.15)

Example 3.16(elementsδT and ∆T ). Let T = x∧(x∧(x∧x)). Then we haveT/0 = x,
whence∆T/0 = 1. Next,T/1 is x∧(x∧x), so (3.15) reads∆T = sh1(∆T/1) · δφ(T/1). Then
we haveφ(T/1) is (x∧x)∧(x∧x), so applying (3.14),we obtain

δφ(T/1) = Σ∅ · sh0(δx∧x) · sh1(δx∧x) = Σ∅Σ0Σ1.

On the other hand, using (3.15) again, we find

∆T/1 = sh0(∆x) · sh1(∆x∧x) · δx∧x = 1 · 1 · Σ∅ = Σ∅,

and, finally,∆T = Σ1Σ∅Σ0Σ1. According to the defining relations of the monoidMLD,
this element is alsoΣ∅Σ1Σ∅. Note the compatibility with the examples of Figures 2 and 4.

Lemma 3.17. For all termsT0, T , we have

(T0
∧T ) • δT = T0

∧∧T,(3.18)

T • ∆T = φ(T ).(3.19)

The proof is an easy inductive verification.
According to Lemma 2.10, ifT is a term andT •Σα is defined, the termφ(T ) is an LD-

expansion ofT •Σα, and the termφ(T •Σα) is an LD-expansion ofφ(T ). This suggests—
but doesnotprove—that, in this case,Σα left-divides∆T , and∆T left-dividesΣα∆T•Σα

in MLD. The latter statements can actually be proved, that is, one can get a syntactic
counterpart to Lemma 2.10 at the level of the monoidMLD.

Lemma 3.20. [76, Lemmas VII.3.16 and VII.3.17] IfT is a term andT • Σα is defined,
then, inMLD, we have

(3.21) Σα 4∆T 4 Σα · ∆T•Σα .

Proof (sketch).This computation is the key for the existence of the Garside structure we
are currently describing. The proof uses several inductivearguments both on the length
of α and on the size ofT . Here, we shall establish (3.21) in the base case, namely for
α = ∅ andT = T0

∧(T1
∧x). Let T ′ = T • Σ∅ = (T0

∧T1)
∧(T0

∧x). Applying the
definitions gives

∆T = sh0(∆T0) · sh10(∆T1 ) · Σ∅ · sh0(δφ(T1))(3.22)
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Σ∅·∆T ′ = Σ∅·sh00(∆T0 )·sh01(∆T1)·sh0(δφ(T1))·sh10(∆T0)·Σ∅·sh0(δφ(T0)).(3.23)

First, we observe that, in (3.22), the factorΣ∅ can be moved to the left using nested case
relations of type 1 and 2, yielding

∆T = Σ∅ · sh00(∆T0 ) · sh10(∆T0) · sh01(∆T1) · sh0(δφ(T1)) :

this shows thatΣ∅ left-divides∆T . Similarly, in (3.23), we can move the factorsh10(∆T0)
to the left and the factorΣ∅ to the right to obtain

Σ∅ · ∆T ′ = sh0(∆T0 ) · sh10(∆T1) · Σ∅ · sh0(δφ(T1)) · Σ∅ · sh0(δφ(T0)),

which shows the equalityΣ∅ ∆T ′ = ∆T Σ∅ sh0(δφ(T0)). Hence∆T left-dividesΣ∅ ∆T ′ .
The general cases are similar. Full details appear in [76, Section VII.3].

Proposition 3.24(right-Garside sequence).The sequence(∆T )T∈T is a right-Garside
sequence in the monoidMLD with respect to its partial action on terms via self-
distributivity.

Proof. First, Lemma 3.17 guarantees that, for every termT , the termT • ∆T is defined,
so the sequence(∆T )T∈T satisfies (1.11).

Next, by definition, the monoidMLD is generated by the elementsΣα. Now, for every
addressα, there exists a termT such thatT • Σα is defined. Then, by Lemma 3.20,Σα
left-divides∆(T ), hence it belongs toDiv(∆). HenceDiv(∆) generatesLD, and the
sequence(∆T )T∈T satisfies (1.12).

Then, assume thatT • Σα is defined. According to (3.21),∆T 4 Σα∆T•Σα holds
in MLD, which means that the sequence(∆T )T∈T satisfies (1.13).

As for the existence of a left-gcd forg such thatT •g is defined and∆T , it is automatic,
as, by Proposition 3.10, any two elements ofMLD with the same source admit a left-gcd.
So the sequence(∆T )T∈T satisfies (1.14).

Finally, assume thatT • g andT ′
• g are defined and thatg 4 ∆T holds. We claim

thatg 4∆T ′ must hold as well. LetT0 be an injective term with the same skeleton asT .
By Lemma 3.4(ii), the assumption thatT • g is defined implies thatT0 • g is defined as
well, and there exists a substitutionσ satisfyingT0 = (T−

g )σ. As T0 is injective andg
left-divides∆T , which is also∆T0 , Proposition 2.18 implies thatT0 • g is semi-injective.
Now, we haveT0 • g = (T+

g )σ, andT0 • g being semi-injective implies thatT+
g must be

semi-injective as well.
Now, let T ′

0 be an injective term with the same skeleton asT ′. Then there exists a
substitutionσ′ satisfyingT ′

0 = (T−
g )σ

′

. One easily checks that the conjunction of(T−
g )σ

′

being injective andT+
g being semi-injective implies that(T+

g )σ
′

is semi-injective. So
T ′

0 • g is semi-injective. By Proposition 2.18, this implies thatg left-divides∆T ′
0
, which

is also∆T ′ . Hence the sequence(∆T )T∈T satisfies (1.15), and it is a right-Garside
sequence.
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Proposition 3.25(Garside map). For every termT , put∆(T ) = T
∆T−−→ φ(T ). Then∆

is a target-injective right-Garside map in the categoryLD.

Proof. We apply Proposition 1.18 to the monoidMLD and the right-Garside sequence
(∆T )T∈T . The property that∆ is target-injective, that is,φ is injective on terms, follows
from Lemma 2.10(iii).

Thus the categoryLD is an example of a left-cancellative category that admits a nat-
ural and nontrivial right-Garside map. As in the case of the categoryLD0, the left and
the right sides do not play symmetric roles and the right-Garside map∆ is not a Gar-
side map. Indeed, the mapφ is not surjective on terms: for instance, no termT satisfies
φ(T ) = x∧(x∧x), and, therefore,(x∧(x∧x), 1, x∧(x∧x)) is an element ofDiv(∆) that
cannot lie inD̃iv(∆). More generally, the proportion of terms of a given size thatlie in
the image ofφ is exponentially small and, therefore, the lack of surjectivity of φ is by no
means a marginal phenomenon.

Corollary 3.26 (right-lcm). (i) The categoryLD admits right-lcms and left-gcds.

(ii) The monoidMLD admits right-lcms and left-gcds.

Proof. (i) SinceLD admits a right-Garside map, it is eligible for Corollary V.1.48 (com-
mon right-multiple), so any two elements ofLD with the same source admit a common
right-multiple. On the other hand, by Proposition 3.12, anytwo elements ofLD that ad-
mit a common right-multiple admit a right-lcm and a left-gcd. Hence any two elements
of LD with the same source admit a right-lcm and a left-gcd.

For (ii), we repeat the argument using Proposition 3.10 instead of Proposition 3.12 or,
equivalently, using Lemma 1.9 and its counterpart involving right-lcms.

3.4 The Embedding Conjecture

From the viewpoint of self-distributive algebra, the main benefit of the current approach
might be that it leads to a natural program for possibly establishing the so-called Em-
bedding Conjecture. This conjecture, at the moment the mostpuzzling open question
involving free LD-systems, can be stated in several equivalent forms.
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Proposition 3.27(equivalence). [76, Section IX.6] The following are equivalent:
(i) The monoidMLD embeds in a group;
(ii) The monoidMLD is right-cancellative;
(iii) The categoryLD is right-cancellative;
(iv) The functorφ∆ is injective onLD;
(v) The answer to Question 3.6 is positive;
(vi) The categoriesLD0 andLD are isomorphic.

Moreover, if(i)–(vi) are true, then so is
(vii) The answer to Question 2.11 is positive.

Conjecture 3.28 (Embedding Conjecture). The equivalent statements of Prop-
osition 3.27 are true.

Because of its importance, we shall give an almost complete proof of Proposition 3.27.
First, we need a preliminary result aboutRLD-equivalence of signedΣ-words, that is,
words in the alphabet{Σα|α∈A} ∪ {Σα|α∈A}. We recall from Section II.3 that, forw
a signedS-word (or path),w denotes the signed word (or path) obtained fromw by
exchangings ands everywhere and reversing the order of letters.

Lemma 3.29. For T a term ofT1, define signedΣ-wordsχ
T
, χ̂

T
byχ

T
= χ̂

T
= ε for

T = x1 and, forT = T0
∧T1,

χT = χT0
|sh1(χT1

)|Σ∅|sh1(χT0
) and χ̂T = χT0

|sh1(χ̂T1
).

Then, forw a signedΣ-word andT • w is defined,T ′ = T • w impliesχ̂
T ′ ≡RLD χ̂

T
w.

Proof (sketch).For an induction it is sufficient to establish the result whenw has length
one and is positive, sayw = Σα. Then the proof is a verification.

Proof of Proposition 3.27.If the monoidMLD embeds in a group, it must be cancelleti-
ave. Conversely, by Proposition 3.10, the monoidMLD is left-cancellative, and, by Propo-
sition 1.21, which is valid as(∆T )T∈T is a right-Garside sequence onMLD, any two
elements ofMLD admit a common right-multiple. So, ifMLD is right-cancellative, it satis-
fies the right Ore conditions, and embeds in a group of right-fractions. So (i) and (ii) are
equivalent.

Next, asLD is C(MLD, F ), (ii) and (iii) are equivalent by (the right counterpart) of
Lemma 1.8.

Then, by Proposition 3.25,LD is a left-cancellative category,Div(∆) is a Garside
family of LD that is right-bounded by∆, and∆ is target-injective. Hence, by Proposi-
tion V.1.36 (right-cancellative I),LD is right-cancellative if and only ifφ∆ is injective
onLD. So (iii) and (iv) are equivalent.
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Assume now thatw,w′ areΣ-words and we haveT • w = T • w′ for some termT .
Then, by Lemma 3.29, the signedΣ-words χ̂

T
w and χ̂

T
w′ both areRLD-equivalent

to χ̂
T•w

. By left-cancellingχ̂
T

, we deducew ≡RLD w′. Now, if (i) is true, the monoidMLD

embeds in its enveloping group, and, therefore,w ≡RLD w′ impliesw ≡+

RLD
w′, that is,

w andw′ represent the same element ofMLD. This means that the answer to Question 3.6
is positive. Hence (i) implies (v).

On the other hand, if the answer to Question 3.6 is positive, then the categoriesLD0

andLD are isomorphic, that is, (v) implies (vi). Indeed, in this case, for every pair(T, T ′)
in LD0, that is, every pair such thatT ′ is an LD-expansion ofT , there exists a unique
elementg of MLD satisfyingT ′ = T • g and, therefore, the projection ofLD ontoLD0 is
injective.

And (vi) implies (iii) since, by Proposition 2.13, the category LD0 is, in every case,
right-cancellative. So the equivalence of (i)–(vi) is established.

Finally, according to Corollary 3.26, any two elements ofLD sharing the same source
admit a right-lcm and a left-gcd. If (vi) is true, the same properties hold in the cat-
egoryLD0. This means in particular that, ifT ′, T ′′ are two LD-expansions of some
termT , the elements(T, T ′) and(T, T ′′) of LD0 admit a right-lcm and a left-gcd, that is,
the termsT ′ andT ′′ admit a least upper bound and a greatest lower bound with respect
to6LD. So(T ,6LD) is a lattice, and the answer to Question 2.11 is positive.

At the moment, the Embedding Conjecture remains open, although a number of partial
positive statements have been established. One of the interests of emphasizing the Garside
structure involved in the framework is to suggest a possibleapproach for establishing the
conjecture. The method relies on the following technical result.

Lemma 3.30. The functorφ∆ is injective onDiv(∆).

Proof (sketch).Assume thatT
g−→ - left-divides ∆(T ) and that we have the equality

φ∆(T
g−→ -) = φ∆(T ′ g′−→ -). By Proposition 1.22, we deduceφ(T ) = φ(T ′) and

φ(T • g) = φ(T ′
• g′), whence, by Lemma 2.10(ii),T = T ′ andT • g = T ′

• g′,
that is,T • g = T ′

• g′. By [76, Proposition IX.6.6], the latter equality impliesg = g′

providedg left-divides∆T in MLD.

Then we deduce

Lemma 3.31. Assume that the functorφ∆ preserves∆-normality. Then the Embedding
Conjecture is true.

Proof. We apply Proposition V.1.59 (right-cancellative II). Indeed,LD is a left-cancellat-
ive category, andDiv(∆) is a Garside family inLD that is right-bounded by∆. By
Proposition 3.25,∆ is target-injective. Moreover, as the relation6LD is a partial ordering,
the categoryLD contains no non-trivial invertible element. By Proposition V.1.59, the
assumption thatφ∆ preserves∆-normality together with the result of Lemma 3.30 that
φ∆ is injective onDiv(∆) imply thatLD is right-cancellative. According to Proposi-
tion 3.27, this is one of the forms of the Embedding Conjecture.

We are thus left with the question of proving that the functorφ∆ preserves normality.
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Lemma 3.32. Assume thatC is a left-cancellative category and∆ is a right-Garside map
in C. Then a sufficient condition forφ∆ to preserve normality is thatφ∆(s) andφ∆(t)
are left-coprime whenevers andt are left-coprime elements ofDiv(∆).

Proof. Assume thats1|s2 is anS-normal sequence. By Proposition V.1.53 (recogniz-
ing greedy), the elements∂

∆
s1 ands2 are left-coprime. Hence, by assumption, so are

φ∆(∂
∆
s1) andφ∆(s2). By (V.1.30), we haveφ∆(∂

∆
s1) = ∂

∆
(φ∆(s1)), so∂

∆
(φ∆s1) and

φ∆(s2) are left-coprime and, by Proposition V.1.53 again, we deduce thatφ∆(s1)|φ∆(s2)
is S-greedy, henceS-normal. Soφ∆ preserves∆-normality.

In the case of the categoryLD and the right-Garside map∆, the functorφ∆ takes
the specific form described in Proposition 1.22: for every term T , there exists a partial
mapφT onMLD such thatφT (g) is defined if and only ifT • g is defined and, in this case,

we haveφ∆(T
g−→ T ′) = φ(T )

φT (g)−−−−→ φ(T ′). Then the criterion of Lemma 3.32 directly
leads to the following result:

Proposition 3.33(Embedding Conjecture). A sufficient condition for the Embedding
Conjecture to be true is:

(3.34)
If s, t are left-coprime simple elements ofMLD andT is a term such thatT •s
andT • t are defined, thenφT (s) andφT (t) are left-coprime as well.

Example 3.35(Embedding Conjecture). Assumes = Σ∅, t = Σ1, and letT be the
termx∧(x∧(x∧x)). ThenT • s andT • t are defined,s andt are simple, and they are
left-coprime. On the other hand, we haveφ(T ) = ((x∧x)∧(x∧x))∧((x∧x)∧(x∧x)). An
easy computation givesφT (Σ∅) = Σ0Σ1 andφT (Σ1) = Σ∅, see Figure 5. ThenφT (s)
andφT (t) are left-coprime, and the corresponding instance of (3.34)is true, see Figure 5.

Remark 3.36. Relation 3.34 would follow from the more general relation that φT pre-
serves left-gcds, in the natural sense that, whenever defined, the left-gcd ofφT (s) andφT (t)
is the image underφT of the left-gcd ofs andt. We have no counter-example to the latter
statement, but we can note here that the counterpart involving right-lcms fails. Indeed,
for s = Σ∅, t = Σ1, andT = x∧(x∧(x∧x)) as in Example 3.35, the right-lcm ofφT (s)
andφT (t) is a proper right-multiple of theφT -image of the right-lcm ofs andt, namely
the product of the latter byΣ0Σ1. This corresponds to the fact that the termsφ(T • Σ∅)
andφ(T • Σ1) admit a common LD-expansion that is smaller thanφT (T • lcm(Σ∅,Σ1)),
which turns out to beφ2(T ), see Figure 5 again.

4 Connection with braids

There exists a deep, multiform connection between left self-distributivity and braids.
Among others, this connection includes orderability properties (using orderable LD-sys-
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T T • Σ1 φ(T ) φ(T • Σ1)
Σ1 Σ∅

Σ∅ Σ∅Σ0Σ1 Σ0Σ1 Σ00Σ10Σ1Σ∅

T • Σ∅ T •lcm(Σ∅,Σ1) φ(T •Σ∅) φ(T )•lcm(Σ0Σ1,Σ∅) φ(T •lcm(Σ∅,Σ1))
Σ1Σ∅ Σ∅Σ1Σ∅ 6=

Figure 5.An instance of Relation (3.34): here, we find ∆T = Σ∅Σ1Σ∅, ∆T•Σ1
= Σ1Σ∅Σ0Σ00Σ1Σ10,

leading to φT (Σ1) = Σ∅ and φT (Σ∅) = Σ0Σ1. Here φT (Σ∅) and φT (Σ1) are left-coprime, so (3.34)
is true. The right diagram shows that the counterpart involving right-lcms fails.

tems to color braids) and topology (knot invariants based onquandles), which are beyond
the scope of this text. Here we shall concentrate on the algebraic side. The connection can
then be summarized in the unique result that the Garside structure of braids as described
in the categoryC(B+

∞,N) and the associated (right)-Garside map∆ is a projection of the
Garside structure involving the categoryLD and the associated right-Garside map∆. It
follows in particular that a number of algebraic results involving braids can be deduced
from the results about the LD-law that were established or mentioned above.

The section is organized as follows. In Subsection 4.1, we explain the connection be-
tween the categoriesLD andC(B+

∞,N). Then, in Subsection 4.2, we show how the results
about the LD-law can be used to (re)-prove results about braids. Finally, in Section 4.3,
we describe intermediate categories that naturally arise betweenLD andC(B+

∞,N) in
connection with the Hurwitz action of braids on sequences from an LD-system.

4.1 The main projection

We wish to define a projection from the world of left self-distributivity onto the world of
braids. The first step is to define a projection at the levels ofthe monoidsMLD andB+

∞.

Lemma 4.1. Defineπ : {Σα |α ∈ A} → {σi | i > 1} ∪ {1} by

(4.2) π(Σα) =

{
σi+1 if α is the address1i, that is,11 ···1, i times1,

1 otherwise.

Thenπ induces a surjective homomorphism of the monoidMLD onto the monoidB+
∞.
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Proof. The point is that every relation ofRLD projects underπ onto a braid equivalence.
All relations involving addresses that contain at least one0 collapse to equalities. The
remaining relations are

Σ1iΣ1j = Σ1j Σ1i with j > i+ 2,

which projects to the valid braid relationσi+1σj+1 = σj+1σi+1, and

Σ1iΣ1j Σ1i = Σ1j Σ1iΣ1j Σ1i0, with j = i+ 1,

which projects to the not less valid braid relationσi+1σj+1σi+1 = σj+1σi+1σj+1.

The second step is to go to the level of the categoriesLD andC(B+
∞,N), that is, to

take into account the partial actions of the monoidsMLD andB+
∞ on terms and on positive

integers, respectively. The point is that these partial actions are compatible.

Definition 4.3 (compatible). If F andF ′ are partial actions of monoidsM andM ′ on
setsX andX ′, respectively, a morphismϕ:M→M ′ is said to becompatiblewith a
mapψ:X→X ′ with respect toF andF ′ if

(4.4) ψ(x • g) = ψ(x) • ϕ(g)

holds wheneverx • g is defined. Then, we denote byC(ϕ, ψ) the functor fromCF(M,X)

to C(M ′, F ′) that coincides withψ on objects and mapsx
g−→ - to ψ(x)

ϕ(g)−−−→ -.

Lemma 4.5. The morphismπ of (4.2) is compatible with theright-heightof terms induc-
tively defined byhtR(xi) = 0 andhtR(T0

∧T1) = htR(T1)+1, andC(π, htR) is a surjective
functor fromLD ontoC(B+

∞,N).

The numberhtR(T ) is the length of the rightmost branch inT viewed as a tree or,
equivalently, the number of final closing parentheses inT viewed as a bracketed expres-
sion.

Proof. Assume thatT
g−→ T ′ belongs toLD. Putn = htR(T ). The LD-law preserves the

right-height of terms, so we havehtR(T ′) = n as well. The assumption thatT • g exists
implies that the factorsΣ1i that occur in some (hence in every) expression ofg satisfy
i < n− 1. Henceπ(g) is a braid ofB+

n , andn • π(g) is defined. Then the compatibility
condition (4.4) is clear, andC(π, htR) is a functor ofLD to C(B+

∞,N).
Surjectivity is clear, as every braidσi belongs to the image ofπ.

Finally, a simple relation connects the elements∆T of MLD and the braids∆n.

Lemma 4.6. We haveπ(∆T ) = ∆n wheneverT has right-heightn > 1.

Proof. We first prove thathtR(T ) = n implies

(4.7) π(δT ) = σ1σ2 ···σn
using induction on the size ofT . If T is a variable, we havehtR(T ) = 0 andδT = 1, so
the equality is clear. Otherwise, writeT = T0

∧T1. By definition, we have

δT = Σ∅ · sh0(δT0) · sh1(δT1).
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Let sh denote the endomorphism ofB+
∞ that mapsσi toσi+1 for eachi. Thenπ collapses

every term in the image ofsh0, andπ(sh1(g)) = sh(π(g)) holds for eachg in MLD.
Hence, using the induction hypothesisπ(δT1) = σ1 ···σn−1, we deduce

π(δT ) = σ1 · 1 · sh(σ1 ···σn−1) = σ1 ···σn,

which is (4.7).
Put ∆0 = 1 (= ∆1). We prove thathtR(T ) = n impliesπ(∆T ) = ∆n for n > 0,

using induction on the size ofT again. IfT is a variable, we findn = 0, ∆T = 1 as
expected. Otherwise, writeT = T0

∧T1. We have∆T = sh0(∆T0 ) · sh1(∆T1 ) · δφ(T1)

by definition. As above,π collapses the term in the image ofsh0, and it transformssh1

into sh. Hence, using the induction hypothesisπ(∆T1) = ∆n−1 and (4.7) forφ(T1),
whose right-height is that ofT1, we finally obtainπ(∆T ) = 1 · sh(∆n−1) · σ1σ2 ···σn−1,
whenceπ(∆T ) = ∆n.

Summarizing the results, we obtain

Proposition 4.8(projection). The functorC(π, htR) is a surjective functor from the cat-
egoryLD onto the categoryC(B+

∞,N), and it maps the right-Garside map∆ of LD to
the right-Garside map∆ of C(B+

∞,N), in the sense that, for every termT , we have

(4.9) C(π, htR)(∆(T )) = ∆(π(T )).

In other words, the Garside structure of braids is a projection of the Garside structure
associated with the LD-law.

4.2 Reproving braid properties

One interest of the Garside structure on the categoryLD is to allow for proving specific
results about the LD-law, such as solving the associated Word Problem or addressing the
Embedding Conjecture. However, a side-effect is also to provide new proofs of some al-
gebraic results involving braids as a direct application ofthe projection of Subsection 4.1.

If S, S are alphabets andπ is a map ofS to the free monoidS∗, we denote byπ∗

the alphabetical homomorphism ofS∗ to S∗ that extendsπ, that is, the homomorphism
defined byπ∗(ε) = ε andπ∗(s1| ··· |sℓ) = π(s1)| ··· |π(sℓ).

Lemma 4.10. Assume that(S,R) and (S,R) are right-complemented presentations of
two monoidsM,M , respectively associated with syntatic right-complementsθ andθ, and
π is a map fromS to S ∪ {ε} satisfyingπ(S) ⊇ S and

(4.11) for all s, t in S, we haveθ(π(s), π(t)) = π(θ(s, t)).

Assume moreover thatM admits common right-multiples.
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(i) The mapπ∗ induces a surjective homomorphism fromM ontoM .
(ii) The monoidM admits common right-multiples.
(iii) If right-reversing is complete for(S,R), it is complete for(S,R) too.

Proof. (i) By definition, the relationssθ(s, t) = tθ(t, s) with s, t in S make a presentation
of M . Now, fors, t in S, we find

π(s)θ(π(s), π(t)) = π(sθ(s, t)) = π(tθ(t, s)) = π(t)θ(π(t), π(s))

in M . It follows that, for allS-wordsu, v,

(4.12) u ≡+

R v implies π∗(u) ≡+

R π
∗(v),

andπ∗ induces a well-defined homomorphism ofM to M . This homomorphism, still
denoted byπ, is surjective since, by assumption, its image includesS.

(ii) Let f, g belong toM . Asπ is surjective, there existf, g inM satisfyingπ(f) = f
andπ(g) = g. By assumption,f andg admit a common right-multiple, sayh, in M .
Thenπ(h) is a common right-multiple off andg in M .

(iii) An easy induction shows that, ifu, v are S-words andθ∗(u, v) exists, then
θ∗(π∗(u), π∗(v)) exists as well and we have

(4.13) θ∗(π∗(u), π∗(v)) = π∗(θ∗(u, v)).

According to Exercise 22 (completevs.cube, right-complemented case), in order to show
that right-reversing is complete for(S,R), it is sufficient to establish that theθ-cube con-
dition is valid for every triple ofS-words. So assume thatu, v, w areS-words sharing the
same source andθ∗(u, v, w) is defined. The assumption thatπ(S) includesS guarantees
that there existS-wordsu, v, w satisfyingπ∗(u) = u, π∗(v) = v, π∗(w) = w. The
assumption that any two elements ofM admit a common right-multiple implies thatθ∗

is defined on every pair ofS-words. Then the assumption that right-reversing is com-
plete for(S,R) implies that theθ-cube condition is valid foru, v, w. By applyingπ∗ and
using (4.13), we obtain

π∗(θ∗3(u, v, w)) ≡+

R π
∗(θ∗3(v, u, w)),

which, by (4.12), isθ∗3(u, v, w) ≡+

R θ
∗
3(v, u, w). So theθ-cube condition is valid for(S,R),

and we conclude that right-reversing is complete for(S,R).

In our current framework, we immediately deduce

Proposition 4.14(braids I). For every positiven, the braid monoidB+
n is left-cancellative

and admits right-lcms.

Proof. The projectionπ defined in (4.2) satisfies (4.11): usingθ andθ for the syntactic
right-complements involved in the presentations ofMLD andB+

∞, respectively, we check,
for all addressesα, β, the equality

(4.15) π(θ(Σα,Σβ)) = θ(π(Σα), π(Σβ)).
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For instance, we find

π(θ(Σ1,Σ∅)) = π(Σ∅|Σ1|Σ0) = σ1|σ2 = θ(σ2, σ1) = θ(π(Σ1), π(Σ∅)),

and similar relations hold for all pairs of generatorsΣα,Σβ. Then, by Lemma 4.10,
we deduce that (as already stated in Subsection 4.1)π induces a surjective homomor-
phism fromMLD ontoB+

∞, that any two elements ofB+
∞ admit a common right-multiple,

and that right-reversing is complete for the braid presentation (I.1.5). Then, by Propo-
sitions II.4.44 (left-cancellativity) and II.4.46 (common right-multiple), this implies that
B∞ is left-cancellative and that any two elements ofB∞ admit a right-lcm.

We now turn to right-Garside sequences, and, pretending that we ignore the proper-
ties of the fundamental braids∆n, deduce them from the properties of the elements∆T

of MLD. In general, there is no reason why the image of a right-Garside sequence under
a surjective homomorphism should be a right-Garside sequence. However, we can easily
state sufficient conditions for this to happen: the following statement may look intricate,
but it just says that, when natural compatibility conditions are met, the projection of a
right-Garside family is a right-Garside family.

Lemma 4.16. Assume thatM is a left-cancellative monoid,F is a proper partial action
of M on some setX , and (∆x)x∈X is a right-Garside map onM with respect toF .
Assume moreover thatS is a family of atoms that generateM . Now assume thatπ :
M → M is a surjective homomorphism,π• : X → X is a surjective map, and, for allx
in X andg in M ,

The value ofπ•(x • g) only depends onπ•(x) andπ(g);(4.17)

The value ofπ(∆x) only depends onπ•(x).(4.18)

Assume finally that̃π : S → S is a section ofπ such that, forx in X , s in S, andw in S∗,

If π•(x) • s is defined, then so isx • π̃(s).(4.19)

The relation[w]4∆π•(x) implies[π̃∗(w)]4∆x.(4.20)

Define a partial actionF ofM onX byπ•(x) • π(g) = π•(x • g), and, forx in X , let ∆x

be the common value ofπ(∆x) for x satisfyingπ•(x) = x. ThenF is a proper partial
action ofM onX and(∆x)x∈X is a right-Garside sequence onM .

The easy proof is left to the reader.

Proposition 4.21(braids II). The sequence(∆n)n∈N is a right-Garside sequence in the
monoidB+

∞.

Proof. We check that the assumptions of Lemma 4.16 are satisfied for the monoidsMLD

andB+
∞, with S = {Σα |α ∈ A}, S = {σi | i > 1} andπ as defined in (4.2). We already

established in Proposition 4.14 that the mappingπ of induces a surjective homomorphism
of MLD ontoB+

∞, and thatB+
∞ admits right-lcms and left-gcds. The property that every

elementΣα ofMLD is an atom directly follows from Lemma 3.9.
Now, forT in T , letπ•(T ) be the right-height ofT , that is, the length of the rightmost

branch ofT viewed as a tree. The right-height is invariant under LD-equivalence, and,
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therefore, we haveπ•(T • g) = π•(T ) wheneverT • g is defined. Hence (4.17) is satisfied.
On the other hand, the equalityπ(∆T ) = ∆π•(T ) was established in Lemma 4.6, so (4.18)
is satisfied.

Next, definẽπ : S → S by π̃(σi) = Σ1i−1 . Assume thatT is a term andπ•(T ) • σi
is defined. By definition, this implies thatπ•(T ) is at leasti + 1, that is, the right-height
of T is at leasti+ 1. This guarantees thatT • Σ1i−1 is defined. Hence (4.19) is satisfied.

Finally, assume thatw is a braid word that represents a left-divisor of∆n. A direct
inspection shows that any two strands in the diagram associated with the recursive defini-
tion of ∆n cross at most once, hence the same must be true for the braid diagram encoded
in w. On the other hand, an easy induction shows that, ifw is a word in the lettersΣ1i

andT is an injective termx1
∧(x2

∧(...)), thenT • w is semi-injective if and only if, in
the braid diagram encoded inπ∗(w), any two strands cross at most once. It follows that
(4.20) is satisfied.

We then apply Lemma 4.16.

Corollary 4.22 (braids III). For everyn, the braid monoidB+
n is a Garside monoid.

Proof. We apply Proposition 1.25 to the right-Garside(∆n)n∈N in B+
∞. Then every

integern is eligible, asn • g is defined if and only ifg has at least one expression that
involves noσi with i > n, which implies thatn •gh is defined if and only ifn •g andn •h
are defined.

So, as announced, the right-Garside structure of braids canbe recovered from the
right-Garside structure associated with the LD-law. As theright-Garside structure has
no left counterpart, we cannot expect for more. However, by the symmetry of the braid
relations, the existence of a right-Garside structure immediately implies the existence of
a left-structure, and merging the left- and the right-structures completes the results.

4.3 Hurwitz action of braids on LD-systems

We conclude with a related but different topic. The projection of the self-distributivity
categoryLD to the braid categoryC(B+

∞,N) described above is partly trivial in that
terms are involved through their right-height only and the corresponding action of braids
on integers is constant. One can consider alternative projections that correspond to less
trivial braid actions and lead to factorizations

LD −→ C(B+

∞, ...) −→ C(B+

∞,N)

for the projection ofLD ontoC(B+
∞,N), and, in good cases, to new examples of cate-

gories admitting non-trivial right-Garside maps. We shalldescribe two such examples.
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The first example comes from the action of braids on sequencesof integers provided
by the associated permutations. For(p1, ... , pn) a finite sequence of nonnegative integers
andi < n, let us define

(4.23) (p1, ... , pn) • σi = (p1, ... , pi−1, pi+1, pi, pi+2, ... , pn).

In this way, we obtain a partial action of the braid monoidB+
∞ on the setSeq(N) of

all finite sequences of natural numbers. We deduce a new category, hereafter denoted
by C(B+

∞, Seq(N)). A typical element ofC(B+
∞, Seq(N)) is a triple of the form

(1, 2, 2)
σ1−→ (2, 1, 2).

ClearlyC(id, lg) defines a surjective functor fromC(B+
∞, Seq(N)) ontoC(B+

∞,N). Our
aim is then to describe a natural surjective functor fromLD onto this category. We re-
call that terms have been defined to be bracketed expressionsconstructed from a fixed
sequence of variablesx1, x2, ... (or as binary trees with leaves labelled with variablesxp),
and that, forT a term andα a binary address,T/α denotes the subterm ofT whose root,
whenT is viewed as a binary tree, has addressα.

Proposition 4.24(Hurwitz I). For T a term with right-heightn, define

(4.25) var∗R(T ) = (varR(T/0), varR(T/10), ... , varR(T/1n−10)),

wherevarR(T ) denote the index of the righmost variable occurring inT . Then the sur-
jective morphismC(π, ht) fromLD ontoC(B+

∞,N) factors into

LD C(π, var∗R )−−−−−−−−→ C(B+
∞, Seq(N))

C(id, lg)−−−−−−→ C(B+
∞,N).

Moreover, the map∆ defined by∆((p1, ... , pn)) = (p1, ... , pn)
∆n−−→ (pn, ... , p1) is a

right-Garside map inC(B+
∞, Seq(N)).

In the above context, terms are mapped to sequences of integers by

xp1 xp2

xpn

7→ (p1, p2, ... , pn).
var∗

R

Proof of Proposition 4.24 (Sketch).The point
is to check that the action of the LD-law on
the indices of the right variables of the sub-
terms with addresses1i0 is compatible with
the action of braids on sequences of integers.
It suffices to consider the basic case ofΣ1i−1 ,
and the expected relation is shown on the right.
Details are easy.

var∗
R

var∗
R

xp
xq xpxq

(..., p, q, ...) (..., q, p, ...)
σi

Σ1i−1
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As can be expected, for symmetry reasons, the map∆ of Proposition 4.24 is not only
a right-Garside map, but even a Garside map in the categoryC(B+

∞, Seq(N)).
The action of positive braids on sequences of integers defined in (4.23) is just one

example of a much more general situation, namely the action of positive braids on se-
quences of elements of any LD-system. It is well known—see, for instance, [35] or [76,
Chapter I]—that, if(G, ∧) is an LD-system, that is,∧ is a binary operation onG that
obeys the LD-law, then defining fori < n

(4.26) (a1, ... , an) • σi = (a1, ... , ai−1, ai
∧ai+1, ai, ai+2, ... , an)

provides a well defined action of the monoidB+
n on the setGn, and, from there, a partial

action ofB+
∞ on the setSeq(G) of all finite sequences of elements ofG. It is natural to call

this action aHurwitz actionsince it is a direct extension of the Hurwitz action as consid-
ered in Example I.2.8 when conjugacy is replaced with an arbitrary left-selfdistributive
operation∧—the case of Proposition 4.24 then corresponding to the trivial operation
x∧y = y. For each choice of the LD-system(G, ∧), we obtain an associated category
that we shall simply denote byC(B+

∞, Seq(G)).

Proposition 4.27(Hurwitz II). Assume that(G, ∧) is an LD-system and~c is a sequence
of elements ofG. For T a term with right-heightn, define

ev~c(T ) = (T/0(~c), ... , T/1n−10(~c)),

whereT (~c) denotes the evaluation ofT in (G, ∧) whenxi is given the valueci for everyi.
Then the surjective morphismC(π, htR) ofLD ontoC(B+

∞,N) factors into

LD C(π, ev~c)−−−−−−−−→ C(B+
∞, Seq(G))

C(id, lg)−−−−−−−→ C(B+
∞,N).

Moreover, the map∆ defined by

∆((a1, ... , an)) = (a1, ... , an)
∆n−−→ (a1

∧ ···∧an, a1
∧ ···∧an−1, ... , a1

∧a2, a1),

wherex∧y∧z stands forx∧(y∧z), is a right-Garside map inC(B+
∞, Seq(G)).

We skip the proof, which is an easy verification similar to that of Proposition 4.24.
When(G, ∧) isN equipped witha∧b = b and we mapxp top, the categoryC(B+

∞, Seq(G))
is the categoryC(B+

∞, Seq(N)) of Proposition 4.24. In the latter case, the (partial) action
of braids is not constant as in the case ofC(B+

∞,N), but it factors through an action
of the associated permutations, and, therefore, it is far from being free. By contrast,
if we take forG the braid groupB∞ with ∧ defined bya∧b = a sh(b)σ1 sh(a)−1,
where we recallsh is the shift endomorphism ofB∞ that mapsσi to σi+1 for eachi,
and if we mapxp to 1 (or to any other fixed braid) for eachp, then the correspond-
ing action (4.26) ofB+

∞ on Seq(B∞) is free, in the sense thatg = g′ holds when-
ever (a1, ... , an) • g = (a1, ... , an) • g′ holds for at least one sequence(a1, ... , an)
in (B∞)∗: this follows from Lemma III.1.10 of [99]. This suggests that the associated
categoryC(B+

∞, Seq(B∞)) has a rich structure.
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Exercises

Exercise 104(skeleton). Say that a set of addresses is anantichainif it does not contain
two addresses, one is a prefix of the other; an antichain is called maximalif it is properly
included in no antichain. (i) Show that a finite maximal antichain is a family{α1, ... , αn}
such that every long enough address admits as a prefix exactlyone of the addressesαi.
(ii) Show that, for everyΣ-wordw, there exists a unique finite maximal antichainAw
such thatT • w is defined if and only if the skeleton ofT includesAw.

Exercise 105(preservation). Assume thatM is a left-cancellative monoid andF is a
partial action ofM on a setX . (i) Show that, ifM admits right lcms (resp. conditional
right-lcms), then so does the categoryCF(M,X). (ii) Show that, ifM is right-Noetherian,
then so isCF(M,X).

Exercise 106(right-Garside sequence).Assume thatM is a left-cancellative monoid,
α is a partial action ofM onX and(∆x)x∈X is a Garside sequence inM with respect
to α. (i) Show that, for everyx in X , any two elements ofDef(x) admit a common
right-multiple inM , and the latter lies inDef(x). (ii) Show that any two elements ofM
admit a common right-multiple. (iii) Show that, ifx • g is defined, then∆x 4 g∆x•g

holds and that, if we defineφ(x) by φ(x) = x • ∆x andφ(g) by g∆x•g = ∆x φ(g),
then the functorφ∆ of CF(M,X) associated with the right-Garside map∆ is given by
φ∆((x, g, y)) = (φ(x), φ(g), φ(y)).

Exercise 107(Noetherianity). Assume thatF is a proper partial action of a monoidM
on a setX and there exists a mapµ : X → N such thatµ(x •g) > µ(x) holds wheneverg
is not invertible. Show thatM is Noetherian and every element ofM has a finite height.

Exercise 108(relations RLD). Show that, for everyΣ-wordw and every termT such
thatT • w is defined, one hasδT · w = sh1(w) · δT•w. [Hint: Show the result forw of
length one and use induction on the size ofT .]

Exercise 109(common multiple). Assume thatM is a left-cancellative monoid,F is a
partial action ofM onX , and(∆x)x∈X is a right-Garside sequence inM with respect
to F . Show that, for everyx in X , any two elements ofDef(x) admit a common right-
multiple that lies inDef(x).

Exercise 110(Embedding Conjecture). Show that (3.34) holds forf = Σ0 andg = Σ1

with T = (x∧(x∧x))∧(x∧(x∧x)). [Hint: The values areφT (Σ0) = Σ000Σ010Σ100Σ110

andφT (Σ1) = Σ∅.]

Notes

Sources and comments.The content of this chapter is based on the approach to left
self-distributivity developed in [76]. Although implicitfrom the early developments—
introducing the operationφ on terms to prove the existence of a common LD-expansions
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is totally similar to introducing Garside’s fundamental braid ∆n to prove the existence
of common right-multiples in the braid monoidB+

n—the connection with Garside’s the-
ory of braids was discovered a posteriori, when it appeared that the subword reversing
machinery specially developed to prove that the monoidMLD is left-cancellative is also
relevant for the braid monoidsB+

n , and is actually closely connected with the Higman–
Garside strategy for proving that the braid monoids are left-cancellative. The current
exposition in terms of a right-Garside map in the categoryLD or, equivalently, a right-
Garside sequence in the monoidMLD, appeared more recently, in [87].

The interest in the self-distributivity law was renewed by the discovery in the 1980’s
and the early 1990’s of unexpected connections with low-dimensional topology in Joyce
[151], Matveev [175], Fenn–Rourke [119] and axiomatic set theory in [69] and in Laver
[166]. The latter connection led to deriving several purelyalgebraic statements about
the LD-law from certain higher infinity axioms, but, at leastat first, no proof of these
statements in the standard framework of the Zermelo–Fraenkel system was known. This
unusual situation provided a strong motivation for the quest of alternative elementary
proofs, and a rather extensive theory of the LD-law was developed in the decade 1985-95
by the first author in [76], with a partial success: some of thestatements first derived
from large cardinal axioms did receive elementary proofs, in particular the decidability
of the Word Problem for the LD-law, that is, the question of algorithmically recognizing
whether two terms are=LD-equivalent, but other questions remain open, in particular those
involving Laver’s tables, a sequence of finite LD-systems ofsizes1, 2, 4, 8, ... reminiscent
of 2-adic integers.

The above mentioned theory of the LD-law was centered on the study of the rela-
tion =LD, and it was developed in two steps. The first one [70] consisted in investigat-
ing =LD directly, and it essentially corresponds to the results of Section 2 in this chapter.
However, because Question 2.11 remained open, these results were not sufficient to estab-
lish the desired decidability of=LD. Here came the second step, namely introducing the
monoidMLD (and the groupGLD specified by the same presentation) and using it to de-
scribe=LD more precisely. This approach, which includes the results of Section 3, turned
out to be successful in [72, 74], and, in addition, it led to unexpected braid applications
when the connection betweenMLD andB+

∞ became clear in [71].
By the way, we insist that the slogan “the Garside structure of braids is the projec-

tion of the Garside structure on the selfdistributivity monoidMLD” is fully justified and
it provides really new proofs for the algebraic properties of braids: the verifications of
Subsection 4.2 to show that braids are eligible require no background result about braids:
we do not have to assume half the results to reprove them!

Further questions. Many puzzling questions remain open in the domain of left-selfdistri-
butive algebra, like the question of whether the results about periods in Laver’s tables,
currently established using large cardinal assumptions, can be established in the standard
framework of the Zermelo–Fraenkel system, see [76, ChapterXIII], or the termination of
the so-called Polish algorithm, see [78]. It is however unlikely that the Garside approach
may be useful in solving these questions.

By contrast, another significant open problem is the alreadymentioned Embedding
Conjecture, which we recall can be expressed as:
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Question 32. Is the monoidMLD right-cancellative?

This is indeed a structural question about the LD-law since,by Proposition 3.27, a
positive solution would in particular guarantee that any two LD-equivalent terms admit a
unique least common LD-expansion.

Proposition 3.33 leads to a realistic program that would reduce the proof of the Em-
bedding Conjecture to a (long) sequence of verifications. Indeed, it is shown in Proposi-
tion VIII.5.15 of [76] that every element ofMLD that left-divides an element∆T admits
a unique expression of the form

∏>
α∈A

Σα,eα , whereΣα,e denotesΣαΣα1...Σα1e−1 and
> refers to the unique linear ordering on binary addresses that satisfiesα > α0β > α1γ
for all α, β, γ. In this way, we associate with every simple element ofMLD a sequence
of nonnegative integers(eα)α∈A that plays the role of coordinates for the considered el-
ement. Then itshouldbe possible to express the coordinates ofφT (s) in terms of those
of s, and then express the coordinates ofgcd(s, t) in terms of those ofs andt. If this were
done, proving (or disproving) the equalities (3.34) shouldbe easy.

In another direction, the presentation ofMLD, which we saw is right-complemented, is
also left-complemented, that is, for every pair of generatorsΣα,Σβ, there exists inRLD at
most one (actually exactly one) relation of the form···Σα = ···Σβ . But the presentation
fails to satisfy the counterpart of the cube condition, and it is extremely unlikely that one
can prove that the monoidMLD is possibly right-cancellative simply using the counterpart
of Proposition II.4.16. Now the germ approach of Chapter VI provides another powerful
criterion for establishing cancellativity: a second, independent program for proving the
Embedding Conjecture would be to prove that the family of simple elements inMLD

forms a (right)-germ that satisfies, say, the conditions of Proposition VI.2.8 or VI.2.28
(recognizing Garside germ). As the considered germ is infinite, this isnot an easy task
but, clearly, only finitely many combinatorial situations may appear and, again, a (long)
sequence of verifications could be sufficient.

So, in both approaches, it seems that Garside’s theory will be crucial in a possible
solution of the Embedding Conjecture. In any case, it is crucial to work with the structural
monoidMLD efficiently, and this is precisely what the Garside approachprovides.

Other algebraic laws. The above approach of self-distributivity can be developedfor
other algebraic laws. However, at least from the viewpoint of Garside structures, the case
of self-distributivity seems rather particular.

A typical case is associativity, that is, the lawx(yz) = (xy)z. It is syntactically close
to self-distributivity, the only difference being that thevariablex is not duplicated in the
right hand side. Let us say that a termT ′ is anA-expansion of another termT if T ′ can be
obtained fromT by applying the associativity law in the left-to-right direction only, that
is, by iteratively replacing subterms of the formT1

∧(T2
∧T3) by the corresponding term

(T1
∧T2)

∧T3. Then the counterpart of Proposition 2.6 is true, that is, two termsT, T ′ are
equivalent up to associativity if and only if they admit a commonA-expansion, a trivial
result since every sizen termT admits as anA-expansion the termφ(T ) obtained fromT
by pushing all brackets to the left.

Then, as in Section 2, we can introduce a categoryA0 whose objects are terms, and
whose morphisms are pairs(T, T ′) with T ′ an A-expansion ofT . Next, as in Sec-
tion 3, we can take positions into account and, usingAα when associativity is applied
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at addressα, introduce a monoidMA that describes the connections between the gen-
eratorsAα, see [83]. Here the relations of Lemma 3.5 are to be replaced by analogous
new relations, among which the MacLane–Stasheff Pentagon relationsA2

α = Aα1AαAα0

plays the critical role and replaces the relationΣ∅Σ1Σ∅ = Σ1Σ∅Σ0Σ1. The monoidMA

turns out to be a well-known object: indeed, its group of fractions is Richard Thomp-
son’s groupF , see Cannon–Floyd–Parry [48] or [89]. Finally, we can introduce the
categoryA, whose objects are terms, and whose morphisms are triplesT

g−→ T ′ with g

in MA andT • g = T ′. Then, using̃φ(T ) for the term obtained fromT by pushing all
brackets to the right, one easily proves that the categoriesA0 andA are isomorphic—that
is, the analog of the Embedding Conjecture is true—and that the mapT 7→ (T, φ(T )) is a
right-Garside map inA0, whereasT 7→ (T, φ̃(T )) is, in the obvious sense, a left-Garside
map. This seemingly promising result isnot interesting. Indeed, the Garside structure(s)
is trivial: the mapsφ andφ̃ are constant on each orbit for the action ofMA on terms, and
every element in the categoriesA0 andA is a divisor of∆. In other words, the underlying
Garside families are the whole categories and, therefore, nothing is to be expected from
the derived normal decompositions.

By contrast, let us mention that the central duplication lawx(yz) = (xy)(yz) turns
out to be similar to self-distributivity, with a non-trivial Garside structure, see [80]. As
there is no known connection between this exotic law and other widely investigated ob-
jects like braids, we do not go into details.



Chapter XII

Ordered groups

A priori, there is no obvious connection between ordered groups and Garside structures.
In particular, the definition of a Garside monoid includes Noetherianity assumptions that
are never satisfied in those monoids that occur in connectionwith ordered groups. How-
ever, as already seen with the Klein bottle monoid (Reference Structure 5, page 17), the
current, extended framework developed in this text allows for non-Noetherian structures.
What we do in this chapter is to show that the above Klein bottle monoid is just the very
first one in a rich series of monoids that are canonically associated with ordered groups
and that contain a Garside element.

In recent years, a number of interesting questions arose about the topology of the space
of all orderings of a given orderable group. We shall show in particular that an approach
based on monoids and Garside elements is specially efficientto construct examples of
orderable groups with orderings that are isolated in the space of their orderings, a not so
frequent situation of which few examples were known. Here Garside theory is mainly
useful through the result that a Garside element∆ and the associated functorφ∆ (here
a morphism since we are in a monoid) provide an effective criterion for the existence of
common multiples.

The chapter is divided in three sections. We begin in Section1 with some background
about ordered groups and the topology of their space of orderings (Proposition 1.14).
Next, we consider in Section 2 the specific question of constructing isolated orderings on
an orderable group and we explain how to use Garside elementsfor this task, in the spe-
cific case of what we call triangular presentations, along the scheme described in Propo-
sition 2.7, leading to a practical criterion in Proposition2.15. Finally, in Section 3, we
point out some limits of the approach, showing both that somefurther examples can be
constructed without using Garside element and that some examples remain inaccessible
to triangular presentations, in particular in the case of braids with4 strands and more and
the associated Dubrovina–Dubrovin ordering.

1 Ordered groups and monoids ofO-type

In this introductory section, we review basic results aboutorderable groups and their space
of orderings. The only non-standard point is the introduction of the notion of a monoid of
O-type, which is relevant for addressing orderability questions in a monoid framework.

We start with background on ordered groups in Subsection 1.1. Then Subsection 1.2
is devoted to the space of orderings of an orderable groups, with the specific question
of the existence of isolated orderings that is central in therest of the chapter. Finally,
in Subsection 1.3, we describe the action of automorphisms on orderings with a special
emphasis on the case of Artin’s braid groups.
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1.1 Orderable and bi-orderable groups

In the sequel, when considering an ordering, we always use<,≺, ... for the strict (an-
tireflexive) version and6,4, ... for the associated non-strict (reflexive) version:g < h
stands forg 6 h with g 6= h, andg 6 h stands forg < h or g = h. An ordering is called
linear (or total) if any two elements are comparable.

Definition 1.1 (orderable, bi-orderable). (i) A linear ordering< on a groupG is called
left-invariant(resp. right-invariant, resp. bi-invariant) if g < g′ impliesfg < fg′ (resp.
gh < g′h, resp. both) for allf, g, g′, h in G.

(ii) A group G is calledorderable(resp. bi-orderable) if it admits at least one left-
invariant (resp. bi-invariant) linear ordering.

Example 1.2 (orderable group). The standard ordering on(Z,+) is bi-invariant, so
(Z,+) is a bi-orderable group. More generally, a lexicographic ordering on a free Abelian
group is bi-invariant, so every such group is bi-orderable.By contrast, it is clear that, in
an orderable group,1 < g impliesgn < gn+1 for everyn, so such a group may admit no
torsion element. Therefore, an Abelian group if orderable if and only if it is bi-orderable
if and only if it is torsion-free.

By contrast, Artin’s3-strand braid groupB3 (Reference Structure 2, page 5) is not
bi-orderable: indeed, assume that< is a linear ordering onB3 with, say,σ1 < σ2. If <
is bi-invariant, then, for everyg, we haveg−1σ1g < g−1σ2g, that is, with the notation
of Chapter VIII,σg1 < σg2 . Now, for g = ∆3, we haveσ∆3

1 = σ2 andσ∆3
2 = σ1, so it

is impossible thatσ1 < σ2 andσ∆3
1 < σ∆3

2 hold simultaneously. However, we shall see
below thatB3 is left-orderable.

As can be expected, there is no notion of a left-orderable group because every group
that admits a left-invariant ordering automatically admits a right-invariant ordering, and
vice versa: a linear ordering< is left-invariant if and only if the ordering̃< defined by
g <̃ h⇔ h−1 < g−1 is right-invariant.

A left-invariant ordering on a group turns out to be entirelydetermined by what is
called itspositive cone.

Lemma 1.3. (i) Assume that< is a left-invariant ordering on a groupG. Define the
positive coneP+

<
of< to be{g ∈ G | g > 1}. ThenP+

<
is a subsemigroup ofG such that

P+
< , (P+

< )−1, and{1} make a partition ofG.
(ii) Conversely, assume thatP is a subsemigroup of a groupG such thatP , P−1,

and {1} make a partition ofG. Then the relationg−1h ∈ P defines a left-invariant
ordering onG, andP is the associated positive cone.

Proof. (i) Assume thatg andh lie in P+
< . Then we have1 < h, whenceg < gh since< is

left-invariant. We deduce1 < g < gh, sogh lies inP+
<

, and the latter is a subsemigroup
of G.



532 XII Ordered groups

Next, using the invariance ofg < 1 under left-multiplication byg−1 and that of
g−1 > 1 under left-multiplication byg, we see thatg < 1 is always equivalent tog−1 > 1.

Now, let g belong toG. If g does not lie inP+
< ∪ {1}, the relationg > 1 fails, so

we haveg < 1, whenceg−1 > 1, andg lies in (P+
<

)−1. SoG is the union ofP+
<

,
(P+

< )−1, and{1}. Then the assumption that< is strict implies that1 lies neither inP+
<

nor in (P+
<

)−1. Finally, g ∈ P+
<

∩ (P+
<

)−1 would imply bothg > 1 andg < 1, which is
impossible. SoP+

<
, (P+

<
)−1, and{1} make a partition ofG.

(ii) Write g < h for g−1h ∈ P . First1 does not lie inP , sog < g never holds, that
is,< is antireflexive. Next, assumef < g < h. As P is a subsemigroup ofG, we find
f−1h = (f−1g)(g−1h) ∈ P 2 ⊆ P , whencef < h. So< is transitive, and it is a strict
partial ordering onG. Assumeg 6= h ∈ G. If g < h fails, that is, ifg−1h does not lie
in P , then, by assumption,(g−1h)−1 lies in P . This means thath−1g lies in P , hence
h < g holds. So< is a linear ordering onG. Then, as we have(fg)−1(fh) = g−1h, it
is obvious thatg < h impliesfg < fh for everyf . So< is left-invariant. Finally, by
definition of<, the set{g ∈ G | g > 1} coincides withP .

In the current text, monoids and the associated divisibility relations play an important
rôle. It is then easy to adapt Lemma 1.3 to a monoid terminology. We recall that, ifM
is a left-cancellative monoid, the left-divisibility relation4 is a partial ordering onM if
and only ifM admits no nontrivial invertible elements.

Definition 1.4 (monoid of O-type). A monoidM is said to beof right-O-type (resp.
left-O-type) if M is left-cancellative (resp. right-cancellative) and left-divisibility (resp.
right-divisibility) is a linear ordering onM . A monoid isofO-typeif it is both of right-
and left-O-type.

In other words, a monoidM is of right-O-type if it is left-cancellative, has no non-
trivial invertible element, and, for allg, h in M , at least one ofg 4 h, h4 g holds.

Example 1.5(monoid of O-type). The free Abelian monoid(N,+) is of O-type: the
associated divisibility relation is the standard orderingof natural numbers, which is linear.

Now, letM be the monoid〈a, b | a = ba〉+. Mappinga to the ordinalω andb to 1
defines an isomorphism fromM to the monoid(ω2,+), and one easily deduces that
(M,4) is isomorphic to the ordinalω2 equipped with its standard ordering, a linear or-
dering. HenceM is of right-O-type. Note thatM is left-Noetherian, since(ω2, <) is a
well-order, but not right-Noetherian, sincea ≻̃ a holds.

Next, letK+ be the Klein bottle monoid〈a, b | a = bab〉+ (Reference Structure 5,
page 17). We saw in Chapter I thatK+ is cancellative and that the left- and the right-
divisibility relations ofK+ are linear orderings. HenceK+ is a monoid ofO-type.

By contrast, forn > 2, a free Abelian monoidNn is not of left-O-type: if a1, ... , an
is a basis, neithera1 4 a2 nora2 4 a1 holds. Similarly, the braid monoidB+

n (Reference
Structure 2, page 5) is not of right-O-type forn > 3, since neitherσ1 4 σ2 norσ2 4 σ1
holds.
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Generalizing the above examples, we immediately see that a monoid that contains at
least two atoms cannot be of left-O-type: if s1, s2 are distinct atoms, then, by definition of
an atom, boths1 ≺ s2 ands2 ≺ s1 are impossible. Owing to Proposition II.2.58 (atoms
generate), we deduce

Proposition 1.6(not O-type). The only Noetherian monoid of right-O-type is(N,+).

The connection between ordered groups and monoids ofO-type is simple:

Lemma 1.7. For M a submonoid of a groupG, the following conditions are equivalent:
(i) The groupG admits a left-invariant ordering whose positive cone isM\{1};
(ii) The monoidM is ofO-type and generatesG.

Proof. Assume (i). PutP = M\{1}. First, by assumption,M is included in a group,
hence it must be cancellative. Next, assume thatg is an invertible element ofM , that is,
there existsh in M satisfyinggh = 1. If g belongs toP , then so doesh and, therefore,g
belongs toP ∩P−1, contradicting the assumption thatP is a positive cone. So1 must be
the only invertible element ofM . Now, letg, h be distinct elements ofM . Then one of
g−1h, h−1g belongs toP , hence toM : in the first case,g4h holds, in the second,h4 g.
Symmetrically, one ofgh−1, hg−1 belongs toP , hence toM , now implyingg <̃ h or
h <̃ g. So any two elements ofM are comparable with respect to4 and<̃. HenceM is
of O-type, and (i) implies (ii).

Conversely, assume thatM is of O-type. PutP = M\{1} again. ThenP is a
subsemigroup ofG. The assumption that1 is the only invertible element inM implies
P ∩ P−1 = ∅. Next, the assumption that any two elements ofM are comparable with
respect to4 implies a fortiori that any two of its elements admit a commonright-multiple.
By (the easy direction of) Proposition II.3.11 (Ore’s theorem), this implies thatG is a
group of right-fractions forM . Letf be an element ofG. There existg, h inM satisfying
f = gh−1. By assumption, at least one ofg <̃ h, h <̃ g holds inM . This means that at
least one off ∈M , f ∈ M−1 holds. Therefore, we haveG = M ∪M−1, which is also
G = P ∪ P−1 ∪ {1}. SoP is a positive cone onG, and (ii) implies (i).

It will be convenient to restate the orderability criterionof Lemma 1.7 in terms of
presentations. We recall from Chapter II that a group presentation(S,R) is calledpositive
if R a family of relations of the formu = v, whereu, v are nonempty words in the
alphabetS (no empty word, and no letters−1). We recall that a monoid admits a positive
presentation if and only if1 is the only invertible element. Also remember that, in general,
the monoid〈S |R〉+need not embed in the group〈S |R〉.

Proposition 1.8(orderability). A groupG is orderable if and only if

(1.9)
The group G admits a positive presentation(S,R) such that the
monoid〈S |R〉+ is ofO-type.

In this case, the subsemigroup ofG generated byS is the positive cone of a left-invariant
ordering onG.

Proof. Assume thatG is an orderable group. LetP be the positive cone of a left-invariant
ordering onG, and letM = P ∪ {1}. By the implication (i)⇒ (ii) of Lemma 1.7, the



534 XII Ordered groups

monoidM is ofO-type. As1 is the only invertible element inM , the latter admits a pos-
itive presentation(S,R). AsG = M ∪M−1 holds,G is a group of right-fractions forM .
By Proposition II.3.11 (Ore’s theorem), this implies that(S,R) is also a presentation ofG.

Conversely, assume thatG admits a positive presentation(S,R) such that the monoid
〈S |R〉+ is ofO-type. LetM be the submonoid ofG generated byS, and letP = M\{1}.
As observed in the proof of Lemma 1.7, Ore’s theorem implies that 〈S |R〉+ embeds in
a group of fractions, which admits the presentation(S,R), hence is isomorphic toG.
Hence, the identity mapping onS induces an embeddingι of 〈S |R〉+ intoG. Therefore
the image ofι, which is the submonoid ofG generated byS, hence isM , admits the pre-
sentation(S,R). So the assumption implies thatM is ofO-type. Then, by the implication
(ii) ⇒ (i) of Lemma 1.7,P is the positive cone of a left-invariant ordering onG.

Example 1.10(orderability). The Klein bottle groupK (Reference Structure 5, page 17)
admits the presentation〈a, b | a = bab〉, and we saw in Example 1.5 that the monoid
〈a, b | a = bab〉+ is of O-type, so Proposition 1.8 implies thatK is orderable, by a left-
invariant ordering that admitsK+ \ {1} as positive cone.

1.2 The spaces of orderings on a group

We now consider the family of all left-invariant (or bi-invariant) orderings on a given
orderable (or bi-orderable) group. This family can be givena natural topology, making it
a compact, totally disconnected space, and this will be our main subject of interest in the
sequel.

If G is a group—actually, any set—we denote here byP(G) the powerset ofG, that
is, the family of all subsets ofG. Identifying a subset ofG with its indicator function, we
identify P(G) with the set{0, 1}G of all functions fromG to {0, 1}. Then, starting with
the discrete topology on{0, 1}, we equipP(G) with the product topology. A basic open
set consists of all functions in{0, 1}G with specified values on a specified finite subset
of G, that is, we choose two finite (possibly empty) subsets{g1, ... , gp}, {h1, ... , hq}
of G and define the corresponding open set to be

(1.11) {X ⊆ G | g1∈X, ..., gp∈X, h1 /∈X, ..., hq /∈X}.

Since{0, 1} is a compact space,P(G) is compact by Tychonoff’s theorem. In addition,
P(G) is totally disconnected, that is, any two points lie in disjoint open sets whose union
is the whole space. Indeed, ifX1 andX2 are distinct subsets ofG, there existsg satisfying
g ∈ X1 andg /∈ X2 (or vice versa), and then the two open sets{X ⊆ G | g ∈ X} and
{X ⊆ G | g /∈ X} separateX1 andX2 and their union is all ofP(G).

In the case of ordered groups, we observed in Lemma 1.3 that, if G is an orderable
group, there exists a one-to-one correspondence between the left-invariant orderings ofG
and the positive cones ofG. The latter are subsets ofG, hence points in the power-
setP(G). Then, at the expense of identifying a left-invariant ordering with its positive
cone, the topology ofP(G) naturally induces a topology on the family of all left-invariant
orderings ofG, and similarly for bi-invariant orderings.
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Definition 1.12 (spacesLO(G) and O(G)). For G a group, we defineLO(G) (resp.
O(G)) to be the family of the positive cones of the left-invariant(resp. bi-invariant) or-
derings onG equipped with the topology induced by that ofP(G).

Of course, the spaceLO(G) is nonempty if and only ifG is orderable, whereasO(G)
is nonempty if and only ifG is bi-orderable.

Lemma 1.13. If G is an orderable group, then the family{Ug,h | g, h ∈ G} is a base of
open sets for the topology ofLO(G), where, forg, h in G, the setUg,h is defined to be
{P ∈ LO(G) | g−1h ∈ P}.

Proof. Every open set of the form (1.11) is an intersection of finitely many setsUg,h,
since we consider positive cones, so that, wheng, h are disjoint,g−1h /∈ P is equivalent
to h−1g ∈ P .

Note thatUg,h is the family of all left-invariant orderings< satisfyingg < h.

Proposition 1.14(spacesLO(G) and O(G)). (i) For every groupG, the spacesLO(G)
andO(G) are closed subsets of{0, 1}G; they are compact, totally disconnected spaces.

(ii) For every countable groupG, the spaceLO(G) (resp.O(G)) is either empty, or
nonempty finite, or homeomorphic to the Cantor set, or infinite homeomorphic to a closed
subset of the Cantor set with isolated points.

Proof. (i) As the spaceP(G) is compact and totally disconnected, it suffices to see that
LO(G) andO(G) are closed inP(G), that is, that not being a positive cone is an open
condition. Now,P is a positive cone if it satisfies the three conditions (i)P 2 ⊆ P , (ii)
P ∩P−1 = ∅, (iii) P ∪P−1 = G \ {1}. ThenP fails to satisfy (i) if there existg, h in P
such thatgh does not belong toP , that is, ifP belongs to the open set

⋃

g,h∈G

{X | g∈X , h∈X , gh /∈X}.

Similarly,P fails to satisfy conditions (ii) or (iii) if it belongs to theopen sets

⋃

g∈G

{X | g∈X , g−1 ∈X} or
⋃

g∈G\{1}

{X | g /∈X , g−1 /∈X},

respectively. SoP(G)\LO(G) is the union of three open sets, and it follows thatLO(G)
is closed inP(G). Similarly, the condition that the left-invariant ordering associated
with P fails to be right-invariant means that there existg, h in G satisfyingg ∈ P and
hgh−1 /∈ P , again an open condition.
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(ii) Assume thatG is countable. Fix an enumerationg1, g2, ... of G and, forX1, X2

included inG, define

dist(X1, X2) =
∑

gk∈(X1\X2)∪(X2\X1)

2−k.

Then dist is a distance onP(G). Hence the latter is a metric space, and so are its
subspacesLO(G) andO(G). Now a classic result [145, Corollary 2.98] states that a
nonempty compact metric space that is totally disconnectedis homeomorphic to a sub-
space of the Cantor set, and it is homeomorphic to the Cantor set if and only if it has no
isolated point.

At this point, the possibilities forLO(G), when it is nonempty, are that it is finite,
countably infinite, homeomorphic to the Cantor space, or homeomorphic to a closed sub-
space of the Cantor space with isolated points. Now, by a result of P. Linnell [172],
LO(G) cannot be countably infinite. So we are left with the options of the statement.
Results are similar forO(G).

Example 1.15(spaceLO(G)). The monoid(N,+) admits only two left-invariant (hence
bi-invariant) orderings, namely the standard ordering andthe opposite ordering, so the
corresponding space is finite. Another similar example is the Klein bottle groupK of Ex-
ample 1.5, which admits exactly four left-invariant orderings, namely the one associated
with the monoidK+ and the variants obtained by exchanginga anda−1 and/orb andb−1.

By contrast, forn > 2, if G is a countable free Abelian group of rank at least two,
the spaceLO(G) (which coincides withO(G)) is infinite, homeomorphic to the Cantor
set [207]. In the case ofZ2, the space of orderings has a simple description: the positive
cones correspond to half-planes containing(0, 0), with the additional fact that an irrational
value for the slope of the boundary of the half-plane gives rise to one cone, whereas a
rational value gives rise to two cones due to the two options for which half-line the cone
includes. It follows thatLO(Z2) can be seen as the union of two circlesR/Z identified
along the complement ofQ/Z.

The case of non-Abelian free groups is similar: forG free of rankn with n > 2,
the groupG is bi-orderable, and the spacesLO(G) andO(G) are homeomorphic to the
Cantor set [176, 183].

Left-orderable groups having only finitely many left-invariant orderings have been
fully classified by Tararin [217, 156]. So, in view of Proposition 1.14 and of the situations
described in Example 1.15, we are left with

Question 1.16.Does there exist a countable orderable groupG such that the spaceLO(G)
is infinite but admits isolated points?

This is the main problem addressed in the rest of this chapter. Coming back to the
definition of the topology on the spaceLO(G), we directly obtain a characterization of
the (positive cones of) left-invariant orderings that are isolated.

Lemma 1.17. Assume that< is a left-invariant ordering on a groupG.
(i) (The positive cone of)< is an isolated point inLO(G) if and only if there exists a

finite subset{g1, ... , gp} ofG such that< is the only left-invariant ordering ofG satisfying
1 6 gi for i = 1, ... , p.
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(ii) The above situation occurs in particular if the positive cone of< is a finitely
generated semigroup.

Proof. (i) By definition, the positive coneP+
< of< is isolated inLO(G) if and only if the

singleton{P+
<
} is open, hence, by construction of the topology and with the notation of

Lemma 1.13, if there exists a finite familyg1, ... , gp satisfying

(1.18) {P+

< } = U1,g1 ∩ ··· ∩ U1,gp .

Now (1.18) means thatP+
< is the only positive cone inLO(G) that containsg1, ... , gp.

(ii) Assume thatP+
<

is generated byg1, ... , gp. Let P be any positive cone onG
that containsg1, ... , gp. ThenP includes the subsemigroup ofG generated byg1, ... , gp,
which isP+

< . This impliesP = P+
< . Indeed, if we hadg ∈ P \ P+

< , we would deduce
g−1 ∈ P+

<
, whenceg−1 ∈ P , contradicting the assumption thatP is a cone.

So, in order to obtain a positive answer to Question 1.16, it is sufficient to construct
orderable groups with infinitely many left-invariant orderings and such that at least one
such ordering has a positive cone that is a finitely generatedsemigroup—we do not claim
that Lemma 1.17(ii) is an equivalence, so the approach need not be the only possible one.
In the language of monoids, we can summarize the situation inthe following refinement
of Proposition 1.8:

Proposition 1.19(isolated point). Assume thatG is a group and

(1.20)
The groupG admits a positive presentation(S,R) such thatS is finite and
the monoid〈S |R〉+ is ofO-type.

Then the subsemigroup ofG generated byS is the positive cone of a left-invariant order-
ing onG that is isolated inLO(G).

Proof. Condition (1.20) refines (1.9) and, therefore, Proposition1.8 implies that the sub-
semigroup ofG generated byS is the positive cone of a left-invariant ordering onG. Now,
by assumption,S is finite, so the latter submonoid is finitely generated and Lemma 1.17
implies it is an isolated point inLO(G).

Note that, in order to use a groupG satisfying (1.20) to answer Question 1.16, one still
has to verify thatG admits infinitely many left-orderings: for instance, the presentation
〈a, b | a = bab〉 of the Klein bottle groupK is eligible for (1.20) but, as was mentioned
above, the groupK admits exactly four left-invariant orderings, which are ofcourse iso-
lated in the discrete spaceLO(K). So this example does not answer Question 1.16.
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1.3 Two examples

Automorphisms, in particular inner automorphisms, of the ambient group induce actions
on (invariant) orderings. Such actions may be used in view ofrecognizing limit points
in LO(G), as we shall see on two examples.

Lemma 1.21. For G a group,φ an automorphism ofG, and< an ordering onG, define
<φ by g <φ h ⇔ φ−1(g) < φ−1(h). Then<φ is a left-invariant (resp. bi-invariant)
ordering onG if and only if< is, and definingφ • < = <φ provides actions ofAut(G)
onLO(G) andO(G) by homeomorphisms.

Proof. The verifications are straightforward. Forg, h in G andφ, ψ in Aut(G), we find

g <φψ h⇔ (φψ)−1(g) < (φψ)−1(h) ⇔ φ−1(g) <ψ φ
−1(h) ⇔ g (<ψ)φ h,

that is,φψ •< = φ • (ψ •<), as expected for a (left-)action.

Restricting the above actions to inner automorphisms ofG amounts to defining actions
of G on LO(G) andO(G) by f • < = <f with g <f h meaningf−1gf < f−1hf , that
is, gf < hf . The ordering<f will be called theconjugateof< by f . In terms of positive
cones, ifP is the positive cone of<, then positive cone of<f is fP , that is,fPf−1.

Note thatO(G) is the subspace ofLO(G) made of all elements that are fixed under
conjugacy: ifg < h is equivalent togf < hf for everyf , theng < h impliesf−1gf <
f−1hf , whencegf < hf as< is left-invariant, so< is right-invariant; conversely, if< is
bi-invariant, theng < h impliesf−1gf < f−1hf , whence<f = < for everyf .

Example 1.22(no isolated point). Let F∞ be a free group of countable rank. Then,
using automorphisms, we can easily show that the spaceLO(F∞) has no isolated point
and therefore is homeomorphic to the Cantor set. Indeed, fix acountable base{a1, a2, ...}
of F∞, and assume that< is a left-invariant ordering ofF∞. LetU be a neighbourhood
of< in LO(F∞). By definition of the topology, there exists a finite sequenceg1, ... , gp of
elements ofF∞ such thatU includesU1,g1 ∩ ··· ∩ U1,gp . Each elementgk involves only
finitely many generatorsai, so there existsn such thatan does not occur ing1, ... , gp.
Let φ be the automorphism ofF∞ that exchangesan anda−1

n and preservesai for i 6= n.
Thenφ fixesg1, ... , gp and, therefore,gk >φ 1 holds for everyk. This implies that the
ordering<φ belongs toU1,g1 ∩ ··· ∩ U1,gp , hence toU . Now< and<φ cannot coincide,
since, by construction,an is larger than1 in one ordering and smaller in the other. So the
ordering< is not isolated inLO(F∞).

We now describe another example involving Artin’s braid groupsBn, which are also
known to be orderable.

Example 1.23(limit of conjugates). Consider Artin’s braid groupBn (Reference Struc-
ture 2, page 5). Say that a braid word isσk-positive(resp. σk-negative) if it contains no
letterσ±1

i with i < k and it contains no letterσ−1
k (resp. no letterσk). Then say that an

elementg of Bn is σk-positiveif, among the various expressions ofg in terms of the gen-
eratorsσi, at least one isσk-positive. It turns out that the family of all braids inBn that are
σk-positive for at least onek is a positive cone inBn. We denote by<D the associated or-
dering. For instance, we haveσ2 <D σ1, since the quotient-braidσ−1

2 σ1 is represented by
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theσ1-positive wordσ−1
2 |σ1, andσ−1

2 σ1 <D σ1σ
−1
2 , since the quotient-braidσ−1

1 σ2σ1σ
−1
2

is represented (among others) by theσ1-positive wordσ2 |σ1|σ−1
2 |σ−1

2 .
We claim that the ordering<D is not isolated inLO(Bn) and, to this end, we will

show that<D is a limit of its conjugates. For simplicity, we consider thecasen = 3 only.
Let P be the positive cone of<D in B3. Proving thatP is a limit of its conjugates means
showing that, for every finite subsetS of P , we can findf such thatfPf−1 includesS
but is distinct fromP .

As a preparatory result, we observe that, ifg is aσ1-positive braid, there existsf that
isσ1-positive, does not commute withσ2 and satisfies1 <D f6D g: if g does not commute
with σ2, we may takef = g, otherwise, the explicit description of the commutator ofσ2
in B3 shows thatg can be expressed as(σ1σ2σ1)

2pσq2 with p > 0, in which case we may
takef = σ1σ2 (see Exercise 111).

So, assume thatS is a finite subset ofP . Letg be the<D-smallestσ1-positive element
of S ∪ {σ1}. By the above observation, we findf that satisfies1 <D f6D g and does
not commute withσ2. Let h belong toS. If h is a power ofσ2, then one can show
(Property S, [99, page 28]) that1 <D f

−1hf holds. Otherwise, by assumption, we have
f6D g6D h, hence16D f

−1h and, a fortiori,1 <D f−1hf sincef is σ1-positive. So we
havef−1Sf ⊆ P , that is,P ⊆ fPf−1. On the other hand,σ2 is the least element ofP ,
so fσ2f

−1, which, by construction, is notσ2, is the least positive element offPf−1.
HencefPf−1 does not coincide withP . So the order<D is the limit of its conjugates
in LO(B3). See Exercise 112 for the extension of the result toBn.

Owing to Lemma 1.17, the above result shows that the positivecone associated with
the ordering<D onBn is not finitely generated as a semigroup. Among the subsequent
results that can be established about the ordering<D onBn is the fact that the closure of
the (countable) family of all conjugates of<D in LO(Bn) is a Cantor set, see Exercise 113.

2 Construction of isolated orderings

We will now show how an approach based on Garside elements in anon-Noetherian con-
text can lead to explicit examples of groups with isolated left-invariant orderings. Several
families of such groups will be described, including torus knot groups and some of their
amalgamated products. In doing so, we shall answer Question1.16 in the positive.

The construction involves presentations of a particular type called triangular (Sub-
section 2.1), and then concentrates on proving the existence of common right-multiples
(Subsection 2.2). Various examples are mentioned in Subsection 2.3. Finally, effectivity
questions are discussed in Subsection 2.4.

2.1 Triangular presentations

Proposition 1.19 invites to look for finite positive presentations (or, at least, positive pre-
sentations with a finite set of generators) that define monoids ofO-type. Owing to the
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symmetry of the definition, we shall concentrate on recognizing monoids of right-O-type
and then appeal to the criteria for the opposite presentation. To this end, we shall focus
on presentations of a certain syntactical type called triangular.

If a monoidM is of right-O-type and it is generated by some subsetS, then, for all
s, t in S, the elementss andt are comparable with respect to4, that is,t = sg holds for
someg, or vice versa. In other words, some relation of the particular formt = sw must
be satisfied inM . We shall consider presentations in which all relations have this form
(see Subsection 3.3 for the limits of this approach).

Definition 2.1 (triangular relation). A positive relationu = v is calledtriangular if
eitheru or v consists of a single letter.

So, a triangular relation has the generic formt = sw, wheres, t belong to the ref-
erence alphabet. The problem we shall address now is whether, assuming that(S,R) is
a presentation consisting of triangular relations, the associated monoid is necessarily of
right-O-type. The question is ill-posed: the presentation(a, b, c, c = ab, c = ba) con-
sists of two triangular relations, but the associated monoid M is a rank2 free Abelian
monoid based ona andb, and neither ofa, b is a right-multiple of the other, soM is not
of right-O-type. Clearly, the problem in the above example is the existence of several
relationsc = ... simultaneously. We are thus led to restricting to particular families of
triangular relations, namely the right-triangular presentations already mentioned in Sec-
tion II.4. Let us repeat the definition here.

Definition 2.2 (triangular presentation). A right-complemented monoid presentation
(S,R) associated with a syntactic right-complementθ is calledright-triangular if there
exists a (finite or infinite) enumerationa1, a2, ... of S such thatθ(ai, ai+1) is defined and
empty for everyi and, fori+ 1 < j, eitherθ(ai, aj) is undefined, or we have

(2.3) θ(ai, aj) = ε and θ(aj , ai) = θ(aj , aj−1)| ··· |θ(ai+1, ai) for i < j;

Then(R,S) is calledmaximal(resp. minimal) if θ(ai, aj) is defined for alli, j (resp. for
|i − j| 6 1 only). A left-triangular presentation is defined symmetrically by relations
ai = wi+1ai+1. A presentation istriangular if it is both right- and left-triangular.

As already noted in Chapter II, if a right-triangular presentation is not minimal, the
relationsai... = aj ... with |i − j| > 2 are redundant owing by (2.3), so removing them
does not change the associated monoid. On the other hand, there is always only one way
to complete a right-triangular presentation into a maximalone.

Example 2.4(triangular presentation). Let S = {a, b, c} andR consist ofa = bac

andb = cba. Then(S,R) is a minimal right-triangular presentation with respect tothe
enumeration(a, b, c) of S as we haveR = {a = b · ac, b = c · ba}; the associated
maximal right-triangular presentation iŝR = R ∪ {a = cba2c}. The presentation(S,R)
is also left-triangular, but now with respect to the enumeration (b, a, c) as we can write
R = {b = cb · a, a = ba · c}.



2 Construction of isolated orderings 541

The main technical result is the following criterion for recognizing which right-trian-
gular presentations give rise to a monoid of right-O-type.

Lemma 2.5. For every right-triangular presentation(S,R), the following are equivalent:
(i) The monoid〈S |R〉+ is of right-O-type;
(ii) Any two elements of〈S |R〉+ admit a common right-multiple.

The proof of Lemma 2.5 relies on using the reversing technique of Section II.4 and
Proposition II.4.51 (completeness), which states that right-reversing is complete for a
maximal right-triangular presentation, implying in particular that, ifu, v areR-equivalent
words, then the signed worduv right-reverses to the empty word. The (not very difficult)
proof of Proposition II.4.51 is given in Appendix at the end of the book. Here comes the
key observation for proving Lemma 2.5.

Lemma 2.6. If (S,R) is a positive presentation consisting of triangular relations, and
u, v, u′, v′ areS-words andu−1v is right-reversible tov′u′−1, then at least one ofu′, v′

is empty.

The proof uses induction on the lengths of the words, and it relies on the fact that
concatenating reversing diagrams in which at least one of the output edges is empty yields
a diagram in which at least one of the output edge is empty, as illustrated in Figure 1.

y y y y y y

Figure 1.The three possible ways of concatenating two reversing diagrams in which one of the output
words is empty: in each case, one of the final output words has to be empty.

It follows that, in the context of triangular relations, when reversing is terminating,
it shows not only that the elements of the monoid representedby the initial words admit
a common right-multiple, but also that these elements are comparable with respect to
left-divisibility. It is then easy to establish Lemma 2.5.

Proof of Lemma 2.5.PutM = 〈S |R〉+. If M is of right-O-type, any two elements ofM
are comparable with respect to left-divisibility, hence they certainly admit a common
right-multiple, namely the larger of them. So (i) triviallyimplies (ii).

Conversely, assume that any two elements ofM admit a common right-multiple. First,
asM admits a right-triangular presentation, hence a positive presentation,1 is the only
invertible element inM .

Next, by Proposition II.4.44 (left-cancellativity),M must be left-cancellative since
the presentation(S, R̂) is right-complemented, hence contains no relation of the form
su = sv with u 6= v.

Finally, letg, h be two elements ofM . By Proposition II.4.46 (common right-multiple),
which is relevant as right-reversing is complete for(S, R̂) , there existS-wordsu, v rep-
resentingg andh and such that right-reversingu−1v terminates, that is, there existS-
wordsu′, v′ satisfyingu−1v y

bR v
′u′−1. By construction, the familŷR consists of trian-

gular relations so, by Lemma 2.6, at least one of the wordsu′, v′ is empty. This means
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that at least one ofg4h orh4 g holds inM , that is,g andh are comparable with respect
to left-divisibility. SoM is a monoid of right-O-type, and (ii) implies (i).

Once Lemma 2.5 is available, it is easy to merge the results and establish the following
criterion for identifying orderable groups using the current approach:

Proposition 2.7 (triangular presentation). If a groupG admits a triangular presen-
tation (S,R) such that any two elements of the monoid〈S |R〉+ have a common right-
multiple and a common left-multiple, thenG is orderable, and the subsemigroup ofG
generated byS is the positive cone of a left-invariant ordering onG. If S is finite, this
ordering is an isolated point in the spaceLO(G).

Proof. By Lemma 2.5, the monoid〈S |R〉+, which admits a right-triangular presentation
is of right-O-type, and so is the opposite monoid. Hence〈S |R〉+ is also of left-O-type,
and therefore it is ofO-type. Then Propositions 1.8 and 1.19 imply thatG is orderable,
with the expected explicit ordering.

2.2 Existence of common multiples

Owing to Lemma 2.5, the point for establishing that a monoid specified by a right-
triangular presentation is of right-O-type is to prove that any two elements admit a com-
mon right-multiple. This is the point where Garside theory naturally appears. Indeed, in
Chapter V, we derived the existence of common multiples fromthe existence of a right-
Garside map or even of a map that satisfies some but not necessarily all of the conditions
defining right-Garside maps. In our current monoidal context, the relevant result is Corol-
lary V.1.48 (common right-multiple), which says a left-cancellative monoidM containing
an element∆ such that the left-divisors of∆ generateM and include the right-divisors
of ∆ must admit common right-multiples. In a context of right-triangular presentations,
the conditions can be restated in a more convenient way, leading to the following criterion.

Proposition 2.8(right-Garside element). If a monoidM admits a right-triangular pre-
sentation(S,R) and contains an element∆ satisfyings4∆4 s∆ for everys in S, then
M is a monoid of right-O-type and∆ is a right-Garside element inM .

Proof. First, every element ofS is a left-divisor of∆, soDiv(∆) generatesM . Next,
assume thatg right-divides∆, sayfg = ∆. As Div(∆) generatesM , there exists a
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decompositionf = s1 ···sp with s1, ... , sp in Div(∆). By assumption, for everyi, there
existshi satisfying∆hi = si∆. Then we find

fgh1 ···hp = ∆h1 ···hp = s1∆h2 ···hp = ··· = s1 ···sp∆ = f∆,

whencegh1 ···hp = ∆ by left-cancellingf . Sog left-divides∆ andD̃iv(∆) ⊆ Div(∆)
holds. Then Corollary V.1.48 (common multiple) implies that any two elements ofM
admit a common right-multiple, and Lemma 2.5 then implies thatM is of right-O-type.

Moreover, once we know that any two elements ofM are comparable with respect
to 4, we immediately deduce that any two elements ofM admit a left-gcd, namely the
smaller of them. Hence∆ is a right-Garside element inM .

Corollary 2.9 (right-Garside element). If a monoidM admits a right-triangular pre-
sentation(S,R) and contains a central element∆ satisfyings4∆ for everys in S, then
M is a monoid of right-O-type and∆ is a right-Garside element inM .

Proof. If ∆ is central, it commutes with every element, hence in particular with every
elements of S, so∆ 4 s∆ automatically holds sinces∆ is ∆s. Then Proposition 2.8
applies.

Example 2.10 (right-Garside element). For p, q, r > 1, let Mp,q,r be the monoid
〈a, b | a = b(apbr)q〉+. The given presentation is right-triangular, and we claim that the
monoidMp,q,r is eligible for Proposition 2.8 with respect to∆ = ap+1.

Indeed, we first findb 4 a4∆, and∆4 a∆ trivially holds since∆ is a power ofa.
So, it just remains to establish∆4 b∆. Now, applying the defining relation, we first find

a = b(apbr)q = b · a · (ap−1br)(apbr)q−1,

whence, repeating the operationr times and moving the brackets,

a = br · a · ((ap−1br)(apbr)q−1)r = br(apbr)q · ((ap−1br)(apbr)q−1)r−1.

Substituting the above value ofa at the underlined position, moving the brackets, and
applying the relation once in the contracting direction, wededuce

b · ∆ = bapa = bap · br(apbr)q · ((ap−1br)(apbr)q−1)r−1

= b(apbr)q · apbr((ap−1br)(apbr)q−1)r−1

= a · ap · br((ap−1br)(apbr)q−1)r−1 = ∆ · br((ap−1br)(apbr)q−1)r−1,

whence∆ 4 b∆ as expected. SoMp,q,r is eligible for Proposition 2.8, it is a monoid of
right-O-type, and∆ is a right-Garside element inMp,q,r. The above computations show
that the associated endomorphism is given by

(2.11) φ∆(a) = a, φ∆(b) = br((ap−1br)(apbr)q−1)r−1.
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Forr = 1, the formula reduces toφ∆(b) = b, so thatφ∆ is the identity and∆ is a central
element, whence a Garside element. On the other hand, forr > 2, the functorφ∆ is not
surjective: for instance, we findφ∆(b) = b4 for M1,1,2, andφ∆(b) = b2ab2 for M2,1,2.
So, in such cases,∆ is a right-Garside element that is not a Garside element.

In order to obtain ordered groups, we need monoids ofO-type, and not only of right-
O-type. Now applying Proposition 2.8 to the opposite monoidM̃ gives a straightforward
criterion for establishing that a monoidM is possibly of left-O-type, leading to:

Proposition 2.12(O-type). Every monoid that admits a triangular presentation(S,R)

and contains elements∆, ∆̃ satisfyings4∆4 s∆ and∆̃s <̃ ∆̃ <̃ s for everys in S is
ofO-type.

Corollary 2.13 (O-type). Every monoid that admits a triangular presentation(S,R) and
contains a central element∆ satisfyings4∆ and∆ <̃ s for everys in S is ofO-type.

Example 2.14(O-type). Consider the monoidsMp,q,r of Example 2.10 withr = 1.
In this case, the defining relation reduces toa = b(apb)q, a symmetric relation. As
already noted, the element∆, that is,ap+1, is central. We trivially haveb 4 a 4 ∆ and
∆ <̃ a <̃ b, so Corollary 2.13 says thatMp,q,1 is ofO-type. As the Garside morphismφ∆

is the identity,∆ is a Garside element.
By contrast, forr > 2, the monoidMp,q,r is not of left-O-type, and it embeds in a

group of right-fractions that is not a group of left-fractions: one can show thata andab
have no common left-multiple inMp,q,r and the right-fractionaba−1 is a typical element
of the enveloping group that cannot be expressed as a left-fraction. In this case, the
semigroupMp,q,r\{1} defines a partial left-invariant ordering on the envelopping group
only: for instance, the elementsb−1a−1 anda−1 are not comparable as their quotient
aba−1 belongs neither toMp,q,r nor toM−1

p,q,r. Note that, forp = q = 1, the involved
group〈a, b | a = babr+1〉 is the Baumslag–Solitar groupBS(r + 1,−1), whereas the
opposite group〈a, b | a = br+1ab〉 is BS(−1, r + 1).

Returning to groups, we thus obtain a method for identifyingorderable groups and,
more specifically, isolated left-invariant orderings.

Proposition 2.15 (isolated orderings I). If a groupG admits a triangular presenta-
tion (S,R) and, in the monoid〈S |R〉+, there exist elements∆, ∆̃ satisfyings4∆4 s∆

and∆̃s <̃ ∆̃ <̃ s for everys in S, thenG is orderable and the subsemigroup ofG gener-
ated byS is the positive cone of a left-invariant ordering onG. If S is finite, this ordering
is an isolated point in the spaceLO(G).

Proof. The monoid〈S |R〉+ is eligible for Proposition 2.12, so it is ofO-type. Then we
apply Proposition 2.7.

If, instead of using Proposition 2.12, we appeal to Corollary 2.13, we obtain similarly:
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Corollary 2.16 (isolated orderings I). If a groupG admits a triangular presentation
(S,R) and, in the monoid〈S |R〉+, there exists a central element∆ satisfyings4∆ and
∆̃ <̃ s for everys in S, thenG is orderable and the subsemigroup ofG generated byS
is the positive cone of a left-invariant ordering onG. If S is finite, this ordering is an
isolated point in the spaceLO(G).

Example 2.17(isolated orderings I). For p, q > 1, let Tp,q be the(p, q)-torus knot
group of Example I.2.7 defined by the presentation〈x, y | xp+1 = yq+1〉. Puta = x and
b = x−py. Thena andb generateTp,q, and standard verifications show that, in terms ofa

andb, the groupTp,q admits the presentation〈a, b | a = b(apb)q〉. But we observed in
Example 2.14 that the monoid〈a, b | a = b(apb)q〉+ is eligible for Corollary 2.13 since,
putting∆ = ap+1, the element∆ is a left- and a right-multiple of botha andb. Then
Corollary 2.16 says thatTp,q is orderable, and that the subsemigroup ofTp,q generated
by x andx−py is the positive cone of a left-invariant ordering onG which is isolated
in LO(G).

Note that, once observed that the group〈a, b | a = b(apb)q〉 is isomorphic to the group
〈x, y | xp+1 = yq+1〉, it is obvious thatxp+1, that is,ap+1, is central in the group. How-
ever, this isnotsufficient to deduce thatap+1 is central in the monoid〈a, b | a = b(apb)q〉+
as the latter is not a priori known to embed in the group: it is crucial to make all verifica-
tions inside the monoid, that is, without using inverses except possibly those provided by
cancellativity.

Two special cases are worth mentioning. First,T1,1, that is, 〈x, y | x2 = y2〉+, is
what we called the Klein bottle group〈a, b | a = bab〉 (Reference Structure 5, page 17),
which we already mentioned as an example of an orderable group with finitely many
left-invariant orderings.

Less trivial isT2,1, that is,〈x, y | x3 = y2〉+. As noted in Chapter IX, this group is the
3-strand braid groupB3. The submonoid ofB3 involved above is generated bya = x

andb = x−2y, that is, in terms of Artin’s generators,a = σ1σ2 andb = σ−1
2 . Thus

we established that the subsemigroup ofB3 generated byσ1σ2 andσ−1
2 is the positive

cone of a left-invariant ordering<DD on B3 that is isolated in the spaceLO(B3). In
terms of theσk-positive braids introduced in Example 1.23, its definitionimplies that
the positive cone of<DD consists of all3-strand braids that are eitherσ1-positive orσ2-
negative, contrasting with the positive cone of the ordering <D which consists of all3-
strand braids that are eitherσ1-positive orσ2-positive. The braid groupB3 is also obtained
asT1,2, corresponding to the presentation〈a, b | a = babab〉, with a andb now realizable
asσ1σ2σ1 andσ−1

2 (see Exercise 115).

The above example shows that Artin’s braid groupB3 admits an isolated ordering. So,
owing to Example 1.23, in which we showed that there exist infinitely many left-invariant
orderings onB3, we obtain a positive answer to Question 1.16:

Proposition 2.18(not Cantor set). The spaceLO(B3) is infinite but not homeomorphic
to the Cantor set.
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2.3 More examples

We describe further examples of groups for which the currentmethod based on Garside
elements is relevant. We begin with a fairly large family of amalgamated products of torus
knot groups.

Proposition 2.19(amalgamated torus groups).LetG be the group

(2.20) 〈x1, x2, ... , xℓ | xm2+1
1 = x

n2+1
2 , xm3+1

2 = x
n3+1
3 , ... , xmℓ+1

ℓ−1 = x
nℓ+1
ℓ 〉

with ℓ > 2 andm2, n2, m3, n3, ... ,mℓ, nℓ > 1. ThenG is orderable and the sub-
semigroup ofG generated byx1, x−m2

1 x2, ..., x−m2
1 ···x−mℓ

ℓ−1 xℓ is the positive cone of a
left-invariant ordering onG which is isolated inLO(G).

Proof. Put a1 := x1 and ai := x
−m2
1 ···x−mi

i−1 xi in G for 2 6 i 6 ℓ, and induc-
tively define positive wordsw1, ... , wℓ in the alphabet{a1, ... , aℓ} by w1 := a1 and
wi := wmi

i−1 ···wm3
2 wm2

1 ai for i > 2. Easy inductions oni give [wi] = xi for everyi
andai−1 = ai[wi]

ni in G for i > 2. HenceG is a quotient of the groupG′ that admits
the triangular presentation

(2.21) 〈a1, ... , aℓ | a1 = a2w
n2
2 , ... , aℓ−1 = aℓw

nℓ

ℓ 〉.

LetM be the monoid defined by the (positive) presentation (2.21) and, for1 6 i 6 ℓ,
let gi be the element ofM represented bywi. Using the relationai−1 = aig

ni

i , we obtain

gmi+1
i−1 = gmi

i−1gi−1 = gmi

i−1g
mi−1

i−2 ···gm2
1 ai−1 = gmi

i−1 ···gm2
1 aig

ni

i = gi · gni

i = gni+1
i

in M for i > 2. The same computation is a fortiori valid in the groupG′, yielding
[wi−1]

mi+1 = [wi]
ni+1 in this group: this implies thatG andG′ are isomorphic, that is,

(2.21) is a presentation ofG.

Next, put∆ := a
(m2+1) ··· (mℓ+1)
1 in M . Using the relationsgmi+1

i−1 = gni+1
i , we

inductively obtain∆ = gei

i with ei = (n2 + 1)···(ni + 1)(mi+1 + 1)···(mℓ+1 + 1) for
i > 2. It follows that∆ commutes with every elementgi in M . We inductively deduce
that∆ commites with every elementai. For i = 1, this follows froma1 = g1. For i > 2,
using the relationai−1 = aigi and the induction hypothesis, we write

∆aigi = ∆ai−1 = ai−1∆ = aigi∆ = ai∆gi,

whence∆ai = ai∆ by right-cancellinggi, which is legitimate asM , which admits a
left-triangular presentation (by definition the wordwi finishes with the letterai), must be
right-cancellative. Asa1, ... , aℓ generateM , the element∆ is central inM . By Corol-
lary 2.16,M is ofO-type, andG is orderable with an ordering as expected.
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Example 2.22(amalgamated torus groups).Form2 = n2 = ··· = mℓ = nℓ = p in
Proposition 2.19,G admits the presentation〈x1, ... , xℓ | xp+1

1 = x
p+1
2 = ··· = x

p+1
ℓ 〉,

and the result applies with∆ = x
p+1
1 . The positive cone of the associated isolated or-

dering is defined by the presentation (2.21), whose relations, in the current case, take
the form (we writea, b, ... for a1, a2, ...) a = b(apb)p, b = c((apb)papc)p, c =
d(((apb)papc)p(apb)papd)p, etc.

Further examples of eligible groups for Proposition 2.15 are listed in Table 1.

1: 〈x, y | xr+1 = (yx2y)q+1〉 〈a, b, c | a = ba2(b2a2)qc, b = c(ba2)rba〉+

with r = 0 or r = 1 ∆ = (ba2)2q+r+3 Garside central

2: 〈x, y | xq+2=y2〉 〈a, b | a = b(abp)qab〉+

∆ = (abp−1)2 Garside central

3: 〈x, y | xp = (yxr−py)2〉 〈a, b | a = barbapbarb〉+

with p + 1 | r ∆ = (arb)2 right-Garside
with φ∆(a) = ap(barb)2, φ∆(b) = b

4: 〈x, y, z | xp+1 = y2, y = zyxr−pz〉 〈a, b, c | a = bapb, b = cbarc〉+

with p + 1 | r + 1 ∆ = ap(r−p)+1 Garside central

5: 〈x, y, z | xp+1 = y2, y = zyxr−pz〉 〈a, b, c | a = bapb, b = cbarc〉+

with p + 1 | r ∆ = arb2 Garside withφ∆(b) = b,
φ∆(a) = apbap−1b3, φ∆(c) = c

6: 〈x, y, z | x2 = (xy)p+1, zyz = y(xry)q〉 〈a, b, c | a = b(ab)p , b = cb(arb)pc〉+

with r odd ∆ = ap(p+1)(r−1)+2 Garside central

Table 1.Some groups eligible for Proposition 2.15, hence ordered with an isolated point in the space
of orderings: on the left, a “torus-type” presentation of the group, on the right, a triangular presentation
such that the associated monoid is of O-type, together with a witnessing right-Garside element and
the associated Garside morphism φ∆.

2.4 Effectivity questions

One benefit of the current approach is that it leads to effective procedures: not only do
we obtain orderable groups, but also simple algorithms for solving related questions. Two
different types of questions occur here naturally, namely solving the decision problem and
the Word Problem once we know that a presentation(S,R) is eligible for Proposition 2.15
and deciding whether a candidate-presentation is eligibleon the other hand. We begin
with the first type. Here the answers are easy.

If (S,R) is a right-triangular presentation, we shall denote by(S, R̂) the maximal
right-triangular presentation deduced from(S,R), that is, the equivalent presentation in
which we add the “transitive closure” of the relations connecting adjacent generators.
Similarly, if (S,R) is a left-triangular presentation, we shall denote by(S,

̂

R) the maxi-
mal left-triangular presentation obtained, with hopefully obvious notation, by adding the
relationsai = wi+1 ···wi+kai+k.
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Algorithm 2.23 (deciding order).

Context: A groupG, a triangular presentation(S,R) of G, an element∆ of 〈S |R〉+
Input: A signedS-pathw
Output: The position of[w] with respect to1 in G

: right-R̂-reversew into vu with u, v in S∗;
: left-

̂

R-reversevu into u′v′ with u′, v′ in S∗;
: if u′ = ε then
: if v′ = ε then
: return [w] = 1
: else return [w] > 1
: else return [w] < 1.

Proposition 2.24 (deciding order). If a groupG admits a finite triangular presenta-
tion (S,R) eligible for Proposition 2.15 or Corollary 2.16, then Algorithm 2.23 decides
the left-invariant ordering ofG whose positive cone is the subsemigroup ofG generated
byS, and it solves the Word Problem ofG.

Proof. Let (S, R̂) be the maximal right-triangular presentation deduced from(S,R). By
Proposition II.4.51 (completeness), right-reversing is complete for(S, R̂) and, by Propo-
sition 2.12, any two elements in the monoid〈S |R〉+, which is also〈S | R̂〉+, admit a com-
mon right-multiple. It follows from Proposition II.4.46 (common multiple) that right-̂R-
reversing is always terminating. For symmetric reasons, left-

̂

R-reversing is also always
terminating. Hence Steps 1 and 2 in Algorithm 2.23 always terminate in finite time.
Then, by construction,[w] = [u′v′] holds inG and, by Lemma 2.6, at least one of the
wordsu′, v′ is empty. Ifu′ andv′ are empty,[w] = 1 is obvious. Ifu′ is empty andv′

is not,[w], which is[v′], belongs to the subsemigroup ofG generated byS, that is, to the
positive cone of the considered ordering. Ifu′ is empty andv′ is nonempty,[w] is [u′]−1,
and its inverse belongs to the positive cone.

A solution of the Word Problem immediately follows as both[w] > 1 and[w] < 1
imply [w] 6= 1.

Remark 2.25. Algorithm 2.23 actually gives more than just a “=/>/<” answer: for
every initial signedS-wordw, the method provides a positiveS-wordw′ such thatw is
equivalent either tow′ or or tow′−1. In other words, it gives for every elementg of the
groupG an explicit positive or negative decomposition ofg in terms of the distinguished
generators of the considered positive cone.

Example 2.26(deciding order). Consider the braid ordering<DD onB3 mentioned at
the end of Example 2.17 and, for instance,g = σ2

1σ
2
2 . Using the dictionaryσ1 = ab,
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σ2 = b−1, we findg = abab−1. Running Algorithm 2.23 on the worda|b|a|b yields
a|b|b|a|a, a positive word. We deduce1 <DD g and, more interestingly, the decomposi-
tion σ1σ2|σ−1

2 |σ−1
2 |σ1σ2|σ1σ2 of g in terms ofσ1σ2 andσ−1

2 .

We observed in Chapter II that, when reversing is terminating and there exists a finite
set of words (or paths) that is closed under reversing, then there exists a quadratic upper
bound for the number of reversing steps in function of the length of the initial word (or
path). In the current approach, except in degenerate cases,one is not in such a situation,
and no uniform upper bound on the complexity of reversing canbe expected. For in-
stance, the presentation(a, b, a = babr+1) of the Baumslag-Solitar groupBS(r+1,−1)
corresponds to the monoidM1,1,r of Example 2.17. For everyn, the signed worda−nban

reverses to the wordb(r+1)n

, whose length is exponential inn. As every reversing step
adds at mostr letters, the number of steps needed to reverse the length2n + 1 word
a−nban must be exponential inn. However, the monoidM1,1,r is of right-O-type only,
and such behaviours could not be found for monoids ofO-type.

Question 2.27. If a triangular presentation defines a monoid ofO-type, does the associ-
ated reversing necessarily have a polynomial (quadratic?)complexity?

Note that the existence of a right-Garside element that is not central need not imply
an exponential complexity. For instance, for the presentation (a, b, a = ba2baba2b) with
∆ = (a2b)2, we haveφ∆(a) = a(ba2b)2, and the shortest expression ofφ∆(a) is longer
by 8 letters than that ofa. However,φ∆(a2) = a2 holds, and reversing∆−na∆n leads to
a word of length linear inn in a quadratic number of steps.

The monoid of Exercise 122 below is a good test-case for Question 2.27. It turns out
that this monoid is ofO-type (but it is not eligible for Proposition 2.15), and thatreversing
the length2n word a−(n−1)b−1an leads to a word of length(2n)2 in a number of steps
that is (exactly) cubic inn: this is compatible with a positive answer to Question 2.27,but
discards a uniform quadratic upper bound.

To conclude this subsection, let is briefly address the second question mentioned at
the beginning, namely the question of effectively recognizing whether a group is eligible
for Proposition 2.12 or Proposition 2.15. We can expect no method for finding a conve-
nient presentation or a right-Garside element, so the only reasonable question is whether,
given a candidate-presentation(S,R) and a candidate-element∆, one can effectively rec-
ognize whether they are eligible. Recognizing whether a (finite) positive presentation is
triangular is easy, and, therefore, the problem is to be ableto check relations of the form
s4∆ or ∆4 s∆. Then the situation is that of a typical semi-decidable problem: if ∆ is
indeed a right-Garside element, then〈S |R〉+ is a right-Ore monoid, hence right-reversing
must be terminating, so, in this case, a positive answer can certainly be obtained in fi-
nite time; by contrast, if∆ is not a right-Garside element, then it may be that reversing
s|∆ or ∆|s|∆ (where∆ is a word representing∆) never terminates, and we shall never
know that〈S |R〉+ is not ofO-type. However, it can be mentioned that one can identify
specific patterns in triangular presentations that preventreversing from being terminating
(see Exercise 116), which enables one to a priori discard a number of presentations, see
the remarks about the two generators case at the end of the chapter.



550 XII Ordered groups

3 Further results

We thus explained how looking for monoids and possible Garside elements may lead to
constructing interesting families of ordered groups. For completeness, we now briefly
explain how to extend this approach and construct further examples by developing more
general tools: this shows that Garside elements cannot be the end of History in this topic
but, on the other hand, no more general approach known so far enjoys the same effectivity
properties as the Garside approach.

We begin in Subsection 3.1 with dominating elements, a proper extension of the notion
of a right-Garside element. Then, in Subsection 3.2, we introduce the right-S-ceiling of
a monoid, a general notion that enables one to somehow classify monoids of right-O-
type. Finally, in Subsection 3.3, we concentrate on the braid groupBn, with additional
results about the Dubrovina-Dubrovin ordering and the factthat the latter is not directly
accessible to the Garside approach forn > 4.

3.1 Dominating elements

Owing to Lemma 2.5, the central question when(S,R) is a right-triangular presentation is
to establish that any two elements in the monoid〈S |R〉+admit a common right-multiple.
Right-Garside elements are relevant for this task: if∆ is a right-Garside element, then
every element of the monoid left-divides every sufficientlylarge power of∆. However,
there may exist elements with this property that are not right-Garside elements.

Definition 3.1 (dominating). ForS included in a monoidM , we say that an elementδ
of M right-dominatesS if ∀n>0 (gδn 4 δn+1) holds for eachg in S.

Lemma 3.2. Assume thatM is a left-cancellative monoid.
(i) If ∆ is a right-Garside element inM , then∆ dominatesDiv(∆).
(ii) If δ is an element ofM that dominates some generating familyS ofM , then any

two elements ofM admit a common right-multiple.

Proof. (i) Assume that∆ is a right-Garside element inM . Let φ∆ be the associated
Garside morphism, and letg belong toDiv(∆). Forn = 0, we haveg 4∆ by assump-
tion. Forn > 1, by Proposition V.1.28 (functorφ∆), we haveg∆n = ∆nφn∆(g) and
φn∆(g) ∈ Div(∆), whenceg∆n 4∆n+1. So∆ right-dominatesDiv(∆).

(ii) Assume thatδ right-dominatesS. We prove using induction onn that g ∈ Sn

impliesg 4 δn. Forn = 0, that is, forg = 1, the property is obvious and, forn = 1,
it directly follows from the assumption. Assumen > 2 andg ∈ Sn. Write g = sg′

with s ∈ S and g′ ∈ Sn−1. By induction hypothesis, we haveg′ 4 δn−1, whence
g = sg′4sδn−14δn, the last relation by definition of right-domination. IfS generatesM ,
we deduce that every element ofM left-divides every sufficiently large power ofδ and,
from there, that any two elements ofM admit a common right-multiple.

Adapting the argument of Section 2, we deduce:
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Proposition 3.3 (isolated orderings II). If a groupG admits a triangular presenta-
tion (S,R) and the monoid〈S |R〉+contains elementsδ, δ̃ satisfying∀n>0 (sδn 4 δn+1)
and∀n>0 (δ̃n+1 <̃ δ̃ns) for everys in S, thenG is orderable and the subsemigroup ofG
generated byS is the positive cone of a left-invariant ordering onG. If S is finite, this
ordering is an isolated point in the spaceLO(G).

Example 3.4(isolated orderings II). For p, q, ℓ > 0 andm > p, let G be the group
〈x, y | xp+1 = (y(xm−py)ℓ)q+1〉. Considering the elementsa = x, c = yx−p, and
b = c(amc)ℓ, one checks thatG also admits the presentation

(3.5) 〈a, b, c | a = b(apb)q, b = c(amc)ℓ〉.

Now the point is thata right-dominates{a, b, c} in the monoidM presented by (3.5).
The relationaan4 an+1 is trivial for everyn, and it is easy to check thatap+1 commutes
with b and then to deduce thata right-dominatesb from the relationbap 4 a. The proof
thata right-dominatesc is (much) more delicate, see Exercise 118 and [91]. It follows that
M is of right-O-type, hence, by symmetry, ofO-type, and that the groupG is orderable
and the subsemigroup ofG generated byx andyx−p is the positive cone of a left-invariant
ordering onG which is isolated inLO(G).

Note that the monoidM in the Example 3.4 is generated bya andc alone and admits
the corresponding (less readable) presentation

〈a, c | a = c(amc)ℓ(apc(amc)ℓ)q〉+.
The 4-parameter family of monoids defined by (3.5) contains in particular all monoids
〈a, b | a = bambapbamb〉+and〈a, b | a = (b(amb)ℓ)q〉+. It can be proved that, form > 2
andp + 1 not dividingm + 1, these monoids admit no right-Garside element that is a
power ofa: indeed, callingm the largest multiple ofp + 1 belowr, one can show the
relationcaim+r 4 aim+1 for every i, implying ca(i+1)m 4 aim+1 for eachi, whence
can ≺ an for everyn. Soan 4 can is always impossible, andan is not a right-Garside
element for anyn.

3.2 Right-ceiling

If a monoidM is generated by a finite setS of cardinalityn andM is of right-O-type,
then, for everyℓ, some (a priori non necessarily unique) wordw of S[ℓ] represents the
4-largest element ofSℓ, that is,[w′]+ 4 [w]+ holds for everyw′ in S[ℓ]. It turns out that
such maximal words are unique and, moreover, that the maximal words corresponding to
different lengths are the final fragments of some well-defined left-infinite word.

Definition 3.6 (right-ceiling). If a monoidM is generated by a setS, a left-infiniteS-
word ...|s2|s1 is said to be aright-S-ceiling for M if, for every lengthℓ wordw in S∗,
the relation[w]+ 4 sℓ ···s1 holds inM .
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Example 3.7(right-ceiling). LetK+ be the Klein bottle monoid, that is,〈a, b | a = bab〉+
(Reference Structure 5, page 17). Then the left-infinite word ∞a is a right-{a, b}-ceiling
for K+. Indeed, we haveb 4 a andb2 4 ba 4 ab 4 a2. Next,a2 is central, and an easy
induction givesg 4 a2ℓ for everyg in {a, b}2ℓ: for ℓ > 1, writing g = g′g′′ with g′

in {a, b}2ℓ−2 andg′′ in {a, b}2, we obtaing = g′g′′ 4 g′a2 = a2g′ 4 a2a2ℓ−2 = a2ℓ.

Then one can show:

Proposition 3.8 (right-ceiling). (i) Every monoid of right-O-type generated by a finite
setS admits a unique right-S-ceiling.

(ii) Conversely, every monoid with a finite right-triangular presentation(S,R) that
admits a right-S-ceiling is of right-O-type.

We skip the proof. When it exists, (finite fragments of) the right-S-ceilingW can be
computed inductively using the observation that, ifsℓ−1| ··· |s1 is a lengthℓ − 1 suffix
of W , then the lettersℓ such thatsℓ| ··· |s1 is the lengthℓ suffix of W is determined by
the condition thatsℓsℓ−1 ···s1 is the4-largest element of the set{ssℓ−1 ···s1 | s ∈ S}:
for S of sizen, at mostn − 1 (and notnℓ − 1) comparisons have to be performed. Thus
experiments are easy—but, of course, no finite fragment of a ceiling is sufficient to show
that the latter exists.

We shall not go very far in the investigation of right-ceilings, but only mention with-
out proof a few results that show how complicated the situation can be. In particular,
although, by definition, the first generatora1 in a triangular presentation is always the
largest generator, it may happen that the right-ceiling is not the left-infinite power∞a1

and that neithera1 nor any power ofa1 is dominating. In general, the right-ceiling is dif-
ficult to determine. However, the following connection between dominating elements and
periodic right-ceiling can help to determine the right-ceiling and then deduce new results
about (other) dominating elements.

Lemma 3.9. For every cancellative monoidM with no nontrivial invertible element and
every generating familyS ofM , the following are equivalent:

(i) The monoidM admits a right-S-ceiling that is periodic with periodsℓ ···s1;
(ii) The elementsℓ ···s1 right-dominatesSℓ in M .

Example 3.10(periodic ceiling). LetM be defined by the presentation

(3.11) 〈a, b, c | a = bac, b = cba〉+.
Put ∆ = b2a2. One easily checks that∆ is a right-Garside element inM , satisfying
φ∆(a) = aba2cac3, φ∆(b) = ba2c2, andφ∆(c) = c. SoM is of right-O-type. Next,
one can check thatb2a2 dominates{a, b, c}4. So, by Lemma 3.9, the right-ceiling is the
periodic word∞(b2a2). But then, we deduce thata cannot dominateb andc in M . On
the other hand,ba2 = a3 · ba2c3 holds inM , and one findsb(an) = (an)2 · ba2c2nan−2

for n > 2, which shows thatan does not dominateb for anyn.

3.3 The specific case of braids

We conclude with a few additional observations about Artin’s braid groupsBn and their
orderings, in particular a negative result about the use of the Garside approach in the case
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of n-strand braids withn > 4.
In the case of3-strand braids, we saw in Example 2.17 that the groupB3 admits a left-

invariant ordering that is isolated in the spaceLO(B3), namely the ordering<DD whose
positive cone is generated byσ1σ2 andσ−1

2 . The construction of<DD can be extended to
n-strand braids for everyn.

Definition 3.12 (Dubrovina-Dubrovin monoid). For n > 2, then-strandDubrovina-
Dubrovin monoidis the submonoidB⊕

n of Bn generated by

s1 = σ1 ···σn−1, s2 = (σ2 ···σn−1)
−1, s3 = σ3 ···σn−1, ..., sn−1 = σ

(−1)n

n−1 .

Lemma 3.13. For everyn, the monoidB⊕
n is a monoid ofO-type; the positive cone of

the associated ordering<DD ofBn consists of then-strand braids that areσk-positive for
some oddk or σk-negative for some evenk.

Proof (sketch).Let PDD be the set of all braids that areσk-positive for some oddk or σk-
negative for some evenk. It follows from the basic results aboutσk-positive braids that a
braid can beσk-positive orσk-negative for at most onek, and that every nontrivial braid
is σk-positive orσk-negative for at least onek (hence for exactly onek). This implies that
PDD (as every variation of the same style) is the positive cone ofa left-invariant ordering
on Bn. Thus it just remains to check by a rather simple direct computation that every
σk-positive braid can be expressed as a finite product of the generatorssek with e = +1
for oddk ande = −1 for evenk.

Without appealing to the above result, we established in Section 2 that the monoidB⊕
3

is ofO-type since it admits the triangular presentation〈a, b | a = ba2b〉+, which is eligible
for Proposition 2.15—and, in doing so, we reproved the abovementioned properties of
σk-positive braids in the case of3-strand braids. We shall now see that, forn > 4,
the monoidB⊕

n admits no triangular presentation based on{s1, ... , sn−1}. The result
is a consequence of the following general negative result, which we do not prove here
(see [91, Proposition 9.5]):

Proposition 3.14(no triangular presentation). If is a monoid of right-O-typeM admits
a generating subfamilyS with #S > 3 and there existss in S satisfyingg4hs for all g, h
in the submonoid generated byS\{s}, thenM admits no right-triangular presentation
based onS.

Proposition 3.14 prevents a number of monoids of right-O-type from admitting a
right-triangular presentation, see Exercise 123. In the case of braids, we obtain:

Corollary 3.15 (no triangular presentation). For n > 4, the monoidB⊕
n is a monoid of

O-type that admits no right-triangular presentation based on {s1, ... , sn−1} .
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Proof. We apply Proposition 3.14 with the specific elements1. If g andh belong to the
submonoid ofB⊕

n generated bys2, ... , sn−1, then, by the properties ofσk-positive braids
recalled in the proof of Lemma 3.13, they may be neitherσ1-positive norσ1-negative. On
the other hand, the braids1 is σ1-positive, hence so ishs1. It follows thatg <DD hs holds
in Bn, hence thatg ≺ hs1 holds inB⊕

n , the expected property.

One can indeed convert the standard presentation of the braid groupBn into a pre-
sentation in terms of the generatorss1, ... , sn−1 of Corollary 3.15. For instance, writing
a, b, ... for s1, s2, ..., one can check thatB⊕

4 admits the presentation

(3.16) (a, b, c, a = b2a2baba2b2, b = cb2c, abc = cab),

a triangular presentation augmented with a third, additional relation. But the triangular
presentation made of the first two relations in (3.16) is not apresentation ofB⊕

4 , nor
of any monoid ofO-type either. On the other hand, Corollary 3.15 does not discard
the possibility thatB⊕

n admits a triangular presentation based on other generatorsand,
therefore, the question of whether the monoidB⊕

n admit a (finite) triangular presentation
for n > 4 arises immediately. It remains open, but leads to unexpected results.

Natural candidates arise in connection with the Birman–Ko-Lee band generators (Ref-
erence Structure 3, page 10). We recall that, for1 6 i < j 6 n, one puts

ai,j = σi ···σj−2σj−1σ
−1
j−2 ···σ−1

i ,

whence in particularσi = ai,i+1. Then there exists a simple connection between the

monoidB⊕
n and the elementsai,j , namelyB⊕

n is generated by the elementsa(−1)i+1

i,j (see
Exercise 124). It is then natural to wonder whetherB⊕

n admits a triangular presentation
in terms of the above generators or of related generators. Asno complete (positive or
negative) result is known so far, we skip the discussion, butwe conclude with an amusing
application, namely the existence, forn = 3 andn = 4, of a braid ordering onBn that
is isolated (contrary to the Dehornoy ordering<D) and, at the same time, includes the
positive braid monoidB+

n (contrary to the Dubrovina–Dubrovina ordering<DD).

Proposition 3.17(exotic braid orderings). The subsemigroup generated byσ1, σ2, and
σ1σ

−1
2 σ−1

1 is the positive cone of an isolated left-invariant orderingonB3. The subsemi-
group generated byσ1, σ2, σ3, σ1σ2σ

−1
1 , σ2σ

−1
3 σ−1

2 , andσ1σ2σ
−1
3 σ−1

2 σ−1
1 is the positive

cone of an isolated left-invariant ordering onB4.

Proof. Conjugating byσ1 ···σn defines an ordern automorphismφn of Bn that rotates
the Birman–Ko–Lee generators, see Chapter IX. Forn = 3, one hasφ3 : σ1 7→ σ2 7→
a1,3 7→ σ1. By the above remark,B⊕

3 is generated byσ1, a1,3, andσ−1
2 . Hence the

monoidφ3(B
⊕
3 ) is generated byσ2, σ1, anda−1

1,3, and it is (when1 is removed) the positive
cone of a left-invariant ordering onB3.
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Similarly, forn = 4, we haveφ4 : σ1 7→ σ2 7→ σ3 7→ a1,4 7→ σ1 anda1,3 ↔ a2,4. By
the above remark again, the monoidB⊕

4 is generated byσ1, a1,3, a1,4, σ−1
2 , a−1

2,4, andσ3.
Henceφ2

4(B
⊕
4 ) is generated byσ3, a1,3, σ2, σ3, a−1

1,4, a−1
2,4, andσ1, and it is (when1 is

removed) the positive cone of a left-invariant ordering onB4.

The construction does not extend ton > 5, because the negative entriesσ−1
2 andσ−1

4

cannot be eliminated simultaneously.

Exercises

Exercise 111(braid ordering). Show that the relations1 <D σ1σ26D (σ1σ2σ1)
2pσq2 hold

in B3 for p > 0.

Exercise 112(limit of conjugates). Assuming that<D is a limit of its conjugates inB3,
show the same result inBn. [Hint: Use the subgroup ofBn generated byσn−2 andσn−1,
which is isomorphic toB3.]

Exercise 113(closure of conjugates).Let Pn be the positive cone of the ordering<D

on Bn considered in Example 1.23. Show that the closure of the conjugates ofPn
in LO(Bn) is a Cantor set.

Exercise 114(spaceLO(B∞)). Show that every point in the spaceLO(B∞) is a limit
of its conjugates and thatLO(B∞) is homeomorphic to the Cantor set (contrary to the
spacesLO(Bn) for finite n).

Exercise 115(braids). Show that, with the notation of Example 2.14, the monoidsM2,1,1

andM1,2,1 are isomorphic, and deduce that the associated orderings ofthe braid groupB3

coincide. [Hint: Show the relationsa = a′b anda′ = ba2 between the involved genera-
tors.]

Exercise 116(non-terminating reversing). Assume that(S,R) is a triangular presenta-
tion. (i) Show that, if a relation of̂R has the forms = w with lg(w) > 1 andw finishing
with s, then the monoid〈S |R〉+ is not of right-O-type. (ii) Let (S, R̂) be the maximal
right-triangular deduced from(S,R). Show that, if a relation of̂R has the forms = w
with w beginning with(uv)rus with r > 1, u nonempty, andv such thatv−1s reverses
to a word beginning withs, hence in particular ifv is empty or it can be decomposed as
u1, ... , um whereuks is a prefix ofw for everyk, thens−1us cannot be terminating, and
deduce that〈S |R〉+ is not of right-O-type. (iii) Show that a relationa = babab3a2... is
impossible in a right-triangular presentation for a monoidof right-O-type.

Exercise 117(roots of Garside element).Assume thatM is a left-cancellative monoid
generated by a setS (i) Show that, forδ, g in a left-cancellative monoidM , a necessary
and sufficient condition forδ to right-dominateg is that there existm > 1 satisfying
(∗)∀k>0 ( gδkm+m−1 4 δkm+1 ). (ii) Assume thatδm is a right-Garside element inM .
Show thatδ right-dominates every elementg that satisfiesgδm−1 4 δ.
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Exercise 118(dominating element). Let M be the monoid defined by (3.5). (i) Show
that, forq = 0, the elementar+1 is central and thatM is of O-type. (ii) From now on,
we assumeq > 1. Proveap+1b = bap+1 and deduce thata right-dominatesb [Hint: Use
Exercise 117.] (iii) Writer = m + p′ with p + 1 |m and0 6 p′ 6 p. Show thatam

commutes witha andb. From here, we separate two cases. (iv) Assume thatp+ 1 does
not divider + 1, that is,p′ < p holds. Putc′ = cap, and letM ′ be the submonoid ofM
generated bya, b, andc′. Let ∆ = am. Prove thata 4∆ 4 a∆ andb 4∆ 4 b∆ hold
in M ′. (v) Provec′ 4 a in M ′, and thenc′∆ = ∆bap

′

c′(baq)q−1bap−p
′−1. Deduce that

cttakm+r 4 akm+1 holds for everyk in M , and conclude thata right-dominatesc. (vi)
Conclude thatM is of O-type. (vii) Repeat the argument whenp + 1 divide r + 1 and
provecar+km 4 a1+km for k = 0, ... , q. (viii) Show that, forr < p with q 6= 0, the
monoidM is not of right-O-type [Hint: Use Exercise 116.]

Exercise 119(right-ceiling). Assume thatM is a cancellative monoid of right-O-type,
and thatsℓ ···s1 is a right-topS-word inM such that[sℓ ···s1]+ is central inM . Show that
si = s1 must hold for everyi, and deduce that∞s1 is the right-S-ceiling inM .

Exercise 120(power dominating). LetM be defined by(a, b, c, a = bcb, b = cbabc).
(i) Show thatM is generated byb andc, with the presentation(b, c, b = cb2cb2c). (ii)
Show thatb3 is a central Garside element inM and thatM is of O-type. (iii) Check
a3 = b3 and deduce thata3 dominatesb andc. (iv) Checkba = a2 · bc2b, whence
ba 64 a2, and deduce thata does not dominateb.

Exercise 121(periodic ceiling). LetMn be the monoid defined by the cycling presenta-
tion (a1, ... , an, a1 = a2 ···an, a2 = a3 ···ana1, ... , an−1 = ana1 ···an−1). Show thata2

1

is central inMn, and the right-ceiling is∞(an−1 ···a1), hence it has periodn− 1.

Exercise 122(exotic dominating element).LetM be the monoid defined by(a, b, a =
babab2ab2abab). (i) Show thatM is also defined by(a, b, c, a = bcacb, b = cacac).
(ii) Put δ = b2. Proveaδn · cacbc(bc)2n = bδn · b = cδn · acacb = δn+1 for everyn.
(iii) Deduce thatδ dominatesa, b, andc inM , and thatM is ofO-type. [It is conjectured
that the right-ceiling is∞a.]

Exercise 123(no triangular presentation). Assume thatM is a monoid of right-O-type
that is generated bya, b, c with a ≻ b ≻ c andb, c satisfying some relationb = cv with
no a in v. (i) Prove that, unlessM is generated byb andc, there is no way to complete
b = cv with a relationa = bu so as to obtain a presentation ofM . (ii) Deduce that
no right-triangular presentation made ofb = cbc (Klein bottle relation) orb = cb2c

(Dubrovina–Dubrovin braid relation) plus a relation of theform a = b... may define a
monoid of right-O-type.

Exercise 124(Birman–Ko–Lee generators).Putbi,j = a
(−1)i+1

i,j in the braid groupBn.
Show that, for everyn, the monoidB⊕

n is generated by the elementsbi,j.
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Notes

Sources and comments.The connections between orderable groups and topology re-
cently became an active domain research. On the one hand, deep relationships appeared
between properties of3-manifolds and the possible orderability of their fundamental
group involving in particular L-spaces and co-oriented taut foliations, see for instance
Boyer–Rolfsen–Wiest [29] or Boyer–Gordon–Watson [28]. Onthe other hand, and this is
the aspect that was discussed in this chapter, the idea of putting a topology on the family
of all invariant orderings on a group has been considered forseveral years by such experts
as E. Ghys, A. Sikora and others, and it led to a number of developments and unexpected
applications, see Morita [181].

More specifically, the quest for isolated orderings was launched by A. Sikora in [207]
and the result that, in the fundamental cases of a free Abelian group and of a free group,
no isolated ordering exists, appears in Navas [183]. The fact that a positive cone that
is finitely generated as a semigroup gives an isolated ordering is mentioned in [207].
The converse implication is false: C. Rivas shows in [197] that a non-finitely generated
semigroup may give rise to an isolated ordering

The orderability of braid groups was proved by the first author in [71, 74], and the re-
sult that there exists an isolated ordering in the spaceLO(Bn) follows from the construc-
tion of the Dubrovina-Dubrovin ordering in [114] and the result by A. Navas [183] that
the Dehornoy ordering is a limit of its conjugates, both in the case of3-strand braids and
in the general case using the argument of Exercise 112. Constructions of isolated order-
ings on torus knot groups and related groups appear in [91], Navas [184], and Ito [147],
relying on various approaches that are not directly comparable. As already mentioned in
the text, the classification of groups with finitely many left-invariant orderings us due to
Tararin [217, 156].

The current exposition of the spaceLO(G) in Section 1 is based on D.et al. [99],
itself based on Sikora [207]. In particular, Proposition 1.14 appears in [207]—an alterna-
tive argument can be found in Dabkovskaet al. [68]. The rest of the chapter is directly
inspired by [91], where monoids ofO-type are introduced and a number of examples are
mentioned. Monoids ofO-type are connected with divisibility monoids [163], whiches-
sentially correspond to the case when divisibility relations are lattice orderings, but not
necessarily linear orderings. Also, right-triangular presentations are those whose left-
graph, in the sense of Adjan [1] and Remmers [196], is a chain.The letterO stands for
“order”, reminiscent of the monoids ofI-type considered in Chapter XIII; it may seem
strange that the notion connected with left-divisibility is called right-O-type, but this op-
tion is natural when one thinks in terms of multiples and Garside elements.

The definition of triangular presentations considered in this chapter is slightly more
restricted than that of [91], but one can show that this does not really restrict the family of
monoids ofO-type that are eligible for the approach.

Further questions. At the moment, the range of the approach described in this chapter
remains unknown: we know that some monoids ofO-type admit no triangular presenta-
tions, and that some monoids ofO-type admit no Garside element, at least of a certain
form, but, on the other hand and although triangular presentations may seem to be ex-
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tremely particular, a number of monoids ofO-type with such presentations were found—
much more than was expected first. So the main open question inthis approach is to
further explore its range and understand which ordered groups are eligible. For instance,
it is natural to raise:

Question 33. Does every monoid ofO-type that admits a triangular presentation contain
a right-Garside element?

We saw in Example 3.4 a monoid ofO-type that admits a right-triangular presentation
but in which no power of the leading generator is a right-Garside element. This however
does not dismiss the possibility of the existence of a Garside element of another type.
A positive answer to Question 33 seems unlikely but, on the other hand, it is uneasy to
a priori discard the existence of exotic Garside elements. For instance, in the monoid
〈ab | a = bab3ab〉+, no power ofa is a Garside element, but(ab)3 is a central Garside
element. In the context of Example 3.4, the first critical case for which we (weakly)
conjecture that no right-Garside element exists is〈a, b, c | a = ba2b, b = ca4c〉+.

As in the case of right-Garside elements, the above results say nothing about dominat-
ing elements that are not powers of the top generator and theyleave the following natural
questions open:

Question 34. Does every monoid ofO-type that admits a triangular presentation based
on a setS contain an element that dominatesS? Is the right-ceiling necessarily periodic?

By Lemma 3.9, a positive answer to the second question implies the existence of an
element ofSn that dominates all ofSn for somen > 1, hence a fortioriS, so it implies
a positive answer to the first question. Owing to the examplesknown so far, it seems
reasonable to conjecture a positive answer to both questions, but so far no clue toward a
proof is in view. See Exercises 120–122 for more examples witnessing various behaviours
of the ceiling.

Returning to the general question of the range of the current“Garside-type” approach,
an exhaustive investigation is certainly out of reach in thegeneral case, the particular case
of two-generator monoids seems more accessible, and several natural questions arise.
Typically, we mentioned in Proposition 3.14 that some monoids ofO-type admit no tri-
angular presentation, but the argument of the proof requires the existence of at least three
generators.

Question 35. Does every two-generator monoid of right-O-type admit a right-triangular
presentation?

On the other hand, if we start with a two-generator triangular presentation, that is, if
we consider monoids of the form〈a, b | a = bw〉+, we can wonder

Question 36. Does every two-generator triangular presentation that defines a monoid of
right-O-type eligible for Proposition 3.3?

At the moment, we have no counter-example: more precisely, all presentations that
involve a wordw of length at most10 and are not discarded by the syntactic property
of Exercise 116 turn out to contain a right-Garside element or, at least, a dominating
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element—a rather unexpected result. Also, experiments show that all two-generator tri-
angular presentations defining a monoid ofO-type are palindromic, that is, the relation is
invariant under reversing the order of letters, and that theassociated right-ceiling is equal
to ∞a: are these a general facts?

In a different direction, Propositions 2.15 and 3.3 are valid in the case of an infinite
presentation, thus leading to orderable groups with an explicit positive cone. But the argu-
ment showing that the involved ordering is isolated in its space of orderings is valid only
when the presentation is finite. However, as mentioned above, a non-finitely generated
monoid may give rise to an isolated ordering, so it makes sense to raise

Question 37. If (S,R) is an infinite triangular presentation that defines a monoid of O-
type, may the associated ordering be isolated in the spaceLO(〈S |R〉)?

In the direction of a positive answer, it is natural to address the above question in
the context of a direct limit of finitely generated monoids. The properties of subword
reversing make this situation easy to analyze. Indeed, if(S,R) is an infinite triangular
presentation such that all (or at least unboundedly many) finite approximations(Sn, Rn)
define monoids ofO-type, one can show that the monoid〈S |R〉+ is a direct limit of the
monoids〈Sn |Rn〉+ and it is ofO-type. A typical test-case for the above question is the
torus-type groupG = 〈x1, x2... | x2

1 = x
q
2, x

2
2 = x

q
3, ...〉. Forq = 2, the element∆ = x2

1

is a central Garside element in〈S |R〉+, but, for oddq, the element∆n = x2n−2

1 is central
in the finite approximation〈Sn |Rn〉+, but no power ofx1 may be central inG, and it
would be interesting to know whether the associated ordering is isolated inLO(G).



Chapter XIII

Set-theoretic solutions of YBE

The Yang–Baxter equation (YBE) is a fundamental equation occurring in integrable mod-
els in statistical mechanics and quantum field theory. Some of its many solutions called
set-theoretic turn out to be directly connected with a particular family of monoids, the
monoids ofI-type, and the latter turn out to be Garside monoids of a simple type. In
this chapter, we describe the correspondences between the above mentioned objects and
show how using what can be called a Garside approach leads to aconceptually simple
and technically efficient exposition of the main results.

The chapter is organized as follows. In Section 1, we introduce set-theoretic solu-
tions of the Yang–Baxter equation and describe various equivalent algebraic structures,
in particular biracks, and, on the other hand, (bijective) right-cyclic quasigroups, or RC-
quasigroups (Proposition 1.34).

Then, in Section 2, we associate with every (convenient) set-theoretic solution of
YBE—or, equivalently, with every bijective RC-quasigroup—a monoid called the struc-
ture monoid, and, after developing some elementary resultsabout the RC-law, we charac-
terize the structure monoids of solutions of YBE as those Garside monoids that admit a
presentation of a certain syntactic form (Proposition 2.34).

Further results about structure monoids (and their groups of fractions) are established
in Section 3, in particular the important two-way connection with monoids ofI-type
(Propositions 3.5 and 3.6). As an application, we deduce in Proposition 3.21 the existence
for every finitely generated group ofI-type of a short exact sequence similar to the one
that connects a pure braid group, a braid group, and the corresponding Coxeter group;
here the role of pure braids is played by a free Abelian group,whereas the role of the
Coxeter group is played by some finite group for which we give an explicit presentation.

1 Several equivalent frameworks

We introduce particular solutions of the Yang–Baxter equation called the (involutive non-
degenerate) set-theoretic solutions (Subsection 1.1). Then we show that such structures
can be equivalently described as involutive biracks, whichare systems consisting of a set
equipped with two binary operations obeying certain algebraic laws (Subsection 1.2).
Finally—this is more interesting—we show in Subsection 1.3that another equivalent
framework is provided by bijective RC-quasigroups, other algebraic systems consisting
of a set equipped with a binary operation obeying a certain algebraic law that, in some
sense, is the inverse of the laws defining biracks.
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1.1 Set-theoretic solutions of the Yang-Baxter equation

We consider the (non-parametric form of) the (quantum) Yang–Baxter equation.

Definition 1.1 (solution of YBE). If V is a vector space, an elementR of GL(V ⊗ V ) is
called asolution of the Yang–Baxter equation(YBE) if we have

(1.2) (R⊗ id)(id ⊗R)(R⊗ id) = (id ⊗R)(R ⊗ id)(id ⊗R).

Example 1.3(solution of YBE). Let A = C[q, q−1] andV = A × A with standard
basis(e1, e2). Then one can check that the automorphism ofV ⊗ V defined in the ba-

sis (e1 ⊗ e1, e1 ⊗ e2, e2 ⊗ e1, e2 ⊗ e2) by the matrixq−1/2




1 0 0 0
0 0 1 0
0 1 q − q−1 0
0 0 0 1




satisfies (1.2), that is, it is a solution of YBE. This solution is connected with the basic
representation of the quantum groupUq(sl(2)) and the Jones polynomial [152].

In the current context, it is customary to denote byRij the automorphism ofV ⊗3 that
corresponds toR acting on theith andjth coordinates, so, for instance,R12 stands for
R ⊗ id. Then the Yang–Baxter equation takes the more simple form

(1.4) R12R23R12 = R23R12R23;

note the similarity with the Coxeter relation ofS3 and the braid relation ofB3 (Reference
Structure 2, page 5 and Chapter IX).

Among the (many) solutions of the Yang–Baxter equation, we consider here those that
preserve some fixed basis of the considered vector space.

Lemma 1.5. Assume thatV is a vector space andX is a basis ofV .
(i) If R is a solution of YBE that mapsX⊗2 into itself, the restriction ofR toX ⊗X

yields a bijectionρ ofX ×X to itself that satisfies the relation

(1.6) ρ12ρ23ρ12 = ρ23ρ12ρ23.

(ii) Conversely, ifρ is a bijection ofX×X into itself that satisfies(1.6), thenρ induces
a solution of YBE that mapsX⊗2 into itself.

Of course, in (1.6),ρ12 means the bijection ofX × X × X to itself consisting in
applyingρ in the first two positions. The verifications are straightforward. In particular,
the mapρ must be bijective as a solution of YBE is demanded to be an automorphism of
the ambient vector space.

Example 1.7(preservation of basis). The solution of YBE mentioned in Example 1.3
does not enter the framework of Lemma 1.5: unlessq is specialized atq = 1, the (operator
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associated with the) matrix does not preserve the canonicalbasis, nor any other basis
of V . By contrast, forq = 1, the matrix becomes a permutation matrix, and enters the
framework of Lemma 1.5 with an associated bijectionρ ofX×X given byρ((e1, e1)) =
(e1, e1), ρ((e1, e2)) = (e2, e1), ρ((e2, e1)) = (e1, e2), ρ((e2, e2)) = (e2, e2).

From now on, we shall concentrate on solutions of YBE of the type considered in
Lemma 1.5. Such solutions are calledset-theoreticbecause they are entirely determined
by their action on the basis, with no linearity condition. Sowe can forget about vector
spaces and restart from the following definition.

Definition 1.8 (set-theoretic solution of YBE). (i) A set-theoretic solution of YBEis a
pair (X, ρ) whereX is a set andρ is a bijection ofX ×X into itself that satisfies (1.6).
In this case, we denote byρ1(s, t) andρ2(s, t) the first and second entries ofρ(s, t).

(ii) A set-theoretic solution(X, ρ) of YBE is callednondegenerateif, for everys inX ,
the left-translationy 7→ ρ1(s, y) is one-to-one and, for everyt in X , the right-translation
x 7→ ρ2(x, t) is one-to-one.

(iii) A set-theoretic solution(X, ρ) of YBE is calledinvolutiveif ρ ◦ ρ is the identity
ofX ×X .

Example 1.9(set-theoretic solution of YBE). AssumeX = {a, b}. Then there are4!,
that is,24, bijections ofX × X , among which six are set-theoretic solutions of YBE.
Among the latter, two are degenerate, namely (we always takethe convention that, in a
table, the first argument corresponds to rows and the second one to columns)

a b

a (a, a) (a, b)
b (a, a) (b, b)

and
a b

a (b, b) (b, a)
b (a, b) (a, a) ,

with constant left-translations in the left table and constant right-translations in the right
table. Next, two are non-involutive, having order4 and not2:

a b

a (a, b) (b, b)
b (a, a) (b, a)

and
a b

a (b, a) (a, a)
b (b, b) (a, b) .

Finally, two are nondegenerative and involutive:

a b

a (a, a) (b, a)
b (a, b) (b, b)

and
a b

a (b, b) (a, b)
b (b, a) (a, a) .

Remark 1.10. The reason why one is interested in nondegenerate set-theoretic solutions
of YBE will become clear soon, as it is a necessary condition for the duality described
in Subsection 1.3 to be possible. One of the reasons for beinginterested in involutive
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set-theoretic solutions is that assumingρ ◦ ρ = id is the simplest way to guarantee thatρ
be bijective.

Note that there is no connection between the above two con-
ditions, namely having bijective translations and being globally
bijective. The table displayed on the right defines a degenerate
bijection ofX ×X : here the left-translation bya is not one-to-
one since we haveρ1(a, a) = a = ρ1(a, b).

a b

a (a, a) (a, b)
b (b, a) (b, b)

On the other hand, the table on the right defines a nondegen-
erate map fromX × X to itself that is not bijective: here left-
and right-translations are bijective, but the global mapρ is not
one-to-one.

a b

a (a, b) (b, a)
b (b, a) (a, b)

1.2 Involutive biracks

As already noted in Definition 1.8, a bijection, more generally a map, fromX×X to itself
is a pair of maps fromX ×X toX , hence it can be viewed as a pair of binary operations
onX . This framework will provide slightly shorter notation. The first step is to translate
the defining properties of an (involutive, nondegenerate) set-theoretic solution of YBE.

Lemma 1.11. (i) If (X, ρ) is a set-theoretic solution of YBE, then the binary opera-
tions ⌉, ⌈ defined onX by

(1.12) a⌉b = ρ1(a, b) and a⌈b = ρ2(a, b)

obey the laws

(a⌉b)⌉((a⌈b)⌉c) = a⌉(b⌉c),(1.13)

(a⌉b)⌈((a⌈b)⌉c) = (a⌈(b⌉c))⌉(b⌈c),(1.14)

(a⌈b)⌈c = (a⌈(b⌉c))⌈(b⌈c).(1.15)

Moreover, if(X, ρ) is involutive, then⌉ and⌈ obey the laws

(1.16) (a⌉b)⌉(a⌈b) = a and (a⌉b)⌈(a⌈b) = b.

(ii) Conversely, if⌉ and ⌈ are binary operations onX that satisfy(1.13)–(1.15)and
(1.16), and ifρ is defined by

(1.17) ρ(a, b) = (a⌉b, a⌈b),

then(X, ρ) is an involutive set-theoretic solution of YBE.
(iii) In the above context,(X, ρ) is nondegenerate if and only if(X, ⌉) is a left-

quasigroup and(X, ⌈) is a right-quasigroup, that is, the left-translations of⌉ and the
right-translations of⌈ are one-to-one.

Proof. (i) A simple computation:ρ12 maps(a, b, c) to (a⌉b, a⌈b, c), thenρ23 maps the
latter to((a⌉b, (a⌈b)⌉c, (a⌈b)⌈c), andρ12 maps the above triple to the triple consisting
of the left-hand terms in (1.13)–(1.15). Starting from(a, b, c) and applyingρ23ρ12ρ23,
one similarly obtains the triple consisting of the right-hand terms in (1.13)–(1.15). Then
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the assumption that(X, ρ) is a set-theoretic solution of YBE implies that the entries of
the above triples pairwise match.

Thenρ◦ρmaps(a, b) to ((a⌉b)⌉(a⌈b), (a⌉b)⌈(a⌈b)), whence (1.16) whenever(S, ρ)
is involutive.

(ii) For every pair(a, b) in X × X , the above computation and the assumption that
(X, ⌉, ⌈) satisfies (1.16) implies thatρ ◦ ρ maps(a, b) to itself. Henceρ is an involution
of X × X , and a fortiori it is a bijection ofX × X . Next, for every triple(a, b, c)
in X×X×X , the above computation and the assumption that(X, ⌉, ⌈) satisfies (1.13)–
(1.15) implies thatρ12ρ23ρ12 andρ23ρ12ρ23 map(a, b, c) to the same triple. So(X, ρ)
satisfies (1.6), and it is a set-theoretic solution of YBE, which is moreover involutive.

(iii) Owing to (1.12) and (1.17), the equivalence is obvious, as, fora in X , the left-
translationy 7→ ρ1(a, y) coincides with the left-translationy 7→ a⌉y and, symmetrically,
the right-translationx 7→ ρ2(x, b) coincides with the right-translationx 7→ x⌈b.

Structures satisfying the laws of Lemma 1.11 have already been considered and they
are usually called biracks:

Definition 1.18 (birack). A birack is a triple (X, ⌉, ⌈) whereX is a set and⌉, ⌈ are
binary operations onX satisfying (1.13)–(1.15) and such that the left-translations of⌉ and
the right-translations of⌈ are one-to-one. A birack is calledinvolutiveif it satisfies (1.16).

Example 1.19(birack). By Lemma 1.11, every involutive nondegenerate set-theoretic
solution of YBE gives a birack. So, for instance, the involutive birack associated with the
two involutive nondegenerate set-theoretic solutions of YBE mentioned in Example 1.9
respectively correspond to

⌉ a b

a a b

b a b

⌈ a b

a a a

b b b

and
⌉ a b

a b a

b b a

⌈ a b

a b b

b a a .

Here is an example of a different flavour. Assume that∗ is a binary operation onX ,
and let∗0 be the trivial binary operation defined bys ∗0 t = s. Replacingx⌈y with x
in (1.13)–(1.15), one sees that the latter relations are satisfied in(X, ∗, ∗0) if and only if
∗ satisfies the left-selfdistributivity law LDx ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z) investigated in
Chapter XI. The right-translations of∗0 are the identity, hence one-to-one. So(X, ∗, ∗0)
is a birack if and only if(X, ∗) is an LD-system whose left-translations are one-to-one:
such a structure is called arack in literature. Thus completing a rack with a trivial second
operation gives a birack. Except in trivial cases, the latter birack is not involutive: indeed,
(X, ∗, ∗0) is involutive if and only ifs ∗ t = t holds for alls andt.

We can then restate Lemma 1.11 as

Proposition 1.20(set-theoretic solution to birack). (i) If (X, ρ) is an involutive nonde-
generate set-theoretic solution of YBE, and⌉ and ⌈ are defined by(1.12), then(X, ⌉, ⌈)
is an involutive birack.
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(ii) Conversely, if(X, ⌉, ⌈) is an involutive birack, andρ is defined by(1.17), then
(X, ρ) is an involutive nondegenerate set-theoretic solution of YBE.

Thus, investigating involutive nondegenerate set-theoretic solutions of YBE and in-
vestigating involutive biracks are equivalent tasks.

1.3 RC- and RLC-quasigroups

We now make a second step and move to a new framework. Here the transformation is
less trivial, and it amounts to replacing a multiplication with the corresponding division.
If (X, ∗) is a left-quasigroup, that is,∗ is a binary operation onX whose left-translations
are one-to-one, we can consider the left-inverse operation∗ such thata ∗ b is the uniquec
satisfyinga ∗ c = b. Here we will consider the left- and right-inverses of the operations
in a birack, and see that these new operations are characterized by simple laws, actually
more simple that the laws that define biracks. For our currentpurpose, the point will
be that the new laws are closely connected with the cube conditions of Section II.4. We
introduce two versions, one involving a single operation, one involving two operations
which, we shall see below, are essentially equivalent.

Definition 1.21 (RC-system, RC-quasigroup).A right-cyclic system, or RC-system, is
a pair(X, ⋆) whereX is a set and⋆ is a binary operation onX that obeys theright-cyclic
lawRC

(1.22) (x ⋆ y) ⋆ (x ⋆ z) = (y ⋆ x) ⋆ (y ⋆ z).

An RC-quasigroupis an RC-system whose left-translations are one-to-one, that is, for
everys in X , the mapt 7→ s ⋆ t is one-to-one. An RC-system is calledbijective if the
map(s, t) 7→ (s ⋆ t, t ⋆ s) is a bijection ofX ×X to itself.

Example 1.23(RC-system). Let X be any set, and letσ is a permutation ofX . Then
definings ⋆ t = σ(t) provides a (semi-trivial) bijective RC-quasigroup. Indeed, all left-
translations coincide withσ, hence they are one-to-one by assumption, and, for allr, s, t
in X , we have(s⋆ t)⋆ (s⋆ t) = σ2(t) = (s⋆r)⋆ (s⋆ t), so the RC-law is obeyed. Finally,
the map(s, t) 7→ (s ⋆ t, t ⋆ s) is (s, t) 7→ (σ(t), σ(s)), a bijection, so(X, ⋆) is bijective.

Assume now thatM is a left-cancellative monoid that admits unique right-lcms. We
recall from Definition II.2.11 that, forf, g inM , the unique elementg′ such thatfg′ is the
right-lcm off andg is denoted byf\g and called theright-complementof f in g. Then, as
observed in Proposition II.2.15 (triple lcm),(M, \) is an RC-system. More generally, ifS
is a subset ofM that is closed under right-complement, then(S, \) is also an RC-system:
this happens in particular whenS is a Garside family ofM that includes1. In general,
the RC-systems of the type above are not RC-quasigroups: iff does not left-divideg, the
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right-lcm h of f andg is distinct fromg but f\g = f\h holds. Nor are they bijective
either: for allf, g, we havef\f = g\g = 1.

It will also be useful to consider a two-sided version of RC-quasigroups.

Definition 1.24 (RLC-system, RLC-quasigroup). An RLC-systemis a triple(X, ⋆, ⋆̃)
where(X, ⋆) is an RC-system,̃⋆ is a binary operation onX obeying theleft-cyclic lawLC

(1.25) (z ⋆̃ x) ⋆̃ (y ⋆̃ x) = (z ⋆̃ y) ⋆̃ (x ⋆̃ y),

and both operations are connected by

(1.26) (y ⋆ x) ⋆̃ (x ⋆ y) = x = (y ⋆̃ x) ⋆ (x ⋆̃ y).

An RLC-quasigroupis an RLC-system(X, ⋆, ⋆̃) such that the left-translations of⋆ and
the right-translations of̃⋆ are one-to-one.

Example 1.27(RLC-system). On the shape of Example 1.23, letX be any set and define
s⋆t = σ(t) and, symmetrically,s⋆̃t = τ(s) whereσ, τ mapX to itself. Then the RC- and
LC-laws are automatically satisfied, and (1.26) amount toσ ◦τ andτ ◦σ being the identity
map, which is possible only ifσ andτ are bijective. So, for every bijectionσ fromX to
itself, we obtain an RLC-quasigroup by definings ⋆ t = σ(t) ands ⋆̃ t = σ−1(s).

By contrast, ifM is a monoid that admits both unique right- and left-lcms,(M, \) is
an RC-quasigroup and, in an obvious sense,(M,/) is an LC-quasigroup, but(M, \, /)
is not an RLC-system in general as (1.26) is not satisfied: forall f, g in M , we have
f = h · ((g\f)/(f\g)) andg = h · ((f\g)/(g\f)) whereh is the left-gcd off andg,
which, for instance, is not1 for f 6= g 6= 1.

In an RLC-quasigroup, the operations determine one anotherand, as a consequence,
RLC-quasigroups and bijective RC-quasigroups are equivalent structures.

Lemma 1.28. For all binary operations⋆, ⋆̃ onX , the following are equivalent:
(i) The system(X, ⋆, ⋆̃) obeys the involutivity laws(1.26).
(ii) The mapΨ : (s, t) 7→ (s ⋆ t, t ⋆ s) is a bijection ofX × X to itself and the

operation⋆̃ is the unique operation onX such that the map(s, t) 7→ (s ⋆̃ t, t ⋆̃ s) is the
inverse ofΨ.

Proof. (i) Assume that(X, ⋆, ⋆̃) satisfies (1.26). Let(s′, t′) belong toX ×X . Then put
s = t′ ⋆̃ s′ andt = s′ ⋆̃ t′. The right-hand equality in (1.26) givess ⋆ t = s′ andt ⋆ s = t′,
whenceΨ(s, t) = (s′, t′). So Ψ is surjective. Conversely, assumeΨ(s, t) = (s′, t′).
Then the left-hand equality in (1.26) givess = t′ ⋆ s′ andt = s′ ⋆ t′. SoΨ is injective.
Moreover, the equalities show that the map(s, t) 7→ (s ⋆̃ t, t ⋆̃ s) is Ψ−1.

(ii) Assume thatΨ is a bijection fromX × X to itself. Then there exists a unique
operatioñ⋆ onX such that the map(s, t) 7→ (s ⋆̃ t, t ⋆̃ s) is Ψ−1, namely the one given by

(1.29) s′ ⋆̃ t′ = the uniquet such thats ⋆ t = s′ andt ⋆ s = t′ hold for somes.

Then (1.26) is satisfied by definition.
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Building on Lemma 1.28, we shall mainly consider bijective RC-quasigroups in the
sequel, and appeal to RLC-quasigroups only when necessary.To follow the subsequent
computations involving⌉ and⌈ , it can be useful to associate with every pair of equalities

a′ = a⌉b, b′ = a⌈b the square diagram

a′

b

a b′ , that is,

a⌉b

b

a a⌈b . Similarly,

for ⋆ and ⋆̃, we draw diagrams

t

s ⋆ t

s t ⋆ s and

t′ ⋆̃ s′

t′

s′ ⋆̃ t′ s′ . For the moment—

things will be different in Section 2 when structure monoidsare introduced—the dia-
grams are not meant to represent any multiplication but justserve as a mnemonic help:
for instance, comparing the above diagrams helps recordingthat, if (1.26) holds, the con-
junction ofs′ = s ⋆ t andt′ = t ⋆ s is equivalent to the conjunction ofs = t′ ⋆̃ s′ and
t = s′ ⋆̃ t′.

We now come back to the connection between biracks and RC-systems. To formal-
ize it, we introduce a general algebraic transformation on binary operations whose left-
translations are bijective.

Definition 1.30 (left-inverse operation). If X is a set and∗ is a binary operation onX
whose left-translations are one-to-one, that is, for everya in X the mapx 7→ a ∗x is one-
to-one, theleft-inverseof ∗ is the binary operation∗ onX such thata ∗ b is the unique
elementc satisfyinga ∗ c = b.

By definition, left-inverting an operation is an involutivetransformation: for every
operation∗ with bijective left-translations, the left-translationsof ∗ are bijective as well
and the left-inverse of∗ is ∗. Here comes the main observation:

Proposition 1.31(birack to RC-quasigroup). If (X, ⌉, ⌈) is an involutive birack, and⋆
is the left-inverse of⌉, then(X, ⋆) is a bijective RC-quasigroup.

Proof. By definition of a birack, the left-translations of⌉ are bijective, which guarantees
the existence of⋆, and the fact that the left-translations of⋆ are one-to-one. The point is
to show that the assumption that(X, ⌉, ⌈) satisfies the laws (1.13)–(1.16) implies that⋆
obeys the RC-law (1.25).

Claim.— For all x, y, z, the relationy = x⌉z is equivalent tox ⋆ y = z and it implies
y ⋆ x = x⌈z.

Proof of the claim.Assumey = x⌉z. First, by definition
of ⋆, this relation is equivalent tox ⋆ y = z. Next, (1.16),
implies(x⌉z)⌉(x⌈z) = x, so we deducey⌉(x⌈z) = x. By
definition of⋆, the latter relation is equivalent toy⋆x = x⌈z,
see on the right. �

y = x⌉z

x ⋆ y = z

x y ⋆ x = x⌈z

Now letr, s, t belong toX . Puta = t, b = t ⋆ s, andc = (t ⋆ s)⋆ (t ⋆ r). We shall step
by step compute the expressions(r ⋆ s) ⋆ (r ⋆ t) and(s ⋆ r) ⋆ (s ⋆ t) in terms ofa, b, andc
and, using (1.13)–(1.15), establish that these expressions are equal. The proof consists in
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repeatedly using the claim for various relationsz = x ⋆ y. The corresponding diagrams
are displayed in Figure 1. The latter shows that we are actually completing a cube and it
should make the order of the verifications clear.

Applying the claim to the definitionb = t⋆swith t = a givess = a⌉b ands⋆t = a⌈b.
Next, applying the claim toc = (t ⋆ s) ⋆ (t ⋆ r) with t ⋆ s = b givest ⋆ r = b⌉c and

(r ⋆ t) ⋆ (r ⋆ s) = b⌈c.
Then, applying the claim tob⌉c = t ⋆ r with t = a givesr = a⌉(b⌉c), hence also

r = (a⌉b)⌉((a⌈b)⌉c) by (1.13), andr ⋆ t = a⌈(b⌉c).
Next, the relationss = a⌉b andr = (a⌉b)⌉((a⌈b)⌉c) imply s⋆r = (a⌈b)⌉c, and the

claim impliesr⋆s = s⌈(s⋆r) = (a⌉b)⌈((a⌈b)⌉c)), hence alsor⋆s = (a⌈(b⌉c))⌉(b⌈c)
by (1.14).

Next, the relationsr ⋆ t = a⌈(b⌈c) andr ⋆ s = r ⋆ s = (a⌈(b⌉c))⌉(b⌈c) imply
(r ⋆ t) ⋆ (r ⋆ s) = b⌈c, and the claim implies(r ⋆ s) ⋆ (r ⋆ t) = (a⌈(b⌉c))⌈(b⌈c), hence
(r ⋆ s) ⋆ (r ⋆ t) = (a⌈b)⌈c by (1.15).

Finally, the relationss ⋆ t = a⌈b ands ⋆ r = (a⌈b)⌉c imply (s ⋆ t) ⋆ (s ⋆ r) = c, and
the claim implies(s ⋆ r) ⋆ (s ⋆ t) = (a⌈b)⌈c.

We thus established the three equalities(r ⋆ t) ⋆ (r ⋆ s) = b⌈c = (t ⋆ r) ⋆ (t ⋆ s),
(t⋆s)⋆(t⋆r) = c = (s⋆t)⋆(s⋆r), and(r⋆s)⋆(r⋆t) = (a⌈b)⌈c = (s⋆r)⋆(s⋆t). Hence
(X, ⋆) is an RC-quasigroup (one equality would be sufficient asr, s, t are arbitrary).

Now, consider the binary operatioñ⋆ on X such thatx ⋆̃ y = z is equivalent to
z⌈x = y, that is, in an obvious sense, the right-inverse of⌈ , which makes sense since,
by assumption, the right-translations of⌈ are one-to-one. Then an entirely symmetric
verification shows that̃⋆ obeys the LC-law.

Finally, we consider (1.26). Letr, s belong toX . Puta = s andb = s ⋆ r. Then the
definition of⋆ givesr = a⌉b, and the claim then impliesr ⋆ s = b⌈a. Now, owing to
the relationss ⋆ r = b andr ⋆ s = b⌈a, the definition of̃⋆ gives(r ⋆ s) ⋆̃ (s ⋆ r) = a,
and the symmetric counterpart of the claim then implies(s ⋆ r) ⋆̃ (r ⋆ s) = a⌉b. We
deduce(r ⋆ s) ⋆̃ (s ⋆ r) = s and(s ⋆ r) ⋆̃ (r ⋆ s) = r. So (1.26) is obeyed,(X, ⋆, ⋆̃) is an
RLC-quasigroup, and, by Lemma 1.28,(X, ⋆) is a bijective RC-quasigroup.

We now establish a converse for Proposition 1.31, thus defining an involutive birack
starting from a bijective RC-quasigroup.

Proposition 1.32 (RC-quasigroup to birack). Assume that(X, ⋆) is a bijective RC-
quasigroup. Let⌉ be the left-inverse of⋆ and ⌈ be the right-inverse of the operatioñ⋆
defined by(1.29). Then(X, ⌉, ⌈) is an involutive birack.

Proof. We argue as for Proposition 1.31, now using the following result:

Claim.— For all x, y, z, the relationz = x ⋆ y is equivalent tox⌉z = y and it implies
x⌈z = y ⋆ x.

Proof of the claim.Assumez = x⋆y. By definition of⌉, this
relation is equivalent tox⌉z = y. Then, by definition ofΨ,
we haveΨ(x, y) = (z, y ⋆ x), hence(x, y) = Ψ−1(z, y ⋆ x).
By definition of ⋆̃, this impliesz ⋆̃ (y ⋆ x) = x, whence
z⌈x = y ⋆ x by definition of the operation⌈ . �

x⌉z = y

z = x ⋆ y

x x⌈z = y ⋆ x
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t = a

r = a⌉(b⌉
c)

= (a⌉b)
⌉((a⌈

b)⌉c)

r⋆s = (a⌉b)⌈((a⌈b)⌉c)
= (a⌈(b⌉c))⌉(b⌈c)

s = a⌉b
r⋆t = (a⌈b)⌉c

s⋆r
= (a⌈b)

⌉c

(s⋆r)⋆(s⋆t) = (a⌈b)⌈c

(r⋆s)⋆(r⋆t) = (a⌈(b⌉c))⌈(b⌈c)
= (a⌈b)⌈c

(r⋆t)⋆(r⋆s)

= b⌈c
(t⋆r)⋆(t⋆s)

= b⌈c

t⋆s = b
t⋆r

= b⌉c

s⋆t = a⌈b

(s⋆
t)⋆

(s⋆
r)

=
c(t⋆s

)⋆(t
⋆r)

= c

Figure 1. Proof of Proposition 1.31(i): one successively evaluates the edges of the cube in terms
of a, b, c and the relations (1.13)–(1.15) guarantee that the cube closes. The same diagram can be
used to follow the proof of Proposition 1.32 below, except that one starts with a closed cube and
evaluates some edges in two different ways to establish (1.13)–(1.15).

Note that the diagram corresponding to the current claim is the same as the one for the
claim for Proposition 1.31, but the meaning is different as,here, we assume⋆-relations
and are interested in deducing⌉, ⌈-relations whereas, in the previous case, we went the
other way.

Now, let a, b, c belong toX . Putr = a⌉(b⌉c), s = a⌉b, andt = a. We shall now
compute the expressions involved in (1.13)–(1.15) in termsof r, s, t, and establish the
expected equalities.

First, applying the claim tos = a⌉b with t = a givesb = t ⋆ s anda⌈b = s ⋆ t.
Next, applying it tor = a⌉(b⌉c) with t = a givesb⌉c = t ⋆ r anda⌈(b⌉c) = r ⋆ t.
Then, applying the claim tot ⋆ r = b⌉c with t ⋆ s = b givesc = (t ⋆ s) ⋆ (t ⋆ r), hence

alsoc = (s⋆t)⋆(s⋆r) by (1.22), andb⌈c = (t⋆r)⋆(t⋆s), hence alsob⌈c = (r⋆t)⋆(r⋆s)
by (1.22) again.

Next, the relation(s ⋆ t) ⋆ (s ⋆ r) = c with (s ⋆ t = a⌈b implies(a⌈b)⌉c = s ⋆ r, and
the claim then implies(a⌈b)⌈c = (s ⋆ r) ⋆ (s ⋆ t), whence also(a⌈b)⌈c = (r ⋆ s) ⋆ (r ⋆ t)
by (1.22).

Then, the relation(a⌈b)⌉c = s ⋆ r with s = a⌉b implies (a⌉b)⌉((a⌈b)⌉c) = r,
which, together with the previously established relationr = a⌉(b⌉c), gives (1.13). By
the claim, we deduce(a⌉b)⌈((a⌈b)⌉c) = r ⋆ s.

Now, b⌈c = (r ⋆ t) ⋆ (r ⋆ s) with r ⋆ t = a⌈(b⌉c) impliesr ⋆ s = (a⌈(b⌉c))⌉(b⌈c)
which, together the previously established relation(a⌉b)⌈((a⌈b)⌉c) = r ⋆ s gives (1.14).
Moreover, the claim then implies(r ⋆ s) ⋆ (r ⋆ t) = (a⌈(b⌉c))⌈(b⌈c) which, together the
previously established relation(a⌈b)⌈c = (r ⋆ s) ⋆ (r ⋆ t) gives (1.15). Hence(X, ⌉, ⌈)
is a birack.

We conclude with involutivity. Leta, b belong toX . Putr = a ands = a⌉b. By
the claim, we haver ⋆ s = b ands ⋆ r = a⌈b, that is,(a⌉b) ⋆ a = a⌈b. By the claim
again, the latter is equivalent to(a⌉b)⌉(a⌈b) = a. The argument for(a⌉b)⌈(a⌈b) = b is
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symmetric.

Hence involutive biracks and bijective RC-quasigroups areequivalent frameworks.
By the way, we also observe that the conjunction of Propositions 1.31 and 1.32 implies

Corollary 1.33 (bijective RC implies LC). If (X, ⋆) is a bijective RC-quasigroup, then
the operatioñ⋆ provided by(1.29)satisfies the LC-law.

Proof. Proposition 1.32 provides from⋆ two operations⌉, ⌈ such that(X, ⌉, ⌈) is an
involutive birack. Then Proposition 1.31 provides from⌉ and⋆ an operatioñ⋆ such that
(X, ⋆, ⋆̃) is an RLC-quasigroup. So, in particular, the operation⋆̃ satisfies the LC-law. By
uniqueness, the operation⋆̃ is the one provided from⋆ by Lemma 1.28.

Whether a simple direct argument exists for Corollary 1.33 is not clear: introducing
the auxiliary operations⌉ and⌈ can be avoided but, in any case, evaluating all expressions
occurring in the cube of Figure 1 is probably necessary.

Summarizing the results, we can state:

Proposition 1.34 (equivalence). The following three (actually four) frameworks are
equivalent:

(i) nondegenerate involutive set-theoretic solutions of the Yang–Baxter equation,
(ii) involutive biracks, and
(iii) bijective RC-quasigroups (or, equivalently, RLC-quasigroups),

with an explicit way of going from one to the other.

To conclude this section, we mention without proof a beautiful result of W. Rump
[198, Theorem 2] that will enable us to skip bijectivity assumptions in the sequel when
dealing with finite RC-systems.

Proposition 1.35(bijectivity). Every finite RC-quasigroup is bijective.

2 Structure monoids and groups

Here comes the key point from our current point of view, namely associating with every
involutive nondegenerate set-theoretic solution of YBE a certain group called its structure
group. In this section, we shall show how the general methodsdeveloped in this text
enable one to investigate structure groups very easily and,in particular, to prove that they
are Garside groups.

The section is organized as follows. In Subsection 2.1, we introduce the structure
monoids and groups and state the main algebraic results thatwill be established subse-
quently. In Subsection 2.2, we develop a sort of polynomial calculus for structures satisfy-
ing the RC-law. Then, in Subsection 2.3, we complete the proof of the results announced
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in Subsection 2.1, in particular the result that the structure group of an involutive nonde-
generate set-theoretic solution of YBE is a Garside group. Finally, in Subsection 2.4, we
show that, conversely, every Garside group that admits a presentation of a certain type is
the structure group of a set-theoretic solution of YBE.

2.1 Structure monoids and groups

We first restart from involutive nondegenerate set-theoretic solutions of the Yang–Baxter
equation. Then there exists a standard way of associating a monoid and a group.

Definition 2.1 (structure group I). If (X, ρ) is an involutive nondegenerate set-theoretic
solution of YBE, thestructure group(resp. monoid) of (X, ρ) is the group (resp. the
monoid) defined by the presentation

(2.2) (X, {ab = a′b′ | a, b, a′, b′ ∈ X satisfyingρ(a, b) = (a′, b′)}).

The presentation (2.2) is redundant and contains trivial relations: asρ is bijective,
most relations occur twice andρ1(a, b) = a impliesρ2(a, b) = b and, in this case, we
obtain the trivial relationab = ab. Note that saying the relations of (2.2) are satisfied

exactly means that the diagram

ρ1(a, b)

b

a ρ2(a, b) is commutative when interpreted in the

structure monoid of(X, ρ).

Example 2.3(structure group I). Consider the two involutive nondegenerate solutions
of Example 1.9. For the left hand table, (2.2) gives the four relationsaa = aa, ab = ba,
ba = ab, andbb = bb. Erasing the trivial and redundant relations, we obtain that the
structure group is〈a, b | ab = ba〉, a free Abelian group of rank2, and the structure
monoid is a free Abelian monoid of rank2.

Similarly, the right hand table gives the relationsa2 = b2, ab = ab, ba = ba, and
b2 = a2. Erasing the trivial and redundant relations, we see that the structure group is
〈a, b | a2 = b2〉 and the structure monoid is〈a, b | a2 = b2〉+.

The next statement summarizes the results about structure groups and monoids we
shall establish below. We recall that, in a monoid that admits unique right-lcms,f\g
denotes the unique elementg′ such thatfg′ is the right-lcm off andg.

Proposition 2.4(structure group I). Assume that(X, ρ) is an involutive nondegenerate
set-theoretic solutions of YBE andM,G are the associated structure monoid and group.

(i) The monoidM contains no nontrivial invertible element and is Noetherian.
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(ii) The monoidM is an Ore monoid, it admits unique left- and right-lcms and left-
and right-gcds,G is a group of left- and right-fractions forM ; this group is torsion-free.

(iii) The solution(X, ρ) can be retrieved fromM : the setX is the atom set ofM and,
for s, t in X , the value ofρ(a, b) is determined byρ(a, b) = (a′, a′\a) if there existsa′

in M satisfyinga\a′ = b, andρ(a, b) = (a, b) otherwise.
(iv) The right-lcm∆I of a sizen subsetI of X belongs toXn, it is the left-lcm of

(another) sizen subset ofX , the mapI 7→ ∆I is injective, and its image is the smallest
Garside family containing1 in M .

(v) If X is finite with n elements and∆ is the right-lcm ofX , then (M,∆) is a
Garside monoid,G is a Garside group, and the above Garside family has2n elements and
is bounded by∆, which is also the left-lcm ofX .

The proof of Proposition 2.4 will occupy the rest of this section. Our point here will
be to show that mixing an approach based on RC-quasigroups with the general tools pre-
viously developed in this text make that proof easy and quick. The initial remark is that,
as seen in Section 1, the framework of (involutive nondegenerate) set-theoretic solutions
of YBE can be replaced with a framework of bijective RC-quasigroups or, equivalently,
RLC-quasigroups. This rephrasing is specially useful in view of applying the reversing
method of Section II.4.

Definition 2.5 (structure group II). If (X, ⋆) is an RC-quasigroup, thestructure group
(resp. monoid) of (X, ⋆)—or, simply, the group and monoidassociated with(X, ⋆)—is
the group (resp. the monoid) defined by the presentation

(2.6) (X, {s(s ⋆ t) = t(t ⋆ s) | s 6= t ∈ X}).

For instance, it turns out that the RC-quasigroups associated with the biracks of Ex-
ample 1.19 admit the same table as the corresponding operation ⌉, and, therefore, the
associated structure monoids are〈a, b | ab = ba〉+ and〈a, b | a2 = b2〉+, respectively—
hence, as can be expected, the same monoids as in Example 2.3.Note that, ifX is finite
with n elements, then there are exactly

(
n
2

)
relations in (2.6), and that they correspond to

diagrams

t

s ⋆ t

s t ⋆ s similar to those considered in Subsection 1.3. We immediately

observe that Definitions 2.1 and 2.5 are compatible.

Lemma 2.7. If (X, ρ) is an involutive nondegenerate set-theoretic solution of YBE and
(X, ⋆) is the associated RC-quasigroup as described in Proposition 1.31, then the struc-
ture monoid of(X, ρ) coincides with the monoid associated with(X, ⋆), and so do the
corresponding groups.
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Proof. Assume thatab = a′b′ is a relation of (2.2). Then, by definition of⋆ from ρ, we
haveb = a⋆a′ andb′ = a′⋆a. If a anda′ coincide, the assumption thatρ is nondegenerate
implies thatb andb′ coincide as well, and the relationab = a′b′ is trivial. Otherwise, the
relation rewrites asa(a ⋆ a′) = a′(a′ ⋆ a), and it is a relation of (2.6).

Conversely, consider a relations(s ⋆ t) = t(t ⋆ s) of (2.6). Puta = s, a′ = t, b = s ⋆ t
andb′ = t′ ⋆ s′. Then, by the claim in the proof of Proposition 1.32, we havea′ = a⌉b
and t′ = a⌈b in the language of biracks, that is,(a′, b′) = ρ(a, b) in the language of
set-theoretic solutions of YBE. So the relations(s ⋆ t) = t(t ⋆ s), which isab = a′b′, is a
relation of (2.2).

Thus establishing results for the structure monoids of (involutive nondegenerate) set-
theoretic solutions of YBE and for the structure monoids of bijective RC-quasigroups are
equivalent tasks. We shall see now that the second frameworkis specially convenient.
Here is the result we shall actually establish:

Proposition 2.8(structure monoid II). If (X, ⋆) is a bijective RC-quasigroup andM,G
are the associated monoid and group, thenM andG satisfy all properties listed in Propo-
sition 2.4, with the only difference that(iii) now says thats⋆t is the right-complements\t
for s 6= t, and is the unique element ofX \ {s\t | t 6= s ∈ X} otherwise.

The specific point that makes the RC-quasigroup approach specially efficient here is
that, by definition, the presentation (2.6) is right-complemented (Definition II.2.11): it
contains no relation of the forms... = s... and, fors 6= t, it contains at most one, actually
exactly one, relation of the forms... = t... . With the formalism of Section II.4, this
presentation is associated with the syntactic right-complementθ defined by

(2.9) θ(s, t) =

{
s ⋆ t for s 6= t,

ε for s = t.

Moreover, the syntactic right-complementθ is short, that is, the length of every wordθ(s, t)
is at most one. It follows that the monoid associated with(X, ⋆) is eligible for the results
of Section II.4.

Lemma 2.10. Assume that(X, ⋆) is an RC-quasigroup andM is the associated monoid.
(i) The monoidM has no nontrivial invertible element and is Noetherian.
(ii) It is left-cancellative, and it admits unique right-lcms and left-gcds.
(iii) The system(X, ⋆) can be retrieved fromM : the setX is the atom set ofM , for

s 6= t, the value ofs ⋆ t is the right-complements\t in M and the value ofs ⋆ s is the
unique element ofX \ {s\t | t 6= s ∈ X}.

Proof. (i) First, the relations of the presentation (2.6) preservethe length, so, by Propo-
sition II.2.32 (homogeneous), the monoidM is (strongly) Noetherian. As there is no
ε-relation in (2.6),M contains no nontrivial invertible element.
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(ii) The assumption that the operation⋆ satisfies the RC-law implies that the presenta-
tion (2.6) satisfies the sharpθ-cube condition for every triple of pairwise distinct elements
of X . Indeed, ifr, s, t are pairwise distinct, we obtain using (2.9)

θ∗3(r, s, t) = θ(θ(r, s), θ(r, t)) = θ(r ⋆ s, r ⋆ t) = (r ⋆ s) ⋆ (r ⋆ t),

the third equality because the assumptions 6= t implies r ⋆ s 6= r ⋆ t since the left-
translations of⋆ are injective. We similarly findθ∗3(s, r, t) = (s ⋆ r) ⋆ (s ⋆ t) and the
assumption that⋆ satisfies the RC-law givesθ∗3(r, s, t) = θ∗3(s, r, t), as expected.

Then Proposition II.4.16 (right-complemented) states that M is left-cancellative and
that any two elements ofM that admit a common right-multiple admit a right-lcm. More-
over, as the syntactic right-complementθ defined by (2.9) is defined for every pair of
letters and it is short, right-reversing is always terminating, that is,θ∗(u, v) is defined
for all X-wordsu, v. So, by Proposition II.4.16 again, any two elements ofM admit a
common right-multiple, and therefore a right-lcm. Finally, as isM is (right)-Noetherian,
Lemma II.2.37 then implies thatM admits left-gcds.

(iii) As there is no relation involving a word of length one in(2.6), the elements ofX
are atoms, and every element not lying inX ∪ {1} is not an atom. SoX is the atom set
of M .

Next, for distincts, t in X , the right-lcm ofs andt is s(s ⋆ t), so, by definition,s\t is
equal tos ⋆ t. Hence, all nondiagonal valuess ⋆ t can be retrieved fromM .

Finally, as all left-translations of(X, ⋆) are one-to-one,s ⋆ s must be the unique
element ofX \ {s ⋆ t | s, t ∈ X, s 6= t}, that is, ofX \ {s\t | t 6= s ∈ X}.

We recall that the proof of Proposition II.4.16 (right-complemented) relies on the
completeness of right-reversing for the presentation (2.6), that is, on the result that two
X-wordsu, v represent the same element in the monoidM if and only if the signed
worduv is right-reversible to the empty word. This result requiresan induction, which is
relatively delicate in general, but is easy in the current case because all relations involve
words of length two, making termination trivial.

Remark 2.11. Definition 2.5 makes sense for every RC-system, and not only for an RC-
quasigroup. However, if(X, ⋆) is not an RC-quasigroup, then the RC-law need not guar-
antee that the presentation (2.6) satisfies the cube condition because of possible equalities
r⋆s = r⋆t with s 6= t, implyingθ(r⋆s, r⋆t) = ε instead ofθ(r⋆s, r⋆t) = (r⋆s)⋆(r⋆t).
In this case, our current methods say nothing, and another approach is needed—see Notes.

2.2 RC-calculus

Before proceeding, we develop a sort of polynomial calculusfor expressions involving
the binary operators⋆ or ⋆̃ and multiplication. This framework will allow us to easily
perform computations that, otherwise, would require tedious verifications.

Definition 2.12 (monomials Ωn and Ω̃n). For n > 1, we inductively define formal
expressionsΩn(x1, ... , xn) andΩ̃n(x1, ... , xn) by Ω1(x1) = Ω̃1(x1) = x1 and

Ωn(x1, ... , xn) = Ωn−1(x1, ... , xn−1) ⋆ Ωn−1(x1, ... , xn−2, xn),(2.13)
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Ω̃n(x1, ... , xn) = Ω̃n−1(x1, x3, ... , xn) ⋆̃ Ω̃n−1(x2, ... , xn).(2.14)

Example 2.15(monomial Ωn). We findΩ2(x1, x2) = x1 ⋆ x2, thenΩ3(x1, x2, x3) =
(x1 ⋆x2)⋆(x1 ⋆x3), etc. It should be clear that2n−1 variablesxi occur inΩn(x1, ... , xn),
with brackets corresponding to a balanced binary tree. For instance, forn = 4, the
variables occur in the order12131214 and, forn = 5, in the order1213121412131215.

The expressionΩn(x1, ... , xn)—a term in the language of model theory—is a sort of
n-variable monomial involving the binary operator⋆ in place of the standard multiplica-
tion, and similarly for̃Ωn(xn, ... , x1) with ⋆̃. Diagrams have been associated in Section 1
with expressions involving⋆ and⋆̃. In particular, each instance of the RC-law gives rise
to the cubic diagram of Figure 1 and, similarly, ann-simplex comes associated with every
sizen family of elements. Then the monomialsΩi(x1, ... , xi) arise in the labels of theith
level in suchn-simplices, see Figure 2.

Ω1(s1)

Ω1(s3)

Ω1(s2)

Ω2(s1, s2)

Ω2(s2, s1) Ω2(s1, s3)

Ω2(s3, s1)Ω2(s2, s3)

Ω2(s3, s2)

Ω3(s1, s2, s3)

Ω3(s1, s3, s2)

Ω3(s2, s3, s1)

Figure 2.The monomials Ωi occur at the ith level in the n-simplex associated with the RC-law, here
the cube corresponding to n = 3. Of course, eΩi(x1, ... , xi) symmetrically appears in connection with
the LC-law.

The next result is an iterated version of the RC-law, which, in terms of the expres-
sionsΩi, is Ω3(x, y, z) = Ω3(y, x, z).

Lemma 2.16. If (X, ⋆) is an RC-system, then, for alls1, ... , sn in X andπ in Sn−1, we
have

(2.17) Ωn(sπ(1), ... , sπ(n−1), sn) = Ωn(s1, ... , sn).

Proof. An induction onn. Forn = 1 andn = 2, there is nothing to prove. Forn = 3, the
equalityΩ3(s1, s2, s3) = Ω3(s2, s1, s3) is the RC-law. Assumen > 4. As transpositions
of adjacent entries generate the symmetric groupSn, it is sufficient to prove the result
whenπ is a transposition(i, i + 1). For i < n − 2, the definition plus the induction
hypothesis give

Ωn(s1, ... , si, si+1, ... , sn)

= Ωn−1(s1, ... , si, si+1, ... , sn−1) ⋆ Ωn−1(s1, ... , si, si+1, ... , sn−2, sn)

= Ωn−1(s1, ... , si+1, si, ... , sn−1) ⋆ Ωn−1(s1, ... , si+1, si, ... , sn−2, sn)

= Ωn(s1, ... , si+1, si, ... , sn).
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For i = n− 2, writing ~s for s1, ... , sn−3, the definition plus the RC-law give

Ωn(s1, ... , sn) = Ωn(~s, sn−2, sn−1, sn)

= Ωn−1(~s, sn−2, sn−1) ⋆ Ωn−1(~s, sn−2, sn)

= (Ωn−2(~s, sn−2) ⋆ Ωn−2(~s, sn−1)) ⋆ (Ωn−2(~s, sn−2) ⋆ Ωn−2(~s, sn))

= (Ωn−2(~s, sn−1) ⋆ Ωn−2(~s, sn−2)) ⋆ (Ωn−2(~s, sn−1) ⋆ Ωn−2(~s, sn))

= Ωn−1(~s, sn−1, sn−2) ⋆ Ωn−1(~s, sn−1, sn) = Ωn(~s, sn−2, sn−1, sn). �

Of course, the counterpart of (2.17) involving̃Ωn is valid when⋆̃ satisfies the LC-
law (1.25).

Definition 2.18 (polynomial Πn and Π̃n). For n > 1, we define formal expressions
Πn(x1, ... , xn) andΠ̃n(x1, ... , xn) by

Πn(x1, ... , xn) = Ω1(x1) · Ω2(x1, x2) · ··· · Ωn(x1, ... , xn)(2.19)

Π̃n(x1, ... , xn) = Ω̃n(x1, ... , xn) · Ω̃n−1(x2, ... , xn) · ··· · Ω̃1(xn).(2.20)

Note that (2.19) impliesΠn(x1, ... , xn) = Πn−1(x1, ... , xn−1)·Ωn(x1, ... , xn) for n > 2.
The defining relationr(r ⋆ s) = s(s ⋆ r) of the monoid associated with(X, ⋆) takes the
form Π2(r, s) = Π2(s, r). Here is an iterated version.

Lemma 2.21. If (X, ⋆) is an RC-system andM is the associated monoid, the evaluation
of Πn in M is a symmetric function: for alls1, ... , sn in X andπ in Sn, we have

(2.22) Πn(sπ(1), ... , sπ(n)) = Πn(s1, ... , sn).

Proof. We use induction onn. For n = 1, there is nothing to prove. Forn = 2,
(2.22) is the equalitys1(s1 ⋆ s2) = s2(s2 ⋆ s1), which is valid inM . Assumen > 3.
As in Lemma 2.16, it is sufficient to consider transpositions(i, i + 1), that is, to com-
pareΠn(s1, ... , sn) andΠn(s1, ... , si+1, si, ... , sn). By definition,Πn(s1, ... , sn) is the
product of the valuesΩj(s1, ... , sj) for j increasing from1 to n; on the other hand,
Πn(s1, ... , si+1, si, ... , sn) is a similar product ofΩj(s′1, ... , s

′
j) with s′i = si+1, s′i+1 = si,

and s′k = sk for k 6= i, i + 1. For j < i, the entriessi and si+1 do not occur
in Ωj(s1, ... , sj) andΩj(s

′
1, ... , s

′
j), which are therefore equal. Forj > i+ 1, the expres-

sionsΩj(s1, ... , sj) andΩj(s
′
1, ... , s

′
j) differ by the permutation of two non-final entries,

so they are equal by Lemma 2.16. There remains to compare the central entries

t = Ωi(s1, ... , si) · Ωi+1(s1, ... , si+1) and t′ = Ωi(s
′
1, ... , s

′
i) · Ωi+1(s

′
1, ... , s

′
i+1).

Now put r = Ωi(s1, ... , si) and r′ = Ωi(s1, ... , si−1, si+1). By definition of s′k, we
have alsor = Ωi(s

′
1, ... , s

′
i−1, s

′
i+1) andr′ = Ωi(s

′
1, ... , s

′
i). Then, by definition ofΩi

andΩi+1, we havet = r(r ⋆ r′) andt′ = r′(r′ ⋆ r), whencet = t′ in M .

So far, we considered arbitrary RC-systems. Further results appear when we restrict
to RC-quasigroups, that is, when left-translations are one-to-one.
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Lemma 2.23. Assume that(X, ⋆) is an RC-quasigroup ands1, ... , sn lie in X .
(i) The maps 7→ Ωn+1(s1, ... , sn, s) is a bijection ofX into itself.
(ii) There existr1, ... , rn in X satisfyingΩi(r1, ... , ri) = si for 1 6 i 6 n.
(iii) Put s̃i = Ωn(s1, ... , ŝi, ... , sn, si) for 1 6 i 6 n. Then, for alli, j, the relations

si = sj and s̃i = s̃j are equivalent.

Proof. (i) We use induction onn. Forn = 1, the considered map is the left-translation
s 7→ s1 ⋆ s, a bijection ofX into itself by assumption. Assumen > 2. By definition
of Ωn+1, we haveΩn+1(s1, ... , sn, s) = t⋆Ωn(s1, ... , sn−1, s) with t = Ωn(s1, ... , sn−1).
By induction hypothesis, the maps 7→ Ωn(s1, ... , sn−1, s) is bijective. Hence composing
it with the left-translation byt yields a bijection.

(ii) Use once more induction onn. Forn = 1, taket1 = s1. Assumen > 2. By induc-
tion hypothesis, there existr1, ... , rn−1 satisfyingΩi(r1, ... , ri) = si for 1 6 i 6 n− 1.
Then, by definition ofΩn and owing to the equalityΩn−1(r1, ... , rn−1) = sn−1, we have
Ωn(r1, ... , rn−1, x) = sn−1 ⋆ Ωn−1(r1, ... , rn−2, x). As the left-translation bysn−1 is
surjective, there existss satisfyingsn−1 ⋆ s = sn. Then, by (i), there existsrn satisfying
Ωn−1(r1, ... , rn−2, rn) = s, whenceΩn(r1, ... , rn) = sn.

(iii) Again an induction onn. Forn = 1 there is nothing to prove. Forn = 2, we
find s̃1 = s2 ⋆ s1 ands̃2 = s1 ⋆ s2. It is clear thats1 = s2 implies s̃1 = s̃2. Conversely,
assumes1 ⋆ s2 = s2 ⋆ s1. Using the assumption, the RC-law, and the assumption again,
we obtain

(s1 ⋆ s2) ⋆ (s2 ⋆ s2) = (s2 ⋆ s1) ⋆ (s2 ⋆ s2) = (s1 ⋆ s2) ⋆ (s1 ⋆ s2) = (s1 ⋆ s2) ⋆ (s2 ⋆ s1).

As the left-translations bys1 ⋆ s2 ands2 are injective, we first deduces2 ⋆ s2 = s2 ⋆ s1,
and thens2 = s1. Assume nown > 3. Fix i, j, write ~s for s1, ... , ŝi, ... , ŝj , ... , sn and
put tk = Ωn−1(~s, sk). Then, by Lemma 2.16 and by definition, we have

s̃i = Ωn(~s, sj, si) = Ωn−1(~s, sj) ⋆ Ωn−1(~s, si) = tj ⋆ ti,

and, similarly, s̃j = ti ⋆ tj . If si = sj holds, we haveti = tj , whences̃i = s̃j.
Conversely, assumẽsi = s̃j , that is, tj ⋆ ti = ti ⋆ tj . By the result forn = 2, we
deduceti = tj , that is,Ωn−1(~s, si) = Ωn−1(~s, sj), which is an equality of the form
r1 ⋆ (... ⋆ (rn−2 ⋆ si)...) = r1 ⋆ (... ⋆ (rn−2 ⋆ sj)...). By applyingn − 2 times the
assumption that the left-translations of(X, ⋆) are injective, we deducesi = sj .

Let us now consider the involutivity laws (1.26). In the language ofΩ1 andΩ2, the
latter say that, if we put̃s1 = Ω2(s1, s2) ands̃2 = Ω2(s2, s1), we haves1 = Ω̃2(s̃1, s̃2)

and s2 = Ω̃2(s̃2, s̃1): two elements can be retrieved from theirΩ2 images using the
polynomialΩ̃2. Here is ann-variable version of this result.

Lemma 2.24. If (X, ⋆, ⋆̃) is an involutive RLC-system,s1, ... , sn belong toX , and, for
1 6 i 6 n, we puts̃i = Ωn(s1, ... , ŝi, , ... , sn, si), then, for1 6 i 6 n, and for every
permutationπ in Sn, we have

Ωi(sπ(1), ... , sπ(i)) = Ω̃n+1−i(s̃π(i), ... , s̃π(n)),(2.25)

Πn(s1, ... , sn) = Π̃n(s̃1, ... , s̃n).(2.26)
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Proof. For n = 1, (2.25) reduces to the tautologysπ(1) = sπ(1). Now we fix n > 2
and use induction oni decreasing fromn to 1. Assume firsti = n. Then (2.25) is
Ωn(sπ(1), ... , sπ(i)) = Ω̃1(s̃π(i)). By Lemma 2.16, the value of the left-hand term does
not depend on the order of then− 1 first entries, so it isΩn(s1, ... , ŝπ(i), ... , sn−1, sπ(i)),

which, by definition, is̃sπ(i), hencẽΩ1(s̃π(i)), so (2.25) is satisfied.
Assume nowi < n. Put

s = Ωi(sπ(1), ... , sπ(i)), s′ = Ωi(sπ(1), ... , sπ(i−1), sπ(i+1)),

t = Ωi+1(sπ(1), ... , sπ(i), sπ(i+1)), t′ = Ωi+1(sπ(1), ... , sπ(i−1), sπ(i+1), sπ(i)).

Using the definition ofΩi+1 from Ωi, we findt = s ⋆ s′ andt′ = s′ ⋆ s, whences = t′ ⋆̃ t
ands′ = t ⋆̃ t′ by the involutivity law. Now the induction hypothesis gives

t = Ω̃n−i(s̃π(i+1), ... , s̃π(n)), t′ = Ω̃n−i(s̃π(i), s̃π(i+2), ... , s̃π(n)).

Using the definition ofΠn+1−i from Πn−i, we finds = t′ ⋆̃ t = Ω̃n+1−i(s̃π(i), ... , s̃π(n))

(ands′ = t ⋆̃ t = Ω̃n+1−i(s̃π(i+1), s̃π(i), s̃π(i+2), ... , s̃π(n))), which is (2.25).

Then, using (2.25) and the definitions ofΠn andΠ̃n, we obtain

Πn(s1, ... , sn) = Ω1(s1) · Ω2(s1, s2) · ··· · Ωn(s1, ... , sn)

= Ω̃n(s̃1, ... , s̃n) · Ω̃n−1(s̃2, ... , s̃n) · ··· · Ω̃1(s̃n) = Π̃n(s̃1, ... , s̃n). �

Lemma 2.24 says in particular that, when we start withn elementss1, ... , sn and
construct then-simplex of Figure 2 from the left, starting froms1, ... , sn, then thisn-
simplex can be (re)-constructed from the right starting from s̃1, ... , s̃n.

Lemma 2.27. If (X, ⋆) is an RC-quasigroup andM is the associated monoid, then, for
all s1, ... , sn in X , the following conditions are equivalent:

(i) The elementss1, ... , sn are pairwise distinct;
(ii) The elementΠn(s1, ... , sn) is the right-lcm ofs1, ... , sn in M .

If the above relations hold and, in addition,(X, ⋆) is bijective,Πn(s1, ... , sn) is also the
left-lcm of the elements̃s1, ... , s̃n defined bỹsi = Ωn(s1, ... , ŝi, ... , sn, si).

Quel est l’intérêt de mettre une permutation dans cette formule?s1, ... , sn sont fixés
et on considère les diverses faces du simplexe ; sinon, il faudrait introduire des variables
muettest1, ... , tn, ce qui n’est pas mieux.

Proof. Assume first thats1, ... , sn are pairwise distinct inX . Let Ω′
n be the counterpart

of Ωn where\ replaces⋆. We prove using induction oni the equality

Ωi(sπ(1), ... , sπ(i)) = Ω′
i(sπ(1), ... , sπ(i))

for everyi and every permutationπ in Si. For i = 1, we haveΩ1(sπ(1)) = sπ(1) =
Ω′

1(sπ(1)), and the result is straightforward. Assumen > 2. Put

s = Ωi(sπ(1), ... , sπ(i)) and s′ = Ωi(sπ(1), ... , sπ(i−2), sπ(i), sπ(i−1)),

t = Ωi(sπ(1), ... , sπ(i)) and t′ = Ωi−1(sπ(1), ... , sπ(i−2), sπ(i)).
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By definition of Ωi from Ωi−1, we haves = t ⋆ t′ ands′ = t′ ⋆ t. By Lemma 2.23
applied to(sπ(1), ... , sπ(i)), the assumptionsπ(i−1) 6= sπ(i) impliess 6= s′, which implies
t ⋆ t′ 6= t′ ⋆ t. By Lemma 2.10, the latter relation impliest ⋆ t′ = t\t′ andt′ ⋆ t = t′\t
in M . The induction hypothesis implies

t = Ω′
i(sπ(1), ... , sπ(i)) and t′ = Ω′

i−1(sπ(1), ... , sπ(i−2), sπ(i)),

so we deduces = t\t′ = Ω′
i(sπ(1), ... , sπ(i))\Ω′

i−1(sπ(1), ... , sπ(i−2), sπ(i)), that is,
s = Ω′

i(sπ(1), ... , sπ(i)). We thus established that every face in then-simplex of Fig-
ure 2 corresponds to forming a right-lcm. By the formula for an iterated right-lcm,
Πn(s1, ... , sn) is the right-lcm ofs1, ... , sn in M . So (i) implies (ii).

Now, let n′ be the cardinal of{s1, ... , sn}. The above argument shows that, ifI is
a sizen′ subset ofX , then the right-lcm∆I of I has lengthn′ in M . So, if n′ < n
holds, the right-lcm of{s1, ... , sn} is an element ofM that has lengthn′, and it cannot
beΠn(s1, ... , sn) which, by definition, has lengthn. So (ii) implies (i).

Assume now that(X, ⋆) is bijective and (i)–(ii) are satisfied. Let⋆̃ be the second op-
eration provided by Lemma 1.28. Then(X, ⋆, ⋆̃) is an RLC-quasigroup. By Lemma 2.23,
the assumption thats1, ... , sn are pairwise distinct implies thats̃1, ... , s̃n are pairwise dis-
tinct. Then(X, ⋆̃) is an LC-quasigroup, so the counterpart of the above resultsimplies
that Π̃n(s̃1, ... , s̃n) is a left-lcm of s̃1, ... , s̃n in M . Now, by (2.26),Π̃n(s̃1, ... , s̃n) is
equal toΠn(s1, ... , sn).

2.3 Every structure monoid is a Garside monoid

With Lemma 2.10 and the results of Subsection 2.2 at hand, we can now say more about
lcms in the structure monoid of an RC-quasigroup. Note that,by definition, every el-
ementg in the monoid associated with an RC-quasigroup(X, ⋆) belongs to a unique
family Xn; with our general definitions, the parametern is the height ofg but, in this
specific context, it is more natural to call it thelengthof g, as it is the common length of
all X-words that representg.

The first result is a complete description of the smallest Garside family in the monoid
associated with an RC-quasigroup.

Lemma 2.28. If (X, ⋆) is an RC-quasigroup andM is the associated monoid, then there
exists a smallest Garside family containing1 in M , namely the familyS of all right-lcms
of finite subsets ofX . Mapping a finite subset ofX to its right-lcm defines a bijection
from the setPfin(X) of finite subsets ofX to S.

Proof. By Corollary IV.2.41 (smallest Garside), there exists a smallest Garside family
containing1 in M , namely the closureS of X under the right-lcm and right-complement
operations. We claim thatS coincides with the closureS′ of X under the sole right-lcm
operation. By definition,S′ is included inS, and the point is to prove thatS′ is closed
under the right-complement operation.

Now this follows from Proposition II.2.15 (triple lcm): indeed, in a monoid that ad-
mits unique right-lcms, (II.2.16) givesf\lcm(g, h) = lcm(f\g, f\h). An immediate
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induction then implies

(2.29) f\lcm(g1, ..., gn) = lcm(f\g1, ..., f\gn)

for every finite familyg1, ... , gn. Assume thatg belongs toS′, that is,g is a right-lcm
of elementst1, ... , tn of X . If f lies inX , then, for everyi, the elementf\ti belongs
to X ∪ {1} since it is eitherf ⋆ ti (if f andti are distinct) or1 (if f andti coincide).
Then (2.29) shows thatf\g belongs toS′ for everyf inX . Using induction on the length
of f , we deduce a similar result for everyf inM from the formula (II.2.14) for an iterated
right-complement, namely(f1f2)\g = f2\(f1\g). SoS′ is closed under\, it coincides
with S, and it is the smallest Garside family containing1 in M .

For I a finite subset ofX , write ∆I for the right-lcm ofI. Lemma 2.27 implies that,
if I hasp elements, says1, ... , sp, then∆I is equal toΠp(s1, ... , sp). So, in particular,∆I

has lengthp. Now, assume thatI, J are finite subsets ofX and∆I = ∆J holds. Then
every element ofI ∪ J left-divides∆I , so we must have∆I∪J = ∆I = ∆J . It follows
thatI∪J has the same cardinal asI andJ , implyingI = I∪J = J . So the mapI 7→ ∆I

is a bijection ofPfin(X) to S.

When we add the assumption that the RC-quasigroup is finite, the Garside family of
Lemma 2.28 is finite and we obtain more complete results.

Proposition 2.30(Garside monoid). If (X, ⋆) is a finite RC-quasigroup of sizen and
M is the associated monoid, then the right-lcm∆ of X is a Garside element inM and
(M,∆) is a Garside monoid. Moreover,∆ admits2n divisors inM , andM admits a
presentation in terms ofX consisting of

(
n
2

)
relationsu = v with u, v of length two and

such that every length twoX-word appears in at most one relation.

Proof. ForI included inX , let∆I be the right-lcm ofI in M , write∆ for ∆X , and letS
be the family of all elements∆I whenI ranges over the subsets ofX . By Lemma 2.28,
S is the smallest Garside family containing1 in M , and it has2n elements. By definition,
∆I left-divides∆X for every I. So, as∆X itself lies in S, the Garside familyS is
right-bounded by∆, and∆ is a right-Garside element inM .

Now, by Proposition 1.35, the assumption thatX is finite implies that the RC-quasi-
group(X, ⋆) is bijective. Hence, by Lemma 1.28, there exists a second operation ⋆̃ such
that (S, ∗, ⋆̃) is an RLC-quasigroup, andM is then also associated (in the obvious sym-
metric sense) with(S, ⋆̃). The counterparts of the above results are therefore satisfied and,
in particular,M is right-cancellative. AsS is finite, Proposition V.2.6 (finite bounded)
says thatS is not only right-bounded, but even bounded by∆, so∆ is a Garside element
in M , and that the Garside endomorphismφ∆ must a finite order automorphism ofM .
Moreover, Proposition V.2.35 (bounded implies gcd) implies thatM admits left-lcms and
right-gcds. So(M,∆) is a Garside monoid.

The last properties of the statement have already been established: the (left- or right-)
divisors of∆ make the smallest Garside family containing1 in M and, by Lemma 2.28,
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they are2n in number. On the other hand, by definition, the presentation(2.6) ofM
contains

(
n
2

)
relations involving length2 words. It is impossible that a word occurs in

two relations at the same time, for this would mean that thereexists, t, t′ with t 6= t′ and
s ⋆ t 6= s ⋆ t′, contradicting the assumption that the left-translationsof ⋆ are injective.

Example 2.31 (Garside monoid). Let X = {a, b, c}, and
let ⋆ be determined byx ⋆ y = σ(y) whereσ is the cycle
a 7→ b 7→ c 7→ a. Then, as seen in Example 1.23,(X, ⋆) is
a (bijective) RC-quasigroup, and it is eligible for the above re-
sults. The associated monoid admits the presentation

〈a, b, c | ac = b2, a2 = cb, ba = c2〉+.

The right-lcm∆ of X is thena3, which is alsob3 andc3, and
the lattice of the8 divisors of∆ is shown on the right.

1

a b c

b2 a2 c2

∆

We can now complete the proof of Proposition 2.8—and, therefore, of Proposition 2.4.

Proof of Proposition 2.8.By Lemma 2.10, the monoidM has no nontrivial invertible
element and it is Noetherian, which completes the proof of (i).

By Lemma 2.10 again,M is left-cancellative, and it admits unique right-lcms and
left-gcds. Now, let̃⋆ be the operation onX provided from⋆ by Lemma 1.28. Then
(X, ⋆, ⋆̃) is an RLC-quasigroup, and(X, ⋆̃) is a bijective LC-quasigroup. We observe
that the presentation

(2.32) 〈X | {(s ⋆̃ t)t = (t ⋆̃ s)s | s 6= t ∈ X}〉+,

coincides with the one of (2.6), and therefore is a presentation ofM . Indeed, let(s ⋆̃t)t =
(t ⋆̃ s)s be a relation of (2.32). Puts′ = s ⋆̃ t andt′ = t ⋆̃ s. As (X, ⋆, ⋆̃) is involutive,
we obtains′ ⋆ t′ = (s ⋆̃ t) ⋆ (t ⋆̃ s) = t andt′ ⋆ s′ = (t ⋆̃ s) ⋆ (s ⋆̃ t) = s by (1.26), so
the above relation is the relations′(s′ ⋆ t′) = t′(t′ ⋆ s′) of (2.6). A symmetric argument
shows that every relation of (2.6) is a relation of (2.32). Then, by the counterpart of
Lemma 2.10—or by Lemma 2.10 applied to the opposed monoidM opp and to the RC-
quasigroup(X, ⋆̃opp)—M must be right-cancellative and admit left-lcms and right-gcds.
HenceM is an Ore monoid, and, by Ore’s theorem (Proposition II.3.11), its enveloping
groupG is a group of left- and right-fractions forM . By Corollary II.3.24 (torsion-free),
G is torsion-free since it is the group of fractions of a torsion-free monoid. This completes
the proof of (ii).

As for (iii), it follows from Lemma 2.10(iii).
Most results in Point (iv) have already been established in Lemma 2.28, with the ex-

ception of the property involving left-lcms. Now the latterfollows from the last sentence
in Lemma 2.27: ifs1, ... , sn are pairwise distinct elements ofX , thenΠn(s1, ... , sn)
is the right-lcm ofs1, ... , sn and the latter is also the left-lcm of the elementss̃1, ... , s̃n
defined bỹsi = Ωn(s1, ... , ŝi, ... , sn, si).

Finally, (v) follows from Proposition 2.30 directly.
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Then Proposition 2.4 follows, as, owing to Lemma 2.7, the latter is a restatement
of Proposition 2.8 using the language of set-theoretic solutions of YBE instead of the
language of RC-quasigroups.

F: ◮ Ceci n’a pas vraiment été dit clairement au monment d’énoncer 2.4.
◭

Remark 2.33. The notion of a Garside family isnot symmetric: it involves the left-
normal form based on a largest left-divisor, and it need not coincide with its symmetric
counterpart. So, for instance, the uniqueness of the smallest Garside family inM cannot
be invoked in Proposition 2.8 to establish that the right-lcm ofX is the left-lcm ofX .

2.4 A converse connection

According to Proposition 2.30, if a monoidM is associated with a finite RC-quasi-
group(X, ⋆), thenM (equipped with the right-lcm ofX) is a Garside monoid that admits
in terms ofX a presentation of a certain type. It turns out that the lattersyntactic property
characterizes the Garside monoids that arise in this context:

Proposition 2.34(characterization). If M is a monoid with atom setX of sizen, the
following are equivalent:

(i) There exists a mapρ such that(X, ρ) is an involutive nondegenerate set-theoretic
solution of YBE andM is isomorphic to the structure monoid of(X, ρ);

(ii) There exist two operations⋆, ⋆̃ such that(X, ⋆, ⋆̃) is an RLC-quasigroup andM
is the monoid associated with(X, ⋆);

(iii) There exists an operation⋆ such that(X, ⋆) is a bijective RC-quasigroup andM
is the monoid associated with(X, ⋆);

(iv) There exists∆ such that(M,∆) is a Garside monoid andM admits a presentation
in terms ofX consisting of

(
n
2

)
relationsu = v with u, v of length two such that every

length twoX-word appears in at most one relation.

Proof. We already proved that (i) and (ii) are equivalent, and that so are (ii) and (iii). By
Proposition 2.30, (iii) implies (iv). Hence, in order to complete the proof, it is sufficient
to show for instance that (iv) implies (ii). So assume thatM is a Garside monoid satisfy-
ing (iv) andR is the list of relations involved in the considered presentation. Starting from
the right- and left-complement operations associated withthe Garside structure onM , we
shall construct operations⋆ and⋆̃ that makeX into an RLC-quasigroup whose associated
monoid isM . The only technical point in the argument is to take care of the exceptional
values where the operations\ and⋆ do not coincide.

First, we observe that the presentation(X,R) is right-complemented and, more pre-
cisely, that it contains exactly one relation of the forms... = t... for all distincts, t in X .
Indeed, assume thats, t are distinct elements ofS andR contains at least two relations
s... = t..., sayst′ = ts′ andst′′ = ts′′ with (s′, t′) 6= (s′′, t′′). AsM is cancellative, we
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havest′ 6= st′′, sost′ andst′′ are two common right-multiples ofs andt of length2: this
contradicts the existence of a right-lcm fors andt, as the latter can have neither length1
nor length2. HenceR contains at most one relations... = t... for all distincts, t in X .
On the other hand,R contains no relations... = s... sinceM is left-cancellative and
st = st′ would imply t = t′. As there are

(
n
2

)
pairs of distinct elements ofX , we deduce

thatR contains exactly one relation of the forms... = t... for all distincts, t in X . By
symmetric arguments using left-lcms and right-cancellativity (or by applying the previ-
ous result to the opposite monoid), we see that(X,R) contains exactly one relation of the
form ...s = ...t for all distincts, t in X .

We now define a binary operation⋆ onX . First, we puts ⋆ t = s\t for s 6= t, that
is, we defines ⋆ t to be the unique elementt′ such thatst′ is the right-lcm ofs andt.
Thent 6= t′ impliess ⋆ t 6= s ⋆ t′ since, otherwise, there would be two relations of the
form s(s ⋆ t) = ... in R. So the mapx 7→ s ⋆ x is injective onS \ {s} and, therefore, the
complement of{s⋆x | x 6= s} inX consists of a unique element: we defines⋆s to be that
element. In this way, we obtained a binary operation⋆ whose left-translations are one-
to-one. Of course, we define the operation⋆̃ symmetrically using the left-complement
operation/, and its right-translations are one-to-one.

We claim that⋆ and⋆̃ satisfy the involutivity laws (1.26). First, assumes 6= t. Then
s(s ⋆ t) = t(t ⋆ s) is a relation ofR, hence we must haves ⋆ t 6= t ⋆ s. Next, by definition
of ⋆ and⋆̃, the elements(s⋆t) is the right-lcm ofs andt, and, ass⋆t andt⋆s are distinct,
s(s ⋆ t) is also the left-lcm ofs ⋆ t andt ⋆ s. This exactly means that(s ⋆ t) ⋆̃ (t ⋆ s) = t
holds in this case. Next, assumet 6= s, and puts′ = s ⋆ s and letr = s′ ⋆̃ (s ⋆ t). We
haves ⋆ t 6= s′, whencer = s′/(s\t). Thenr(s\t) = ((s\t)/s′)s′ is a relation ofR,
which implies(s\t)/s′ 6= s since, by assumption,R contains no relationss′ = .... Since
(s\t)/s′ 6= s holds for everyt distinct ofs, we deduces′ ⋆̃ s′ = s since, by definition,
s′ ⋆̃ s′ is the only element ofX that is not of the form(s\t) ⋆̃ s′ with t 6= s. In other
words,(s ⋆ s) ⋆̃ (s ⋆ s) = s holds, and the first involutivity law is satisfied in(X, ⋆, ⋆̃). By
a symmetric argument, the second involutivity law is satisfied as well.

Next, we claim that(X, ⋆) satisfies the RC-law. Letr, s, t belong toX . Assume first
thatr, s, t are pairwise distinct. Then we haver ⋆ s 6= r ⋆ t ands ⋆ r 6= s ⋆ t, whence

(r ⋆ s) ⋆ (r ⋆ t) = (r\s)\(r\t) = (s\r)\(s\t) = (s ⋆ r) ⋆ (s ⋆ t),

the second equality because, as observed in Example 1.23, the right-complement opera-
tion \ always satisfies the RC-law. Assume now thatr ands coincide. Then the RC-law
tautologically holds. So there only remains the cases whenr 6= s andt is eitherr or s,
we would like to establish the equalities

(r ⋆ s) ⋆ (r ⋆ s) = (s ⋆ r) ⋆ (s ⋆ s) and(s ⋆ r) ⋆ (s ⋆ r) = (r ⋆ s) ⋆ (r ⋆ r),

that is, owing tor 6= s,

(2.35) (r\s) ⋆ (r\s) = (s\r)\(s ⋆ s) and(s\r) ⋆ (s\r) = (r\s)\(r ⋆ r).

Assumez 6= r, s and putz′ = (r\s)\(r\z), which is alsoz′ = (s\r)\(s\z) since\
satisfies the RC-law. Then we haver\z 6= r\s, whencez′ 6= (r\s) ⋆ (r\s). Also, we
haves\z 6= s ⋆ s, whencez′ 6= (s\r)\(s ⋆ s). Arguing similarly withr ands exchanged,
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we findz′ 6= (s\r)⋆(s\r) andz′ 6= (r\s)\(r⋆r). So, it follows thatz′ is distinct from the
four expressions occurring in (2.35) and, therefore, that the only possible values for the
latter are the two elements ofX that are not of the form(r\s)\(r\z) with z 6= r, s. Now,
as left-translations of⋆ are injective, we must have(r\s) ⋆ (r\s) 6= (r\s)\(r ⋆ r) and
(s\r)\(s ⋆ s) 6= (s\r) ⋆ (s\r). So, in order to conclude that (2.35) is true, it is sufficient
to show that(r\s)⋆ (r\s) = (s\r)⋆ (s\r) is impossible. Nowr 6= s impliesr ⋆s 6= s⋆s,
so it is enough to prove thatx 6= y impliesx ⋆ x 6= y ⋆ y: this follows from the above
established involutivity relation(x ⋆ x) ⋆̃ (x ⋆ x) = x.

We are done:(X, ⋆) is an RC-quasigroup, by a symmetric argument(X, ⋆̃) is an LC-
quasigroup, and(X, ⋆, ⋆̃) is an RLC-quasigroup. Now, by construction,M admits the
presentation(X,R), so it is (isomorphic to) the monoid associated with(X, ⋆).

3 I-structure

In this final section, we establish further results involving structure monoids of involu-
tive nondegenerate set-theoretic solutions of YBE (or, equivalently, with bijective RC-
quasigroups), centered on the existence of anI-structure, an algebraic way of expressing
the fact that the Cayley graph of the considered monoid is ann-dimensional Euclidean
lattice and, therefore, this monoid resembles a free Abelian monoid.

There are three subsections. In Subsection 3.1, we show thatevery structure monoid
admits anI-structure whereas, in Subsection 3.2, we explain how to establish that, con-
versely, every monoid that admit anI-structure is a structure monoid. Finally, in Subsec-
tion 3.3, we construct as an application of theI-structure finite groups that play for our
current groups the role played by Coxeter groups for the spherical Artin–Tits groups of
Chapter IX.

3.1 From RC-quasigroups toI-structures

We saw in Proposition 2.8 that, if a monoidM is associated with an RC-quasigroup(X, ⋆),
it admits right-lcms and left-gcds, so thatM equipped with the left-divisibility relation4
is a lattice. We shall see now that the particular form of the defining relations implies that
this lattice is very simple, namely it is isomorphic to the grid N(X). In other words, the
Cayley graph of the monoidM is a grid, and we can attribute integer coordinates to the
elements ofM .

Example 3.1(Cayley graph). Let M be the monoid〈a, b | a2 = b2〉+ associated with

the bijective RC-groupoid
⋆ a b

a b a

b b a

. The Cayley graph ofM is the rectangular grid

displayed in Figure 3, and we can attribute to each vertex twointeger coordinates, thus
attributing(0, 0) to 1, (1, 0) to a, (0, 1) to b, (2, 1) to a3, etc. In other words, putting
a = (1, 0), b = (0, 1) and consideringN2 as a free Abelian monoid based ona andb, we
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have a bijectionν of N2 to M satisfyingν(1) = 1, ν(a) = a, ν(b) = b, ν(a2b) = a3,
etc. By construction, there exist two arrows respectively labeleda andb starting from
every node, and, therefore, for everya in N2, we have

{ν(aa), ν(ab)} = {ν(a)a, ν(a)b}.

We cannot say more: for instance, we haveν(a · a) = ab = ν(a)b, butν(a2 · b) = a3 =
ν(a2)a, witnessing that right-multiplying bya may correspond both to a step right or to a
step up in the figure. This corresponds to the fact that the elementary tiles of the Cayley
graph ofM may have different orientations: the latter can be specifiedby attaching with
every vertexa a permutationψ(a) of {a, b} that prescribes which edges correspond to the
horizontal and vertical moves. In the current case, we see thatψ(a) is the identity when
a has even length, and is the transposition(a, b) otherwise.

a−2 a−1 a−1b a−1ba a−1bab

b−1 1 a ab aba

b−1a b a2 a3 a3b

b−1ab ba a2b a4 a5

Figure 3.The Cayley graph of the structure monoid of Example 3.1 and, in grey, the one of its group
of fractions; simple (resp. double) arrows correspond to right-multiplication by a (resp. by b); the graph
consists of matching squares, all of the same type, but that can have two orientations: the vertices
where the orientation is the same as in 1, that is, a is horizontal and b is vertical, (resp. is opposed)
are marked with solid (resp. empty) disks.

An indexation of the Cayley graph as in the above example is called a (right) I-
structurefor the monoidM . We shall see in this subsection that every structure monoid
of an involutive nondegenerate set-theoretic solution of YBE admits such a structure and
that, conversely, every monoid that admits anI-structure is the structure monoid of an
involutive nondegenerate set-theoretic solution of the YBE. Hereafter, we shall simulta-
neously consider a monoidM that we wish to investigate and a free Abelian monoidN(X)

used as a sort of template. To avoid ambiguity, we shall (as usual) writeg, h, ... for the el-
ements ofM , and (as already done in Example 3.1 above) reservea, b, ... for the elements
of the reference free Abelian monoid.
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Definition 3.2 (I-structure, monoid of I-type). If M is a monoid andX is included
in M , a right-I-structure based onX for M is a bijective mapν : N(X) → M satisfying
ν(1) = 1, ν(s) = s for s in X , and, for everya in N(X),

(3.3) {ν(as) | s ∈ X} = {ν(a)s | s ∈ X}.

A monoid is said to beof right-I-typeif it admits a rightI-structure.

Note that (3.3) is equivalent to the existence, for everya in N(X), of a permuta-
tionψ(a) of X such that, for everys in X , one has

(3.4) ν(as) = ν(a) · ψ(a)(s).

It immediately follows from the definition that every element in the image ofν is a prod-
uct of elements ofX and, therefore, the existence of a right-I-structure based onX forM
implies thatX generatesM . The conditionν(s) = s for s in X , which amounts toψ(1)
being the identity ofX , can be ensured by precomposingν with the automorphism in-
duced byψ(1)−1 and, therefore, it could be removed from the definition without changing
the range of the latter.

What we saw in Example 3.1 is that the monoid〈a, b | a2 = b2〉+ is a monoid of right-
I-type. We now extend this observation to all monoids associated with RC-quasigroups.

Proposition 3.5 (RC-quasigroup to I-structure). For every RC-quasigroup(X, ⋆),
the monoidM associated with(X, ⋆) is of right-I-type: the mapν defined from⋆ by
ν(s1 ···sn) = Πn(s1, ... , sn) is a rightI-structure onM .

Proof. Appealing to the symmetric polynomialsΠn of Definition 2.18, we first define a
mapν∗ from the free monoidX∗ toM by

ν∗(ε) = 1 and ν∗(s1| ··· |sn) = Πn(s1, ... , sn) for n > 1.

By Lemma 2.21, the value ofν∗(s1| ··· |sn) does not depend on the order of the entries,
soν∗ induces a well-defined mapν from the free Abelian monoidN(X) toM . We claim
that the latter provides the expected right-I-structure onM . First, the equalitiesν(1) = 1
andν(s) = s for s in X are obvious. Next, leta belong toN(X), saya = s1 ···sn. Then
the definition ofν givesν(as) = Πn+1(s1, ... , sn, s), whence

ν(as) = Πn(s1, ... , sn) · Ωn+1(s1, ... , sn, s) = ν(a) · Ωn+1(s1, ... , sn, s).

By Lemma 2.23(i), the maps 7→ Ωn+1(s1, ... , sn, s) is a bijection ofX into itself, hence
(3.3) holds.
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It remains to show thatν is a bijection fromN(X) toM . Letg be an arbitrary element
of M , sayg = s1 ···sn with s1, ... , sn in X . By Lemma 2.23(ii), there existr1, ... , rn
in X satisfyingΩi(r1, ... , ri) = si for 1 6 i 6 n, whenceΠn(r1, ... , rn) = s1 ···sn = g.
By definition, this means thatν(r1 ···rn) = g holds, andν is surjective.

Finally, assume thata, a′ belong toN(X) and ν(a) = ν(a′) holds. As the ele-
ments ofM have a well-defined length, the length ofa anda′ must be the same. Write
a = r1 ···rn, a′ = r′1 ···r′n with r1, ... , r

′
n in X . Definesi = Ωi(r1, ... , ri) ands′i =

Ωi(r
′
1, ... , r

′
i). By definition,ν(a) is the class of theX-word s1| ··· |sn in M , whereas

ν(a′) is the class ofs′1| ··· |s′n. The assumptionν(a) = ν(a′) means that theseX-words
are connected by a finite sequence of defining relations ofM . By Lemma 2.23, the map
(x1, ... , xn) 7→ (Ω1(x1), ... ,Ωn(x1, ... , xn)) of X [n] to itself is surjective, so we can as-
sume without loss of generality thats1| ··· |sn ands′1| ··· |s′n are connected by one relation
exactly, that is, there existi satisfying

si+1 = si ⋆ s
′
i, s′i+1 = s′i ⋆ si, and s′k = sk for k 6= i, i+ 1.

The relationss′k = sk inductively imply r′k = rk for k < i. Next, writing ~r for
r1, ... , ri−1, we havesi = Ωi(~r, ri) ands′i = Ωi(~r, r

′
i). Then, we find

Ωi(~r, ri) ⋆ Ωi(~r, ri+1) = Ωi+1(~r, ri, ri+1) = si+1 = si ⋆ s
′
i = Ωi(~r, ri) ⋆ Ωi(~r, r

′
i).

As the left-translation byΩi(~r, ri) is injective, we deduceΩi(~r, ri+1) = Ωi(~r, r
′
i), whence

ri+1 = r′i by Lemma 2.23(i). A symmetric argument givesr′i+1 = ri. From there, every-
thing is easy and, fork > i+ 1, the relationss′k = sk inductively implyr′k = rk. Indeed,
we have

Ωk(~r, ri, r
′
i, ri+2, ... , rk) = sk = s′k = Ωk(~r, r

′
i, ri, ri+2, ... , r

′
k),

and, by Lemma 2.16, we know that switching the non-final entriesri andr′i in Ωk changes
nothing, andr′k = rk follows by Lemma 2.23. We thus proved that the wordsr1 | ··· |rn
andr′1| ··· |r′n are obtained by switching two (adjacent) entries, hence they represent the
same element in the free Abelian monoidN(X). Henceν is injective, hence bijective, and
it provides the expected right-I-structure onM .

3.2 From I-structures to RC-quasigroups

We now go in the other direction, and show that every finitely generated monoid ofI-type
is the structure monoid of some RC-quasigroup.
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Proposition 3.6(I-structure to RC-quasigroup). Assume thatM is a finitely generated
monoid of right-I-type.

(i) There exists a unique finite RC-quasigroup(X, ⋆) with whomM is associated:
the setX is the atom set ofM and ⋆ is determined bys ⋆ t = s\t for s 6= t and
{s ⋆ s} = X \ {s\t | t 6= s}.

(ii) The right-I-structure onM is unique: it is defined from the operation⋆ of (i) by
ν(s1 ···sn) = Πn(s1, ... , sn).

Some of the formulas we shall establish below for proving Proposition 3.6 will be used
in a slightly different context in Subsection 3.3 and, to avoid repeating the computations,
we shall extend the notion of anI-structure so as to be able to replace the reference
monoidN(X) with another monoid, typically a quotient(Z/dZ)(X).

Definition 3.7 (right- IM0-structure). If M0 andM are monoids andX is a subset ofM
that generatesM0, a right-IM0-structure based onX for M is a bijectionν : M0 → M
satisfyingν(1) = 1, ν(s) = s for s in X and, for everya in M0,

(3.8) {ν(as) | s ∈ X} = {ν(a)s | s ∈ X}.

So, a right-I-structure as defined in Definition 3.2 is a right-IN(X)-structure in the
current extended sense. As above, we shall in general omit the base setX when mention-
ing anIM0-structure.

As above, (3.8) is equivalent to the existence, for everya inM0, of a permutationψ(a)
of X such that, for everys in X , one has

(3.9) ν(as) = ν(a) · ψ(a)(s).

Note that the assumptionψ(1) = idX is innocent only if every permutation ofX induces
an automorphism of the monoidM0—as is the case forN(X) or (Z/dZ)(X).

Lemma 3.10.Assume thatM is a left-cancellative monoid andν is a right-IM0-structure
based onX for M , whereM0 is Abelian and satisfies

(3.11) ∀s, t, s′, t′ ∈ X ((s 6= t andst′ = ts′) ⇒ (s′ = s andt′ = t)).

Puts ⋆ t = ψ(s)(t) for s, t in X . Then(X, ⋆) is an RC-quasigroup.

Proof. We first claim that, for alls, t, s′, t′ in X with s 6= t, the only equalityst′ = ts′

holding inM is s(s ⋆ t) = t(t ⋆ s). Indeed, by assumption,M0 is Abelian and, inM ,
using (3.9), we obtain

s(s ⋆ t) = sψ(s)(t) = ν(st) = ν(ts) = tψ(t)(s) = t(t ⋆ s).

On the other hand, assumest′ = ts′ in M . Let t0 = ψ(s)−1(t′) ands0 = ψ(t)−1(s′).
Always using (3.9), we findν(st0) = st = ts′ = ν(ts0) in M , whencest0 = ts0
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in M0 sinceν is bijective. The assumption onM0 implies s0 = s andt0 = t, whence
s′ = ψ(t)(s) = t ⋆ s andt′ = ψ(s)(t) = s ⋆ t. This establishes the claim.

Now, leta belong toM0 ands, t belong toX . Using (3.9), we find

ν(ast) = ν(as) · ψ(as)(t) = ν(a) · ψ(a)(s) · ψ(as)(t),

and, similarly,ν(ats) = ν(a) · ψ(a)(t) · ψ(at)(s). By assumption,M0 is Abelian, so
we haveast = ats, whenceν(ast) = ν(ats) and, merging the above expressions and
left-cancellingν(a), which is legal asM is assumed to be left-cancellative, we find

(3.12) ψ(a)(s) · ψ(as)(t) = ψ(a)(t) · ψ(at)(s).

Assume firsts 6= t. The elementsψ(a)(s), ψ(as)(t), ψ(a)(t), andψ(at)(s) lie in X , so,
by the claim above, (3.12) implies

(3.13) ψ(as)(t) = ψ(a)(s) ⋆ ψ(a)(t) and ψ(at)(s) = ψ(a)(t) ⋆ ψ(a)(s).

When t ranges overX \ {s}, the elementψ(a)(t) ranges overX \ {ψ(a)(s)}, and
ψ(a)(s) ⋆ ψ(a)(t) ranges overX \ {ψ(a)(s) ⋆ ψ(a)(s)}. Asψ(as) is a bijection ofX ,
the only possibility is thereforeψ(as)(s) = ψ(a)(s) ⋆ ψ(a)(s). In other words, (3.13) is
valid inX for all a in M0 ands, t in X .

Now, let r lie in X . Makinga = r in (3.13) and applying the definition of⋆ gives
ψ(rs)(t) = (r⋆s)⋆(r⋆t) and, similarly,ψ(sr)(t) = (s⋆r)⋆(s⋆t). Now, inM0, we have
rs = sr, whenceψ(rs)(t) = ψ(sr)(t), and this gives(r ⋆ s) ⋆ (r ⋆ t) = (s ⋆ r) ⋆ (s ⋆ t),
the RC-law. So(X, ⋆) is an RC-system. Moreover, by definition,ψ(s) belongs toSX , so
the left-translations of⋆ are one-to-one, and(X, ⋆) is an RC-quasigroup.

Lemma 3.14.Assume thatM is a left-cancellative monoid andν is a right-IM0-structure
based onX for M , whereM0 is Abelian and satisfies(3.11). Then, for everyp > 1 and
for all s1, ... , sp in X , we have

(3.15) ψ(s1 ···sp−1)(sp) = Ωp(s1, ... , sp) and ν(s1 ···sp) = Πp(s1, ... , sp),

where values are taken inM . Moreover, for alla, b in M0, we have

(3.16) ν(ab) = ν(a)ν(ψ(a)[b]) and ψ(ab) = ψ(ψ(a)[b]) ◦ ψ(a)

whereψ(a)[b] is the result of applyingψ(a) to b componentwise.

Proof. We begin with the left equality in (3.15), which is proved using induction onp.
For p = 1, we haveψ(1)(s1) = s1 = Ω1(s1) and, forp = 2, we haveψ(s1)(s2) =
s1 ⋆ s2 = Ω2(s1, s2). Forp > 3, using (3.13), the induction hypothesis, and the inductive
definition of the monomialsΩp, we find

ψ(s1 ···sp−1)(sp) = ψ(s1 ···sp−2)(sp−1) ⋆ ψ(s1 ···sp−2)(sp)

= Ωp−1(s1, ... , sp−1) ⋆ Ωp−1(s1, ... , sp−2, sp) = Ωp(s1, ... , sp).
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The right equality in (3.15) then follows using a similar induction onp. For p = 1, we
haveν(s1) = s1 = Π(s1). For p > 2, using (3.9), the left equality in (3.15), and the
inductive definition ofΠp, we find

ν(s1 ···sp) = ν(s1 ···sp−1) · ψ(s1 ···sp−1)(sp)

= Πp−1(s1, ... , sp−1) · Ωp(s1, ... , sp) = Πp(s1, ... , sp).

The definition ofΩn implies, forp, q > 1, the formal equality

Ωp+q(~x, y1, ... , yq) = Ωq(Ωp+1(~x, y1), ... ,Ωp+1(~x, yq)),

where~x stands forx1, ... , xp; this is a formal identity, not using the RC-law or any spe-
cific relation; for instance, it says thatΩ3(x, y1, y2), that is,(x ⋆ y1) ⋆ (x ⋆ y2), is also
Ω2(Ω2(x, y1),Ω2(x, y2)). With the same convention, one deduces

(3.17) Πp+q(~x, y1, ... , yq) = Πp(~x) · Πq(Ωp+1(~x, y1), ... ,Ωp+1(~x, yq)).

Now, assume thata, b lie in M0. Write a = s1 ···sp and b = t1 ···tq with s1, ... , tq
in X . The right equality in (3.15) givesν(ab) = Πp+q(s1, ... , sp, t1, ... , tq). On the other
hand, we haveν(a) = Πp(s1, ... , sp) and the left equality in (3.15) impliesψ(a)(t) =
Ωp+1(s1, ... , sp, t) for everyt. Owing tob = t1 ···tq, we deduce

ν(ψ(a)[b]) = Πq(ψ(a)(t1), ... , ψ(a)(tq))

= Πq(Ωp+1(s1, ... , sp, t1), ... ,Ωp+1(s1, ... , sp, tq)),

whence, by (3.17),

ν(a)ν(ψ(a)[b]) = Ωp(s1, ... , sp) · Πq(Ωp+1(s1, ... , sp, t1), ... ,Ωp+1(s1, ... , sp, tq))

= Ωp+q(s1, ... , sp, t1, ... , tq)).

By definition, the latter expression isν(ab), so the left formula in (3.16) is established.
Finally, assumes ∈ X . On the one hand, (3.9) givesν(abs) = ν(ab)ψ(ab)(s). On

the other hand, the left formula in (3.16) gives

ν(abs) = ν(a) · ν(ψ(a)[bs]) = ν(a) · ν(ψ(a)[b] · ψ(a)(s))

= ν(a) · ν(ψ(a)[b]) · ψ(ψ(a)[b])(ψ(a)(s)) = ν(ab) · ψ(ψ(a)[b])(ψ(a)(s)).

Merging the two expressions and using the assumption thatM is left-cancellative, we
deduceψ(ab)(s) = ψ(ψ(a)[b])(ψ(a)(s)), which is the right equality in (3.16).

Before completing the proof of Proposition 3.6, we establish a few more preparatory
results, this time under the assumption that there exists a right-IN(X)-structure, that is, a
genuine right-I-structure.

Lemma 3.18. Assume thatν is a right-I-structure based onX for a monoidM .
(i) There exists an additive length function onM andX is the atom set inM .
(ii) The mapν is compatible with left-division in the sense that, for alla, b in N(X),

we havea4 b in N(X) if and only ifν(a)4 ν(b) holds inM .
(iii) The monoidM admits right-lcms; fors 6= t in X , the elements\t lies inX .
(iv) If, moreover,X is finite, thenM is left-cancellative, and it admits the presentation

〈X | {s(s\t) = t(t\s) | s 6= t ∈ X}〉+.
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Proof. (i) Definingλ(g) to be the length ofν−1(g) provides a function fromM to N that
satisfiesλ(1) = 0, λ(gh) = λ(g) + λ(h), andλ(s) = 1 for everys in X . It follows that
M contains no nontrivial invertible element, thatM is Noetherian, and thatX is the atom
set ofM .

(ii) Assumea4 b in N(X). For an induction on length, we may assumeb = as with s
inX . Now, by (3.9), we haveν(b) = ν(a)ψ(a)(s), whenceν(a)4ν(b) inM . Conversely,
assumeν(a) 4 ν(b). Again, it is enough to consider the caseν(b) = ν(a)s with s in X .
Now, asψ(a) is bijective, there exists a uniquer in X satisfyingψ(a)(r) = s, and,
by (3.9), we have thenν(ar) = ν(a)ψ(a)(r) = ν(a)s = ν(b), whenceb = ar sinceν is
injective, anda4 b in N(X).

(iii) The monoidN(X) admits right-lcms, and (ii) will enable us to transfer the result
to M . Indeed, letg, h belong toM . Put a = ν−1(g) and b = ν−1(h). Let ab′ be
the right-lcm ofa andb in N(X). By (ii), ν(ab′) is a common right-multiple ofg andh
in M . Now, assume thatf is a common right-multiple ofg andh in M . By (ii) again,
we havea4 ν−1(f) andb 4 ν−1(f) in N(X), whenceab′ 4 ν−1(f). By (ii) once more,
this impliesν(ab′) 4 f in M . Soν(ab′) is a right-lcm ofg andh in M , andM admits
right-lcms. In the case wheng andh are distinct elements ofX , thenν−1(g) andν−1(f)
also are distinct elements ofX , so their right-lcm inN(X) has length two, and so does the
right-lcm ofg andh in M . In other words, the right-complementg\h lies inX .

(iv) We assume now thatX is finite. Fix g in M , and puta = ν−1(g). For everyb
in N(X), we haveg 4 gν(b) in M , whence, by (ii),a4 ν−1(gν(b)) in N(X). So, asN(X)

is left-cancellative, there exists a well-defined mapψ from N(X) to itself such that, for
everyb in N(X), we haveν−1(gν(b)) = aψ(b), that is, equivalently,gν(b) = ν(aψ(b)).

PutN(X)
(ℓ) = {b ∈ N(X) | ‖b‖ = ℓ}. The additivity of length implies‖ψ(b)‖ = ‖b‖, so,

for everyℓ, the restrictionψℓ of ψ to N
(X)
(ℓ) mapsN(X)

(ℓ) to itself. The mapψℓ is surjective.

Indeed, letb′ belong toN
(X)
(ℓ) . Then we havea4 ab′ in N(X), whence, by (ii),g 4 ν(ab′)

in M . So some elementν(b) of M satisfiesgν(b) = ν(ab′), whenceb′ = ψℓ(b) since

b must be of lengthℓ. As N
(X)
(ℓ) is finite, ψℓ must be injective for everyℓ, and so isψ.

Now, assumegh = gh′ in M . Putb = ν−1(h) andb′ = ν−1(h′). By definition ofψ,
we haveν(aψ(b)) = ν(aψ(b′)), whenceaψ(b) = aψ(b′) in N(X) sinceν is injective,
thenψ(b) = ψ(b′) sinceN(X) is left-cancellative,b = b′ sinceψ is injective and, finally,
h = h′. SoM is left-cancellative.

Finally, asM is Noetherian, left-cancellative, and admits right-lcms,and asX is the
atom set ofM , we know by Proposition IV.3.21 (lcm-selector) that the list of all relations
s(s\t) = t(t\s) with s 6= t ∈ X make a presentation ofM .

We can now easily complete the proof of Proposition 3.6.

Proof of Proposition 3.6.Assume thatν is a right-I-structure forM , based on a setX .
By Lemma 3.18(i),X must be the atom set ofM , and the assumption thatM is finitely
generated implies thatX is finite.

Next, the free Abelian monoidN(X) satisfies the assumptions of Lemma 3.10 and,
therefore, the latter applies. Hence, if we defines ⋆ t = ψ(s)(t), then(X, ⋆) is an RC-
quasigroup.
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Assumes 6= t ∈ X . By (3.9), we haves(s ⋆ t) = ν(st) = ν(ts) = t(t ⋆ s),
whereas, by Lemma 3.18(i), (iii) and (iv), the monoidM admits unique right-lcms and
is left-cancellative. It follows thats(s ⋆ t) is necessarily the right-lcm ofs andt, and we
must haves ⋆ t = s\t. Then Lemma 3.18(iv) implies thatM admits the presentation
〈X | {s(s ⋆ t) = t(t ⋆ s) | s 6= t ∈ X}〉+, soM is the structure monoid of(X, ⋆).

Finally, the connection betweenν and the polynomialsΠ is given by the right formula
in (3.15). The uniqueness ofν follows, asX is the atom set ofM , and⋆ is the only
possible extension of the right-complement operation outside the diagonal that admits
bijective left-translations, so they only depend onM .

Relation (3.9) is reminiscent of a semi-direct product. We recall from [148] and [52]
that, once the equalities (3.16) are established, one deduces the following connection,
here in the slightly extended context of Lemma 3.10:

Proposition 3.19 (I-structure to twisted free Abelian). If M is a left-cancellative
monoid,N is either N or Z/dZ for somed, and ν is a map fromN (X) to M , then
the following are equivalent:

(i) The mapν is a right-IN (X)-structure based onX for M ;
(ii) There exists a mapψ : N (X) → SX such thatg 7→ (ν−1(g), ψ(ν−1(g))−1)

defines an injective homomorphism ofM to the wreath productN ≀ SX whose first com-
ponent is a bijection.

Proof. Assume thatν is a rightIN (X)-structure forM . As usual, we writeψ for the map
fromN (X) to SX specified by (3.9). We consider the wreath productN ≀SX , that is, the
semidirect productN (X) ⋊ SX whereSX acts onN (X) by permuting positions. Define
ι : M → N ≀ SX by ι(g) = (ν−1(g), ψ(ν−1(g))−1).

First, ι is injective and its first component is bijective, sinceν−1 is bijective.
So, the point is to check thatι is a homomorphism. Letg, h belong toM . Putting

a = ν−1(g), b = ν−1(h), σ = ψ(a), andτ = ψ(b), we find ι(g) = (a, σ−1) and
ι(h) = (b, τ−1), whence, inN ≀ SX ,

(3.20) ι(g)ι(h) = (aσ−1[b], σ−1
◦ τ−1).

On the other hand, the monoidN (X) satisfies (3.11), so Lemma 3.14 applies and, using
the left formula in (3.16), we find

ν(aσ−1[b]) = ν(a)ν(ψ(a)(σ−1 [b])) = gν(σ[σ−1[b]]) = gν(b) = gh,

whenceν−1(gh) = aσ−1[b]. Using the right formula in (3.16) similarly, we find

ψ(aσ−1[b]) = ψ(ψ(a)[σ−1[b]]) ◦ ψ(a) = ψ(σ[σ−1[b]]) ◦ σ = ψ[b] ◦ σ = τ ◦ σ.

We deduceι(gh) = (aσ−1[b], σ−1
◦ τ−1). So, owing to (3.20),ι is a homomorphism, and

(i) implies (ii).
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Conversely, assume thatν andψ ensure thatι is an embedding. Then the above
computation gives, for alla, b in N (X), the equalityν(ab) = ν(a)ν(ψ(a)[b]), whence
in particularν(as) = ν(a)ψ(a)(s) for a in N (X) ands in X . Soν is a right-IN (X)-
structure onM , and (ii) implies (i)

3.3 Coxeter-like groups

In the case of Artin’s braid groupBn, the seminal example of a Garside group, the Garside
structure(B+

n ,∆n) is directly connected with the exact sequence1 → PBn → Bn →
Sn → 1, wherePBn is the pure braid group andSn is the symmetric group onn objects:
the latticeDiv(∆n) is isomorphic toSn equipped with the weak order and a presentation
of Sn is obtained by addingn − 1 relationsσ2

i = 1 to the standard presentation ofBn.
Moreover, we saw in Chapter VI thatSn leads to a Garside germ forB+

n , meaning that
the whole structure ofBn can be recovered fromSn; in particular, the Cayley graph
of the germ derived fromSn coincides with the Hasse diagram ofDiv(∆n). We saw
in Chapter IX that these results extend to other types in the Cartan classification, thus
providing similar connections between all spherical Artin–Tits groups and the associated
finite Coxeter groups.

It is natural to wonder whether some finite groups could play asimilar role for other
families of Garside groups. The aim of this subsection is to establish a positive answer
in the case of finitely generated groups ofI-type—that is, equivalently, in the case of
structure groups of finite, involutive, nondegenerate set-theoretic solutions of YBE or,
equivalently again, in the case of groups associated with finite RC-quasigroups. More
precisely, we shall attach with every finite RC-quasigroup aparameter called itsclassand
establish the following result:

Proposition 3.21 (Coxeter-like group). If (X, ⋆) is an RC-quasigroup of sizen and
classd andG (resp.M) is the associated group (resp. monoid), there exist a Garside
element∆ in M and a finite groupW of order dn such thatW enters a short exact
sequence

1 → ZX → G→ W → 1

andM is generated by the germW derived from(W,X). The Cayley graph ofW co-
incides with the Hasse diagram ofDiv(∆) in M . A presentation ofW is obtained by
adding to(2.6) the relationss[d] = 1 for s in X , wheres[d] stands forΠd(s, ..., s).

Definition 3.22 (Coxeter-like group). In the framework of Proposition 3.21, the finite
groupW will be called theCoxeter-like group associated with(X, ⋆) andd.
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The proof of Proposition 3.21 consists in using theI-structure to carry the results from
the (trivial) case ofZn to the case of an arbitrary group ofI-type. It will be decomposed
into several easy steps. First we define the class.

Definition 3.23 (class). An RC-quasigroup(X, ⋆) is said to be of class d if
Ωd+1(s, ..., s, t) = t holds for alls, t in X .

So an RC-quasigroup is of class1 if s ⋆ t = t holds for alls, t, and it is of class2 if
(s ⋆ s) ⋆ (s ⋆ t) = t holds for alls, t.

Lemma 3.24. Every finite RC-quasigroup of cardinaln is of classd for some numberd
satisfyingd < (n2)!.

Proof. Let (X, ⋆) be a finite RC-quasigroup with cardinaln. By Proposition 1.35, the
mapΨ : (s, t) 7→ (s⋆t, t⋆s) is bijective onX2. Consider the mapΦ : (s, t) 7→ (s⋆s, s⋆t)
onX2. Assume(s, t) 6= (s′, t′). If s ands′ are distinct, we haveΨ(s, s) 6= Ψ(s′, s′),
hences ⋆ s 6= s′ ⋆ s′, andΦ(s, t) 6= Φ(s′, t′). If s ands′ coincide, we must havet 6= t′,
whences⋆t 6= s⋆t′ and, again,Φ(s, t) 6= Φ(s′, t′) since left-translations of⋆ are injective.
SoΦ is injective, hence bijective on the finite setX2. AsX2 has cardinaln2, then order
of Φ in SX2 is at most(n2)!. So there existsd < (n2)! such thatΦd+1 is the identity.
Now, an easy induction givesΦm(s, t) = (Ωm(s, ..., s, s),Ωm(s, ..., s, t)) for everym.
SoΦd+1 = id impliesΩd+1(s, ..., s, t) = t for all s, t in X , meaning that(X, ⋆) is of
classd.

There exist finite RC-quasigroups with an arbitrarily high minimal class, see Exer-
cise 127.

Proposition 3.21 will be established using theI-structure on the monoidM , which
exists by Proposition 3.5. As above, theI-structure will be denoted byν, and the asso-
ciated map fromNX to SX as defined in (3.4) will be denoted byψ. It could easily be
shown thatν andψ respectively extend into a bijection fromZX toG and a map fromZX

to SX satisfying (3.3) and (3.4), but we shall not use the result here.

Lemma 3.25.Assume that(X, ⋆) is an RC-quasigroup of classd andM is the associated
monoid. Fors in X andq > 0, let s[q] = Πq(s, ..., s). Then

(3.26) ν(sda) = s[d]ν(a)

holds for alls in X anda in N(X). The permutationψ(sd) is the identity and, for alls, t
in X , the elementss[d] andt[d] commute inM .

Proof. Let t1 ···tq be a decomposition ofa in terms of elements ofX . By Proposition 3.5,
we have

ν(sda) = Πd+q(s, ..., s, t1, ... , tq)

= Πd(s, ..., s)Πq(Ωd+1(s, ..., s, t1), ... ,Ωd+1(s, , ..., s, tq))
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= Πd(s, ..., s)Πq(t1, ... , tq) = ν(sd)ν(t1 ···tq) = s[d]ν(a),

in which the second equality comes from expanding the terms and the third one from the
assumption thatM is of classd. Applying with a = t in X and merging withν(sdt) =
ν(sd)ψ(sd)(t), we deduce thatψ(sd) is the identity. On the other hand, applying with
a = t[d], we finds[d]t[d] = ν(sdtd) = ν(tdsd) = t[d]s[d].

Lemma 3.27. (i) Assume that(X, ⋆) is a finite RC-quasigroup,M is the associated
monoid, andd > 2 holds. Let∆0 =

∏
s∈X s in NX and∆d = ν(∆d−1

0 ). Then we have
∆d = ∆d−1 where∆ is the right-lcm ofX , and∆d is a Garside element inM .

(ii) If, moreover,(X, ⋆) is of classd, then∆d and(∆d)
d lie in the centre ofM .

Proof. (i) By Lemma 2.27, we have∆ = Πn(s1, ... , sn) = ν(∆0), where(s1, ... , sn)
is any enumeration ofX . In other words, we have∆ = ∆2. Now, we observe that
f [∆0] = ∆0 holds inNX for everyf in SX since every element ofX occurs once in the
definition of∆0. By (3.16), we deduce

(3.28) ν(a∆0) = ν(a)ν(ψ(a)[∆0]) = ν(a)ν(∆0),

whenceν(∆k
0) = ν(∆0)

k for everyk and, in particular,∆d = ν(∆0)
d−1 = ∆d−1. By

Proposition 2.30,∆ is a Garside element inM and, by Proposition V.2.32(iv) (Garside
map), so is every power of∆, hence, in particular, so is∆d.

(ii) Assume now that(X, ⋆) is of classd. Let t belong toX . Then, by (3.28), we
obtainν(t∆d

0) = ν(t)ν(∆d
0) = t∆d. On the other hand, (3.28) and (3.26) give

(3.29) ∆d = ν(∆d
0) =

∏

s∈X

s[d] and ν(∆d
0t) =

∏

s∈X

s[d]t = ∆dt.

Merging the values ofν(t∆d
0) andν(∆d

0t), we obtaint∆d = ∆dt, so that∆d, hence its
power(∆d)

d as well, lies in the centre ofM .

We are now ready to introduce the equivalence relation onZX that, when carried
to G, will induce the expected quotient ofG (andM). We recall that, fora in a free
Abelian groupZ(X), we denote bya(s) the (well-defined) algebraic number ofs in any
X-decomposition ofa.

Lemma 3.30. Assume that(X, ⋆) is an RC-quasigroup of classd andM andG are the
associated monoid and group. Fora, a′ in ZX , write a ≡0 a

′ if a(s) = a′(s) (mod d)
holds for everys in X .

(i) For g, g′ in M , declareg ≡ g′ for ν−1(g) ≡0 ν
−1(g′). Then≡ is an equivalence

relation onM that is compatible with left- and right-multiplication. The class of1 is the
Abelian submonoidM1 ofM generated by the elementss[d] with s in X .

(ii) For g, g′ in G, declare thatg ≡ g′ holds if there existh, h′ in M andr, r′ in Z

satisfyingg = ∆drh, g′ = ∆dr′h′, andh ≡ h′. Then≡ is a congruence onG, and the
kernel of the projection ofG toG/≡ is the group of fractions ofM1.

Proof. (i) As ν is bijective, carrying the equivalence relation≡0 of NX to M yields an
equivalence relation onM . Assumeg ≡ g′. Let a = ν−1(g) anda′ = ν−1(g′). Without
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loss of generality, we may assumea′ = asd = sda for somes in X . Applying (3.16)
and Lemma 3.25, we obtainψ(a′) = ψ(ψ(sd)[a] ◦ ψ(sd) = ψ(a). Let t belong toX .
Using (3.16) again, we deduce

g · ψ(a)(t) = ν(a) · ψ(a)(t) = ν(at)

≡ ν(a′t) = ν(a′) · ψ(a′)(t) = ν(a′) · ψ(a)(t) = g′ · ψ(a)(t).

Asψ(a)(t) takes every value inX whent ranges overX , we deduce that≡ is compatible
with right-multiplication. On the other hand,a ≡0 a

′ implies f [a] ≡0 f [a′] for every
permutationf of X . Let t belong toX . Always by (3.16), we obtain

t · g = t · ν(a) = ν(t · ψ(t)−1[a]) ≡ ν(t · ψ(t)−1[a′]) = t · ν(a′) = t · g′,
and≡ is compatible with left-multiplication byX .

The≡0-class of1 in NX is the free Abelian submonoid generated by the elementssd

with s in X . The≡-class of1 in M consists of the image underν of the products of such
elementssd. By Lemma 3.25, the latter are the products of elementss[d].

(ii) First, ≡ is well-defined. As∆d is a Garside element inM , every element ofG
admits an expression∆drh with r in Z andh in M . This expression is not unique, but, if
we haveg = ∆drh = ∆dr1h1 with, say,r1 < r, then, asM is left-cancellative, we must
haveh1 = ∆d(r−r1)h, whenceh1 ≡ h by (3.29). So, for everyh′ in M , the relations
h ≡ h′ andh1 ≡ h′ are equivalent.

Then the fact that≡ is a equivalence relation onG is easy, and its compatibility with
multiplication onG follows from the compatibility onM and the fact that∆d lies in the
centre ofG.

Finally, the≡-class of1 in G consists of all elements∆drh with h in M1. As ∆d

belongs toM1, this is the group of fractions ofM1 in G, hence the free Abelian subgroup
of G generated by the elementss[d] with s in X .

We can now conclude.

Proof of Proposition 3.21.LetW be the quotient-groupG/≡. By Lemma 3.30, the ker-
nel of the projection ofG ontoW is a free Abelian group of rankn, hence it is isomorphic
to ZX , so we have an exact sequence1 → ZX → G→W → 1. The cardinality ofW is
the number of≡-classes inG. As every element ofG is≡-equivalent to an element ofM ,
this number is also the number of≡-classes inM , hence the numberdn of ≡0-classes
in NX , and we haveW = M/≡ as well.

By definition,s[d] ≡ 1 holds for everys in X . Conversely, the congruence≡0 onZX

is generated by the pairs(sd, 1) with s in X , hence the congruence≡ onG is generated
by the pairs(s[d], 1) with s in X . Hence a presentation ofW is obtained by adding to the
presentation (2.6) ofG and ofM then relationss[d] = 1 with s in X .

By construction, the bijectionν is compatible with the congruences≡0 onNX and≡
onM , so it induces a bijectionν of ZX/≡0, which is(Z/dZ)X , ontoG/≡, which isW ,
providing a commutative diagram

(3.31)

(Z/dZ)X W .

NX Mν

π0 π

ν
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Now, letW be the germ derived from(W,X), and letσ0 be the section ofπ0 from
(Z/dZ)X to NX that maps every≡0-class to the uniquen-tuple of{0, ... , d − 1}X that
lies in that class, and letσ : W → M be defined byσ(g) = ν(σ0(ν

−1(g))). Then, for
everyg in W , we obtain

π(σ(g)) = π(ν(σ0(ν
−1(g)))) = ν(π0(σ0(ν

−1(g)))) = g

sinceσ0 is a section ofπ0. Henceσ is a section ofπ. Next, by construction, the image
of W underσ is the image underν of {0, ... , d − 1}X , hence the image underν of the
family of all left-divisors of∆d−1

0 in NX , hence the family of all left-divisors of∆d−1,
that is, of∆d, in M . Finally, σ(f)σ(g) = σ(fg) holds inM if and only if the relation
σ0(ν(f))σ0(ν(g)) = σ0(ν(fg)) holds inNX , hence if and only if, for everyi, the sum
of theith coordinates ofν(f) andν(g) does not exceedd − 1. This happens if and only
if ‖ν(f)‖X + ‖ν(g)‖X = ‖ν(fg)‖X holds in(Z/dZ)X , hence if and only if‖f‖X +
‖g‖X = ‖fg‖X holds inW . By construction, the familyX is included in the image ofσ,
and all length two relations of (2.6) belong to the previous list of relations, hence the latter
make a presentation ofM . In other words,M is (isomorphic to) the monoidMon(W )
generated by the germW .

Example 3.32(Coxeter-like group). For an RC-quasigroup of class 1, that is, satisfying
x ⋆ y = y for all x, y, the groupG is a free Abelian group, the groupW is trivial, and
Proposition 3.21 here reduces to the isomorphismZX ∼= G.

For class 2, that is, when(s ⋆ s) ⋆ (s ⋆ t) = t holds for alls, t, the element∆d is
the right-lcm ofX , it has2n divisors which are the right-lcms of subsets ofX , and the
groupW is the order2n quotient ofG obtained by adding the relationss(s ⋆ s) = 1. For
instance, in the case of{a, b} with s ⋆ t = f(t), f : a 7→ b 7→ a, the groupG has the
presentation〈a, b | a2 = b2〉, the relationsa[2] = b[2] = 1 both amount toab = 1, and
the associated Coxeter-like groupW is a cyclic group of order4.

For class 3, let us consider as in Example 2.31 the RC-quasigroup {a, b, c} with
s ⋆ t = f(t) and f : a 7→b 7→c 7→a. The presentation of the associated groupG is
〈a, b, c | ac = b2, ba = c2, cb = a2〉. With the same notation as above, the smallest
Garside element∆ is a3. As the class of(X, ⋆) is 3, we consider here∆3 = ∆2 = a6.
The latticeDiv(∆3) has 27 elements, its Hasse diagram is the cube shown in Figure4.
The latter is also the Cayley graph of the germ derived from(W, {a, b, c}), that is, the
restriction of the Cayley graph ofW to the partial product of the germ. Adding to the
above presentation the relationss[3] = 1, that is,s(s ⋆ s)((s ⋆ s) ⋆ (s ⋆ s)) = 1, namely
abc = bca = cab = 1, here reducing toabc = 1, yields forW the presentation
〈a, b, c | ac = b2, ba = c2, cb = a2, abc = 1〉. One can check that alternative presenta-
tions ofW are〈a, b | a = b2ab, b = aba2〉 and〈a, b | a = b2ab, a3 = b3〉.

The question naturally arises of characterizing Coxeter-like groups associated with fi-
nite RC-quasigroups (hence, equivalently, with solutionsof YBE) as described in Proposi-
tion 3.21. We shall establish now that, exactly as structuregroups of solutions of YBE are
those groups that admit anI-structure, their Coxeter-like quotients are those finite groups
that admit the counterpart of anI-structure where some cyclic groupZ/dZ replacesZ,
that is, what was called anI(Z/dZ)X -structure in Definition 3.2.
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1

a b c

ab b2 bc a2 c2 ca

ac2 b2a ab2 a3 ba2 a2b ca2

b2a2 a4 b4 a2c2 c4 c2b2

b5 a5 c5

∆

Figure 4.The Coxeter-like group associated with the RC-quasigroup of Example 2.31; the 27-vertex
cube shown above is the lattice of divisors of a6 in the associated monoid M , the Hasse diagram of
the weak order on the finite group W with respect to the generators a, b, c, and the Cayley graph of
the germ derived from W with respect to the previous generators.

Proposition 3.33(characterization). For every finite groupW , the following are equiv-
alent:

(i) There exists a finite RC-quasigroup(X, ⋆) of classd such thatW is the Coxeter-like
group associated with(X, ⋆) andd.

(ii) The groupW admits a right-I(Z/dZ)X -structure based onX .

Proof. Assume that(X, ⋆) is a finite RC-quasigroup andG andM are the associated
group and monoid. ThenM admits anI-structureν. With the notation of Lemma 3.30,
the congruences≡0 onZX and≡ onG are compatible andν induces a well-defined mapν
of (Z/dZ)X toG/≡ that makes the diagram of (3.31) commutative. Thenν is bijective
by construction, and projecting the relation (3.4) forν gives its counterpart forν. Soν is
a right-I(Z/dZ)X -structure forG/≡, and (i) implies (ii).

Conversely, assume thatW is a finite group admitting a right-I(Z/dZ)X-structure
based onX . As (Z/dZ)X satisfies (3.11), Lemmas 3.10 and 3.14 apply. Thus puttings ⋆
t = ψ(s)(t) yields an RC-quasigroup and the formulas (3.15) are valid. Lets andt belong
to X . In (Z/dZ)X , we havesd = 1, whenceψ(sd) = ψ(1) = idX . Applying (3.15)
(left), we deduceΩd+1(s, ..., s, t) = ψ(sd)(t) = t. Hence the RC-quasigroup(X, ⋆) is
of classd.

Now, letM be the monoid associated with(X, ⋆), andW ′ be the associated finite
quotient as provided by Proposition 3.21. The monoidM is generated byX and it admits
a presentation consisting of all relationss(s ⋆ t) = t(t ⋆ s) with s, t in X . By assumption,
the groupW is generated byX , and the relationss(s ⋆ t) = t(t ⋆ s) with s, t in X are
satisfied inW since they are equivalent toν(st) = ν(ts) and(Z/dZ)X is Abelian. Hence



3 I-structure 599

there exists a surjective homomorphismθ fromM toW that is the identity onX .

(Z/dZ)X W ′

NX M

W

ν̂

π0 π
θ

θ

ν

Next,W ′ is the quotient ofM (and of its group of fractions) obtained by adding the
relationss[d] = 1, that is,Πd(s, ..., s) = 1 for s inX . Now, inW , we haveΠd(s, ..., s) =
ν(sd) by (3.15); assd = 1 holds in(Z/dZ)X , we deduce from (3.15) that, inW , we
haveΠd(s, ..., s) = 1 for everys in X . Thus the surjective homomorphismθ factorizes
throughW , yielding a surjective homomorphismθ fromW ′ to W . As bothW ′ andW
have cardinalitydn, the homomorphismθ must be an isomorphism. HenceW is the
Coxeter-like quotient of the group associated with(X, ⋆) andd. So (ii) implies (i).

Using Proposition 3.19, we deduce

Corollary 3.34 (wreath product). Every finite group that is the Coxeter-like group as-
sociated with an RC-quasigroup of sizen and classd embeds into the wreath product
(Z/dZ) ≀ Sn so that the first component is a bijection.

Example 3.35(wreath product). For the last groupW of Example 3.32, owing to the
fact that the permutations of{1, 2, 3} associated witha, b, c all are the cyclef : 1 7→
2 7→ 3 7→ 1, one obtains a description as the family of the 27 tuples(p, q, r; fp+q+r) with
p, q, r in Z/3Z, the product of triples being twisted by the action offp+q+r on positions.

We conclude with observations about linear representations of the groupsG andW
associated with finite RC-quasigroups are linear groups, which both turn out to be linear.
Here again, we start from the trivial case of a free Abelian group and use theI-structure
to carry the results to the group of an arbitrary RC-quasigroup.

Proposition 3.36(linear representation). Assume that(X, ⋆) is an RC-quasigroup of
cardinal n and classd. LetG be the associated group. Fors the ith element ofX (in
some fixed enumeration), define

(3.37) Θ(s) = Θ0(s)Pψ(s),

whereΘ0(s) is the diagonaln× n-matrix with diagonal entries(1, ... , 1, q, 1, ... , 1), q at
positioni andPf is the permutation matrix associated with a permutationf of{1, ... , n}.
ThenΘ provides a faithful representation ofG into GL(n,Q[q, q−1]); specializing at
q = exp(2iπ/d) gives a faithful representation of the associated Coxeter-like groupW .
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Proof. First,Θ0 defines a faithful representation ofZX intoGL(n,Q[q, q−1]) sinceΘ0(
∏

s
ei

i )
is the diagonal matrix with diagonal(qe1 , ... , qen), and specializing atq = exp(2iπ/d)
gives a faithful representation of(Z/dZ)X .

In order to carry the results toG andW , we now show that (3.37) extends into

(3.38) Θ(ν(a)) = Θ0(a)Pψ(a)

for everya in ZX . As we are working with invertible matrices, it is enough to consider
multiplication by one element ofX (division automatically follows) and, therefore, the
point for an induction is to go froma to as. Now we find

Θ(ν(as)) = Θ(ν(a)ψ(a)(s)) by (3.4)

= Θ(ν(a))Θ(ψ(a)(s)) by definition

= Θ0(a)Pψ(a) Θ0(ψ(a)(s))Pψ(ψ(a)(s))

by induction hypothesis and definition

= Θ0(a)Θ0(s)Pψ(a) Pψ(ψ(a)(s))

by conjugating a diagonal matrix by a permutation matrix

= Θ0(as)Pψ(ψ(a)(s))◦ψ(a) by definition

= Θ0(as)Pψ(as). by (3.16)

So (3.38) is established. It is then clear thatΘ is well-defined on the monoid associated
with (X, ⋆), hence on its group of fractions, which isG. For faithfulness,Θ0(ν

−1(g)) is
the unique diagonal matrix obtained fromΘ(g) by right-multiplication by a permutation
matrix, soΘ(g) determinesν−1(g), henceg.

Finally, specializing at adth root of unity induces a well-defined faithful representa-
tion of the finite groupW since, by definition,g andg′ represent the same element ofW
if and only if ν−1(g) andν−1(g′) are≡0-equivalent, hence if and only if the matrices
Θ0(ν

−1(g))q=exp(2iπ/d) andΘ0(ν
−1(g′))q=exp(2iπ/d) are equal.

Example 3.39(linear representation). Coming back to the last case in Example 3.32
with the enumeration(a, b, c), the permutationsψ(a), ψ(b), andψ(c) all are the3-cycle
(1, 2, 3), and we find the explicit representation

Θ(a) =




0 q 0
0 0 1
1 0 0


 , Θ(b) =




0 1 0
0 0 q
1 0 0


 , Θ(c) =




0 1 0
0 0 1
q 0 0


 .

Specializing atq = exp(2iπ/3) gives a faithful unitary representation of the associated
27-element groupW . Using the latter, it is easy to check for instance thatW has expo-
nent9: a, b, c have order9, and all elements have order1, 3, or 9.

Corollary 3.40 (group of isometries). Every finite group that is the Coxeter-like group
associated with a sizen RC-quasigroup can be realized as a group of isometries in an
n-dimensional Hermitian space.

Proof. The matricesΘ0(s)q=exp(2iπ/d) correspond to orderd complex reflections, where-
as permutation matrices are finite products of hyperplane symmetries.
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Exercises

Exercise 125(bijective RC-quasigroup). Assume that(X, ⋆) is an RC-quasigroup. Let
ψ : X → X andΨ : X × X → X × X be defined byψ(a) = a ⋆ a andΨ(a, b) =
(a ⋆ b, b ⋆ a). Show thatΨ is injective (resp. bijective) if and only ifψ is.

Exercise 126(right-complement). Assume that(X, ⋆) is an RC-quasigroup andM is
the associated structure monoid. (i) Show that, for every elementf in M ∩ Xp, the
function fromX toX ∪{1} that mapst to f\t takes pairwise distinct values inX plus at
mostp times the value1. (ii) Deduce that, forI a finite subset ofX with cardinaln, the
right-lcm∆I of I lies inXn.

Exercise 127(class).ForX = {a1, ... , an}, defines⋆t = f(t) wheref is the cyclic per-
mutation that mapsai toai+1(modn) for everyi. Show that, for allp, i ands1, ... , sp inX ,
we haveΩp+1(s1, ... , sp, ai) = ai+p (modn). Deduce that the minimal class of(X, ⋆) isn.

Exercise 128(I-structure). Assume that(X, ⋆) is a bijective RC-quasigroup. (i) Show
(by a direct argument) that the map⋆ fromX∗ ×X toX defined by1⋆t = t, s⋆t = s ⋆ t
for s in X , and(u|v)⋆t = v⋆(u⋆t) induces a well-defined map fromM ×X toX . (ii)
Show that the mapν from X∗ to M defined byν(1) = 1, ν(s) = s, andν(ws) =
ν(w) · (ν(w)⋆s) for s in X induces a well-defined map fromN(X) toM .

Exercise 129(parabolic submonoid). (i) Assume that(X, ρ) is a finite involutive non-
degenerate set-theoretic solution of YBE andM is the associated structure monoid. Show
that a submonoidM1 ofM is parabolic if and only if there exists a (unique) subsetI ofX
satisfyingρ(I × I) = I × I such thatM1 is the submonoid ofM generated byI. (ii)
Assume that(X, ⋆) is a finite RC-system andM is the associated structure monoid. Then
a submonoidM1 of M is parabolic if and only if there exists a (unique) subsetI of X
such thatI is closed under⋆ andM1 is the submonoid generated byI. (iii) Show that, if
(X, ⋆) is an infinite RC-quasigroup, there may exist subsetsI ofX that are closed under⋆
but the induced RC-system(I, ⋆) is not an RC-quasigroup.

Notes

Sources and comments.We refer to Jimbo [150] for an introduction to the Yang–Baxter
equation. The latter takes its name from independent work ofC. N. Yang from 1968, and
R. J. Baxter from 1971. The original form is

(*) R12(a)R13(a+ b)R23(b) = R23(b)R13(a+ b)R12(a),

whereR is a function of a complex parametera taking values inGL(V ⊗ V ). When
one restricts to solutions that do not depend on the parameter, the relation becomes
R12R13R23 = R23R13R12. From there one goes to the form (1.2) considered in Sec-
tion 1 by composing with the switch operatorP defined byP (x ⊗ y) = y ⊗ x. ThenR
satisfies (*) if and only ifPR satisfies (1.4).
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The investigation of set-theoretic solutions of YBE goes back to V. Drinfeld in 1992
in [113]—where a connection with the self-distributivity law of Chapter XI is mentioned.
A pair (X, ρ) whereρ is a bijection ofX × X is sometimes called aquadratic set, and
a quadratic set is said to bebraided if it satisfies (1.6). So a set-theoretic solution of the
Yang–Baxter equation is also a braided quadratic set.

Biracks and, previously, racks and quandles, have been introduced in low-dimensional
topology as an algebraic counterpart of Reidemeister moves, see Joyce [151], Fenn–
Rourke [119], and [76]: the basic principle is that, when oneputs colors on the strands
of a braid diagram and pushes the colors through crossing according to the rule

a

b

a⌈b

a⌉b

that is, whenb overcrossesa, the colors becomea⌈b anda⌉b, then the birack laws natu-
rally appear as the condition for an invariance of the outputcolours under braid relations
(Reidemeister move III), and the assumption that translations are bijective appear as the
condition for an invariance under Reidemeister move II. Theconnection between set-
theoretic solutions of YBE and biracks can then be considered to belong to folklore.

The connection between set-theoretic solutions of YBE and the right-cyclic law was
described by W. Rump in [198]; the latter paper also contains(among others) the result
that every finite RC-quasigroup is bijective.

The introduction of the structure group associated with a set-theoretic solution of
YBE goes back to P. Etingof, T. Schedler, and A. Soloviev in [118]. These groups then
received much attention. The results about theI-structure go back to T. Gateva-Ivanova
and M. van den Bergh [125], building on earlier results of J. Tate and M. van den Bergh
about Sklyanin algebras and what they called algebras ofI-type [218]. Further results
about monoids ofI-type, in particular the connection with a wreathed Abelianmonoid,
appear in Jespers–Oknińsky [148] and in Cedó–Jespers–Okniński [52]; a comprehensive
exposition is available as Chapter 8 of the book [149] by E. Jespers and J. Okniński.

The connection between set-theoretic solution of YBE and Garside monoids, in partic-
ular the characterization of Proposition 2.34, was established by F. Chouraqui in [58]; fur-
ther results appear in Chouraqui–Godelle [59] and [60]. Seealso Gateva–Ivanova [124],
in whichsquare-freesolutions of YBE are considered, namely those satisfyingρ(a, a) =
(a, a) for everya in the reference set. The results of Subsection 3.3 are inspired by
those of Chouraqui–Godelle [60], which correspond to the special case of class 2 RC-
quasigroups; the current results have been announced in [90]. Corollary 3.34 implies
that the Coxeter-like groupsW associated with finite RC-quasigroups areIG-monoids
in the sense of [139]. It follows that they inherit all properties of such monoids estab-
lished there, in particular in terms of the derived algebrasK[W ] and their prime ideals.
About the existence of a finite quotient whose associated kernel is free Abelian, one can
show using general results of Gromov that every finitely generated groupG whose Cay-
ley graph is (quasi)-isometric to that ofZn must be virtuallyZn, that is, there exists an
exact sequence1 → Zn → G → W → 1 with W finite, see [33]. By definition, an
I-structure is an isometry as above, and, therefore, the existence of a finite quotientW as
in Proposition 3.21 can be seen as a concrete instance of the above (abstract) result.
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The current exposition is original in that it emphasizes thecrucial role of RC-quasi-
groups. Section 1 is reminiscent of Rump’s approach in [198], with more explicit details.
All results in Section 2 appear in literature, but the current exposition based on general
results involving complemented presentations and on developing the polynomial calculus
of Subsection 2.2 was never used so far. Note the efficiency ofthis approach, which
allows for short inductive proofs for formulas like (2.22) or (2.25) which, when fully
expanded, would be awful. Up to our knowledge, the argument for Proposition 2.34 is
new. Similarly, the exposition in Subsections 3.1 and 3.2 does not follow the one of [149]
but rather puts the emphasis on the connection between theI-structure and the RC-law.

Further results and questions. W. Rump’s result that every finite RC-quasigroup is bi-
jective (Proposition 1.35) is used in the proof of Proposition 2.30 only once, in order to
guarantee that the monoid associated with a finite RC-quasigroup is right-cancellative,
that is, equivalently, that the functorφ∆ is injective. A natural question is whether ei-
ther of these results can be proved without appealing to Proposition 1.35 (for instance, by
showing thatφ∆ is surjective on atoms), in which case one would obtain an alternative
proof of the latter based on a Garside approach.

At the moment, no exhaustive classification of the finite (involutive, nondegenerate)
set-theoretic solutions of the Yang–Baxter equation is in view. By Proposition 3.19, the
monoids associated with solutions based onS embed in the wreath productN ≀ SS and
it was suggested in [52] to use the second projections of the images, called involutive
Yang–Baxter (IYB) groups, for classifying the solutions ofYBE. The Coxeter-like groups
of Proposition 3.21 appear as other natural candidates for aclassification. As every such
group characterizes the associated RC-quasigroup, classifying all Coxeter-like groups is a
priori not easier than classifying all solutions of YBE, a presumably (very) difficult task.
On the other hand, the analogy with Coxeter groups suggests to further investigate their
geometrical properties.

So far, Proposition 2.34 is the only known global characterization of a relatively large
family of Garside groups: together with the results of Section 3, it identifies the Garside
groups that admit a presentation of a certain form with thosethat admit anI-structure,
hence resemble a free Abelian groupZn in some precise sense. One might think of
replacing free Abelian groups with other reference (Garside) groupsΓ and consider those
groups that admit a “IΓ-structure” in the sense of Definition 3.7, that is, their Cayley
graph is that ofΓ up to relabeling the edges. Should the above approach make sense, a
natural problem would be

Question 38. Can one characterize the Garside groups that admit anIΓ-structure?

By the results of Section 3, the Garside groups that admit anIZn-structure are those
associated with RC-quasigroups, and Question 38 asks for a similar characterization of
those admitting for instance anIBn-structure, whatever it means, whereBn is Artin’s
n-strand braid group. From there, one can imagine various conjectures in the direction of
a classification of (all) Garside groups. Addressing the most general case is just a dream
at the moment, but considering particular classes, such as the class ofmodularGarside
groups of [201], might lead to more accessible problems.



604 XIII Set-theoretic solutions of YBE

Returning to Earth, we refer to Section XIV.2 in the next chapter for further results in-
volving the monoids associated with RC-systems that are notnecessarily RC-quasigroups,
that is, structures(X, ⋆) where⋆ satisfies the RC-law(x ⋆ y) ⋆ (x ⋆ z) = (y ⋆ x) ⋆ (x ⋆ z)
but the left-translationst 7→ s ⋆ t need not be bijective.



Chapter XIV

More examples

This final chapter is an introduction to four unrelated situations where interesting Garside
structures arise. The first two are general schemes for deriving (new) Garside structures
from previously given structures, whereas the last two sections describe particular families
of Garside structures appearing in a topological context.

In Section 1, we show how to associate with every category equipped with a dis-
tinguished Garside family new categories whose objects aredecompositions of (certain)
elements of the category. As an application, we give the algebraic part of the proof by
D. Bessis in [7] that periodic elements of the same period areconjugate in the braid group
of a well-generated complex reflection group (Proposition 1.8), as well as a new proof of
(a variant of) Deligne’s Theorem stated as Proposition X.3.5.

Next, we show in Section 2 how to attach a category equipped with a distinguished
Garside family to every (weak) RC-system, a general construction that extends the one
of Chapter XIII where a Garside monoid is associated with every RC-quasigroup, see
Proposition 2.27. The interest of the extension is to potentially capture a number of new
examples.

In Section 3, we describe what is called the braid group ofZn in Krammer [160]. This
group is a sort of counterpart of the braid groupBn in which the symmetric groupSn

and its action on the orderings of{1, ... , n} are replaced by the groupGL(n,Z) and its
action on the left-invariant orderings ofZn. It is a seminal example for a Garside germ
derived from a lattice (Proposition 3.11).

Finally, Section 4 contains an introduction to the family ofgroupoids arising from
decompositions of a punctured disk investigated in Krammer[161] (Proposition 4.21).
These groupoids can be seen as a generalization of the braid groupBn, here viewed as
the mapping class group of ann-punctured disk. They involve unexpected combinatorial
objects like the MacLane–Stasheff associahedra, opening fascinating questions.

1 Divided and decompositions categories

Starting with a fixed Garside familyS in a cancellative categoryC, we define and inves-
tigate new categories derived from the pair(C,S), whose objects areS-decompositions
of (some) elements ofC. To this end, we shall define several germs, prove that they are
Garside germs and describe their elements precisely. As mentioned in the introduction,
this approach will enable us to reprove results by D. Bessis about periodic elements and
Deligne’s Theorem about the action of braid groups on bicategories.

There are two subsections. In Subsection 1.1, we investigate divided categories, a
construction developed by D. Bessis in [8], which corresponds to the specific case when
the initial Garside family is bounded by a map∆ and one considers the decompositions of
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the elements∆(x), and contains the application to periodic elements. In Subsection 1.2,
we develop an extended approach in which, instead of specifically considering the roots of
a Garside map∆, we consider decompositions of arbitrary elements and establish general
versions of the common basic results, leading to the new proof of Deligne’s Theorem.

-In this section, we apply Convention V.3.7 (omitting source), thus writing∆ instead
of ∆(x) when there is no need to specifyx explicitly.

1.1 Divided categories

The construction ofdivided categoriescomes from D. Bessis in [8]. The construction
of [8] is based on a topological intuition, whereas the current exposition will be exclu-
sively algebraic. As an application, we shall define a context where periodic elements in
a category become Garside maps in an associated divided category. As the current con-
struction is a particular case of the constructions of Subsection 4.2, several proofs will be
deferred to the latter.

Here we start with a Garside map∆ in a cancellative categoryC, and aim at adding
nth roots of∆. For a very coarse intuition, we may think of extending, say,the fieldQ

into a larger fieldQ[ n
√
α] by adding new elements. In the current case, the natural idea

is to add new objects to our initial category so as to create new lengthn paths for every
element (that is, length one path) of which we wish to add annth root.

We recall that, by Proposition V.2.32 (Garside map II), every Garside map∆ in a
cancellative categoryC gives rise to an automorphism ofC denoted byφ∆.

Convention 1.1(sequences).Hereafter in this section, wheng is a sequence of elements
of a category (or a germ),gi refers to theith entry ofg. This applies in particular to
paths, which are particular sequences (namely those in which the target of every element
coincides with the entry of the next one). On the other hand, as in Chapters VIII, X,

and XI, a triple(u, f, v) will be denoted byu
f−→ v.

Definition 1.2 (divided category). Assume thatC is a cancellative category that is
Noetherian and admits no nontrivial invertible element, and ∆ is a Garside map inC.
Write S for Div(∆). Forn > 1, we define a familySn and a categoryCn, called thenth
divided categoryof C, as follows.

(i) An object ofCn is a lengthn decomposition of some element∆(-).

(ii) An element ofSn is a tripleu
f−→ v with u, v in Obj(Cn) andf in Sn such that there

existsf ′ in Sn satisfyingui = fif
′
i andf ′

ifi+1 = vi for everyi, with fn+1 = φ∆(f1).
(iii) An element ofCn is a finite product of elements ofSn, the product being defined

by (u
f−→ v)(v

g−→ w) = u
h−→ w with hi = figi for eachi.
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Thus every elementu
f−→ v of Sn gives rise to a commutative diagram

f ′
n

u1

f1

u2

f2 f3

un

fn φ∆(g1)

v1

f ′
1 f ′

2

v2 vn

Notation 1.3. For an objectu of Cn, we denote by[u] the element ofC that is equal to
product of the successive entries ofu.

Example 1.4(divided category). Mapping every objectx
of C to the (length one) path(∆(x)), and every elements
of S(x, y) to the element∆(x)

s−→ ∆(y), that is, to the square
shown on the right defines an isomorphism fromC to C1.

∆(x)

∆(y)

s φ∆(s)

By definition, an element ofCn corresponds to a rectangular grid, which is a vertical
juxtaposition of elementary diagrams corresponding to elements ofSn. We will show
in the next subsection (Corollary 1.18) that such an elementis indeed determined by its
sourceu and by the sequence(f1, ... , fn), wherefi is the product of the elements that

occur in theith column of a grid as above. This makes the notationu
f−→ - unambiguous

for such an element, and the same applies to the elements of the enveloping groupoid
of Cn.

On the model of Example 1.4, it should be clear that mappingx to 1x| ··· |1x|∆(x)
and, fors in Div(∆), mappings to

1x 1x ∆(x)

1x 1x ∆(y)

1x 1x 1x s φ∆(s)

provides an injective functor fromC to Cn.

Proposition 1.5 (Garside map ∆n). Assume thatC is a cancellative category that is
Noetherian, admits no nontrivial invertible element, and∆ is a Garside map. Then, for
everyn, the categoryCn is cancellative, Noetherian, it admits no nontrivial invertible
element, andSn is a Garside family inCn that is bounded by the map∆n that sends every
objectu of Cn to the element

u1 un−2 un−1

u2 un−1 un

u1 u2 un−1 un φ∆(u1) .
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A direct verification is easy, but we skip it because, with thenotation of Subsec-
tion 4.2, the categoryCn identifies with the full subcategory ofCn(φ∆) whose objects are
decompositions of∆, and Proposition 1.5 immediately follows from Proposition1.13.

We now compare the enveloping groupoids of a categoryC and of itsnth divided
categoryCn. The (slightly surprising) result is that, whereasCn is intuitively larger thanC,
neverthess the enveloping groupoidsEnv(C) andEnv(Cn) are equivalent. The result is
due to D. Bessis in[8, 9.4]; we shall establish it here in a more explicit way than in [8],
replacing the topological arguments inloc. cit. by an explicit natural transformation.

We recall from [165] that, ifC, C′ are categories, anequivalence of categoriesbe-
tweenC andC′ consists of a pair of functorsφ : C → C′, φ′ : C′ → C, plus natural
isomorphisms fromφ′ ◦ φ to idC and fromφ ◦ φ′ to idC′ .

Proposition 1.6 (equivalence of groupoids).Assume thatC is a cancellative category
that is Noetherian, admits no nontrivial invertible element, and∆ is a Garside map. Forx
in Obj(C) and fors in S(x, y), put

ρn(x) = 1x|1x| ··· |1x|∆(x) and ρn(s) = ρn(x)
(s,... ,s)−−−−−→ ρn(y).

On the other hand, foru in Obj(Cn) with sourcex andu
f−→ v in Cn, put

πn(u) = x and πn(u
f−→ v) = f1.

Thenρn andπn provide well-defined functors fromC to Cn and fromCn to C, respectively,
and they induce inverse equivalences of categories betweenEnv(G) andEnv(Gn).

1x 1x 1x ∆(x)

1x 1x s ∂
∆
s

1x 1x 1y ∂
∆
s

s 1y 1y ∂
∆
s

1y 1y 1y ∆(y)

1x 1x 1x 1x s 1φ∆(x)

1x 1x 1x s 1y 1φ∆(x)

s 1y 1y 1y 1y φ∆(s)

Figure 1. Decomposition of ρn(s) into the product of n elements of Sn; we recall that ∂∆s is the
unique element for which s ∂∆s = ∆(-) holds.
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Proof. First, the diagram of Figure 1 shows that, fors in S, the elementρn(s) does lie
in Cn, that is, it admits a decomposition into the product of finitely many elements ofSn.

Next, the compositionπn ◦ ρn is the identity ofC. Conversely, we define a natural
transformationDiln from ρn ◦ πn to the identity functor. For an objectu of Cn, say
u = s1| ··· |sn of Cn with s1 in S(x, -), we defineDiln(u) to be the dilatation

1x| ··· |1x|∆(x)
(1x,s1,s1s2,... ,s1 ···sn−1)−−−−−−−−−−−−−−−−→ s1| ··· |sn,

which is indeed an element ofCn with sourceρn(πn(u)), that is,ρn(x), and targetu as
witnesses the diagram of Figure 2.

Let u
f−→ v with f1 in C(x, y). Then we haveπn(u

f−→ v) = f1, and

(ρn ◦ πn)(u
f−→ v) = ρn(x)

(f1,... ,f1)−−−−−−→ ρn(y).

Now, inC, we havef1[v] = [u]φ∆(f1), where[u] is as in Notation 1.3. In the current case,
this readsg1∆(y) = ∆(x)φ∆(f1). From there, one can deduce a commutative diagram

(1.7)

u v

ρn(x) ρn(y)

u
f−→ v

(ρn ◦ πn)(u
f−→ v)

Diln(u) Diln(v)

witnessing thatDiln is a natural transformation as expected. Now the point is that, since
Diln(u) becomes invertible in the groupoidGn, the natural transformationDiln induces
in Gn a natural equivalence, whence the proposition.

1x 1x 1x s1 ···sn

1x 1x s1···sn−1 sn

1x 1x sn−1 sn

1x s1s2 sn−1 sn

s1 s2 sn−1 sn

1x 1x 1x 1x s1···sn−1 1φ∆(x)

1x 1x 1x s1···sn−2 1- 1φ∆(x)

1x s1 1- 1- 1- 1φ∆(x)

Figure 2.Decomposition of Diln(s1 | ··· |sn) into the product of n − 1 elements of Sn.
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Application to periodic elements. We shall now apply the above construction to the
study of periodic elements as developed in Subsection VIII.3. Keeping the above notation,
assume thats is an(n, 1)-periodic element ofS, that is,sn = ∆ holds. Thens| ··· |s is
an object ofCn, and we haveπn(∆n(s| ··· |s)) = s in C, where we recall∆n is the
distinguished Garside map inCn specified in Proposition 1.5. Then Equation 1.7 gives

Diln(s| ··· |s)∆n(s| ··· |s) = ρn(s)Diln(s| ··· |s),

which shows that, inCn, the elementρn(s) is conjugate to∆n(w) for w = s| ··· |s.
Extending the argument, we shall now reprove [8, Theorem10.1]; here again we replace
the topological proof of Bessis with a direct argument.

Proposition 1.8(periodic elements). In the context of Definition 1.2, assume in addition
that the order ofφ∆ is finite. Assume thatd is a (p, q)-periodic element ofC. Then there
exists an objectw of Cp such thatρp(d) is conjugate to∆[q]

p (w).

Proof. By Proposition VIII.3.34 (periodic elements), there existp′, q′ satisfyingpq′ −
p′q = 1 and a conjugatee of d that left-divides∆[q′] such that the elements in S

defined byep
′

s = ∆[q′] satisfies the equalitiese = sφq
′

∆(s)φ2q′

∆ (s)···φ(q−1)q′

∆ (s) and

sφq
′

∆(s)φ2q′

∆ (s)···φ(p−1)q′

∆ (s) = ∆. Note that, since we assume that there are no non-
trivial invertible element inC, the elemente, because it commutes to its power∆[p], is
fixed underφ[q]

∆ . Hence the equalityep
′

s = ∆[q′] implies thats is also fixed underφ[q]
∆ . It

follows that the pathw defined byw = s|φq
′

∆(s)|φ2q′

∆ (s)| ··· |φ(p−1)q′

∆ (s) is an object ofCp
such that, inC, the elementg defined byg = πp(∆

[q]
p (w)) = sφq

′

∆(s)φ2q′

∆ (s) . . . φ
(q−1)q′

∆ (s)

is conjugate tod. Now, by (1.7), we haveDilp(w)∆
[q]
p (w) = ρp(g)Dilp(w).

Note that not all paths∆[q]
p (w) are periodic; the condition for such an element to be

periodic is that∆[q]
p (w) belong toG�, which happens if and only ifφq∆p

(w) = w holds;
this is the case for the elements involved in Proposition 1.8. The image underρp of the
centralizer ofd in Cp consists of the elements fixed by the automorphismφq∆p

, hence it is
eligible for Proposition VII.4.2 (fixed points).

Proposition 1.8 does not prove that all(p, q)-periodic elements are pairwise conju-
gate; this statement would be equivalent to the fact that thedecompositionsw andw′ cor-
responding to two different(p, q)-periodic elementsd andd′ are in the same connected

component of the category of fixed pointsC
φq

∆p
p . In the cases described in Bessis [8]

where the result holds, a topological proof of the connectedness of this category is given,
interpreted as corresponding to a simplicial structure on the Garside nerve of a category
with a Garside family.

One can show that the categoryCφ
q
∆p

p is equivalent to the category(CycC)φ
q
∆ of Propo-

sition VIII.3.37(iii) (periodic elements, twisted case).
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Remark 1.9. WhenC is the dual monoid of a well-generated complex reflection group
(see Section IX.3) with reflection degreesd1, ... , dn andh = dn is the Coxeter number,
Bessis-Reiner’s conjecture [14, 6.5] predicts that whenp is the order of a regular element

the number of objects in the categoryCΦ∆p
p is

∏

i

[(p− 1)h+ di]ζp

[di]ζp

,

where we put[n]ζ = [1 + ζ + . . .+ ζn−1] andζp = e2iπ/p.

1.2 Decompositions categories

We now explain a construction that is slightly more general than the one of Subsec-
tion 1.1 in that we consider the decompositions of arbitraryelements rather than just
elements∆(x) where∆ is a Garside map. So we now start from a cancellative categoryC
with a distinguished Garside familyS and an automorphism (possibly the identity), and
construct for eachn a new category whose objects areS-decompositions of lengthn of
the elements ofC. In order to establish that the extended categories have thedesired
properties, it will be convenient to use some criteria from Chapter VI and, therefore, we
shall adopt a germ framework. We recall from Proposition VI.1.11 (germ from Garside)
that, wheneverC is a (left)-cancellative category andS is a Garside family inC, thenS
equipped with the partial product induced by the product ofC is a Garside germ, denoted
by S, and thatC can then be recovered as the associated categoryCat(S). So, in practice,
we shall start with a Garside germ and an automorphism of thisgerm, and produce a new
Garside germ consisting of sequences of given length of the given germ. Some of the
results proved in this subsection were used in of Subsection1.1 in the particular case of
divided categories.

Definition 1.10 (germ Sn(φ)). Assume thatC is a cancellative category that is right-
Noetherian and admits conditional right-lcms,S is a Garside family ofC that is closed
under left- and right-divisor, andφ is an automorphism ofC. For every positive integern,
we define a germSn(φ) = (Sn,1Sn , • ) in the following way.

(i) The objects ofSn(φ) are theS-pathsu of lengthn in S such that the target ofun
is the image of the source ofu1 underφ.

(ii) An element ofSn(φ) is a tripleu
f−→ v with u, v in Obj(Sn(φ)) andf in Sn such

that there existsf ′ in Sn satisfyingui = fif
′
i andf ′

ifi+1 = vi for everyi, where we put
gn+1 = φ(g1).

(iii) The product of two elementsu
f−→ v andv

g−→ w of Sn(φ) is defined whenfigi4

ui holds for everyi, and it is given by(u
f−→ v) • (v

g−→ w) = u
h−→ w with h defined by

hi = fi • gi for eachi.

(iv) For u in Obj(Sn(φ)), the identity-element1u is u
(1u1 ,... ,1un)−−−−−−−−→ u.
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It should be obvious that Definition 1.10 extends Definition 1.2, which corresponds
to the case whenφ is φ∆ and the objects are restricted to decompositions of∆. Point (ii)
in Definition 1.10 is illustrated by the following diagram, which is entirely similar to the
diagram after Definition 1.2:

f ′
n

u1

f1

u2

f2 f3

un

fn φ(g1)

v1

f ′
1 f ′

2

v2 vn

Lemma 1.11. Under the assumptions of Definition 1.10,Sn(φ) is a well defined germ.

Proof. The point to see is that (iii) defines a partial product onSn(φ). We have to show

that under the condition of (iii)u
fg−→ w satisfies the conditions for belonging toSn(φ).

Now, if we definehi by ui = figihi, the equality to prove iswi = hifi+1gi+1. This
equality is equivalent by left-cancellation to the equality figiwi = uifi+1gi+1, which
is true since, if we writegig′i = vi, we havefigiwi = figig

′
igi+1 = fivigi+1 =

fif
′
ifi+1gi+1 = uifi+1gi+1.

Lemma 1.12. Under the assumptions of Definition 1.10, letu
f−→ v andu

g−→ w be two
elements ofSn(φ). Thenf left-dividesg in Sn(φ) if and only if, for everyi, the elementfi
left-dividesgi in C. Then the associated right-quotienth is unique, given byfihi = gi.

Proof. By the description of the product, it is clear that ifh satisfiesf •h = g in Sn(φ),
then we havefihi = gi for everyi. The unicity ofh comes from the assumption that
S is left-cancellative. Let us see that, conversely, the above condition implies thath is
an element ofSn(φ). Indeed, from the equalitygiwi = uigi+1, we deducefihiwi =
uifi+1hi+1 = fivihi+1, which by left-cancellation giveshiwi = vihi+1. Now, let us
defineg′i bywi = g′igi+1. Then the equalityhiwi = vihi+1 is equivalent tohig′igi+1 =
vihi+1, that is,hig′ifi+1hi+1 = vihi+1, which implies by right-cancellativity thathi
left-dividesvi. So, if we defineh′i by vi = hih

′
i, we obtainwi = h′ihi+1 as required.

Proposition 1.13(Garside germ). Assume thatC is a cancellative category that is right-
Noetherian and admits conditional right-lcms,S is a Garside family ofC that is closed
under left- and right-divisor, andφ is an automorphism ofC. ThenSn(φ) is a bounded
Garside germ.

Proof. We will apply Corollary VI.2.45 (recognizing Garside germ,conditional right-lcm
case) toSn(φ). We first prove thatSn(φ) is associative. To this end, we consider a path

u
f−→ v|v g−→ w|w h−→ - in Sn(φ). The conditions for(u

f−→ v • v
g−→ w) •w

h−→ - and for

u
f−→ v • (v

g−→ w •w
h−→ -) to be defined inSn(φ) are the same, namely thatfigihi left-

dividesui for everyi. This gives left- and right-associativity. The germSn(φ) is clearly
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left-cancellative. Right-Noetherianity comes from the right-Noetherianity ofC since, by
Lemma 1.12, theith entries of the elements of a decreasing sequence for right-divisibility
in Sn form a decreasing sequence inS.

We show now thatSn(φ) admits conditional right-lcms. If two elementsu
f−→ - and

u
g−→ - of Sn(φ) have a common right-multipleu

h−→ -, then, by Lemma 1.12, for everyi
the elementhi is a common right-multiple offi andgi, so thatfi andgi have a right-lcm,

sayh′i in S. Sincefi andgi left-divideui, we deduce thath′i left-dividesui. Thenu
h′

−→ -

is a well-defined element ofSn(φ), which is clearly a right-lcm ofu
f−→ - andu

g−→ -.
The same kind of argument shows that Relation (VI.2.46) holds.
We now show that the germSn(φ) is bounded. For every objectu of Sn(φ), there ex-

ists an element of the formu
u−→ - in Sn(φ), namelyu

u−→ v with vi = ui+1 for i < n and
vn = φ(u1). We define∆n(u) to be this element. By definition every element ofSn(φ)
with sourceu left-divides∆n(u), so that∆n is a right-bound forSn(φ). Finally, the
functorΦ∆n maps an objectu to the shifted path(u2, u3, ... , un, φ(u1)) and an element

u
f−→ v to Φ∆n(u)

f ′

−→ Φ∆n(v) wheref ′ is (f2, f3, ... , fn, φ(f1)). Sinceφ is an automor-
phism ofC, the functorΦ∆n is bijective, hence the germSn(φ) is not only right-bounded,
but even bounded by∆n.

Notation 1.14 (categoryCn(φ)). Under the assumptions of Proposition 1.13, we shall
denote byCn(φ) the categoryCat(Sn(φ)). Hereafter we shall not distinguish the products
in the germSn(φ) from the product inCn(φ).

If f andg are elements ofSn(φ) whose product belongs toSn(φ), their ith entries
satisfyfigi = (fg)i, hence we can extend the notationfi to all elements ofCn(φ). Note
that fi is the product of the entries in theith column of a diagram associated with a
decompositionf = f1 ···fp of the form

u1

f1
1

u2

f1
2 f1

3

un

f1
n φ(f1

1 )

fp1 fp2 fp3 fpn φ(fp1 )

v1 v2 vn

We shall use the notationu
f−→ v to refer to an element ofCn(φ) with sourceu, targetv,

and corresponding gridf: heref represents the entries in the columns of the grid, hence
the product inCn of a sequence of the form(f1, ... , fp) with f1, ... , fp in Sn(φ)n. For

u
f−→ v as above, we denote byfi the productf1

i ···fpi .
We now want to compute the head of an element ofCn(φ). We begin with a prelimi-

nary result.
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Lemma 1.15. Under the assumptions of Definition 1.10, assume thatu
f−→ v andv

g−→ -

lie in Sn(φ), andu
h−→ - is an element ofCn(φ) such thathi is a left-gcd offigi andui

for everyi. Thenu
h−→ - is anSn(φ)-head of(u

f−→ v)(v
g−→ -).

Proof. First, hi lies in S since it left-dividesui andS is assumed to be closed under
left-divisor. Sincefi left-dividesui for everyi, it left-divides the left-gcdhi of ui and
figi. So there exist̂fi andĝi in S satisfyinghi = fif̂i andgi = f̂iĝi. There existsh′i
in S satisfyinghih′i = fif̂ih

′
i = ui. Let g′′i = g′if̂i+1, wherefn+1 and f̂n+1 denote

respectivelyφ(f1) andφ(f̂1). We have the following commutative diagram.

u1

f1

f̂1

h′1

u2

f2

f̂2

h′2
f3

f̂3

un

fn

f̂n

h′n
φ(fn)

φ(f̂n)
h′1f2f̂2 h′2f3f̂3

g′′1 g′′2 g′′n

h′nfn+1f̂n+1

ĝ1 ĝ2 ĝ3 ĝn φ(ĝ1)

Proving thatu
h−→ - defines an element ofSn(φ) amounts to proving thath′ifi+1f̂i+1

belongs toS for everyi. We claim thath′ifi+1f̂i+1 is the left-lcm offi+1f̂i+1 andg′′i for
i = 1, ... , n: indeed it is a common left-multiple of these elements and, if their left-lcm
was a strict left-divisor, then̂gi andh′i would have a nontrivial common left-divisorei,
which would give a common left-divisorfif̂iei of ui andfigi, a strict right-multiple of
their left-gcdfif̂i. We conclude asS is closed under left-lcm.

Sou
h−→ - is a legitimate element ofSn(φ) that left-divides(u

f−→ v)(v
g−→ -). If u

e−→ -

is any left-divisor of(u
f−→ v)(v

g−→ -), thenei left-dividesui andfigi for everyi, and we

deduce thatu
h−→ - is anSn(φ)-head of(u

f−→ v)(v
g−→ -).

Proposition 1.16(head). Assume thatC is a cancellative category that is right-Noetherian
and admits conditional right-lcms,S is a Garside family ofC that is closed under left-

and right-divisor, andφ is an automorphism ofC. Assume thatu
f−→ - is an element

of Cn(φ), andu
g−→ - is such thatgi is a left-gcd ofui andfi for eachi. Thenu

g−→ - is an

Sn(φ)-head ofu
f−→ -.

Proof. We writeu
f−→ - = (u

f1

−→ u1)···(up−1 fp

−→ up) with uj−1 fj

−→ uj in Sn(φ). The
proof uses induction onp. Lemma 1.15 gives the result forp = 2. By Proposition IV.1.50
(recognizing Garside III), there exists a sharp head-functionH on Cn(φ). Then we have
H(f) = H(f1H(f2 ···fp)). By the induction hypothesis applied tof2 ···fp, the follow-
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ing diagram, in whichv stands foru1, representsf1H(f2 ···fp)
u1 u2 un

f1
1 f1

2 f1
3 φ(f1

1 )
v1 v2 vn

g1 g2 g3 φ(g1)

wheregi is a left-gcd ofvi and(f2 ···fp)i for everyi. We apply now Lemma 1.15 to the

two term product ofu
f1

−→ v andv
H(f2 ···fp)−−−−−−−→ -. We will be done if a left-gcd off1

i gi
andui is also a left-gcd offi andui, that is, if a left-gcd of the product off1

i by a left-gcd
of vi and(f2 ···fp)i one one hand and ofui on the other hand is also a left-gcd offi
andui for i 6 n. This is true as the former is a multiple off1

i so has to be the product of
f1
i by a common divisor of(f2 ···fp)i andvi.

Corollary 1.17 (left-division). Under the assumptions of Proposition 1.16, letu
f−→ -

andu
g−→ - be elements ofCn(φ). Thenu

f−→ - left-dividesu
g−→ - in Cn(φ) if and only if

fi left-dividesgi in C for everyi.

Proof. Assume thatfi left-dividesgi for everyi. If u
f−→ - andu

g−→ - belong toSn, then
we are done by Lemma 1.12. In general, we prove the result using induction on the length

of the normal form ofu
f−→ -. Using as in the above proof a fixed sharp head-functionH ,

and referring to the resulting head-function inCn(φ), we first show that the head ofu
f−→ -

left-divides the head ofu
g−→ -. Indeed, by Lemma 1.15,H(u

f−→ -)i is a left-gcd offi
andui, hence it left-dividesH(u

g−→ -)i, which is a left-gcd ofgi andui for i 6 n, whence

the result asH(u
f−→ -) andH(u

g−→ -) are two elements ofSn. After left-cancelling

H(u
f−→ -), we can apply the induction hypothesis, which gives that, if-

f′

−→ - is defined

by (u
f−→ -) = H(u

f−→ -)(-
f′

−→ -), then(-
f′

−→ -) left-dividesH(u
f−→ -)−1(u

g−→ -), so

thatu
f−→ - left-dividesu

g−→ -. The converse is clear.

Corollary 1.18 (characterization of elements). Under the assumptions of Proposi-
tion 1.16, and assuming in addition thatC has no nontrivial invertible elements, an ele-

mentu
f−→ - of Cn(φ) is determined uniquely by its sourceu and its entriesfi in C.

Proof. Note first that, under our assumptions,Cn(φ) has no nontrivial invertible elements

either. If two elementsu
f−→ - andu

g−→ - satisfy the equalitiesfi = gi for all i, then
Corollary 1.17 implies that they left-divide each other, hence they are equal.



616 XIV More examples

We conclude with a characterization ofCn(φ) inside its enveloping groupoid. We
naturally use for the elements of the latter a similar notation as for elements ofCn(φ).

Proposition 1.19(enveloping groupoid). Under the assumptions of Proposition 1.16, let

Gn(φ) be the enveloping groupoid ofCn(φ). Then an elementu
f−→ - of Gn(φ) belongs

to Cn(φ) if and only if all elementsfi belong toCn(φ).

Proof. Let ∆n be a Garside map inCn(φ). An element ofGn can be written∆[−m]
n ·

u
f−→ - with u

f−→ - in Cn(φ). We claim that, ifu
f−→ - belongs toCn(φ) and all the entries

of ∆
[−m]
n ·u f−→ - belong toC, then∆

[−1]
n ·u f−→ - belongs toCn(φ), which gives the result

using induction onm. Theith entry of∆[−m]
n · u f−→ - is (vivi+1 ···vi+m−1)

−1fi where,
for everyj, we denote byvj thejth term of the sequence

(u1, ... , un, φ∆n(u1), ... , φ∆n(un), φ
2
∆n

(u1), ...).

So, in particular,u−1
i fi belongs toC. By Corollary 1.17, then-tuple(u−1

1 f1, ... , u
−1
n fn)

defines an element -
g−→ - of Cn that satisfiesu

f−→ - = ∆n · -
g−→ -, whence our claim.

Decompositions categories.We shall now briefly explain how to use a slightly extended
version of the previous constructions to obtain in Proposition 1.24 below a new proof of
Deligne’s Theorem(Proposition X.3.5).

As above, our framework will be a cancellative category thatis Noetherian and admits
conditional right-lcms. To simplify the exposition in thispart, we assume that it has no
nontrivial invertible element. We will construct a category whose object family consists of
all S-decompositions of elements of the ambient category, whereS is some fixed (solid)
Garside family. The category will be defined by means of a germwhich can be seen as a
limit of subgerms of the germSn(id). This germ is very rigid, in that it has at most one
element with given source and target.

Definition 1.20 (germ San). Assume thatC is a cancellative category that is Noetherian
and admits unique conditional right-lcms. For every element a of C, we defineSan to be the
subgerm ofSn(id) whose objectsu are decompositions ofa, that is, satisfyu1 ···un = a

and whose elementsu
f−→ - satisfyf1 ∈ 1C . We embedSan into San+1 by mapping an

objectu to u|1- and an elementu
f−→ - to the elementu|1- f,1-−−→ -. The germSa is then

defined as the union (direct limit) of the germsSan whenn varies.

Thus an object ofSa is a right-infiniteS-path(ui)i>1 that is eventually constant with
identity-entries and whose evaluation inC is a. It is easy to check that every germSa
is left- and right-associative and, therefore, embeds in the associated categoryCat(Sa).
The latter has a natural grading: the degree of an objectu is the least integern such that
ui ∈ 1C holds fori > n.

It is clear thatSa is a bounded Garside germ, since each property to check is inherited
from an appropriateSan. In particular, the germSa is bounded by the map∆a defined by
∆a(u) = ∆a

n(u↾n) wheren is the degree ofu andu↾n means the lengthn prefix ofu.
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Lemma 1.21. Under the assumptions of Definition 1.20, the germSan contains at most
one element with given source and target. Ifu

g−→ v is an element ofSa, the degree ofv
is smaller than or equal to the degree ofu, and, ifu has degreen, thengi = 1 holds
for i > n.

Proof. Assume thatu
g−→ v is an element ofSa. Starting from the assumptiong1 ∈ 1C

and using induction oni, we see thatgi+1 is determined by the existence ofg′i satisfying
gig

′
i = ui andg′igi+1 = vi.
The assumptiongi 4 ui implies immediately the remark on the degree.

There is a distinguished objectNF(a) of Sa corresponding to the (strict)S-normal
decomposition(s1, ... , sp) of a. The degree ofNF(a) is ‖x‖S . This object is well-defined
since we assume that there is no nontrivial invertible element in C.

Lemma 1.22. Under the assumptions of Definition 1.20, for every decomposition u of a,
there exists a unique element ofCat(Sa) with sourceu and targetNF(a).

Proof. Using Algorithm III.1.48 (left-multiplication) inductively, we can construct at
least one element inCat(Sa) with sourceu and targetNF(a).

For uniqueness, we first show thatNF(a) is a final object inCat(Sa), that is, the
identity is the only element with sourceNF(a). Indeed, assume thatNF(a)

g−→ v is an
element ofSa. The assumptiong1 ∈ 1C plus the existence ofg′i satisfyinggig

′
i = NF(a)i

andg′igi+1 = vi for eachi inductively impliesgi+1 ∈ 1C : indeed ifgi is an identity-
element theng′is is equal toNF(a)i, so has no proper right-multipleg′igi+1 in S left-
dividing NF(a)iNF(a)i+1.

We now show that every element ofCat(Sa) with sourceu and targetNF(a) is left-

divisible by ∆a(u). Let u
f−→ NF(a) be such an element. Express it as a product of

elementsu
f1

−→ u1, ...,um−1
fm

−−→ - of Sa. By definition of∆a(u), we haveu
f1

−→ u1 4

∆a(u). Using left-cancellativity, we defineu1
g1−→ - by ∆a(u) = (u

f1

−→ u1)(u1
g1−→ -).

Sinceu1
f2

−→ - andu1
g1−→ - both left-divide∆a(u1), they have a right-lcm of the form

(u1
f2

−→ -)(-
g2−→ -) = (u1

g1−→ -)(-
h2

−→ -). Using induction oni, we can repeat the pro-

cess and obtain elements -
gi

−→ - and -
hi

−→ - of Sa that satisfy

(-
fi

−→ -)(-
gi

−→ -) = (-
gi−1

−−−→ -)(-
hi

−→ -).

As NF(a) is a final object, -
gm+1

−−−→ - must be an identity-element ofSa, and we ob-

tain (-
f1

−→ -)···(- fm

−−→ -) = ∆a(u)(-
h2

−→ -)···(- hm

−−→ -), which shows that∆a(u) left-

dividesu
f−→ NF(a).

From there, using induction, and because the Noetherianityassumption forS, hence
for Cat(Sa), implies the termination, we can express every element withtargetNF(a) as
a (necessarily unique) finite product of elements∆a(-), whence the result.

We can then extend the result of Lemma 1.22.
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Lemma 1.23. Under the assumptions of Definition 1.20, there exists at most one element
with given source and target in the categoryCat(Sa).

Proof. Suppose thatu
f−→ v andu

g−→ v belong toCat(Sa). By composing these elements

with the canonical element of the formv
h−→ NF(a), we obtain elements with sourceu and

targetNF(a), and Lemma 1.22 implies(u
f−→ v)(v

h−→ NF(a)) = (u
g−→ v)(v

h−→ NF(a)).
By assumption,C is cancellative, so we deducef = g.

We can now apply the above results to establish another version of Deligne’s Theo-
rem X.3.5. The proof is more natural than the one of Chapter X but requires stronger
assumptions.

Proposition 1.24(Deligne’s Theorem II). Assume thatC is a cancellative category that
is Noetherian and admits unique conditional right-lcms, thata is an element ofC, and that
O is a functor fromCat(Sa) to a groupoid. Let us callelementary isomorphisma map of

the formO(u
f−→ v) or O(u

f−→ v)−1 wherev has the formu1| ··· |ui−1|uiui+1|ui+2| ··· .
Then all the compositions of elementary isomorphisms between two objects in the image
of O are equal.

Proof. LetEu be the image underO of the unique element inCat(Sa)(u,NF(a)) whose

existence is granted by Lemma 1.22. The elementary isomorphismO(u
f−→ v) from O(u)

to O(v) is equal toEuE−1
v . It follows that, forn larger than the degree of all the objects

involved, we find by composing the above formula along a path of elementary isomor-
phisms, that any composition of elementary isomorphisms betweenO(u) andO(v) is
equal toEuE−1

v . Thus all such compositions are equal.

2 Cyclic systems

In Chapter XIII, we investigated RC-quasigroups, which arealgebraic systems(S, ⋆)
where⋆ is a binary operation onS that satisfies the right-cyclic law(x ⋆ y) ⋆ (x ⋆ z) =
(y ⋆ x) ⋆ (x ⋆ z) and whose left-translations are bijective. We saw in particular that such
structures are often connected with set-theoretic solutions of the Yang–Baxter equation,
and with Garside monoids admitting presentations of a simple syntactic type. We shall
now investigate more general algebraic structures, namelystructures that again satisfy the
RC-law but whose left-translations are not assumed to be bijective.
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2.1 Weak RC-systems

We restart from the context of Section XIII.1 and the notion of an RC-system as defined
in Definition XIII.1.21: anRC-systemis a structure(S, ⋆) where⋆ is a binary operation
onS that satisfies theRC-law:

(2.1) (x ⋆ y) ⋆ (x ⋆ z) = (y ⋆ x) ⋆ (y ⋆ z).

Example 2.2(RC-system).As already noted in Example XIII.1.23, ifS is any nonempty
set andσ is any map ofS to itself, the operation defined byx ⋆ y = σ(y) makesS into
an RC-system.

On the other hand, ifM is any left-cancellative monoid that admits unique right-lcms
and\ is the associated right-complement operation, that is,g\h is the (unique) elementh′

such thatgh′ is the right-lcm ofg andh, then(M, \) is an RC-system, which, in general,
is not an RC-quasigroup. More generally, ifS is a subset ofM that is closed under right-
complement, then(S, \) is also an RC-system: this happens in particular whenS is a
Garside family ofM that includes1, or whenS is the closure of the atoms under\.

For instance, starting from the braid monoidB+

3 (Ref-
erence Structure 2, page 5), the closure of the atom
set{σ1, σ2} under the operation\ has5 elements1, σ1,
σ2, σ1σ2, σ2σ1, giving rise to the5-element RC-system
shown on the right (in which non-unit elements have been
renamed).

1 a b c d

1 1 a b c d

a 1 1 d b d

b 1 c 1 c a

c 1 1 a 1 a

d 1 b 1 b 1
Similarly, starting from the dual braid monoidB+∗

3

(Reference Structure 3, page 10), the closure of the atom
set {a1,2, a2,3, a1,3} under the operation\ has 4 ele-
ments, leading to the RC-system whose table is shown
on the right. Note that neither of these RC-systems is an
RC-quasigroup: some values appear twice or more in the
same row.

1 a b c

1 1 a b c

a 1 1 b b

b 1 c 1 c

c 1 a a 1

Also note that the operations defined byp ⋆ q = max(p, q) − p onN andZ (and their
counterparts in any ordered group) enter the previous framework.

See more examples at the end of the section. Before proceeding, we shall extend our
framework in two directions. The first extension consists inreplacing sets with categories.
This small change just means that we attach to each element a source and a target that put
constraints on the existence for the application of the operation. In practice, we start with
a precategory, that is, a familyS plus two maps, source and target, fromS to (another)
family Obj(S), and we add the restriction that, fors, t in S, the elements ⋆ t
is defined only whens andt share the same source and, then, the
source ofs ⋆ t is the target ofs and the target ofs ⋆ t is that oft ⋆ s.
In this way, it is still true that, whenevers ⋆ t andt ⋆ s are defined,
they naturally enter a square diagram as on the right. The initial case
of Definition XIII.1.21 corresponds to the case of one objectonly. s ⋆ t

t

s t ⋆ s

The second extension is then natural. Going to a category framework induces con-
straints for the existence ofs ⋆ t and, in general, makes the operation partial. It is then
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coherent to allow the operation to be really partial, this meaning thats ⋆ t may be un-
defined even ifs and t share the same source. In this way, we arrive at the following
weakening of Definition XIII.1.21.

Definition 2.3 (weak RC-system).A weak RC-systemis a precategoryS equipped with
a partial binary operation⋆ satisfying

If s ⋆ t exists, the sources ofs andt coincide, and the source ofs ⋆ t is the
target ofs;(2.4)

If s ⋆ t exists, so doest ⋆ s and they share the same target;(2.5)

If (r ⋆ s) ⋆ (r ⋆ t) exists, so does(s ⋆ r) ⋆ (s ⋆ t) and both are equal.(2.6)

Condition (2.6) will be still called theRC-law. Note that, in the context of (2.6), the
assumption that(r ⋆ s)⋆ (r ⋆ t) exists implies thatr ⋆ s andr ⋆ t are defined as well, hence
so dos ⋆ r and(s ⋆ r) ⋆ (s ⋆ t) when (2.6) is satisfied.
Moreover, according to (2.5), if(s⋆r)⋆
(s⋆t) exists, so does(s⋆t)⋆(s⋆r), and
a new instance of (2.6) guarantees that
(t ⋆ s) ⋆ (t ⋆ r) exists too and is equal
to the latter. By the same argument, we
deduce that(r⋆t)⋆(r⋆s) exists as well
and is equal to(t⋆r)⋆(t⋆s). Thus each
triple (r, s, t) that is eligible for (2.6)
gives rise to three equalities, as illus-
trated in the cubic diagram on the right:
starting from three arrows sharing the
same source, if three faces of the cube
exist, then the other three faces also ex-
ist and the last three arrows are pairwise
equal. (r⋆s)⋆(r⋆t)

(s⋆r)⋆(s⋆t)

s⋆t

r⋆t

t

s⋆r

(s⋆
t)⋆(s⋆

r)

(t⋆s)⋆
(t⋆
r)

r t⋆r

r⋆s

s t⋆s

(t⋆
r)
⋆(
t⋆
s)

(r
⋆t

)⋆
(r
⋆s

)

In the sequel, the operation of a weak RC-system is by defaultwritten⋆, and we often
say “the RC-systemS” for “the RC-system(S, ⋆)”.

Definition 2.7 (unit, unital). If S is a weak RC-system, aunit familyin S is a subfamily
(ǫx)x∈Obj(S) of S such thatǫx ∈ S(x, x) holds for everyx and, for everys in S(x, y),

(2.8) s ⋆ ǫx = ǫy, ǫx ⋆ s = s, and s ⋆ s = ǫy

holds. We say thatS is unital if it has a unit family(ǫx)x∈Obj(S) and, for alls, t in S(-, y),

(2.9) the conjunction ofs ⋆ t = ǫy andt ⋆ s = ǫy impliess = t.

We shall writeǫS for a family of the form(ǫx)x∈Obj(S). Saying thatǫS is a unit
family in S means that, for everys in S(x, y), the relations corresponding to the diagrams
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s

s

ǫx ǫy and

ǫy

s

s ǫy are satisfied. Note that units are unique when they

exist, since, ifǫx andǫ′x are two units with sourcex, (2.8) impliesǫx = ǫx ⋆ ǫx = ǫ′x. So,
when we speak of a unital weak RC-system, there is no ambiguity on the involved units.

According to the already established properties of the right-complement operation in
a category that admits unique right-lcms, we can immediately state:

Proposition 2.10(right-complement). If C is a left-cancellative category that admits
unique conditional right-lcms andS is a subfamily ofC that is closed under\, then(S, \)
is a unital weak RC-system with unit family1S .

Proof. Conditions (2.4) and (2.5) about source and target are trivial; that the RC-law (2.6)
is valid follows from Proposition II.2.15 (triple lcm). Forg in C(x, y), the right-lcm ofg
and1x is g, implying g\1x = 1y, 1x\g = g, andg\g = 1y, so (2.8) is satisfied. Finally,
if both g\h andh\g are identity-elements, then the right-lcm ofg andh is bothg andh,
implyingg = h. So(C, \) is a unital weak RC-system and so is(S, \) for every nonempty
subfamilyS of C that is closed under right-complement.

Corollary 2.11 (right-complement). If C is a left-cancellative category that admits unique
conditional right-lcms andS is a Garside family ofC, then(S ∪ {1C}, \) is a unital weak
RC-system.

Proof. If S is a Garside family inC, thenŜ, which isS ∪ 1C in the current context, is
closed under right-complement, hence eligible for Proposition 2.10.

So, for instance, the last two tables mentioned in Example 2.2 resort to Corollary 2.11,
and they are indeed unital weak RC-systems (with unit1).

What we shall do now is establish a converse for Proposition 2.10 and Corollary 2.11,
that is, starting from a unital weak RC-systemS, construct a categoryC(S) that admits
unique (conditional) right-lcms and such that⋆ (essentially) is the right-complement op-
eration on some generating subfamily ofC(S). The result is similar to those involving
RC-quasigroups in Chapter XIII but, on the other hand, as left-translations are not as-
sumed to be bijective, the context is quite different and we shall heve to use a different
construction.

2.2 Units and ideals

Controlling units turns out to be technically important, and it requires to develop specific
tools. As the following result shows, starting with an arbitrary weak RC-system, it is easy
to add units and obtain a unital system.
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Lemma 2.12. Assume thatS is a weak RC-system andS ⊆ S′ holds. For every objectx
ofS, defineS♯(x, x) to beS(x, x) ∪ {ǫx} whereǫx is a distinguished element ofS′(x, x)
(belonging toS or not), and define⋆♯ onS♯ by

s ⋆♯ t =





t for s = ǫx andt in S♯(x, -),
ǫy for s in S(x, y) \ {ǫx} andt = ǫx or t = s,

s ⋆ t otherwise, ifs ⋆ t is defined.

Then(S♯, ⋆♯) is a unital weak RC-system with unit familyǫS .

Proof. That (S♯, ⋆♯) satisfies (2.4), (2.5), and thatǫS satisfies (2.8) follows from the
definitions. So the point is to check that the RC-law (2.6) is still satisfied although the
initial operation has been changed or extended. Assume thatr, s, t belong toS♯ and
(r ⋆♯ s) ⋆♯ (r ⋆♯ t) exists.

For t ∈ ǫS , sayt = ǫx, we directly obtain

(r ⋆♯ s) ⋆♯ (r ⋆♯ ǫx) = ǫz = (s ⋆♯ r) ⋆♯ (s ⋆♯ ǫx),

wherez is the target ofr ⋆♯ s. Fort /∈ ǫS ands ∈ ǫS , says = ǫx, we obtain

(r ⋆♯ ǫx) ⋆
♯ (r ⋆♯ t) = ǫy ⋆

♯ (r ⋆♯ t) = r ⋆♯ t = (ǫx ⋆
♯ r) ⋆♯ (ǫx ⋆

♯ ǫx),

wherey is the target ofr. The argument is symmetric forr ∈ ǫS . So assume now
r, s, t /∈ ǫS . Forr = s, the expressions(r ⋆♯ s) ⋆♯ (r ⋆♯ t) and(s ⋆♯ r) ⋆♯ (t ⋆♯ r) formally
coincide. Next, forr 6= s = t, we find

(r ⋆♯ s) ⋆♯ (r ⋆♯ t) = (r ⋆♯ s) ⋆♯ (r ⋆♯ s) = ǫz = (s ⋆♯ r) ⋆♯ ǫy = (s ⋆♯ r) ⋆♯ (s ⋆♯ t),

wherey is the target ofs andz the one ofr ⋆ s. The result is similar fort = r. Finally, for
r, s, t pairwise distinct, we have(s⋆♯ t)⋆♯ (s⋆♯ r) = (s⋆t)⋆(s⋆r) and(t⋆♯ s)⋆♯ (t⋆♯ r) =
(t ⋆ s)⋆ (t ⋆ r), and these expressions are equal since(S, ⋆) satisfies (2.6). So, in all cases,
(S♯, ⋆♯) satisfies (2.6).

Finally (S♯, ⋆♯) is unital because, by definition,s ⋆♯ t may lie inǫS only if s does or
if s andt coincide. So, fors 6= t, it is impossible to haves ⋆♯ t ∈ ǫS andt ⋆ s ∈ ǫS
simultaneously.

What is (slightly) surprising in Lemma 2.12 is that we still obtain a weak RC-system
when we randomly choose units among the already present elements. If we start from a
weak RC-systemS that admits units and we choose these units as new units, thenthe new
operation coincides with the initial operation ofS but, if we choose elements that were not
units, the new units supersede the old ones. In the sequel, weshall use the construction
of Lemma 2.12 to add new elements, in which case there is only one way to extend the
system.

Definition 2.13(completion). ThecompletionŜ of a weak RC-systemS is defined to be
the unital weak RC-system obtained fromS by adding, for every objectx of S, a unitǫx
that does not belong toS.
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Example 2.14(completion). Unless it has only one element, an RC-quasigroupS as
considered in Chapter XIII contains no unit, since, fors 6= ǫ, the conjunction ofs ⋆ ǫ = ǫ
ands ⋆ s = ǫ would contradict the injectivity of left-translations.
Going to the completion̂S means adding one new elementǫ toS and
extend the operation fromS to S ∪ {ǫ} by puttings ⋆ ǫ = s ⋆ s = ǫ

andǫ ⋆ s = s for everys. In the extended system̂S, the elementǫ is
a unit, andŜ is unital. The table on the right displays the completion
of the two-element RC-quasigroup of Example XIII.1.23.

ǫ a b

ǫ ǫ a b

a ǫ ǫ a

b ǫ b ǫ

In a different direction, when we consider an arbitrary weakRC-system that admits
units, we can obtain a unital weak RC-system by going to a convenient quotient.

Definition 2.15 (ideal, relations4I, ≡I). If S is a weak RC-system that admits a unit
family, an ideal of S is a subfamilyI of S such thatI includes the unit family, and, for
everys in I(x, -), the target ofs is x and, for everyt in S(x, -), we haves ⋆ t = t and
t ⋆ s ∈ I (this meaning in particular thats ⋆ t andt ⋆ s are defined). IfI is an ideal, we
write s4I t if t ⋆ s exists and lies inI, ands ≡I t for the conjunction ofs4I t andt4I s,
that is, ofs ⋆ t ∈ I andt ⋆ s ∈ I.

The definition directly implies that, ifS is a weak RC-system that admits units, then
the latter form an ideal ofS and this ideal is the smallest ideal inS.

Lemma 2.16. Assume thatS is a weak RC-system admitting a unit family andI is an
ideal ofS.

(i) The relation4I is a preordering onS that is compatible with⋆ on the left in the
sense that, ifs4I t holds andr ⋆ t exists, thenr ⋆ s also exists and we haver ⋆ s4I r ⋆ t.

(ii) The relation≡I is an equivalence relation onS that is compatible with⋆ on both
sides in the sense that, ifs ≡I t holds, thenr ⋆ s exists if and only ifr ⋆ t does, in which
case we haver ⋆ s ≡I r ⋆ t, and similarlys ⋆ r exists if and only ift ⋆ r does, in which
case we haves ⋆ r ≡I t ⋆ r (and evens ⋆ r = t ⋆ r).

(iii) For each objectx, the familyI(x, x) is the≡I-class of each of its elements.

Proof. (i) Let r, s, t belong toS(x, -). First, by (2.8), we haves ⋆ s = ǫy wherey is the
target ofs andǫy is the corresponding unit. We deduces ⋆ s ∈ I, whences 4I s. So the
relation4I is reflexive. Then assumes4I t4I r, that is,t ⋆ s ∈ I andr ⋆ t ∈ I. Then we
find

r ⋆ s = (r ⋆ t) ⋆ (r ⋆ s) by definition asr ⋆ t lies in I

= (t ⋆ r) ⋆ (t ⋆ s) by the RC-law

∈ I by definition ast ⋆ s lies in I,

sos4I r is satisfied. Hence the relation4I is transitive, and it is a preordering.
Assume nows4I t, andr⋆t exists. The assumption thatt⋆s belongs toI implies that

(t ⋆ r) ⋆ (t ⋆ s) is defined, and the RC-law then implies thats ⋆ r, r ⋆ s, and(r ⋆ t) ⋆ (r ⋆ s)
exist, and that we have(r ⋆ t) ⋆ (r ⋆ s) = (t ⋆ r) ⋆ (t ⋆ s) ∈ I, whencer ⋆ s4I r ⋆ t.

(ii) By definition, ≡I is the equivalence relation associated with the preordering4I.
The compatibility result with⋆ on the left established for4I directly implies a similar
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result for≡I and, as≡I is symmetric, it takes the form of the lemma. As for the other
side, assumes ≡I t ands ⋆ r exists. Then we obtain

s ⋆ r = (s ⋆ t) ⋆ (s ⋆ r) by definition ass ⋆ t lies in I

= (t ⋆ s) ⋆ (t ⋆ r) by the RC-law

= t ⋆ r by definition ast ⋆ s lies in I

≡I t ⋆ r by reflexivity of≡I.

Hence≡I is compatible with operation⋆ on both sides.
(iii) Assume thats and t lie in I(x, x). By definition we haves ⋆ t = t ∈ I and,

similarly, t ⋆ s = s ∈ I, whences ≡I t. Conversely, assumes ∈ I(x, x) andt ≡I s. First
the source oft must bex. Then, by definition, we haves 4I t, whences ⋆ t ∈ I. On the
other hand, ass belongs toI, we haves ⋆ t = t. So we deduce thatt lies in I, that is, the
≡I-class ofs is exactlyI(x, x).

Notation 2.17(quotient). WhenI is an ideal on a weak RC-systemS ands lies inS, we
shall writeS/I for S/≡I, and[s]I, or simply[s], for the≡I-class ofs.

Proposition 2.18(unital quotient). If S is a weak RC-system admitting a unit family and
I is an ideal ofS, the operation ofS induces a well-defined operation onS/I, and the
quotient-structure is a unital weak RC-system.

Proof. Lemma 2.16(ii) implies that⋆ induces a well-defined operation onS/I. The re-
lation s 4I t requires thatt ⋆ s be defined, hence thats and t share the same source.
Therefores ≡I t implies thats andt have the same source and the same target. So the
objects ofS/I coincide with those ofS, and the rules (2.4) and (2.5) are obeyed inS/I.
As (2.6) and (2.8) are algebraic laws, they go to the quotientand, therefore,S/I is a weak
RC-system.

Let ǫS be the unit family inS. Then theI-classes of the elements ofǫS make a unit
family in S/I. Moreover, the latter is unital: indeed, if we have[s] ⋆ [t] = [t] ⋆ [s] = [ǫy],
then, by definition of the operation onS/I, the elementss ⋆ t and t ⋆ s lie in I and,
therefore, that theI-classes ofs andt are equal.

Corollary 2.19 (maximal unital quotient). Every weak RC-systemS admitting a unit
familyǫS admits a maximal unital quotient, namelyS/ǫS .

Proof. As ǫS is an ideal inS, the quotientS/ǫS is a unital weak RC-system. In the other
direction, assume thatS♯ is a unital weak RC-system andφ is a functor fromS toS♯. Let
s, t beǫS-equivalent elements ofS. By assumption, we haves ⋆ t = t ⋆ s = ǫy for some
objecty, henceφ(s) ⋆ φ(t) = φ(t) ⋆ φ(s) = ǫφ(x) in S♯. As S♯ is unital, this implies
φ(s) = φ(t), that is,φ factors throughS/ǫS .

Corollary 2.19 implies in particular that, ifS is unital with unit familyǫS , thenS/ǫS
is isomorphic toS.
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2.3 The structure category of a weak RC-system

In Chapter XIII, we associated with every RC-quasigroupa structure monoid. Mimick-
ing the definition in the current context would naturally lead to considering the category
〈S | {s(s ⋆ t) = t(t ⋆ s) | s 6= t ∈ S}〉+ for every weak RC-systemS. This however is
not convenient: typically, the units ofS cannot coincide with the identity-elements of the
category and there is no natural embedding ofS in the category. We shall therefore take
another route, first extending the operation⋆ fromS to the free categoryS∗ and then con-
sidering an appropriate quotient of this category. We recall that, if S is any precategory,
S∗ is the free category based onS, realised as the category of allS-paths equipped with
concatenation (Definition II.1.28). Also, forx in Obj(C), the empty path with source and
targetx is denoted byεx, and we writeεS for (εx)x∈Obj(S).

Definition 2.20 (grid). Assume thatS is a weak RC-system. Foru, v in S∗ nonempty
and sharing the same source, sayu = s1| ··· |sp, v = t1| ··· |tq, the(u, v)-grid is (when it
exists) the doubleS-sequence(si,j)16i6p,06j6q , (ti,j)06i6p,16j6q satisfying the initial
conditionssi,0 = si andt0,j = tj , and the inductive relations

(2.21) si,j = ti−1,j ⋆ si,j−1 and ti,j = si,j−1 ⋆ ti−1,j .

for 1 6 i 6 p and1 6 j 6 q. We then putu ⋆ v = tp,1| ··· |tp,q. For u in S∗ with
sourcex and targety, the(u, εx)-grid and the(εx, u)-grid are defined to beu, and we put
εx ⋆ u = u, v ⋆ εx = εy, andεx ⋆ εx = εx.

The current grids are reminiscent of the many grids already consid-
ered in this text, in particular in Chapters II and IV. The(u, v)-grid
is the rectangular diagram obtained when starting with a vertical
sequence of arrows labeledu and a horizontal sequence of arrows
labelledv and using the operation⋆ to construct square tiles as on
the right.

s ⋆ t

t

s t ⋆ s

Note that, by construction, the length ofu⋆v is always that ofv, and that the(v, u)-grid
is the image of the(u, v)-grid under a diagonal symmetry, so that, if(si,j)16i6p,06j6q,
(ti,j)06i6p,16j6q is the(u, v)-grid, thenv ⋆ u is the paths1,q | ··· |sp,q.

Lemma 2.22. If S is a weak RC-system, thenS∗ is a weak RC-system with unit familyεS ,
and the following mixed relations hold

(2.23) u ⋆ (v1 |v2) = u ⋆ v1|(v1 ⋆ u) ⋆ v2 and (v1 |v2) ⋆ u = v2 ⋆ (v1 ⋆ u).

Proof. The (u, v1|v2)-grid is obtained by concatenating the(u, v1)-grid and the(v1 ⋆
u, v2)-grid as follows:

v1 v2

u ⋆ v1 (v1 ⋆ u) ⋆ v2 .

u v1 ⋆ u v2 ⋆ (v1 ⋆ u)

Then the relations of (2.23) directly follow.
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t0,1 t0,q

t1,1 t1,q

tp−1,1 tp−1,q

tp,1 tp,q

s1,0

sp,0

s1,1

sp,1

s1,q−1

sp,q−1

s1,q

sp,q

v

u ⋆ v

u v ⋆ u

Figure 3. The (u, v)-grid: we start from u and v the left and top sides of the diagram, and fill it in
pq steps using ⋆-tiles, that is, completing each open pattern s, t with s ⋆ t and t ⋆ s.

As for the right-cyclic law RC, the construction is exactly same as in the proof of
Lemma II.4.60. By assumption, we have small cubes withS-labeled edges, and we want
to construct a largeS∗-labeled cube as the one after Definition 2.3. So, starting from the
common source of the three labelsu, v, w, we stackS-cubes one after the other. If the
lengths ofu, v, w arep, q, r, exactlypqr cubes are used.

The weak RC-systemS∗ is never unital: (2.8) is not satisfied since, for everys
in S(x, -), we haves ⋆ s = ǫx, and the length one pathǫx is not equal to the length zero
pathεx. This however is easily repaired at the expense of going to a convenient quotient.

Lemma 2.24. If S is a weak RC-system admitting a unit family andI is an ideal ofS, the
familyI∗ of all I-paths is an ideal ofS∗, the relation≡I∗ is compatible with concatenation
on both sides, and mapping[s]I to [s]I∗ defines an injection fromS/I into S∗/I∗.

Proof. First, every empty pathεx belongs toI∗ by definition. Assumeu ∈ Sp and
v ∈ Iq. Let ((si,j)i,j , (ti,j)i,j) be the(u, v)-grid. As I is an ideal, a straightforward
induction givessi,j = si for 0 6 j 6 q, for eachi, andti,j ∈ I for 0 6 i 6 p, for eachj.
So we conclude thatu ⋆ v, which istp,1| ··· |tp,q, belongs toI∗, and thatv ⋆ u, which is
s1,q | ··· |sp,q, is equal tou. SoI∗ is an ideal ofS∗.

Assume nowu′ ≡I u andv′ ≡I v. Then the diagram on
the right shows thatu′|v′ ≡I u|v holds as well.
Finally, assumes ≡I∗ t with s, t in I. By definition, this
means that the length one pathss⋆t andt⋆s belong toI∗.
By construction, the latter belong toI∗ if and only if s ⋆ t
andt ⋆ I belong toI, hence if and only ifs ≡I t holds.�

u′ v′

∈ I∗
v′

∈ I∗ ∈ I∗

u

v

∈ I∗

v

∈ I∗

∈ I∗

We are now ready to introduce the expected structure category.
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Definition 2.25 (structure category). If S is a weak RC-system admitting a unit fam-
ily ǫS , thestructure categoryC(S) of S is defined to be the categoryS∗/ǫ∗S .

Of course, if there is only one object, we rather speak of astructure monoid. Def-
inition 2.25 is legal since, by Proposition 2.18, the structure S∗/ǫ∗S is a unital weak
RC-system, and, by Lemma 2.24, it is equipped with a well-defined partial associative
multiplication. In the sequel, we write≡ for ≡ǫ∗

S
, and[u] for the≡-class of anS-pathu.

Saying thatu ≡ v holds means that the(u, v)-grid is defined and finishes with units ev-
erywhere. Note thatǫx ≡ εx holds for every objectx: indeed, by definition, we have
ǫx ⋆ εx = εx andεx ⋆ ǫx = ǫx.

Before investigating the properties of structure categories, we begin with an easy pre-
liminary remark. In Definition 2.25, we did not require that the RC-systemS be unital.
However, the structure category ofS only depends on the maximal unital quotient ofS:

Lemma 2.26. Assume thatS is a weak RC-system with unit familyǫS . Then the cate-
goriesC(S) andC(S/ǫS) are isomorphic.

Proof. Let π be the canonical projection fromS to S/ǫS andπ∗ be the componentwise
extension ofπ to S-paths. Ifu, v areS-paths andu ≡ v holds, then we haveu ⋆ v ∈ ǫ∗S
andv ⋆ u ∈ ǫ∗S , whenceπ∗(u) ⋆ π∗(v) ∈ π∗(ǫ∗S) andπ∗(v) ⋆ π∗(u) ∈ π∗(ǫ∗S), and
π∗(u) ≡ π∗(v). Henceπ∗ induces a functor fromC(S) to C(S/ǫS). This functor is
obviously surjective. It is also injective. Indeed, assumeπ∗(u) ≡ π∗(v). Applying the
definition, we deduceπ∗(u ⋆ v) ∈ π∗(ǫ∗S) andπ∗(v ⋆ u) ∈ π∗(ǫ∗S). By Lemma 2.16(iii),
π(ǫx) consists ofǫx alone, so the previous relations implyu ⋆ v ∈ ǫ∗S andv ⋆ u ∈ ǫ∗S ,
whenceu ≡ v.

By Corollary 2.19, a weak RC-system of the formS/ǫS is unital, so Lemma 2.26
shows that we lose no generality in restricting to unital weak RC-systems when introduc-
ing structure categories. The following statement summarizes some properties of these
categories.
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Proposition 2.27(structure category). Assume thatS is a unital weak RC-system with
unit familyǫS andC is the associated structure category.

(i) The maps 7→ [s] is an injection fromS to C, andC admits the presentation

(2.28) 〈S | {s(s ⋆ t) = t(t ⋆ s) | s 6= t ∈ S\ǫS ands ⋆ t is defined}
∪ {ǫx = 1x | x ∈ Obj(S)}〉+,

and satisfies a quadratic isoperimetric inequality with respect to this presentation.
(ii) The categoryC has no nontrivial invertible element, it is left-cancellative, and it

admits unique conditional right-lcms. Moreover,g\h = g ⋆ h holds for allg, h in C that
admit a common right-multiple.

(iii) If, in addition,S satisfies the condition

(2.29) for s /∈ ǫS , the elements ⋆ t lies in ǫS only for t = s,

the categoryC admits the presentation

(2.30) 〈S\ǫS | {s(s ⋆ t) = t(t ⋆ s) | s 6= t ∈ S\ǫS ands ⋆ t is defined}〉+,

it is strongly Noetherian, it admits left-gcds, the atoms ofC are the elements ofS \1S , and
C admits a smallest Garside family including1C , namely the familŷS of all right-lcms of
finite subfamilies ofS.

Proof. (i) Assume[s] = [t] in C. By definition, this means that the(s, t)-grid exists and
finishes with units. Thuss ⋆ t andt ⋆ s must be defined, and we haves ⋆ t = t ⋆ s = ǫy
for some objecty. AsS is unital, (2.9) impliess = t. Building on this, we shall identity
every element ofS with its image inC, that is, considerS as a subfamily ofC.

By construction,S generates the free categoryS∗,
hence (the image of)S generatesC. Assume thats, t lie
in S ands ⋆ t is defined. Then, by (2.5),t ⋆ s is defined
as well and, by (2.4),s|s ⋆ t andt|t ⋆ s areS-paths with
the same target, sayz. Then the diagram on the right is
well-defined and it shows thats|s ⋆ t ≡ t|t ⋆ s holds. So
the relations of (2.28) are valid inC.

t t ⋆ s

s ⋆ t ǫz

ǫz ǫz

s

s ⋆ t

t ⋆ s

ǫz

ǫz

ǫz

Assume now thatu, v are≡-equivalentS-paths. By definition, this means that the
(u, v)-grid is defined and finishes with unit elements. By construction, this grid consists
of elementary squares, each of which correspond to a relation of one of the following four
types:s(s ⋆ t) = t(t ⋆ s), sǫy = sǫy, sǫy = ǫxs, or ǫxǫx = ǫxǫx. The relations of the first
type belong to the list (2.28), those of the second and fourthtypes are tautologies, and
those of the third type follow from the relationsǫx = 1x. Writing z for the target ofu and
p, q for the length ofu andv, this shows that the equivalence ofu|(ǫz)q andv|(ǫz)p can
be established using at mostpq relations from (2.28). As we then considerǫ∗S-classes,
all arrows labeledǫz collapse, and we have a similar result foru andv. This shows that
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(2.28) is a presentation ofC and thatC satisfies a quadratic isoperimetric inequality with
respect to this presentation.

(ii) Once we have a presentation ofC, the proof goes on exactly as for Proposi-
tion XIII.2.8. First, the presentation (2.28) is right-complemented, associated with the
short syntactic right-complementθ defined by

(2.31) θ(s, t) =

{
s ⋆ t for s 6= t ands ⋆ t defined,

εx for s = t with sourcex,

and the assumption that(S, ⋆) satisfies the RC-law (2.6) implies thatθ satisfies the sharp
right-cube condition for every triple of pairwise distinctelements ofS. Then Proposi-
tion II.4.16 (right-complemented) implies thatC has no nontrivial invertible element, is
left-cancellative, and it admits unique conditional right-lcms. Fors 6= t in S, the right-
lcm of s andt is represented bysθ(s, t), which, by (2.31), iss(s ⋆ t). This means thats\t
equalss ⋆ t in this case.

(iii) Assume that (2.29) is satisfied. Then no elementǫx appears in the first list of
relations in (2.28), and, therefore, we can simply remove the generatorsǫS , which are
to be collapsed, thus obtaining forC the presentation is (2.30). Now, every relation in
the latter involves two paths of length two, so the presentation is homogeneous. Hence,
by Proposition II.2.32 (homogeneous),C is strongly Noetherian, and the height of an
element ofC is the common length of all paths that represent it and contain no entry
in ǫS . In particular, the atoms ofC are the elements of height one, namely the elements
of S \ ǫS .

Then, by Corollary IV.2.41 (smallest Garside),C admits a smallest Garside family
that includes1C , namely the closure of the atoms under right-lcm and right-complement.
Now, as in the case of Lemma XIII.2.28, the closureŜ of S \ ǫS under right-lcm is closed
under right-lcm by definition, and the assumption thatS is closed under right-complement
implies thatŜ is closed under right-complement too. Hence,S is the smallest Garside
family including1C in C.

Before discussing examples, let us immediately deduce the connection between the
current construction and those of Chapter XIII.

Corollary 2.32 (coherence). If S is an RC-quasigroup, the structure monoid ofS as
introduced in Definition XIII.2.5 coincides with the structure monoid of its completion̂S
as defined in Definition 2.25.

Proof. In the case of̂S, (2.29) is satisfied by definition, so (2.30) is a presentation of
the associated structure in the sense of Definition 2.25. Now, (2.30) is also the defining
presentation involved in Definition XIII.2.5.

Example 2.33(structure monoid). Consider the two RC-systems of Example 2.2. In
both cases, we recover the expected monoid. In the first case,(2.28) givesab = c1,
whenceab = cwhen1 is collapsed, and, similarly,ba = d, so, at the end, the presentation
is equivalent to〈a, b | aba = bab〉+, a presentation ofB+

3 . In the second case, we similarly
retrieve the presentation〈a, b, c | ab = bc = ca〉+ofB+∗

3 . Then both monoids are eligible
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for Proposition 2.27, which states in particular that they are left-cancellative and admit
unique conditional right-lcms.

Now, in the first table, the unit1 appears else where than in the first column and the
diagonal (c ⋆ a = 1 holds), so (2.29) fails, and we cannot assert that the properties of
Proposition 2.27(iii) are true—although, in this case, they are.

By contrast, in the second table, (2.29) holds and, therefore, Proposition 2.27 guar-
antees in addition that the monoid is Noetherian and admits asmallest Garside family
containing1, namely the closure of the involved setS under right-lcm: in the current
case, this family is{1, a, b, c} ∪ {∆}, where∆ is the common value ofab, bc, andca.
Note that the Garside familyDiv(∆) has5 elements: owing to the results of Chapter XIII,
this shows that there is no way of removing1 from the table and completing it into an RC-
quasigroup since, otherwise, the cardinality of the Garside family should be a power of2.

When (2.29) is not satisfied, the results of Proposition 2.27may seem frustrating and,
in particular, it is natural to wonder how to recognize Noetherianity from a (weak) RC-
system. We have no complete answer, but some conditions are clearly sufficient.

Proposition 2.34(Noetherianity). Assume thatS is a weak RC-system that admits a unit
familyǫS and there exists a mapλ : S → N such thatλ(s) = 0 holds if and only ifs lies
in ǫS and, for alls, t in S such thats⋆t is defined, we haveλ(s)+λ(s⋆t) = λ(t)+λ(t⋆s).
Then the structure categoryC of S is strongly Noetherian, it admits left-gcds, the atoms
of C are the elements ofS \ 1S , andC admits a smallest Garside family including1C ,
namely the family of all right-lcms of finite subfamilies ofS.

Proof. For u anS-path, sayu = s1| ··· |sp, defineλ∗(u) = λ(s1) + ··· + λ(sp). Then
λ∗ induces a well-defined map onC, which by definition is a strong Noetherianity wit-
ness. HenceC is (strongly) Noetherian and, from there, we repeat the proof of Proposi-
tion 2.27(iii).

Example 2.35(Noetherianity). Consider the first table of Examples 2.2 and 2.33. De-
fine λ by λ(1) = 0, λ(a) = λ(b) = 1, andλ(c) = λ(d) = 2. Then the assumptions
of Proposition 2.34 are satisfied, and, this time, we can indeed deduce that the small-
est Garside family containing1 in B+

3 is the6-element family{1, a, b, c, d} ∪ {∆} with
∆ = ad = bc = ca = db.

Of course, the assumptions of Proposition 2.34 need not be al-
ways satisfied, even in a finite RC-system. For instance, the struc-
ture monoid associated with the RC-system on the right admits the
presentation〈a, b | ab = b〉+, and it is neither Noetherian nor right-
cancellative.

1 a b

1 1 a b

a 1 1 b

b 1 1 1

In the case when the considered RC-system is finite and the operation ⋆ is defined
everywhere, then the Garside family of Proposition 2.34 is right-bounded by the right-
lcm ∆ of S. From there, the results of Chapter V possibly apply: for instance, by Propo-
sition V.1.36 (right-cancellativity I), right-cancellativity reduces to the injectivity of the
functorφ∆, and therefore to that of the mapg 7→ g ⋆∆. We shall not give more details in
this direction here.
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3 The braid group of Zn

In a completely different direction, we now describe a groupthat can be seen as an analog
of the braid groupBn in which the role of the symmetric groupSn would be held by
a linear groupGL(n,Z). The group was introduced and investigated by D. Krammer
in [160]. The construction relies on the scheme of Subsection VI.3.3 and consists in
defining a germ using a lattice ordering.

3.1 Ordering orders

Restarting from Example VI.3.18 (germ from lattice), we consider the weak order on the
symmetric groupSn. It will be useful to consider hereSn as the quotient of the braid
groupBn (Reference Structure 2, page 5) by the subgroupPBn made of allpurebraids,
defined as those braids whose associated permutation is the identity. We shall now use
a similar scheme withSn replaced byGL(n,Z) andPBn replaced by the subgroupH
of GL(n,Z) consisting of those elements that preserve the standard lexicographic order
on Zn. A lattice ordering onGL(n,Z)/H is then defined using a lattice structure on the
linear orders ofZn that arise from the standard lexicographic order via the action of some
element ofGL(n,Z). Thus the general idea is to replace the action of the symmetric
groupSn on{1, ... , n} with the action ofGL(n,Z) onZn.

The first step of the construction is to define a lattice ordering on the family of all
linear orders of a setS. In the sequel, as in Chapter XII, an order onS is viewed as a set
of pairs, hence a subset ofS2.

Definition 3.1 (order on orders). Let O(S) be the family of all linear orders on a setS.
ForO∗, O in O(S), we put

InvO∗
(O) = {(x, y) ∈ S2 | (x, y) ∈ O∗ and(y, x) ∈ O},

and defineO1 4O∗
O2 to meanInvO∗

(O1) ⊆ InvO∗
(O2).

ThusInvO∗
(O) is the family of all inversions ofO with respect to the reference or-

derO∗. We say thatO1 is smaller thanO2 if all inversions ofO1 are inversions ofO2. If
S is {1, ... , n} andO∗ is the standard order, at the expense of identifying a permutation
of {1, ... , n} with the linear order it induces, we retrieve the usual weak order onSn.

Lemma 3.2. For every setS and every linear orderO∗ onS, the relation4O∗
is a lattice

ordering onO(S).

Proof (sketch).That4O∗
is a partial ordering is straightforward, and the point is toshow

that least upper bounds exist. Now one observes that a setInvO∗
(O) is always transitive

(meaning that, if it contains(x, y) and(y, z), then it also contains(x, z)) and co-transitive
(meaning that its complement inS2 is transitive) and, conversely, every subset ofS2 that
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is transitive and co-transitive is the setInvO∗
(O) for some linear orderO. Then one easily

checks that the least upper bound of two ordersO1, O2 is the linear orderO such that
InvO∗

(O) is the smallest transitive co-transitive subset ofS2 that includesInvO∗
(O1) ∪

InvO∗
(O2). The argument works not only for two orders, but also for an arbitrary family

of orders. Greatest lower bounds can then be obtained as least upper bounds of the family
of all common lower bounds.

Note that the smallest element in the lattice(O(S),4O∗
) is O∗, sinceInvO∗

(O∗) is
empty, whereas the largest element is the reversed orderO∗

rev, sinceInvO∗
(O∗

rev) is all
of S2.

3.2 Lexicographic orders ofZn

The second step of the construction consists in fixingS = Zn and considering a particular
family of linear orders called lexicographic. Hereafter weusex, y, ... for the elements
of Zn. The latter are viewed as aZ-valued sequence of lengthn, and we writexi for the
ith entry inx. We letGL(n,Z) act onZn on the right, thus writingxg for the image ofx
under the linear transformationg; accordingly, we assume that the product inGL(n,Z)
is reversed composition.

Definition 3.3 (lexicographic). Let thestandard lexicographic orderonZn be

Olex = { (x, y) ∈ (Zn)2 | ∃i6n (xi < yi and∀j<i (xj = yj)) }.

We putOlex(Z
n) = {Olex • g | g ∈ GL(n,Z)} with O • g = {(xg, yg) | (x, y) ∈ O}. The

elements ofOlex(Z
n) are calledlexicographicorders.

Example 3.4(lexicographic). We mentioned in Example XII.1.15 that, forn = 2, the
positive cones of the invariant orders onZn are the intersections ofZ2 with open half-
planes completed with one of the two possible half-lines of the border. The lexicographic
orders are those for which the slope of the border line is rational. See Figure 4.

The groupGL(n,Z) acts onOlex(Z
n) on the right: by construction, for allg, h

in GL(n,Z) andO in Olex(Z
n), we have(O • g) • h = O • gh. Beware that, with

the above definition, if we writeO andO • g as binary relations, say<O and<O•g, then
x <O•g y is equivalent toxg−1 <O y−1.

Lemma 3.5. For every lexicographic orderO∗ onZn, the restriction of4O∗
to Olex(Z

n)
is a lattice ordering onOlex(Z

n).

Proof (sketch).The point is to show that, ifO1 andO2 are lexicographic, then their sup
and their inf as determined in Lemma 3.2 still are lexicographic. This will follow from a
characterization of lexicographic orders that we describenow.
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Olex Õlex

InvOlex↓
InvOlex↓

InvOlex

↑

O1 O2

O3

Figure 4.Ordering the left-invariant orderings on Z2 with respect to the lexicographical ordering Olex:
one compares the “inversions” with respect to Olex (the zone delimited in dashed lines), and an or-
dering is smaller than another is the set of inversions of the former is included in the set of inversions
of the latter, for instance, O1 is smaller than O2. The greatest lower bound of O1 and O3 is Olex,
because Inv(O1) and O3 are disjoint; similarly, the least upper bound of O1 and O3 is the maximal
element, namely the reversing lexicographical ordering.

The lexicographic order onZn is (left- and right-) invariant with respect to the additive
group structure in the sense of Chapter XII, that is,(x, y) ∈ Olex is equivalent to(x +
z, y + z) ∈ Olex for every z. As the elements ofGL(n,Z) preserve addition, every
lexicographic order onZn is invariant too.

On the other hand, ifO is an invariant linear order onZn, then(x, y) ∈ O is equivalent
to (qx, qy) ∈ O for everyq. It follows thatO admits a unique well-defined extension̂O
into a linear order onQn: say that(x, y) lies in Ô if (qx, qy) lies inO for q large enough
to ensureqx ∈ Zn andqy ∈ Zn. Then the positive cone of̂Olex is piecewise linear inQn,
this meaning that it is a finite intersection of half-spaces{x | x •g > 0} or {x | x •g > 0}
with g in GL(n,Q). This immediately implies that, for every lexicographic orderO, the
positive cone of̂O is piecewise linear.

Now, using an explicit description of all invariant orders on Qn, one can show that,
conversely, every linear orderO on Zn that is invariant and such that the positive cone
of Ô is piecewise linear must be lexicographic. It is then easy tocheck that, ifO is the least
upper bound of two lexicographic orders with respect to4O∗

andO∗ is lexicographic, then
O is invariant and the positive cone of̂O is piecewise linear. Hence this least upper bound
is lexicographic. The result for greatest lower bounds follows using the duality that stems
from reversing the orders.

3.3 A lattice ordering on GL(n, Z)

The third step of the construction is to define a lattice ordering on a certain quotient
of GL(n,Z). Hereafter, we use<lex for the lexicographic order onZn: sox <lex y is just
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the same as(x, y) ∈ Olex. Also, we fixOlex as the reference order and write4 for 4Olex

onOlex(Z
n). We write0 for (0, ... , 0).

Definition 3.6 (relation . on GL(n,Z)). Forg, h in GL(n,Z), we declare thatg . h is
true if we have

(3.7) ∀z>lex0 ( zg <lex 0 ⇒ zh <lex 0 ).

Lemma 3.8. (i) For g, h in GL(n,Z), the relationg . h is equivalent toOlex •g4Olex •h.
(ii) The relation. is reflexive and transitive. Writeg ∼ h for the conjunction ofg . h

andh . g. Theng ∼ h is equivalent tog−1h ∈ H , whereH is the subgroup ofGL(n,Z)
consisting of all linear transformations that fixOlex.

(iii) The relation. induces onGL(n,Z)/H a partial ordering6 that is a lattice with
least elementH and greatest element∆H , where∆ is defined byx∆ = −x for everyx.
For all g, h, the relationsgH 6 hH and∆g∆−1H 6 ∆h∆−1H are equivalent.

(iv) The relations(VI.3.16) and(VI.3.17)are satisfied byGL(n,Z), H , and6.

Proof. (i) By definition,Olex • g 4 Olex • h means thatInvOlex
(Olex • g) is included in

InvOlex
(Olex • h), hence that every pair(x, y) in (Zn)2 satisfyingx <lex y andxg >lex yg

satisfiesxh >lex yh. Forx = 0 andz = y, we obtain (3.7). Conversely, ifg . h holds,
every pair(x, y) satisfyingy − x >lex 0 and(y − x)g <lex 0 satisfies(y − x)h <lex 0.
As<lex is invariant andg andh are linear, this implies that, for allx, y satisfyingx <lex y
andxg >lex yg, we havexh >lex yh. This is the definition ofOlex • g 4Olex • h.

(ii) Reflexivity and transitivity are obvious from the definition. Assumeg . h and
h . g. By assumption, for everyz satisfyingz >lex 0, we havezg <lex 0 ⇔ zh <lex 0
and thereforezg >lex 0 ⇔ zh >lex 0 as well. Assumez <lex 0. Then−z >lex 0 holds, so
the assumption implies(−z)g <lex 0 ⇔ (−z)h <lex 0, whencezg >lex 0 ⇔ zh >lex 0 in
this case also. So, for everyz in Zn, we havezg >lex 0 ⇔ zh >lex 0. As g is surjective,
we equivalently obtain that, for everyx in Zn, we havex >lex 0 ⇔ xg−1h >lex 0,
meaning thatg−1h fixesOlex.

(iii) By Lemma 3.5, the ordering4 is a lattice ordering onOlex(Z
n). Then the map

g 7→ Olex•g induces an isomorphism from(GL(n,Z)/H,6) to (Olex(Z
n),4). The image

ofH isOlex, which is the smallest element in(Olex(Z
n),4), soH is the smallest element

in (GL(n,Z)/H,6); the image of∆H is the reversed orderOlex
rev, which is the largest

element in(Olex(Z
n),4), so∆H is the largest element in(GL(n,Z)/H,6). Finally, we

havex∆g∆−1 = −((−x)g) = xg for everyx in Zn, so the last equivalence is clear.
(iv) The argument is similar to the one of Lemma IX.1.7 for thesymmetric group

or, more generally, an arbitrary Coxeter system, and it consists in using the mapN here
defined by

N(g) = {x ∈ Zn | (x >lex 0 andxg <lex 0) or (x <lex 0 andxg >lex 0)},

which will play the role of the set of reflections in the Coxeter case. Then one easily
obtains the formulaN(gh) = N(g) △ N(h)g−1 where△ is the symmetric difference,
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and deduces thatg . h is equivalent toN(gh) being the disjoint union ofN(g) and
N(h)g−1, and also toN(g) ∩N(h)g−1 being empty. From there, the relations (VI.3.16)
and (VI.3.17) easily follow.

Example 3.9(casen = 2). In the (trivial) casen = 2, the subgroupH is isomorphic

to (Z,+) as it identifies with the group of matrices

(
1 0
e 1

)
and the relationgH = hH

reduces to

(
a b
c d

)
∼
(
a+ eb b
c+ ed d

)
.

Then(GL(n,Z), H,6) is eligible for Proposition VI.3.15 (germ from lattice).

Definition 3.10 (braid monoid of Zn). For n > 2, we letB+(Zn) to be the monoid
generated by the germ defined in Proposition VI.3.15 from(GL(n,Z), H,6).

Proposition 3.11(braid monoid of Zn). For everyn, the monoidB+(Zn) is an Ore
monoid, it admits left-gcds and right-lcms, the element∆ is central, it is a Garside ele-
ment inB+(Zn), and its divisors make a lattice isomorphic toGL(n,Z)/H ; the invertible
elements ofB+(Zn) are the elements ofH .

Proof. Apply Proposition VI.3.15.

Of course, one can then define thebraid group ofZn to be the group of fractionsB(Zn)
of B+(Zn). Then the results of Chapters III and V apply toB(Zn) and, in particular, ev-
ery element ofB(Zn) admits a∆-normal decomposition that is unique up to deformation
by elements ofH .

4 Cell decompositions of a punctured disk

We now give an introduction to another geometric construction developed by D. Krammer
in [161] that consists in defining a category equipped with a distinguished Garside map∆
for every finite sequence of integers larger than1. In every case, the familyDiv(∆)
is finite and it is a lattice. In the case of a lengthn sequence(2, ... , 2), the category
is the braid monoidB+

n and∆ coincides with the standard Garside element∆n of B+
n

(Reference Structure 2, page 5), whereas, in the case of a length n sequence(3, ... , 3),
the category is closely connected with the Tamari lattice onthe set of vertices of thenth
associahedron, and, in the case of a sequence with several entries, the category has more
than one object.
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4.1 Braid groups as mapping class groups

Hereafter it will be convenient to look at the braid groupBn (Reference Structure 2,
page 5) in one more different way, namely as amapping class groupof a punctured disk,
and we begin with a brief description of this viewpoint, which consists in looking at braids
from one end rather than from the side.

Definition 4.1 (mapping class group). If Σ is an oriented compact surface, possibly
with boundary∂Σ, andP is a finite set of interior points ofΣ, themapping class group
MCG(Σ,P ) of Σ relative toP is the group of all isotopy classes of orientation-preserving
self-homeomorphisms ofΣ that fix∂Σ pointwise and preserveP globally.

So a homeomorphismφ from Σ to itself taking punctures to punctures represents an
element ofMCG(Σ,P ) whenever it acts as the identity on the boundary ofΣ. Note that
the punctures may be permuted byφ. Two homeomorphisms represent the same element
if and only if they are isotopic through a family of boundary-fixing homeomorphisms
which also fixP . Such homeomorphisms necessarily induce the same permutation of the
punctures. It can be noticed that, in Definition 4.1, the word“isotopic” can be replaced by
“homotopic”: by a theorem of Epstein [116], two homeomorphisms of a compact surface
are homotopic if and only if they are isotopic.

Mapping class groups, also known as modular groups, play a prominent role in the
study of the topology and geometry of surfaces, as well as in 3-dimensional topology.
They admit finite presentations, but establishing it requires deep arguments, see Hatcher–
Thurston [142] and Wajnryb [222].

From now on, we denote byD the unit disk of the real plane, identified for instance
with {z ∈ C | |z| 6 1}. The border ofD is denoted by∂D.

Proposition 4.2(braid group as mapping class group).If P is a set ofn elements, then
the mapping class groupMCG(D,P ) is isomorphic to the braid groupBn.

Proof (sketch).(See Figure 5; for a complete argument, see for instance [17].) Letβ be an
n-strand geometric braid, sitting in the cylinder[0, 1]×D, whosen strands are starting at
the puncture points of{0}×D and ending at the puncture points of{1}×D. Thenβ may
be considered to be the graph of the motion, as time goes from0 to 1, of n points moving
in the disk, starting and ending at the puncture points. Thismotion can be extended to a
continuous family of homeomorphisms of the disk, starting with the identity and fixed on
the boundary at all times: think of the cylinder as filled witha viscous fluid. The end map
of this isotopy is the corresponding homeomorphism fromD to itself that is well defined
up to isotopy, globally fixes the punctures, and pointwise fixes the boundary.

Conversely, assume thatφ is a homeomorphism ofD to itself that represents some
element of the mapping class group. By a trick of Alexander, every homeomorphism of
a disk that fixes the boundary is isotopic to the identity, through homeomorphisms fixing
the boundary. The corresponding braid is then the graph of the restriction of such an
isotopy to the puncture points.
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Figure 5. Viewing an n-strand geometric braid drawn in a cylinder as the motion (the dance) of n
points in a disk when time goes from 0 to 1: cut the cylinder using a mobile vertical plane and look at
the motion of the punctures.

In this description, if the punctures are enumeratedP1, ... , Pn, the braidσi corre-
sponds to the class of a homeomorphism that performs in a neighbourhood of{Pi, Pi+1}
a clockwise half-turn centered at the middle ofPiPi+1.

4.2 Cell decompositions

The notion of a triangulation of a polygon is standard: it is apartition of the polygon
into (disjoint) triangles. A triangulation of anN -gon involvesN − 2 triangles. Here
we shall consider similar decompositions involving piecesthat are not necessarily trian-
gles, but can be arbitrary polygons, including bigons—the viewpoint is topological, not
geometrical, and our polygons may have curved edges.

Definition 4.3 (decomposition type, cell decomposition).A decomposition typeis a
finite sequence of positive integers at least equal to2. For~ℓ = (ℓ1, ... , ℓn), acell decom-
positionof type~ℓ is a partition of anN -gonΠ into n polygonal cells with respectively
ℓ1, ... , ℓn edges, withN =

∑
i(ℓi − 2) + 2.

Two cell decompositions are isotopic if there exists a continuous deformation that
keeps the border of the polygon pointwise fixed and maps one decomposition to the other:
at the expense of considering that the vertices of the polygon lie on the circle∂D, the
isotopy class of a cell decomposition is its orbit under the action of the mapping class
groupMCG(D, ∅). So, for instance, there is only one isotopy type of cell decomposition
of type(2, ... , 2), 2 repeatedn times, corresponding to the action of orientation-preserving
self-homeomorphisms ofD on then − 1 edges that separate adjacent bigons, see Fig-
ure 6(i). A triangulation of anN -gon is a cell decomposition of type(3, ... , 3), 3 repeated
N − 2 times, and there are1

N+1

(
2N
N

)
(theN th Catalan number) isotopy classes of such

triangulations, see Figure 6(ii).
When (as in Figure 6) the base polygon is represented asN pointsQ1, ... , QN drawn

on ∂D, a cell decomposition of type~ℓ can be described as a collection ofn − 1 non-
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(i)

(ii)

(iii)

Figure 6. Cell decompositions of a polygon: (i) Three isotopic cell decompositions of type (2, 2, 2),
that is, three decomposition of a bigon (N = 2) into three bigons; (ii) The five isotopy classes of cell
decompositions of type (3, 3, 3), that is, the decompositions of a pentagon(N = 5) into three triangles;
(iii) The six isotopy classes of cell decompositions of type (2, 2, 3), that is, the decompositions of a
triangle (N = 3) into two bigons and one triangle.

crossing arcsγ1, ... , γn−1 in D̊ separating the adjacent cells of the decomposition; by
construction, the endpoints of these arcs belong to{Q1, ... , QN}.

4.3 The groupBℓℓℓ and the categoryBℓℓℓ

For each decomposition type~ℓ of integers larger than1, we shall now define a category
whose objects are (certain) isotopy classes of cell decompositions of type~ℓ. The elements
of the categories are (certain) elements of the mapping class groupMCG(D,P ) where
the cardinality ofP is the lengthn of ~ℓ—hence, by Proposition 4.2, they are (certain)
n strand braids.

Hereafter, “homeomorphism ofD” always means “orientation-preserving homeomor-
phism ofD that fixes the border∂D pointwise”. When there is no puncture, homeomor-
phisms act transitively on cell decompositions of a given type, and there is not much to
say. Things become interesting when punctures are posted ineach of then regions of a
cell decomposition.

From now on, then-strand braid groupBn is identified with the mapping class group
of ann-punctured disk, that is, with the family of isotopy classesof orientation-preserving
homeomorphisms ofD that fix the border∂D pointwise and leave the set of punctures
globally invariant. The family of punctures will always be written asP = (P1, ... , Pn).

Definition 4.4 (groupB~ℓ). For~ℓ a decomposition type of lengthn, we denote byB~ℓ the
subgroup ofBn consisting of those braids that map every puncturePi to a puncturePj
satisfyingℓj = ℓi.

If all entries in~ℓ are equal, the groupB~ℓ isBn, whereas, if the entries of~ℓ are pairwise
distinct,B~ℓ is the pure braid groupPBn, that is, the indexn! subgroup ofBn made by
the braids that leave the punctures pointwise fixed.
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Our aim is to let the groupB~ℓ act on cell decompositions of type~ℓ. To this end, we
shall restrict to cell decompositions that are compatible with the punctures in that every
cell contains one puncture exactly, with an additional requirement on the number of edges.

Definition 4.5 (admissible cell decomposition).(See Figure 7.) Forn > 1 andN > 2,
we denote byDn,N the diskD with N distinguished pointsQ1, ... , QN in ∂D andn dis-
tinguished pointsP1, ... , Pn in D̊. A type~ℓ cell decompositionc of Dn,N is calledad-
missibleif, for every i, the vertices of the cellci belong to{Q1, ... , QN} andc̊i contains
exactly one point of{P1, ... , Pn}, sayPf(i) and, moreover,ℓf(i) = ℓi holds. We write

CD~ℓ for the family of all admissible cell decompositions of type~ℓ.

admissible

P1 P2

admissible

P1

P2

admissible

P1 P2

admissible

P1

P2

not admissible

P1

P2

Figure 7.Admissible cell decomposition: on the left, two admissible cell decompositions of type (2, 2),
on the right, two admissible cell decompositions of type (2, 3), and one that is not admissible: each
region contains one puncture, but the region containing P1 is a triangle, whereas ℓ1 is 2, not 3.

The definition of the groupB~ℓ immediately implies:

Lemma 4.6. For every decomposition type~ℓ, every braid inB~ℓ maps every admissible

decomposition of type~ℓ to an admissible decomposition of type~ℓ.

Therefore we can put

Notation 4.7 (class[c], family [CD~ℓ]). Forc an admissible cell decomposition of type~ℓ,
we write [c] for theB~ℓ-class ofc. We write[CD~ℓ] for the family of all classes[c] with c

an admissible cell decomposition of type~ℓ.

Note that, asB~ℓ acts transitively on the punctures with a given label, we canalways
assume that the cells of a decomposition are enumerated so that the cellci contains the
puncturePi.

We are now ready to introduce the categoryB~ℓ that is our main subject of interest.
It consists of transformations on the family of (classes of)cell decompositions, properly
extending braids (viewed as homeomorphisms of the punctured disk) in the general case.
However, we shall not define the involved transformations starting from geometric trans-
formations of the disk, but rather start from a global definition of the expected category
and then show how its elements can be generated using convenient geometrically defined
transformations.
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Definition 4.8 (transformation τc1,c2 , categoryB~ℓ). (i) If c1, c2 are cell decompositions

of type~ℓ, thenτc1,c2 is the mapping from[c1] to [c2] that mapsβ(c1) to β(c2) for every
braidβ in B~ℓ.

(ii) We defineB~ℓ to be the category made of the transformationsτc1,c2 with c1, c2 cell

decompositions of type~ℓ, source, target, and composition being those of functions acting
on the right, that is,gh means “g thenh”.

Thus, by definition, the object family of the categoryB~ℓ is the family [CD~ℓ] of all

classes of admissible cell decompositions of type~ℓ. Before giving examples, we note a
few easy properties of the categoryB~ℓ that almost directly follow from the definition.

Lemma 4.9. (i) Assume thatc1, c2, c
′
2, c

′
3 are cell decompositions of type~ℓ, and the

B~ℓ-classes ofc2 andc′2 coincide. Then, inB~ℓ, we have

(4.10) τc1,c2 · τc′
2,c

′
3

= τc1,β(c′
3),

whereβ is the unique braid ofB~ℓ satisfyingβ(c′2) = c2

(ii) For everyx in [CD~ℓ], the groupB~ℓ(x, x) is isomorphic to the braid groupB~ℓ.

Proof. Assume that the target of[c1, c2] is the source of[c′2, c
′
3]. By definition, this means

that theB~ℓ-classes ofc2 andc′2 coincide, that is, there exists a braidβ in B~ℓ mappingc′2
to c2. Then(c2, β(c′3)) is another representative of[c′2, c

′
3], and the product of[c1, c2]

and[c′2, c
′
3] is the well-defined class of(c1, β(c′

3)).
Assume thatx belongs toCD~ℓ. Choose a cell decompositionc∗ with B~ℓ-classx.

DefineΦc∗
: B~ℓ → B~ℓ(x, x) by Φc∗

(β) = τc∗,β(c∗). First, by definition,β(c∗) lies in
the classx, soΦc∗

(β) does belong toB~ℓ(x, x). Next,B~ℓ acts transitively on its classes,
so every decompositionc whose class isx is the image ofc∗ under some braid. SoΦc∗

is surjective. On the other hand,Φc∗
(β) = Φc∗

(β′) means that there exists a braidβ0

satisfyingc∗ = β0(c∗) andβ(c∗) = β0(β
′(c∗)). The groupB~ℓ acts freely on its classes,

so the first equality impliesβ0 = 1, whenceβ′ = β, soΦc∗
is injective. Finally, we have

Φc∗
(β1)Φc∗

(β2) = τc∗,β1(c∗)τc∗,β2(c∗)

= τc∗,β1(c∗)τβ1(c∗),β1(β2(c∗)) = τc∗,β1(β2(c∗)) = Φc∗
(β1β2),

soΦc∗
is a homomorphism, hence an isomorphism.

Note that, viewed as a set of pairs, the transformationτc1,c2 is the family of all pairs
(β(c1), β(c2)) with β in B~ℓ, hence it is simply theB~ℓ-class of(c1, c2) when the action
of B~ℓ is extended fromCD~ℓ to CD~ℓ × CD~ℓ componentwise and, therefore, it could be de-
noted by[c1, c2]. However, owing to the case of braids or to that of flips below,it seems
more intuitive to view this class as a transformation onCD~ℓ. Speaking of braids, it should
be noted that the isomorphismΦc∗

is by no means canonical because the geometric ac-
tion of braids on cell decompositions isnot invariant underB~ℓ-equivalence: for instance,
in Figure 8 below, the braidσ2 maps the top left decompositionc1 to the top right de-
compositionc2, but theσ1-image ofc1 is mapped to theσ1-image ofc2 by σ−1

1 σ2σ1, not
by σ2.
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Example 4.11(categoryB~ℓ). Write 2[n] for (2, ... , 2) with 2 repeatedn times. Then
we haveN = 2 and, as seen in Figure 6(i), there is only one class of (admissible) cell
decompositions, namely a sequence ofn adjacent bigonsc1, ... , cn each containing one
puncture. So[CD2[n] ] has only one element, and the categoryB2[n] identifies with the
braid groupBn. So, in this case,B~ℓ contains only braids.

By contrast, for all other decomposition types~ℓ, there is more than one element inCD~ℓ,
hence more than one object in the categoryB~ℓ, giving rise to elements that are not braids.
For instance,CD(2,3) has three elements, and the (classes of the) following pairsof cell de-
compositions are typical elements ofB(2,3) that are not braids, since they can be realized
by no homeomorphism of the diskD pointwise preserving the border∂D:

ǫ1 ǫ2 ǫ3

Note that the productǫ1ǫ2ǫ3 is the identity-element1x, wherex is the class of the left
decomposition.

4.4 Flips

We will now identify a family of generators in the categoryB~ℓ. To this end, we introduce
a (mild) generalization of the notion of aflip, which is standard for triangulations.

Definition 4.12(flip). (See Figure 8). Assume thatc is an admissible cell decomposition
in which the cells containingPi andPj are adjacent, that is, they are separated by an arcγ
not reduced to a point. Then we denote byfi,j(c) the (admissible) cell decomposition
obtained fromc by rotatingγ by one step, this meaning that each endpoint ofγ is moved
in the positive direction to the next endpointQk of the regionci ∪ cj , the rest ofγ being
continuously deformed so as to avoid the (two) punctures of the region.

Lemma 4.13. Assumefi,j(c) is defined and[c′] = [c] holds. Then there exist a unique
pair {i′, j′} such thatfi′,j′(c′) is defined, and[fi′,j′ (c′)] = [fi,j(c)] then holds.

Proof. By definition, a braidβ (viewed as a self-homeomorphism of the disk) maps ad-
jacent cells to adjacent cells. By assumption, the endpointsQk are fixed underβ, andβ
preserves the orientation, hence applyingβ and flipping commute. The numbersi′ andj′

are the images ofi andj underβ.

Remark 4.14. Except for decomposition types with pairwise distinct entries, there is no
canonical indexation of flips: according to Lemma 4.13, whatmakes sense is aB~ℓ-class
to be the image of another one undersomeflip, but not under a flip involving specific cells
(or punctures), see Figure 9.
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γ γ γ

ci cj ci

cj

ci

cj

Figure 8. Flipping the arc that separates two adjacent cells ci and cj : one moves each endpoint
to the next one in the polygon ci ∪ cj , skirting around the punctures, obtaining the new dotted arc;
note that the number of edges around each puncture does not change, so the image of an admissible
decomposition is an admissible decomposition.

1 2 3 f2,3 1

2

3

σ1 σ1

1

2 3 f1,3

1 2

3

Figure 9.Flip vs. isotopy: the top pair is obtained with flipping the thick arc separating 2 and 3 in the
left cell decomposition of type (2, 2); when an eligible isotopy is applied, here the braid σ1, we still
obtain a pair of decompositions in which the right decomposition is obtained by flipping the thick arc
in the left decomposition, but now this corresponds to flipping the arc separating 1 and 3.

Definition 4.15 (flip, category B+

~ℓ
). An elementτc1,c2 of B~ℓ is called aflip if we have

c2 = fi,j(c1) for somei, j. The subcategory ofB~ℓ generated by all flips is denoted byB+

~ℓ
.

Example 4.16(flip). Let us consider the decomposition types of Example 4.11 again. In
the case of type2n, the following picture shows that flipping the arc that separates the
puncturesPi andPi+1 amounts to applying the braidσi:

Pi Pi+1 fi,i+1

σi

Thus every braidσi is a flip and, therefore, when a base decompositionc is fixed, the
subcategoryB+

2(n) is the image of the submonoid ofB+
n under the isomorphismΦc∗

.
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Consider now the type(2, 3). Each cell decomposition has only one interior arc, so it
is eligible for one flip. Starting as in Example 4.11, we find now:

f1,2 f ′
1,2 f ′′

1,2

Here the product of three successive flips (which are distinct since their sources are) is
the braidσ2

1 . We deduce that the submonoidB+

(2,3)(x, x) is an isomorphic image of the

submonoidB+

(2,3) of B(2,3) generated byσ2
1 . Observe that the braidσ1 does not appear

here—but, as noticed in Figure 7, this braid doesnot correspond to a pair of admissible
cell decompositions.

Here comes the first result.

Proposition 4.17(presentation). Let~ℓ be a decomposition type. WriteF~ℓ for the family

of all flips of type~ℓ. Then the groupoidB~ℓ admits the presentation〈F~ℓ |R~ℓ〉, whereR~ℓ is
the family of all relations displayed in Figure 10

family I

bc bc bc bc

bc bc bc bc

bc bc bc bc

bc bc bc bc

bc bc bc bc

bc bc bc bc

bc bc bc bc

bc bc bc bc

family III

bcbc

bc

bc bc

bc

bcbc

bc

bc bc

bc

bcbc

bc

bc bc

bc

bcbc

bc

bc bc

bc

bcbc

bc

bc bc

bc

family II

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

bc

bc bc

bc

family IV

bcbc

bc bc

bcbc

bc bc

bcbc

bc bc

bcbc

bc bc

bcbc

bc bc

bcbc

bc bc

Figure 10.Four generic families of relations connecting flips: in this schematic representation, thick
arcs represent portions of ∂D that may contain any number of points Qk.

Proof (sketch).It is easy to check that the relations ofR~ℓ are valid inB~ℓ. In the other
direction, as we know that the groupsB~ℓ(x, x) are braid groups and that the latter admit



644 XIV More examples

the usual presentation in terms of the braidsσi (or σ2
i and its conjugates) and the braid

relations of (I.1.5), the main point is to prove thatσi can be recovered from flips and
that the braid relations follow from the relations ofR~ℓ. An example is displayed in
Figure 11 for the case of the decomposition type(3, 3, 3), that is, the triangulations of
a pentagon.

Φc∗
(σ1) Φc∗

(σ2)

Φc∗
(σ1)Φc∗

(σ2)

Φc∗
(σ1) Φc∗

(σ2)
Figure 11.Derivation of the braid relation σ1σ2σ1 = σ2σ1σ2 from six family III flip relations; here the
punctures are omitted, so what remains is just the B~ℓ

-class of the decompositions; do not forget that
braids occur under their Φc∗ -image.

One easily checks that all relations ofR~ℓ are positive, that is, involve only positively
oriented flips. So these relations take place in the categoryB+

~ℓ
, and, according to a scheme

that is usual here, we can wonder whether they make a presentation. As in the case of
braids, the method of Chapter II proves to be relevant.

Lemma 4.18. The presentation(F~ℓ,R~ℓ) is right-complemented, Noetherian, and the
cube condition is satisfied for every triple of flips.

As can be expected, the verification is elementary, but gathering the cases into a
not too large family requires combinatorially intricate definitions. Applying Proposi-
tion II.4.16 (right-complemented)and its symmetric counterpart (the presentation(F~ℓ,R~ℓ)
is symmetric), we deduce

Proposition 4.19(left-Ore category). For every decomposition type~ℓ, the categoryB+

~ℓ
admits the presentation〈F~ℓ |R~ℓ〉+and the groupoidB~ℓ is its groupoid of fractions.

At this point, we retrieved for every decomposition type thesituation that prevails
for the braid groupBn and the braid monoidB+

n , which, we recall, correspond to the
particular type(2, ... , 2), n times2.

4.5 A bounded Garside family

The obvious task now is now to define a (bounded) Garside family in the categoryB+

~ℓ
that would coincide with the usual divisors of the fundamental braid∆n in the case of
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the monoidB+
n , that is, in for type(2, ... , 2). This can be done by explicitly defining a

family S~ℓ of simple elements inB+

~ℓ
using a geometric construction reminiscent of what is

known as the Kreweras complement in the language of non-crossing partitions.

Definition 4.20 (simple element, familyS~ℓ). (See Figures 12 and 13.) For~ℓ a decom-
position type, we say that a transformationτc1,c2 is simpleif there exists an isotopyφ
of D leaving∂D andP pointwise invariant and0 < θ < 2π/N such that every arc
in rotθ(φ(c1)) intersects every arc ofc2 at most once. The family of all simple elements
in B~ℓ is denoted byS~ℓ.

Of courserotθ stands for the angleθ rotation centered at the center ofD. So the
criterion is that a copy ofc1 slightly rotated counterclockwise can be deformed so that
each arc of the copy intersects each arc ofc2 at most once.

not simple

f ′′
1,2

simple

f1,2

simple

f ′
1,2

not simple

Figure 12.Simple elements in B(2,3): only two elements, the identity and the flip, are simple, whereas
the inverse of a flip and the product of two flips are not simple.

c∗

Φc∗
(σ1)

f1,2
f2,3

Φc∗
(σ2)

f1,3

Φc∗
(σ2)

f1,3

Φc∗
(σ1)

f2,3

Φc∗
(σ1)

f1,2

Φc∗
(σ2)

Figure 13.Simple elements in B(2,2,2): we retrieve the expected six divisors of ∆3 in B+
3 . Note that

the action of Φc∗(σi) need not be that of the braid σi.

Proposition 4.21(Garside family). For every decomposition type~ℓ, the familyS~ℓ is a
bounded Garside family in the categoryB+

~ℓ
.
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Proof (sketch).The key point is the closure ofS~ℓ under right-lcm. AsS~ℓ contains all flips
and is closed under right-divisors, this implies thatS~ℓ is a Garside family. The existence
of a bound then stems from the fact thatS~ℓ has to be finite. Note that, starting with a cell
decompositionc, an image ofc lies inS~ℓ if it is compatible withc in the sense that, up to
a deformation, all triangles inc and in its image intersect in three points, in the obvious
sense. Of course, the image ofc under∆ is then the largest compatible image.

We shall not into details here, but just give, in addition to the types(2, 3) and(2, 2, 2)
addressed in Figures 12 and 13, two other examples in Figures14 and 15, respectively
involving the “non-classical” type(2, 2, 3) and the triangulation type(3, 3, 3). We refer
to the original article [161] for a more complete insight.

c∗
f1,2

f2,3

f1,3
f2,3

f1,3

φ∆(c∗)

∆(c∗)

Figure 14.Simple elements in B(2,2,3) and the associated value of the Garside map. In this case, the
category has three objects, and it is not a monoid. We see on the diagram that φ∆ has order 3.

c∗
f2,3

f1,3

f1,2

f1,2

f2,3

φ∆(c∗)

∆(c∗)

Figure 15.Simple elements of B(3,3,3) starting from a cell decomposition c and the associated value
of the Garside map. Here, the category has five objects, corresponding to the five triangulations of a
pentagon, and φ∆ has order 5. The lattice so obtained is the MacLane–Stasheff pentagon which is
the skeleton of the associahedron K3.
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Exercise

Exercise 130(RC-systems). (i) Assume that(B,∨,∧, ∗) is a Boolean algebra. Show
that the operation⋆ defined bys ⋆ t = (s ∨ t) ∧ s∗ obeys the RC-law. (ii) Assume thatV
is a Euclidean vector space. Show that the operation⋆ defined byE ⋆F = (F +F )∩E⊥

for E,F subspaces ofV obeys the RC-law. (iii) Assume that(S, ∗) is an LD-system
(Subsection XI.2.1) and< is a linear ordering onS with the property thatr < s < t
impliesr < s ∗ t andr ∗ s < r ∗ t. Show that definingr ⋆ s to ber ∗ s for r < s, to beǫ
for r = s, and to bes for r > s defines an operation onS ∪ {ǫ} that obeys the RC-law.

Notes

Divided and decompositions categories

As already mentioned, the construction of divided categories and their application to the
study of periodic elements appears in Bessis [8]. Our current exposition is more alge-
braic than the original topological approach of [8], which in particular allows for more
explicit versions. Factorizations analogous to the current categoryCn(id) appear in Kram-
mer [160], see Section 3. The fact that such decompositions could lead to Garside maps
was suggested by D. Bessis following a discussion with threeof the authors of this book
(FD, DK, JM).

Weak RC-systems

The results of Subsection 2 seem to be new. They are mild extensions of the results in
Chapter XIII, and their main interest is to show that the restriction to RC-quasigroup is by
no means necessary to obtain a Garside structure on the associated monoid or category.
There exists an obvious connection between the RC-law and theθ-cube condition of Sec-
tion II.4: what the sharpθ-cube condition says is that the partial binary operation defined
by θ satisfies the (weak) RC-law. It is therefore not surprising that a connection exists
with the Garside approach and the current developments are just another variation on the
basic principle that the cube condition is what is needed to make grid diagrams useful.

The situation with RC-systems, that is, structures involving a binary relation obeying
the right-cyclic law(xy)(xz) = (yx)(yz)—which could also be called thecube law—is
similar to the situation with LD-systems, which are structures involving a binary rela-
tion obeying the left-selfdistributive lawx(yz) = (xy)(xz): some families satisfying
restrictive additional conditions received some attention, but the most general structures
(typically free ones) are much less understood, yet potentially richer. In the case of LD-
systems, quandles, which are very special LD-systems, are easily usable in topology and
therefore received much attention, whereas other examples, like the Laver tables of [76,
Chapter X], might prove even richer. Similarly, as already mentioned, in the case of RC-
systems, RC-quasigroups (aliasright-cyclic sets, and the related braces and radical rings),
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because of their connection with set-theoretic solutions of the Yang–Baxter equation, re-
ceived much attention, see for instance Rump [200, 199] or Cedó–Jespers–Okniński [52].
However, here again, examples of a different kind might enjoy interesting properties. In
particular, let us raise

Question 39. In the context of Exercise 130, are the conditions of (iii) satisfiable (that
is, does there exist a linear ordering with the expected properties) whenS is a free group
and∗ is the conjugacy operations ∗ t = s−1ts? Can one retrieve in this way the Garside
structure connected with the Hurwitz action on a free group described in Example I.2.8?
Same question whenS is the infinite braid groupB∞ and∗ is the shifted conjugacy
operations ∗ t = s sh(t)σ1 sh(s−1).

Let us mention the recent reference [201] by W. Rump in which further connections
between Garside structures, lattice groups, and various algebraic laws reminiscent of the
RC-law are explored.

The braid group of Zn

The braid group ofZn was introduced and investigated by D. Krammer in [160], as a
sort of baby-example in the direction of a Garside structureon general mapping class
groups. The current exposition follows that of [160] with only minor differences. The
monoidB+(Zn) and the groupB(Zn) are very large and they remain incompletely un-
derstood. For instance, no explicit presentation (except the one directly stemming from
the germ of Subsection 3.3 is known so far. In [160], it is shown that a presentation
of B(Zn) can be obtained from a presentation ofB(Z3), but no explicit presentation is
known in the casen = 3. Note that the braid group ofZn extends the classical braid
groupBn as one obtains an embedding ofBn intoB(Zn) by representing simple braids
with permutation matrices. However, this embedding doesnot preserve the lattice struc-
tures: the right-lcm of the (images of) two permutation matrices need not be (the image
of) a permutation matrix inB(Zn).

Cell decompositions

Cell decompositions were investigated by D. Krammer in [161]. They can be seen as a
geometric solution for forcing the existence of roots in braid groups, and are somehow
reminiscent of the divided categories of Section 1. The Garside structure described in
Proposition 4.21 provides in particular for every cell decompositionc of type~ℓ a lattice
structure whose minimal element isc. In the particular case of triangulations, that is,
for types of the form(3, ... , 3), this means for every initial triangulationc on ann-gon a
lattice structure on the family of all triangulations of then-gon whose smallest element
is c (see Figure 15). Whenc is a fan, meaning that there exists a vertex that belongs to all
triangles, the lattice so obtained turns out to be the(n−2)d Tamari lattice [216], a central
object in finite combinatorics that admits a number of simplecharacterizations, in partic-
ular in connection with the MacLane–Stasheff associahedronKn−2, and with the action
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of R. Thompson’s groupF on sizen− 1 dyadic decompositions of the interval[0, 1], see
for instance [182].

Question 40. Does there exist, for every triangulationc of a polygonΠ, a simple com-
binatorial description for the (unique) lattice on the triangulations ofΠ, as provided by
Proposition 4.21, that admitsc as its smallest element?

Raised in [161], the question seems to have received no answer so far.



Appendix

Here we gather the missing proofs of some results of Chapter II. The involved results are
Ore’s theorem (Proposition II.3.11) and Proposition II.3.18 in Section II.3 and, mainly,
the technical results of Section II.4 about reversing, in particular the completeness criteria
of Proposition II.4.51.

1 Groupoids of fractions

Ore’s theorem

The context is: we start with a categoryC and look for conditions guaranteeing thatC
embeds in its enveloping groupoid and the latter is a groupoid of left-fractions ofC, that
is, every element of the groupoid can be expressed as a left-fraction whose numerator and
denominator belong toC. Ore’s theorem provides a necessary and sufficient condition
involving cancellativity and existence of common multiples inC.

Proposition II.3.11 (Ore’s theorem).— For every categoryC, the following are equiva-
lent:

(i) There exists an injective functorι from C to Env(C) and every element ofEnv(C)
has the formι(f)−1 ι(g) for somef, g in C.

(ii) The categoryC is a left-Ore category.
When the above conditions are met, every element ofEnv(C) is represented by a negative–
positive pathf |g with f, g in C, and two such pathsf |g, f ′|g′ represent the same element
of Env(C) if and only if they satisfy the relation

(II.3.12) ∃h, h′ ∈ C (hf ′ = h′f and hg′ = h′g),

hereafter denoted by(f, g) ⊲⊳ (f ′, g′). Moreover, every presentation ofC as a category is
a presentation ofEnv(C) as a groupoid.

f

f ′

h

h′ g

g′

Figure 1.The relation ⊲⊳: two commutative diagrams; note that (f, g) ⊲⊳ (f ′, g′) implies that f and g
share the same source, and so do f ′ and g′.

The proof of Ore’s theorem is not difficult provided one starts with the correct defini-
tion of the relation⊲⊳, see Figure 1. We split the construction into a series of claims. We
begin with necessary conditions, that is, with the proof that (i) implies (ii). For further
use, we state a result that involves an arbitrary groupoid rather than necessarilyEnv(C).
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Claim 1. Assume thatφ is an injective functor from a categoryC into a groupoidG
and every element ofG belongs toφ(C)−1 φ(C). ThenC is a left-Ore category, every
element ofG is represented by a negative–positive pathf |g, and two such pathsf |g,
f ′|g′ represent the same element ofG if and only if(f, g) ⊲⊳ (f ′, g′) holds.

Proof. First, Lemma II.3.8 implies thatC must be cancellative. Next, assume thatf, g are
elements ofC with the same target. Thenφ(f) andφ(g) are elements ofG with the same
target. Therefore,φ(g)φ(f)−1 exists inG. By assumption, there existf ′, g′ in C such
that, inG, we haveφ(g)φ(f)−1 = φ(f ′)−1φ(g′). We deduce

φ(f ′g) = φ(f ′)φ(g) = φ(g′)φ(f) = φ(g′f),

whencef ′g = g′f sinceφ is injective. Sof andg admit a common left-multiple inC.
Next, forf, g in C, an element ofG equalsφ(f)−1φ(g) if and only if it is the equiv-

alence class of the signed pathf |g, so, by assumption, every element ofG is represented
by such a path.

Assumeφ(f)−1φ(g) = φ(f ′)−1φ(g′) in G. Letx be the target off , hence the source
of φ(f)−1. The above equality implies thatx is also the source ofφ(f ′)−1, hence it is the
target off ′. As C is a left-Ore category, andf, f ′ share the same target, there existh, h′

in C satisfyinghf ′ = h′f . As φ is a functor, this impliesφ(h)φ(f ′) = φ(h′)φ(f) in G,
whence

(1.1) φ(f ′)φ(f)−1 = φ(h)−1φ(h′).

Now the assumptionφ(f)−1φ(g) = φ(f ′)−1φ(g′) impliesφ(f ′)φ(f)−1 = φ(g′)φ(g)−1.
Merging with (1.1), we deduceφ(g′)φ(g)−1 = φ(h)−1φ(h′), which implies

φ(hg′) = φ(h)φ(g′) = φ(h′)φ(g) = φ(h′g),

andhg′ = h′g asφ is injective. So(h, h′) witnesses for(f, g) ⊲⊳ (f ′, g′).
Conversely, assume(f, g) ⊲⊳ (f ′, g′), sayhf ′ = h′f andhg′ = h′g. Asφ is a functor,

we deduceφ(h)φ(f ′) = φ(h′)φ(f) andφ(hg′) = φ(h)φ(g′) = φ(h′)φ(g) = φ(h′g)
in G, whenceφ(f)−1φ(g) = φ(f ′)−1φ(g′) using the computation rules of a groupoid.

Applying Claim 1 to the groupoidEnv(C) and to the functorι shows that (i) im-
plies (ii) in Proposition II.3.11. It remains to show that (ii) implies (i). From now on,
we assume thatC is a left-Ore category. We shall construct a groupoid of fractions [E]
into which C embeds, and then show that[E] has the universal property that character-
izesEnv(C). To this end, we investigate the relation⊲⊳ more closely. We put

E = {(f, g) ∈ C × C | f andg share the same source}.

Claim 2. For (f, g), (f ′, g′) in E, the relation(f, g) ⊲⊳ (f ′, g′) holds if and only if the
targets off andf ′ coincide, so do those ofg andg′, and we have

(1.2) ∀h, h′ (hf ′ = h′f ⇔ hg′ = h′g).
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k

k̂
h′

h0

ĥ′

ĥ

f

f ′

g

g′

Figure 2.Proof of Claim 2

Proof. Assume(f, g) ⊲⊳ (f ′, g′). By definition, there exist two elements, sayh andh′,
satisfyinghf ′ = h′f andhg′ = h′g, see Figure 2. The first equality implies that the
targets off andf ′ coincide, and the second equality implies that the targets of g andg′

coincide. Assume now that̂h and ĥ′ are any elements satisfyinĝhf ′ = ĥ′f . By con-
struction, the targets of̂h andh both coincide with the source off ′, so there existk, k̂
satisfyingk̂h = kĥ. Then we find̂kh′f = k̂hf ′ = kĥf ′ = kĥ′f , hencêkh′ = kĥ′ by
right-cancellingf . But then we obtainkĥ′g = kĥ′g = kĥg′ = kĥg′, hencêh′g = ĥg′.
So (1.2) holds.

Conversely, assume that the targets off andf ′ coincide and (1.2) holds. The assump-
tion about the targets off andf ′ implies the existence of̂h, ĥ′ satisfyingĥf ′ = ĥ′f .
Then (1.2) implieŝhg′ = ĥ′g and, therefore, we have(f, g) ⊲⊳ (f ′, g′).

Claim 3. The relation⊲⊳ is an equivalence relation.

Proof. Reflexivity and symmetry are obvious, so the problem is to show that⊲⊳ is tran-
sitive. So assume(f, g) ⊲⊳ (f ′, g′) ⊲⊳ (f ′′, g′′). Thenf, f ′, f ′′ share the same target.
An obvious induction on the cardinal of the family shows thateach finite family of el-
ements ofC sharing the same target admits a common left-multiple. Hence there exist
h, h′, h′′ satisfyinghf ′′ = h′f ′ = h′′f . By Claim 2, the first equality implieshg′′ = h′g′

since(f ′, g′) ⊲⊳ (f ′′, g′′) is true. Similarly, the second equality impliesh′g′ = h′′g since
(f, g) ⊲⊳ (f ′, g′) is true. We deducehg′′ = h′′g, whence(f, g) ⊲⊳ (f ′′, g′′).

For (f, g) in E, we denote by[f, g] the⊲⊳-class of(f, g) and, forx, y in Obj(C), put

[E](x, y) = {[f, g] | f has targetx andg has targety}.

So [E](x, y) consists of the equivalence classes of pairs(f, g) such thatf andg share
the same source and their targets arex and y, respectively. We shall now define a
category[E] whose objects are those ofC and such that the family of elements with
sourcex and targety is precisely[E](x, y). The question is to define a composition
map from[E](x, y)× [E](y, z) to [E](x, z). There is only one possible definition. Indeed,
assume that[f1, g1] and [f2, g2] are two classes such that the targets ofg1 andf2 coin-
cide. Then there existh1, h2 satisfyingh1g1 = h2f2 (see the figure below) and, in the
groupoidEnv(C), we must have

ι(f1)
−1ι(g1)ι(f2)

−1ι(g2) = ι(f1)
−1ι(h1)

−1ι(h1)ι(g1)ι(f2)
−1ι(h2)

−1ι(h2)ι(g2)

= ι(h1f1)
−1ι(h1g1)ι(h2f2)

−1ι(h2g2) = ι(h1f1)
−1ι(h2g2).

Thus, if ι is injective, the product of[f1, g1] and[f2, g2] must be[h1f1, h2g2] where
h1, h2 satisfyh1g1 = h2f2.
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So, we are led to define, for(f1, g1) and(f2, g2) in E such
that the targets ofg1 andf2 coincide,

(f1, g1) ∗ (f2, g2) = [h1f1, h2g2]

for h1, h2 satisfyingh1g1 = h2f2, with the hope that the
operation∗ is well defined and induces the desired com-
position map. This is what happens.

f1

g1

f2

g2

h1

h2

Claim 4. The operation∗ is well defined, that is, the result does not depend on the choice
of h1 andh2, and it is compatible with⊲⊳, that is, the value of(f1, g1) ∗ (f2, g2) only
depends on the⊲⊳-classes of(f1, g1) and(f2, g2).

Proof. Assumeh1g1 = h2f2 andh′1g1 = h′2f2. Thenh1 andh′1 share the same target,
namely the common source off1 and g1, so there existk, k′ satisfyingkh′1 = k′h1.
Applying the assumptions, we find

kh′2f2 = kh′1g1 = k′h1g1 = k′h2f2,

whencekh′2 = k′h2 by right-cancellingf2. So we havek(h′1f1) = k′(h1f1) on the
one hand and, on the other hand,k(h′2g2) = k′(h2g2). Hence(k, k′) witnesses that
(h1f1, h2g2) is ⊲⊳-equivalent to(h′1f1, h

′
2g2).

Assume now(f1, g1) ⊲⊳ (f ′
1, g

′
1) and(f2, g2) ⊲⊳ (f ′

2, g
′
2). By assumption, the four

elementsf2, f ′
2, g1, g

′
1 share the same target. Hence they admit a common left-multiple,

that is, there existh1, h
′
1, h2, h

′
2 satisfyingh1g1 = h′1g

′
1 = h2f2 = h′2f

′
2. By Claim 2, as

we have(f1, g1) ⊲⊳ (f ′
1, g

′
1), the first equality impliesh1f1 = h′1f

′
1. Similarly, as we have

(f2, g2) ⊲⊳ (f ′
2, g

′
2), the last equality impliesh2g2 = h′2g

′
2. So we have(h1f1, h2g2) =

(h′1f
′
1, h

′
2g

′
2) whence, a fortiori,(h1f1, h2g2) ⊲⊳ (h′1f

′
1, h

′
2g

′
2).

So, for all objectsx, y, z, we obtain a well defined map∗ from [E](x, y) × [E](y, z)
to [E](x, z) by defining[f1, g1] ∗ [f2, g2] to be[h1f1, h2g2] whereh1, h2 satisfyh1g1 =
h2f2. It remains to see that this map satisfies the axioms of the composition in a category.

Claim 5. The map∗ is associative and, for each class[f, g] in [E](x, y), we have[1x, 1x]∗
[f, g] = [f, g] ∗ [1y, 1y] = [f, g].

f1
g1

f2

g2

f3
g3

h1

h2

h′2

h′3

h′

h

Figure 3.Associativity of composition
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Proof. (See Figure 3.) Assume that(f1, g1) ∗ (f2, g2) and(f2, g2) ∗ (f3, g3) are defined.
Chooseh1, h2 satisfyingh1g1 = h2f2, thenh′2, h

′
3 satisfyingh′2g2 = h′3f3, and, finally,

h, h′ satisfyinghh′2 = h′h2. Then, by construction, we have

[f1, g1] ∗ ([f2, g2] ∗ [f3, g3]) = [f1, g1] ∗ [h′2f2, h
′
3g3] = [(h′h1)f1, h(h

′
3g3)],

([f1, g1] ∗ [f2, g2]) ∗ [f3, g3] = [h1f1, h2g2] ∗ [f3, g3] = [h′(h1f1), (hh
′
3)g3],

and the associativity of composition inC gives the equality.
Assume now that[f, g] belongs to[E](x, y). Then, callingz the common source off

andg, we have1zf = f1x, whence[1x, 1x] ∗ [f, g] = [f1x, 1zg] = [f, g], and, similarly,
1zg = g1y, whence[f, g] ∗ [1y, 1y] = [1zf, g1y] = [f, g].

We can then define the category[E]. Its objects are those ofC, the family of elements
with sourcex and targety is defined to be[E](x, y) and composition is defined to be∗.
Finally, the identity functor atx is defined to be[1x, 1x]. Then Claim 5 states that[E]
satisfies the axioms of categories.

Claim 6. The category[E] is a groupoid. The mapφ which is the identity onObj(C)
and is defined byφ(f) = [1x, f ] for f in C(x, y) is an injective functor fromC to [E].
Moreover,[E] is a groupoid of left fractions forC.

Proof. Assume that[f, g] belongs to[E](x, y). Let z be the common source off andg.
Then we have1zg = 1zg, whence

[f, g] ∗ [g, f ] = [1zf, 1zf ] = [1x, 1x].

Exchangingf andg gives[g, f ] ∗ [f, g] = [1y, 1y]. Hence, every element of[E] has an
inverse, and[E] is a groupoid.

As for φ, first, (1x, f) belongs toE since1x andf share the same source, so[1x, f ]
is defined. Assume[1x, f ] = [1x, f

′]. By definition, this means that(1x, f) ⊲⊳ (1x, f
′) is

true, hence that there existh, h′ satisfyingh1x = h′1x andhf ′ = h′f . The first equality
impliesh = h′, and then the second one impliesf = f ′ sinceC is left-cancellative. Soφ
is injective.

Next, assumef ∈ C(x, y) andg ∈ C(y, z). Then we have1xf = f1y, whence

[1x, f ] ∗ [1y, g] = [1x1x, fg] = [1x, fg],

that is,φ(f) ∗ φ(g) = φ(fg), andφ is a functor.
Finally, assume[f, g] ∈ [E](x, y). Forz the common source off andg, we find

φ(f)−1 ∗ φ(g) = [1z, f ]−1 ∗ [1z, g] = [f, 1z] ∗ [1z, g] = [f, g],

so every element of[E] is a left fraction with respect to the image ofC underφ.

It remains to prove that[E] is (isomorphic to) the enveloping groupoidEnv(C).

Claim 7. The groupoid[E] admits the presentation(II.3.4).
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Proof. By construction,[E] is generated (as a groupoid) byφ(C). Next, the (image un-
derφ of the) relations ofRel(C) are satisfied in[E] sinceφ is a functor: every equality
h = fg in C impliesφ(h) = φ(f)φ(g) in [E]. Finally, the (image underφ of the) relations
of Free(C) are satisfied in[E] since[E] is a groupoid. So[E] is a homomorphic image
of Env(C) (as is obvious from the universal property of the latter).

So the point is to prove that any relation satisfied in[E] follows from the relations
of (II.3.4). As every element of[E] is a fraction of the formφ(f)−1φ(g), hence is rep-
resented in terms of the generating familyφ(C) by a path of the formφ(f)|φ(g), it is
sufficient to show that, if two such paths represent the same element of[E], then they
are equivalent with respect to the relations of (II.3.4). Soassume thatφ(f)|φ(g) and
φ(f ′)|φ(g′) represent the same element of[E]. Applying Claim 1 to[E] andφ, we know
that (f, g) ⊲⊳ (f ′, g′) holds, that is, there existh, h′ in C satisfyinghf ′ = h′f and
hg′ = h′g. Then we find

φ(f)|φ(g) ≡±

C
φ(f)|φ(h′)|φ(h′)|φ(g) ≡±

C
φ(h′f)|φ(h′g)

= φ(hf ′)|φ(hg′) ≡±

C
φ(f ′)|φ(h)|φ(h)|φ(g′) ≡±

C
φ(f ′)|φ(g′). �

This completes the proof of Ore’s theorem (Proposition II.3.11).

Ore subcategories

Proposition II.3.18 (left-Ore subcategory).— Assume thatC1 is a left-Ore subcategory
of a left-Ore categoryC.

(i) The inclusion ofC1 in C extends into an embedding ofEnv(C1) into Env(C).
(ii) The relationC1 = Env(C1)∩C holds if and only ifC1 is closed under right-quotient

in C.

Proof. (i) We recall from the proof of Proposition II.3.11 (Ore’s theorem) thatEnv(C)
consists of the equivalence classes of pairs(f, g) of elements ofC with the same source
under the relation⊲⊳ such that(f, g) ⊲⊳ (f ′, g′) holds if and only if there existh, h′

satisfyinghf ′ = h′f andhg′ = h′g. In the current context, two equivalence relations
arise for pairs of elements ofC1, namely one forEnv(C) whereh andh′ are supposed to lie
in C, that will be denoted by⊲⊳C, and one forEnv(C1) whereh andh′ lie in C1, denoted
by ⊲⊳C1. As C1 is a subcategory ofC, an equalityhf ′ = h′f in C1 implies the same
equality inC and, therefore,(f, g) ⊲⊳C1 (f ′, g′) implies(f, g) ⊲⊳C (f ′, g′). Therefore we
obtain a well defined mapι from Env(C1) to Env(C) by mapping, for allf, g in C1 with
the same source, the⊲⊳C1-class of(f, g) to its⊲⊳C-class.

Next, forg in C1 with sourcex, the image underι of g, identified with the⊲⊳C1-class
of (1x, g), is the⊲⊳C-class of(1x, g), itself identified withg: in other words,ι extends the
inclusion ofC1 in C.

Then, with the notation of Claim 4 in the proof of PropositionII.3.11, if we have
[f, g] = (f1, g1) ∗ (f2, g2) in C1, then there existh1, h2 in C1 satisfyingh1g1 = h2, f2
and(f, g) ⊲⊳C1 (h1f1, h2g2). Now h1 andh2 belong toC as well and similar relations



656 Appendix

hold in C. It follows thatι preserves the products ofEnv(C1) andEnv(C) and, therefore,
it is a functor fromEnv(C1) to Env(C).

It remains to establish thatι is injective. This follows from the assumption thatC1 is a
left-Ore subcategory ofC. Indeed, assume thatf, g, f ′, g′ lie in C1 and satisfy(f, g) ⊲⊳C
(f ′, g′). So there existh, h′ in C satisfyinghf ′ = h′f andhg′ = h′g. Necessarily,
f andf ′ have the same target, so they admit a common left-multiple inC1: there exist
h1, h

′
1 in C1 satisfyingh1f

′ = h′1f . Now, by Claim 2 in the proof of Proposition II.3.11,
as we have(f, g) ⊲⊳ (f ′, g′) in C, the equalityh1f

′ = h′1f impliesh1g
′ = h′1g and,

therefore,h1 andh′1 witness that(f, g) ⊲⊳ (f ′, g′) holds inC1. So, forf, g, f ′, g′ in C1,
the relations(f, g) ⊲⊳C (f ′, g′) and(f, g) ⊲⊳C1 (f ′, g′) are equivalent, andι is injective.

(ii) Assume thatC1 = Env(C1) ∩ C holds and that, inC, we haveg = fg′ with f, g
in C1. In Env(C1), there exists an elementf−1g, which satisfiesf · f−1g = g. So, inC,
we havef · f−1g = g = f · g′, whencef−1g = g′ ∈ Env(C1) ∩ C. The assumption
C1 = Env(C1) ∩ C impliesg′ ∈ C1. SoC1 must be closed under right-quotient inC.

Conversely, assume thatC1 is closed under right-quotient inC, and leth be an element
of Env(C1) ∩ C. By definition, we haveh = f−1g with f, g in C1, sofh = g holds inC.
As f andg lie in C1, the assumption impliesh ∈ C1, and we deduceEnv(C1) ∩ C ⊆ C1.
The inclusionC1 ⊆ Env(C1) ∩ C is always true, so we haveC1 = Env(C1) ∩ C.

2 Working with presented categories

Right-reversing: termination

Lemma II.4.23.— Assume that(S,R) is a category presentation,w,w′ are signedS-
paths, andw yn

R w′ holds. For each decompositionw = w1w2, there exist a decompo-
sitionw′ = w′

1w
′
0w

′
2 and twoS-pathsu′, v′ satisfying

w1 y
n1

R w′
1u

′, u′v′ y
n0

R w′
0, and w2 y

n2

R v′w′
2

with n1 + n0 + n2 = n.

Proof. We use induction onn. Forn = 0, we havew′ = w, and the result is obvious with
w′

1 = w1, w′
2 = w2, u′ = v′ = εx, wherex is the target ofw1, andn1 = n2 = n0 = 0.

Assume nown > 1, and letw′′ be the second signed path in a lengthn reversing
sequence fromw to w′, so that we havew y1

R w′′ yn−1
R w′. By definition,w′′ is

obtained fromw by reversing some patternst into vu such thatsv = tu is a relation
of R, or t = s holds andu, v are empty. Three cases may occur according to the position
of the considered patternst insidew.

Assume first that the pattern is entirely included inw1, sayw1 = ŵ1stŵ1,1. Then
we havew′′ = w′′

1w
′′
2 with w′′

1 = ŵ1vuŵ1,1 andw′′
2 = w2. Applying the induction

hypothesis tow′′ yn−1
R w′ andw′′ = w′′

1w
′′
2 yields pathsw′

1, w
′
0, w

′
2, u′, v′ satisfying

w′′
1 y

n′
1

R w′
1u

′, u′v′ y
n0

R w′
0, andw′′

2 y
n2

R v′w′
2 with n′

1 + n0 + n2 = n− 1. We deduce

w1 y
n′

1+1
R w′

1u
′, and the expected result is established.
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The argument is similar when the reversed pattern is entirely included inw2.
So we are left with the nontrivial case, namely when the reversed pattern is split

betweenw1 andw2. In this case, there exist signed pathsŵ1, ŵ2 such thatw1 is ŵ1s
andw2 is tŵ2, in which case we havew′′ = ŵ1vuŵ2, see Figure 4. Applying the in-
duction hypothesis to the relation(ŵ1v)(uŵ2) yn−1

R w′, we obtain a decomposition

w′ = w′′
1w

′′
0w

′′
2 andS-pathsu′′, v′′ satisfyingŵ1v y

n′′
1

R w′′
1u

′′, u′′v′′ y
n′′

0

R w′′
0 , and

uŵ2 y
n′′

2

R v′′w′′
2 with n′′

1 + n′′
0 + n′′

2 = n − 1. Now, asn′′
1 < n holds, we can apply

the induction hypothesis to the relation̂w1v y
n′′

1

R w′′
1u

′′ and the decomposition of̂w1v
into ŵ1 and v, obtaining a decompositionw′′

1 = w′
1w0,1 and anS-path û satisfying

ŵ1 yn1

R w′
1û and ûv y

n0,1

R w0,1u′′ (there is no third piece in the final decomposi-
tion because the second piece of the initial decomposition,herev, is anS-path) with
n1 + n0,1 = n′′

1 . Symmetrically, we obtain a decompositionw′′
2 = w0,2w

′
2 andv̂ in S∗

satisfyinguv̂ y
n0,2

R v′′w0,2 and ŵ2 y
n2

R v̂w′
2 with n0,2 + n2 = n′′

2 . Putu′ = sû,
v′ = tv̂, w′

0 = w0,1w
′′
0w0,2. Then we havew1 = ŵ1s y

n1

R w′
1ûs = w′

1u
′, u′v′ y

n0

R w′
0

with n0 = n0,1 + n′′
0 + n0,2 + 1, andw2 = tŵ2 y

n2

R tv̂w′
2 = v′w′

2. As we have
n1 + n0 + n2 = (n1 + n0,1) + n′′

0 + (n0,2 + n2) + 1 = n, we are done.

s

t

u

v

û
u′′

v′′

v̂

ŵ1

ŵ2

w′
1

w0,1

w′′
0

w0,2

w′
2

︸

︷︷

︸

w′′
1

︸

︷︷

︸

w′′
2

︸

︷︷

︸

w′
0

Figure 4.Inductive proof of Lemma II.4.23

Right-reversing: completeness

Lemma II.4.60.— If (S,R) is a short category presentation and the sharp cube condition
is true onS, then the sharp cube condition is true onS∗.

Proof. First, if at least one of the pathsu, v, w is empty, then the sharp cube condition is
automatically true for(u, v, w).
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Then we prove using induction onℓ that the sharp cube condition is true for all(u, v, w)
satisfyinglg(u)+lg(v)+lg(w) = ℓ. Forℓ 6 2, at least one ofu, v, w is empty, and the re-
sult follows from the remark above. Forℓ = 3, either at least one ofu, v, w is empty, and
the result follows again from the remark above, or we havelg(u) = lg(v) = lg(w) = 1,
that is,u, v, w belong toS, and the result follows from the assumption that the sharp cube
condition is true onS.

Assume nowℓ > 4 and consideru, v, w satisfyinglg(u) + lg(v) + lg(w) = ℓ and

uw yR v1u0, wv yR v0u1, u0v0 yR v2u2.

At least one ofu, v, w has length at least2. Assumelg(v) > 2 and writev = v1v2

with bothv1 andv2 nonempty. By Lemma II.4.24, there existu1
2, u

1
1, v

1
0 , v

2
0 , v

1
2 , v

2
2 in S∗

satisfyingv0 = v1
0v

2
0 , v2 = v1

2v
2
2 and

wv1 yR v1
0u

1
1, u1

1v
2 yR v2

0u1, u0v
1
0 yR v1

2u
1
2, u1

2v
2
0 yR v2

2u2

—see Figure 5. As we havelg(u) + lg(v1) + lg(w) < ℓ, the sharp cube condition is true
for (u, v1, w) and we obtain the existence ofu′1, v′1, w′1 satisfying

uv1 yR u′1v′1, u′1u1
1 yR w′1u1

2, v1v
′1 yR v1

2w
′1.

As (S,R) is short, we must havelg(u′1) 6 lg(u) andlg(u1
1) 6 lg(w), hencelg(u′1) +

lg(v2) + lg(u1
1) < ℓ. The induction hypothesis implies that the sharp cube condition is

true for(u′1, v2, u1
1) and we obtain the existence ofu′, v′2, w′ satisfying

u′1v2 yR v′2u′, u′u1 yR w′u2, w′1v′2 yR v2
2w

′.

Putv′ = v′1v′2. Then we have

uv yR v′u′, u′u1 yR w′u2, v1v
′ yR v2w′,

and we conclude that the sharp cube condition is true for(u, v, w).
The argument forlg(u) > 2 is identical asu andv play symmetric roles. The argu-

ment forlg(w) > 2 is similar, writingw = w1w2 and beginning this time withw1.

v1
2 v2

2

v1
0 v2

0

v1 v2

v1

w u1
1 u1

u

u0 u1
2 u2

v′1 v′2

w′1 w′

u′1 u′

Figure 5.Induction for the sharp cube condition.

Lemma II.4.61.— If (S,R) is a category presentation that contains noε-relation and
the cube condition is true onS∗, then right-reversing is complete for(S,R).



2 Working with presented categories 659

Proof. Write u ∼=+

R v for uv yR εy, with y the target ofu. It follows from the definition
of right-reversing that∼=+

R is reflexive, symmetric, and compatible with concatenationon
the left and on the right. We claim that the cube condition implies that∼=+

R is transitive.
Indeed, assumeu ∼=+

R w ∼=+

R v. By assumption, we haveuw yR εy andwv yR εy,
wherey is the (necessarily common) target ofu, v, w. Thenεyεy yR εyεy also holds,
and the cube condition foru, v, w implies the existence ofu′, v′, w′ satisfying

uv yR v′u′, εy ≡+

R u′w′, εy ≡+

R v′w′.

The assumption that(S,R) contains noε-relation then impliesu′ = v′ = w′ = εy, and
u ∼=+

R v holds.
Moreover, assume thatu = v is a relation ofR. Then, by definition,uv yR εy

is true, wherey is the target ofu andv, and, therefore,u ∼=+

R v is true. So∼=+

R is a
congruence onS∗ that includes all pairs{u, v} such thatu = v belongs toR. As ≡+

R

is, by definition, the smallest congruence with these properties, we deduce that≡+

R is
included in∼=+

R, that is,u ≡+

R v impliesu ∼=+

R v.
On the other hand, by Proposition II.4.34 (reversing implies equivalence),u ∼=+

R v
impliesu ≡+

R v, so, finally,u ≡+

R v is equivalent tou ∼=+

R v, that is, touv yR ε-.
By Lemma II.4.42, which is relevant since(S,R) contains noε-relation, this implies that
right-reversing is complete for(S,R).

Lemma II.4.62.— If (S,R) is a category presentation that is right-Noetherian, con-
tains noε-relation, and the cube condition is true onS, then right-reversing is complete
for (S,R).

Proof. We fix a right-Noetherianity witnessλ∗ for (S,R) (Definition II.2.31). For everys
in S, the assumption that(S,R) contains noε-relation implies that (the class of)s is
not invertible in〈S |R〉+ and, therefore, we have a strict inequalityλ∗(sw) > λ∗(w) for
everyw in S∗ such thatsw is defined. Forα an ordinal, letEα be the statement

(Eα) Every quadruple(u, v, û, v̂) satisfyinguv̂ ≡+

R vû andλ∗(uv̂) 6 α
is y-factorable.

We shall establish thatEα is true for everyα using induction onα, that is, we shall prove
thatEα is true wheneverEβ is true for everyβ < α. This will imply that right-reversing
is complete for(S,R).

The proof ofEα uses a nested induction. Forℓ a natural number, letEα,ℓ be the
statement

(Eα,ℓ)
Every quadruple(u, v, û, v̂) satisfyinguv̂ ≡+

R vû, λ∗(uv̂) 6 α,
andlg(u) + lg(v) 6 ℓ is y-factorable.

First,Eα,1 is true for everyα. Indeed,lg(u) + lg(v) 6 1 implies thatu or v is empty.
Assume for instance thatu is empty. Then the choiceu′ = εy (y the target ofv), v′ = v,
w′ = û witnesses that(u, v, û, v̂) is y-factorable. The argument is similar forv empty.
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We turn toEα,2. If u or v is empty, the above argument shows that(u, v, û, v̂) is
y-factorable. So we are left with the case whenu andv have length one, that is, be-
long toS. We treat this case using a third, nested induction, on the combinatorial dis-
tancedistR(uv̂, vû) betweenuv̂ andvû, that is, the minimal number of relations ofR
needed to transformuv̂ into vû. So letEα,2,d be the statement

(Eα,2,d)
Every quadruple(u, v, û, v̂) satisfyinguv̂ ≡+

R vû, λ∗(uv̂) 6 α,
lg(u) = lg(v) = 1 anddistR(uv̂, vû) 6 d is y-factorable.

For d = 0, we haveu = v and û = v̂, andu′ = v′ = εy (y the target ofs), w′ = û
witness that(u, v, û, v̂) is y-factorable, soEα,2,0 is true.

Assume nowd = 1, that is,vû is obtained fromuv̂ by applying one relation ofR. Two
cases may arise according to the position where the relationis applied. If the position does
not involve the first generator, we haveu = v andû ≡+

R v̂, and the choiceu′ = v′ = εy
(y the target ofu), w′ = û witness that(u, v, û, v̂) is y-factorable. Otherwise, there
existsu′, v′, andw′ such thatuv′ = vu′ is a relation ofR and we havêu = u′w′ and
v̂ = v′w′. In this case,uv yR v′u′ holds by definition and, again,u′, v′, w′ witness that
(u, v, û, v̂) is y-factorable. So, in every case,Eα,2,1 is true.

Assume nowd > 2. Let wŵ be an intermediate path in anR-derivation fromuv̂
to vû. Then we haveuv̂ ≡+

R wŵ and vû ≡+

R wŵ with distR(uv̂, wŵ) < d and
distR(vû, wŵ) < d. By induction hypothesis,(u,w, ŵ, v̂) and (w, v, û, ŵ) are y-
factorable. This means that there existu0, v0, u1, v1, û0, v̂0 in S∗ satisfying

uw yR v1u0, v̂ ≡+

R v1v̂0, ŵ ≡+

R u0v̂0,(2.1)

wv yR v0u1, û ≡+

R u1û0, ŵ ≡+

R v0û0,(2.2)

—see Figure 6. So we haveu0v̂0 ≡+

R v0û0. Let β = λ∗(u0v̂0). By construction, we
haveβ = λ∗(ŵ) < λ∗(wŵ) 6 α. Hence, by induction hypothesis,Eβ is true. Therefore,
(u0, v0, û0, v̂0) is y-factorable, that is, there existu′0, v

′
0, w

′
0 in S∗ satisfying

(2.3) u0v0 yR v′0u
′
0, û0 ≡+

R u′0w
′
0, v̂0 ≡+

R v′0w
′
0.

The first relations in (2.1), (2.2), and (2.3) implyuwwv yR v1v
′
0u

′
0u1. As the cube

condition is true for(u, v, w), we deduce the existence ofu′, v′, w1 satisfying

uv yR v′u′, u1u
′
0 ≡+

R u′w1, v1v
′
0 ≡+

R v′w1.

Puttingw′ = w1w
′
0, we obtain

û ≡+

R u1u
′
0w

′
0 ≡+

R u′w1w
′
0 = u′w′, v̂ ≡+

R v1v
′
0w

′
0 ≡+

R v′w1w
′
0 = v′w′,

andu′, v′, w′ witness that(u, v, û, v̂) is y-factorable. SoEα,2,d holds for everyd, and
therefore so doesEα,2.

Assume finallyℓ > 3. If lg(u) + lg(v) 6 2 holds, thenEα,2 gives the result. Oth-
erwise, at least one ofu, v has length at least two. Assume thatv does. Writev = v1v2
with v1, v2 nonempty. Letℓ1 = lg(u) + lg(v1). Then we haveuv̂ ≡+

R v1(v2û) with
lg(u) + lg(v1) = ℓ1 < ℓ. By induction hypothesis,Eα,ℓ1 is true, so there existu′1, v

′
1, w

′
1

satisfying

(2.4) uv1 yR v′1u
′
1, v2û ≡+

R u′1w
′
1, v̂ ≡+

R v′1w
′
1
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ŵ w′
0

v̂0

û0

v

v′
u u′

w

v1

u0

v0

u1

v′0

u′0

w1

v̂

û

Figure 6.Inductive argument for Eα,2,d with d > 2.

—see Figure 7. Letβ = λ∗(v2û). Then we haveβ = λ∗(v2û) < λ∗(v1v2û) 6 α. Hence,
by induction hypothesis,Eβ is true. Thereforeu′1w

′
1 ≡+

R v2û0 implies that(u′1, v2, û, w
′
1)

is y-factorable, that is, there existu′, v′2, w
′ satisfying

(2.5) u′1v2 yR v′2u
′, û ≡+

R u′w′, w′
1 ≡+

R v′2w
′.

Putv′ = v′1v
′
2. Then we haveuv yR v′u′, andv̂ ≡+

R v′1w
′
1 ≡+

R v′1v
′
2w

′ = v′w′. So
u′, v′, w′ witness that(u, v, û, v̂) is y-factorable, andEα is true.

v1 v2

v′1 v′2
u u′1 u′

v̂

û

w′
1

w′

Figure 7.Inductive argument for Eα,ℓ with ℓ > 3.

See Exercise 131 for a (partial) extension of Lemma II.4.62 to the case whenε-
relations may exist.

Lemma II.4.63.— If (S,R) is a maximal right-triangular presentation, then right-
reversing is complete for(S,R).

Proof. We denote bys1, s2, ... the enumeration ofS involved in the right-triangular struc-
ture, and byθ the associated syntactic right-complement. The assumption that(S,R) is
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maximal means thatθ(si, sj) is defined for alli, j. As in the previous proof, we write
distR(u, v) for the combinatorial distance between twoR-equivalent paths, that is, the
length of a shortestR-derivation fromu to v. We shall prove using induction ond
that distR(u, v) 6 d implies u v yR εy (with y the common target ofu andv): by
Lemma II.4.42, this is enough to conclude that right-reversing is complete for(S,R).

Assume thatw is a nonemptyS-path beginning withsi, sayw = siw
′. We then

defineI(w) = si, T (w) = w′ (like “tail”), and E(w) = s1θ(s1, si)w
′. By assumption,

s1θ(s1, si) = si is a relation ofR, soE(w) ≡+

R w always holds.

Claim 1. Assume thatu, v are nonemptyS-paths satisfyingdistR(u, v) = 1. Then we
havedistR(E(u), E(v)) 6 1, and exactly one of the following:

(i) I(u) = I(v) anddistR(T (u), T (v)) = 1;
(ii) I(u) 6= I(v) andE(u) = E(v).

Proof. The assumptiondistR(u, v) = 1 means that there exist a numberp > 1 and a
relation ofR such thatv is obtained fromu by applying that relation to its subpath starting
at positionp. For p > 2, the initial letter is not changed, that is, we haveI(u) = I(v),
whereasT (v) is obtained fromT (u) by applying a relation ofR at positionp − 1, and
we havedistR(T (u), T (v)) = 1.

For p = 1, there existi < j andu′, v′ satisfyingu = siu
′ and v = sjv

′ with
u′ = θ(si, sj)v

′, or vice versa. Then we findI(u) = s 6= N(s) = I(v) and the definition
givesE(u) = s1θ(s1, si)u

′ = s1θ(s1, si)θ(si, sj)v
′ = s1θ(s1, sj)v

′ = E(v).

Claim 2. Assume thatu, v are nonemptyS-paths satisfyingdistR(u, v) = d. Then we
have at least one of the following:

(i) I(u) = I(v) anddistR(T (u), T (v)) = d;
(ii) distR(E(u), E(v)) < d.

Proof. Let (w0, ... , wd) be anR-derivation fromu to v. Two cases are possible. Assume
first that the initial letter never changes in the consideredderivation, that is,I(wk) = I(u)
holds for everyk. Then all one step derivations(wk, wk+1) correspond to case (i) in
Claim 1. The latter impliesI(wk) = I(wk+1) anddistR(T (wk), T (wk+1)) = 1 for
everyk, whenceI(u) = I(v) anddistR(T (u), T (v)) = d.

Assume now that the initial letter changes at least once in(w0, ... , wd), say we have
I(wi) 6= I(wi+1). Then(wi, wi+1) corresponds to case (ii) in Claim 1. So, we have
E(wi) = E(wi+1). On the other hand, Claim 1 impliesdistR(E(wk), E(wk+1)) 6 1
for k 6= i. Summing up, we obtaindistR(E(u), E(v)) < d.

We now show using induction ond > 0 and, for each value ofd, onmax(lg(u), lg(v)),
thatdistR(u, v) = d impliesu v yR εy. Assume firstd = 0. Then the assumption im-
pliesu = v, in which caseu v reverses to the empty path bylg(u) successive deletions of
patternss|s.

Assume nowd > 1. Thenu andv must be nonempty. Assume first thatI(u) = I(v)
anddistR(T (u), T (v)) = d hold. By definition, we have

max(lg(T (u)), lg(T (v))) = max(lg(u), lg(v)) − 1,
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so the induction hypothesis impliesT (u)T (v) yR εy. On the other hand, asI(u) and
I(v) are equal, we have

u v = T (u) I(u) I(v)T (v) yR T (u)T (v).

By transitivity of reversing, we deduceu v right-reverses toεy.
Assume now that at least one ofI(u) = I(v) anddistR(T (u), T (v)) = d does not

hold. Then, by Claim 2, we must havedistR(E(u), E(v)) = d′ for somed′ < d. Then
the induction hypothesis impliesE(u)E(v) yR εy. AssumeI(u) = si andI(v) = sj
with, say,i 6 j. By definition, we have

E(u) = s1 θ(s1, si)T (u), E(v) = s1 θ(s1, sj)T (v) = s1 θ(s1, si) θ(si, sj)T (v),

so that, ifℓ is the length ofs1 θ(s1, si), the firstℓ steps in any reversing sequence starting
fromE(u)E(v) must be

E(u)E(v) = T (u) θ(s1, si) s1 s1 θ(s1, si) θ(si, sj)T (v)

yR T (u) θ(si, sj)T (v).

It follows that the relationE(u)E(v) yR εy deduced above from the induction hypoth-
esis implies

(2.6) T (u) θ(si, sj)T (v) yR εy.

Now, let us consider the right-reversing ofu v, that is, ofT (u) si sj T (v). By definition,
the only relation ofR of the form si... = sj ... is siθ(si, sj) = sj , so the first step
in the reversing must beT (u) si sj T (v) yR T (u) θ(si, sj)T (v). Concatenating this
with (2.6), we deduceu v yR εy, which completes the induction.

Exercises

Exercise 131(invertible elements). Say that a category presentation(S,R) hasexplic-
itly invertible generators onlyif there existsS× ⊆ S such that, for everys in S×, there
existss̃ in S×such that the relationsss̃ = 1x ands̃s = 1y belong toR (x the source ofs
andy its target), these are the onlyε-relations inR and, for alls in S×andt in S\S×, there
exists′ in S× andt′ in in S \ S× such thatst′ = ts′ belongs toR. Show that, if(S,R)
has explicitly invertible generators only, then it is eligible for Lemma II.4.62. [Hint: In
the statementEα,ℓ replacelg(u) andlg(v) with the number of generators ofS \ S× in u
andv.]
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[72] , Preuve de la conjecture d’irréflexivit́e pour les structures distributives
libres, C. R. Acad. Sci. Paris Sér. I Math.314(1992), 333–336.

[73] , Structural monoids associated to equational varieties, Proc. Amer. Math.
Soc.117(1993), no. 2, 293–304.

[74] , Braid groups and left distributive operations, Trans. Amer. Math. Soc.
345(1994), no. 1, 115–151.

[75] , Groups with a complemented presentation, J. Pure Appl. Algebra116
(1997), 115–137.

[76] , Braids and self-distributivity, Progress in Math., vol. 192, Birkhäuser,
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lag, 2012.

[183] A. Navas,On the dynamics of (left) orderable groups, Ann. Inst. Fourier60(2010),
1685–1740.

[184] , A remarkable family of left-ordered groups: central extensions of Hecke
groups, J. Algebra328(2011), 31–42.

[185] S. Orevkov,Quasipositivity Problem for 3-Braids, Turk. J. Math.28(2004), 89–93.

[186] V. Ozornova, Factorability, Discrete Morse Theory and a Reformulation of
theK(π, 1)-Conjecture, PhD Thesis, Universität Bonn, 2013, http://hss.ulb.uni-
bonn.de/2013/3117/3117.pdf.

[187] L. Paris,Centralizers of parabolic subgroups of Artin groups of typeAl, Bl, and
Dl, J. Algebra196(1997), no. 2, 400–435.

[188] , Parabolic subgroups of Artin groups, J. Algebra196 (1997), no. 2, 369–
399.

[189] , Artin monoids embed in their groups, Comment. Math. Helv.77 (2002),
no. 3, 609–637.

[190] M. Picantin,Tree products of cyclic groups and HNN extensions, arXiv:1306.5724.

[191] , Petits groupes gaussiens, PhD Thesis, Université de Caen, 2000.
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∧ (term product), 501
∧∧ (iterated term product), 502
� (Property), 103
[w] (equivalence class), 38
y (right-reversing), 68
• (partial product), 276
| (concatenation of paths), 36
‖-‖S (S-length), 101
⊲⊳ (enveloping groupoid), 59
\ (right-complement), 41
⊆ (factor), 44
⊂ (proper factor), 44
6LD (LD-expansion), 502
≺S (left-S-divisibility), 281
4S (left-S-divisibility), 281
4 (left-divisor), 39
≺ (proper left-divisor), 44
4C (extended left-divisor), 60
4S (left-S-divisor), 190
≺S (proper left-S-divisor), 190
≺̃S (right-S-divisibility), 281
4̃S (right-divisibility), 281
=×

S (right-S-equivalence), 281
4̃ (right-divisor), 40
≺̃ (proper right-divisor), 44
4̃S (right-S-divisor), 190
≺̃S (proper right-S-divisor), 190
=LD (LD-equivalence), 501
‖-‖Σ (Σ-length), 300
=∆ (relation), 414
≡ (germ), 279
=×-map, 158
≡+

R (congruence generated byR), 37
≡±

C
(groupoid equivalence), 58

=× (multiplication by invertible), 33
×= (multiplication by invertible), 33
×=× (multiplication by invertible), 33
< (right-multiple), 39
≻ (proper right-multiple), 44
<̃ (left-multiple), 40
≻̃ (proper left-multiple), 44

A (binary addresses), 506
Address, 506
Admissible (cell decomposition), 638
Admit

common multiples, 43
conditional left-lcms, 43
conditional right-lcms, 43
left-gcds, 43
left-lcms, 43
right-lcms, 43
right-mcms, 49

Artin–Tits
group, 437
monoid, 437

Atom, 54, 282
Automorphism, 29

Balanced
presentation, 320
relation, 320

Bi-invariant (ordering), 531
Bi-ordered (group), 531
Bijective (RC-quasigroup), 565
Birack, 564
Borel subgroup, 472
Bounded

Garside family, 242
germ, 308

Braid
group, 437
groupBn, 5
group ofZn, 634
group of reflection group, 458
monoid, 437
monoid ofZn, 634
monoidB+

n , 5
pure, 7
relation, 432

Bruhat decomposition, 476

CF(M,X) (partial action), 494
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Cancellative
category, 32
germ, 280

Canonical length, 261
Category, 28

divided, 605
of a germ, 277

Cayley graph, 29
Cell, 148

decomposition, 636
admissible, 638

descending, 155
Center, 420
Centralizer, 369

φ-centralizer, 378
Chain, 148

complex, 148
extended, 151

Class (RC-system), 593
Closed

under identity (subcategory), 318
under inverse, 318
under left-complement, 179
under left-comultiple, 179
under left-divisor, 179
under left-quotient, 61
under product (subcategory), 318
under right-complement, 170
under right-complement (subgerm), 344
under right-comultiple, 170
under right-comultiple (subgerm), 344
under right-diamond, 320
under right-diamond (subgerm), 344
under right-divisor, 169
under right-lcm, 196
under right-quotient, 61, 169, 319
under=×, 34
under=×

S (subgerm), 351
Closed (weakly)

under right-lcm, 196
Co-Garside (family), 267
Co-Garside (map), 267
Co-greedy (path), 267
Co-normal (path), 267
Common multiple selector, 125

Compatible
maps, 519
subcategory, 333

Complete (right-reversing), 76
Concatenation (paths), 36
Conditional (left-lcm), 43
Conditional (right-lcm), 43
Conditional right-lcms (germ), 298
Congruence, 37
ConjC (conjugacy category), 369
ConjφC (φ-conjugacy category), 378
Conjugacy

category, 369
φ-conjugacy category, 378

class (in a groupoid), 391
cyclic, 374

Conjugate, 369
φ-conjugate, 378
ordering, 538

Correct
for invertibility (functor), 355
for right-complements (functor), 355
for right-comultiples (functor), 355
for right-diamonds (functor), 355

Covering (relation), 505
Coxeter

class, 459
element, 446
graph, 433
group, 432
matrix, 432
number, 459
system, 432

Coxeter-like (group), 593
Cube condition, 78

θ-version, 66
Cuspidal (character), 475
C×-deformation, 120
C× (invertible elements), 32
C×-deformation, 98
C(x, y) (elements with sourcex and targety),

28
CycC (cyclic conjugacy), 374
Cycling, 391

Decomposition, 96
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type, 636
Decycling, 393
Def(x) (partial action), 493
Deformation, 98, 120
Deligne-Lusztig

character, 477
unipotent character, 476
variety, 476, 481

∆[m] (iterate), 235
∆̃, ∆̃[m] (functions), 258

∆̃C (left-lcm), 148
Delta-like (element), 254
Delta-normal

decomposition, 254, 257, 258
path, 254

Derivation, 38
Derived (germ), 302
Descending

cell, 155
sequence, 45

Descent, 467
Diagram

complete, 29
with respect to a subfamily, 29

Differential, 150
distS (distance), 143
D̃iv(∆), 228
Div(∆), 228
D̃iv(g) (right-divisors ofg), 40
Div(g) (left-divisors ofg), 39
Divided (category), 605
Dominating (element), 550
Domino rule

first, 105
fourth, 133
second, 110
third, 131

∂[m], ∂̃[m] (duality), 267
∂
∆

(duality map), 232
Dual braid monoidB+∗

n , 10

Elementary (chain), 148
Embedding Conjecture (self-distributivity),

515
Env(C) (enveloping groupoid), 57

Enveloping groupoid, 57
ε-relation, 38
εx (empty path), 36
Extremal (vertex), 138

φ∆ (functor), 232
φ∆ (functor), 234
Fac(g) (factors ofg), 44
Factor, 44
Factorizable (through right-reversing), 76
Final (factor), 393
Finer (partition), 448
Fixed points, 353, 354
Flag cell, 156
Flip, 640
Frobenius endomorphism, 472
Functor, 29, 37

G0 (family), 414
g0 (element), 414
Garside

element, 12, 249
family, 101
germ, 283
group, 12
map, 248
monoid, 12
resolution, 148

Generator, 38
positive, 300

Geodesic, 416
Geometric (Sylow subgroup), 478
Germ, 277
Greatest (I- or J-function), 294
Greedy (path), 92
Grid, 138

property, 139
RC-system, 624

Groupoid, 33, 57

H-law, 185
sharp, 185

Harish-Chandra induction, 475
Head, 171

function, 184
germ, 352
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subcategory, 323
Height, 51
Homogeneous (presentation), 47
ht (height), 51
htL (left-height), 51
htR (right-height), 51

I-structure, 585
I-type (monoid), 585
I-law (germs), 288

sharp, 288
I (family), 287
I-function, 287
I-reduced, 384
IM0-structure, 587
Ideal (weak RC-system), 622
Included (family), 30
inf∆(g) (infimum), 255
infS(g) (infimum), 255
Inf-semi-lattice, 311
Infimum, 255, 261
init (initial factor), 391
Initial (factor), 391
Inverse, 32
Invertible (element), 32
Involutive (solution of YBE), 562
Isoperimetric (inequality), 207
Iterate (map), 235

J-law (germs), 288
sharp, 288

J (family), 287
J-function, 287

LC-law, 566
Lcm selector, 125
LD0 (self-distributivity), 504
LD (self-distributivity), 511
LD-

equivalence, 501
expansion, 502

atomic, 502
fundamental, 502
simple, 505

law, 500
system, 500

Left-associative (germ), 277
Left-cancellative

category, 32
germ, 280

Left-coprime (elements), 116
Left-cyclic

law, 566
Left-disjoint (elements), 115
Left-divisor, 39, 60
Left-gcd, 41
Left-height, 51
Left-invariant (ordering), 531
Left-inverse, 32
Left-lcm, 41
Left-multiple, 40
Left-Noetherian

category, 45
germ, 282
presentation, 45

Left-O-type (monoid), 532
Left-Ore

category, 59
subcategory, 61

Left-reversing, 82
Left-triangular (presentation), 540
Left-S-divisor, 190
Left-S-divisor, 281
Length

(of a path), 36
canonical, 261
S-length, 101
Σ-length, 300

lg(w) (length of a pathw), 36
Levi

decomposition, 473
subgroup, 473

Lexicographic (order), 631
LO(G) (space of orderings), 535
Locally

left-Noetherian, 191
right-Noetherian, 190

MLD (self-distributivity), 509
Mapping class group, 635
Mcm (minimal common multiple), 49
Morphism, 28



682 Index

Natural (transformation), 234
Negative (entry), 57
NFS (symmetricS-normal paths), 144
NFs

S (strict symmetricS-normal paths), 144
Noetherian

category, 45
germ, 282
presentation, 45
strongly, 54

Noncrossing (partition), 448
Nondegenerate (solution of YBE, 562
Normal

decomposition, 96
path, 96
walk, 416

Numbersup∆, 240

O(G) (space of orderings), 535
O-type

monoid, 532
Obj(C) (objects of a category), 28
Object, 28
Ordered (group), 531
Ore (category), 59

Pfin(X) (finite subsets ofX), 579
Parabolic

Deligne-Lusztig variety, 485
subcategory, 328
subgroup, 473

Partial (action), 493
Path, 36
PBn (pure braid group), 7
Perfect Garside (family), 139
Period, 412
Periodic (element), 411
Positive (cone), 531
Positive (entry), 57
Power (of a subfamily), 31
Precategory, 30
Prefix, 399
Prefix (derived germ), 301
Prefunctor, 37
Presentation, 38
Proper (divisor), 44
Property�, 103

witness, 103

Quasi-central (element), 444
Quasi-Garside

group, 12
monoid, 12

RC(S), R×

C (S) (relations), 205
R̂C(S), R̂×

C (S) (relations), 209
Rθ (relations), 64
RLD (self-distributivity), 509
Rank function, 50
RC-

law, 565
quasigroup, 565
system, 565

Reduced (word), 433
Reflection, 433
Regular

element, 458
Relation, 37
Relative position, 475

parabolic subgroups, 484
Ribbon

category, 384
Right-S-lcm (germ), 284
Right-associative (germ), 277
Right-bounded

Garside family, 226
germ, 306

Right-cancellative
category, 32
germ, 280

Right-ceiling, 551
Right-complement, 41

syntactic, 64
Right-complemented (presentation), 64
Right-cyclic

law, 565
quasigroup, 565
system, 565

Right-divisor, 40
Right-Garside

element, 231
map, 230
sequence, 495
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Right-gcd, 41
Right-height, 51
Right-I-structure, 585
Right-IM0-structure, 587
Right-I-type (monoid), 585
Right-inverse, 32
Right-lcm, 41
Right-lcm selector, 125
Right-mcm (minimal common right-multiple),

49
Right-multiple, 39
Right-Noetherian

category, 45
germ, 282
presentation, 45

Right-O-type (monoid), 532
Right-Ore

category, 59
subcategory, 61

Right-reversing, 68
diagram, 68

Right-sliding, 408
Right-triangular

maximal, 65, 540
minimal, 65, 540
presentation, 65, 540

Right-S-lcm (local right-lcm), 199
Right-S-mcm (germ), 297
Right-S-multiple, 190
Right-S-multiple, 281
RLC-

quasigroup, 566
system, 566

S∗ (paths), 36
S (germ), 278
S♯ (closure ofS), 34
Sd (power of a subfamily), 31
Selector, 100

right-lcm, 125
Semi-direct product (of a category by an

automorphism), 378
Set-theoretic (solution of YBE), 562
shγ (address shift), 511
Sharp

H-law, 185

cube condition, 78
cube condition,θ-version, 66
head function), 184
Noetherianity witness, 47

Shift (address), 511
Short

presentation, 72
relation, 72
right-lcm selector, 125
syntactic right-complement, 64

S× (invertible elements), 190
Σα (operator), 507
Signed (path), 57
Size (term), 501
Skeleton (term), 507
Sliding, 399

category, 401
circuits, 403

Small (category), 52
S-normal

decomposition, 96
S-normal

path, 96
strict, 96

Solid (family), 187
Source, 28
Spherical type (Coxeter group), 436
Strict (normal path), 96
Strong (Garside family), 125, 136
Strongly compatible (subcategory), 338
Strongly Noetherian, 54
Structure category (weak RC-system), 626
Structure group (solution of YBE), 571
Structure monoid (solution of YBE), 571
Subcategory, 30
Subfamily (category), 30
Subgerm, 342
Submonoid, 30
Sub(S) (subcategory), 31
Substitution (term), 508
Subterm, 507
Suffix, 408
Suffix (derived germ), 301
sup∆(g) (∆-supremum), 240
Super-summit set, 394
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Supremum, 240, 261
Symmetric greedy (path), 118
Symmetric normal (path), 118
Symmetric strict normal (path), 118
Syntactic right-complement, 64

T/α (subterm), 507
θ∗3 (right-complement), 66
Tame (monoid), 272
Target, 28
Target-injective (Delta map), 234
Term, 501

injective, 505
semi-injective, 505

Terminating (right-reversing), 72
Tight (sequence), 300
Torsion (element), 62
Torus

maximal, 472
of typew, 474

Transverse (family), 100
Triangular

presentation, 540
relation, 540

Tunnel, 461

Unit (RC-system), 619
Unital (RC-system), 619

Weak (RC-system), 619
Weak lcm, 135
Well-founded (relation), 45
Well-generated (reflection group), 459
Weyl group, 473
Witness

for�, 103
Garside map, 244
left-Noetherianity, 47
Noetherianity, 47
right-Noetherianity, 47

Yang–Baxter equation, 561
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